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Preface 


This text provides a broad and applications-oriented introduction to electromagnetic 
waves and antennas. Current interest in these areas is driven by the growth in wireless 
and fiber-optic communications, information technology, and materials science. 

Communications, antenna, radar, and microwave engineers must deal with the gener- 
ation, transmission, and reception of electromagnetic waves. Device engineers working 
on ever-smaller integrated circuits and at ever higher frequencies must take into account 
wave propagation effects at the chip and circuit-board levels. Communication and com- 
puter network engineers routinely use waveguiding systems, such as transmission lines 
and optical fibers. Novel recent developments in materials, such as photonic bandgap 
structures, omnidirectional dielectric mirrors, and birefringent multilayer films, promise 
a revolution in the control and manipulation of light. These are just some examples of 
topics discussed in this book. The text is organized around three main topic areas: 


e The propagation, reflection, and transmission of plane waves, and the analysis 
and design of multilayer films. 


e Waveguides, transmission lines, impedance matching, and S-parameters. 


e Linear and aperture antennas, scalar and vector diffraction theory, antenna array 
design, and coupled antennas. 


The text emphasizes connections to other subjects. For example, the mathematical 
techniques for analyzing wave propagation in multilayer structures and the design of 
multilayer optical filters are the same as those used in digital signal processing, such 
as the lattice structures of linear prediction, the analysis and synthesis of speech, and 
geophysical signal processing. Similarly, antenna array design is related to the prob- 
lem of spectral analysis of sinusoids and to digital filter design, and Butler beams are 
equivalent to the FFT. 


Use 


The book is appropriate for first-year graduate or senior undergraduate students. There 
is enough material in the book for a two-semester course sequence. The book can also 
be used by practicing engineers and scientists who want a quick review that covers most 
of the basic concepts and includes many application examples. 

The book is based on lecture notes for a first-year graduate course on “Electromag- 
netic Waves and Radiation” that I have been teaching at Rutgers over the past twenty 


vii 


viii Electromagnetic Waves & Antennas - S. J. Orfanidis 


years. The course draws students from a variety of fields, such as solid-state devices, 
wireless communications, fiber optics, and biomedical engineering. Undergraduate se- 
niors have also attended the graduate course successfully. 

The book requires a prerequisite course on electromagnetics, typically offered at the 
junior year. Such introductory course is usually followed by a senior-level elective course 
on electromagnetic waves, which covers propagation, reflection, and transmission of 
waves, waveguides, transmission lines, and perhaps some antennas. This book may be 
used in such elective courses with the appropriate selection of chapters. 

At the graduate level, there is usually an introductory course that covers waves, 
guides, lines, and antennas, and this is followed by more specialized courses on an- 
tenna design, microwave systems and devices, optical fibers, and numerical techniques 
in electromagnetics. No single book can possibly cover all of the advanced courses. 
This book may be used as a text in the initial course, and as a supplementary text in the 
specialized courses. 


Contents and Highlights 


In the first four chapters, we review Maxwell’s equations, boundary conditions, charge 
and energy conservation, and simple models of dielectrics, conductors, and plasmas, 
and discuss uniform plane wave propagation in various types of media, such as lossless, 
lossy, isotropic, birefringent, and chiral media. We introduce the methods of transfer 
and matching matrices for analyzing propagation, reflection, and transmission prob- 
lems. Such methods are used extensively later on. 

In chapter five on multilayer structures, we develop a transfer matrix approach to 
the reflection and transmission through a multilayer dielectric stack and apply it to 
antireflection coatings. We discuss dielectric mirrors constructed from periodic multi- 
layers, introduce the concepts of Bloch wavenumber and reflection bands, and develop 
analytical and numerical methods for the computation of reflection bandwidths and of 
the frequency response. We discuss the connection to the new field of photonic and 
other bandgap structures. We consider the application of quarter-wave phase-shifted 
Fabry-Perot resonator structures in the design of narrow-band transmission filters for 
dense wavelength-division multiplexing applications. 

We discuss equal travel-time multilayer structures, develop the forward and back- 
ward lattice recursions for computing the reflection and transmission responses, and 
make the connection to similar lattice structures in other fields, such as in linear pre- 
diction and speech processing. We apply the equal travel-time analysis to the design 
of quarter-wavelength Chebyshev reflectionless multilayers. Such designs are also used 
later in multi-section quarter-wavelength transmission line transformers. The designs 
are exact and not based on the small-reflection-coefficient approximation that is usually 
made in the literature. 

In chapters six and seven, we discuss oblique incidence concepts and applications, 
such as Snell’s laws, TE and TM polarizations, transverse impedances, transverse trans- 
fer matrices, Fresnel reflection coefficients, total internal reflection and Brewster angles. 
There is a brief introduction of how geometrical optics arises from wave propagation 
in the high-frequency limit. Fermat’s principle is applied to derive the ray equations in 
inhomogeneous media. We present several exactly solvable ray-tracing examples drawn 
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from applications such as atmospheric refraction, mirages, ionospheric refraction, prop- 
agation in a standard atmosphere, the effect of Earth’s curvature, and propagation in 
graded-index optical fibers. 

We apply the transfer matrix approach to the analysis and design of omnidirectional 
dielectric mirrors and polarizing beam splitters. We discuss reflection and refraction in 
birefringent media, birefringent multilayer films, and giant birefringent optics. 

Chapters 8-10 deal with waveguiding systems. We begin with the decomposition of 
Maxwell’s equations into longitudinal and transverse components and focus primarily 
on rectangular waveguides, resonant cavities, and dielectric slab guides. We discuss 
issues regarding the operating bandwidth, group velocity, power transfer, and ohmic 
losses. Then, we go on to discuss various types of TEM transmission lines, such as 
parallel plate and microstrip, coaxial, and parallel-wire lines. 

We consider general properties of lines, such as wave impedance and reflection re- 
sponse, how to analyze terminated lines and compute power transfer from generator 
to load, matched-line and reflection losses, Thévenin and Norton equivalent circuits, 
standing wave ratios, determining unknown load impedances, the Smith chart, and the 
transient behavior of lines. 

We discuss coupled lines, develop the even-odd mode decomposition for identical 
matched or unmatched lines, and derive the crosstalk coefficients. The problem of 
crosstalk on weakly-coupled non-identical lines with arbitrary terminations is solved in 
general. We present also a short introduction to coupled-mode theory, co-directional 
couplers, fiber Bragg gratings as examples of contra-directional couplers, and quarter- 
wave phase-shifted fiber Bragg gratings as narrow-band transmission filters. 

Chapters 11 and 12 discuss impedance matching and S-parameter techniques. Sev- 
eral matching methods are included, such as wideband multi-section quarter-wavelength 
impedance transformers, quarter-wavelength transformers with series sections or with 
shunt stubs, two-section transformers, single-stub tuners, balanced stubs, double- and 
triple-stub tuners, L-, T-, and I7-section lumped reactive matching networks and their 
Q-factors. 

We have included an introduction to S-parameters because of their widespread use 
in microwave measurements and in the design of microwave circuits. We discuss power 
flow, parameter conversions, input and output reflection coefficients, stability circles, 
power gain definitions (transducer, operating, and available gains), power waves and gen- 
eralized S-parameters, simultaneous conjugate matching, power gain and noise-figure 
circles on the Smith chart and their uses in designing low-noise high-gain microwave 
amplifiers. 

The rest of the book deals with radiation and antennas. In chapters 13 and 14, we 
consider the generation of radiation fields from charge and current distributions. We 
introduce the Lorenz-gauge scalar and vector potentials and solve the resulting inhomo- 
geneous Helmholtz equations. We illustrate the vector potential formalism with three 
applications: (a) the fields generated by a linear wire antenna, (b) the near and far fields 
of electric and magnetic dipoles, and (c) the Ewald-Oseen extinction theorem of molec- 
ular optics. Then, we derive the far-field approximation for the radiation fields and 
introduce the radiation vector. 

We discuss general characteristics of transmitting and receiving antennas, such as 
energy flux and radiation intensity, directivity, gain, beamwidth, effective area, gain- 
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beamwidth product, antenna equivalent circuits, effective length, polarization and load 
mismatches, communicating antennas and Friis formula, antenna noise temperature, 
system noise temperature, limits on bit rates, power budgets of satellite links, and the 
radar equation. 

Chapter 15 is an introduction to linear and loop antennas. Starting with the Hertzian 
dipole, we present standing-wave antennas, the half-wave dipole, monopole antennas, 
traveling wave antennas, vee and rhombic antennas, circular and square loops, and 
dipole and quadruple radiation in general. 

Chapters 16 and 17 deal with radiation from apertures. We start with the field 
equivalence principle and the equivalent surface electric and magnetic currents given 
in terms of the aperture fields, and extend the far-field approximation to include mag- 
netic current sources, leading eventually to Kottler’s formulas for the fields radiated 
from apertures. Duality transformations simplify the discussions. The special cases of 
uniform rectangular and circular apertures are discussed in detail. 

Then, we embark on a long justification of the field equivalent principle and the 
derivation of the Stratton-Chu and Kottler-Franz formulas, and discuss vector diffrac- 
tion theory. This material is rather difficult but we have broken down the derivations 
into logical steps using several vector analysis identities from the appendix. Once the 
ramifications of the Kottler formulas are discussed, we approximate the formulas with 
the conventional Kirchhoff diffraction integrals and discuss the scalar theory of diffrac- 
tion. We consider Fresnel diffraction through apertures and knife-edge diffraction and 
present an introduction to the geometrical theory of diffraction through Sommerfeld’s 
exact solution of diffraction by a conducting half-plane. 

We apply the aperture radiation formulas to various types of aperture antennas, 
such as open-ended waveguides, horns, microstrip antennas, and parabolic reflectors. 
We present a computational approach for the calculation of horn radiation patterns and 
optimum horn design. We consider parabolic reflectors in some detail, discussing the 
aperture-field and current-distribution methods, reflector feeds, gain and beamwidth 
properties, and numerical computations of the radiation patterns. We also discuss 
briefly dual-reflector and lens antennas. 

Chapters 18 and 19 discuss antenna arrays. We start with the concept of the array 
factor, which determines the angular pattern of the array. We emphasize the connection 
to DSP and view the array factor as the spatial equivalent of the transfer function of an 
FIR digital filter. We introduce basic array concepts, such as the visible region, grating 
lobes, directivity, beamwidth, array scanning and steering, and discuss the properties 
of uniform arrays. We present several array design methods for achieving a desired 
angular radiation pattern, such as Schelkunoff’s zero-placement method, the Fourier 
series method with windowing, and its variant, the Woodward-Lawson method, known 
in DSP as the frequency-sampling method. 

The issues of properly choosing a window function to achieve desired passband and 
stopband characteristics are discussed. We emphasize the use of the Taylor-Kaiser win- 
dow, which allows the control of the stopband attenuation. Using Kaiser’s empirical for- 
mulas, we develop a systematic method for designing sector-beam patterns—a problem 
equivalent to designing a bandpass FIR filter. We apply the Woodward-Lawson method 
to the design of shaped-beam patterns. We view the problem of designing narrow- 
beam low-sidelobe arrays as equivalent to the problem of spectral analysis of sinusoids. 
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Choosing different window functions, we arrive at binomial, Dolph-Chebyshev, and Tay- 
lor arrays. We also discuss multi-beam arrays, Butler matrices and beams, and their 
connection to the FFT. 

In chapters 20 and 21, we undertake a more precise study of the currents flowing 
on a linear antenna and develop the Hallén and Pocklington integral equations for this 
problem. The nature of the sinusoidal current approximation and its generalizations 
by King are discussed, and compared with the exact numerical solutions of the integral 
equations. We discuss coupled antennas, define the mutual impedance matrix, and use 
it to obtain simple solutions for several examples, such as Yagi-Uda and other parasitic 
or driven arrays. We also consider the problem of solving the coupled integral equations 
for an array of parallel dipoles, implement it with MATLAB, and compare the exact results 
with those based on the impedance matrix approach. 

Our MATLAB-based numerical solutions are not meant to replace sophisticated com- 
mercial field solvers. The inclusion of numerical methods in this book was motivated by 
the desire to provide the reader with some simple (and cheap) tools for self-study and 
experimentation. The study of numerical methods in electromagnetics is a subject in 
itself and our treatment does not do justice to it. However, we felt that it would be fun 
to be able to quickly compute fairly accurate radiation patterns of Yagi-Uda and other 
coupled antennas, as well as radiation patterns of horn and reflector antennas. 

The appendix includes summaries of physical constants, electromagnetic frequency 
bands, vector identities, integral theorems, Green’s functions, coordinate systems, Fres- 
nel integrals, and a detailed list of the MATLAB functions. Finally, there is a large (but 
inevitably incomplete) list of references, arranged by topic area, that we hope could 
serve as a Starting point for further study. 


MATLAB Toolbox 


The text makes extensive use of MATLAB. We have developed an “Electromagnetic Waves 
& Antennas” toolbox containing 130 MATLAB functions for carrying out all of the com- 
putations and simulation examples in the text. Code segments illustrating the usage 
of these functions are found throughout the book, and serve as a user manual. The 
functions may be grouped into the following categories: 


1. Design and analysis of multilayer film structures, including antireflection coat- 
ings, polarizers, omnidirectional mirrors, narrow-band transmission filters, bire- 
fringent multilayer films and giant birefringent optics. 


2. Design of quarter-wavelength impedance transformers and other impedance match- 
ing methods, such as stub matching and L-, I- and T-section reactive matching 
networks. 


3. Design and analysis of transmission lines and waveguides, such as microstrip lines 
and dielectric slab guides. 

4. S-parameter functions for gain computations, Smith chart generation, stability, 
gain, and noise-figure circles, simultaneous conjugate matching, and microwave 
amplifier design. 

5. Functions for the computation of directivities and gain patterns of linear antennas, 
such as dipole, vee, rhombic, and traveling-wave antennas. 
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Aperture antenna functions for open-ended waveguides, horn antenna design, 
diffraction integrals, and knife-edge diffraction coefficients. 


Antenna array design functions for uniform, binomial, Dolph-Chebyshev, Taylor 
arrays, sector-beam, multi-beam, Woodward-Lawson, and Butler arrays. Functions 
for beamwidth and directivity calculations, and for steering and scanning arrays. 


Numerical methods for solving the Hallén and Pocklington integral equations for 
single and coupled antennas and computing self and mutual impedances. 


Several functions for making azimuthal and polar plots of antenna and array gain 
patterns in decibels and absolute units. 


There are also several MATLAB movies showing the propagation of step signals 
and pulses on terminated transmission lines; the propagation on cascaded lines; 
step signals getting reflected from reactive terminations; fault location by TDR; 
crosstalk signals propagating on coupled lines; and the time-evolution of the field 
lines radiated by a Hertzian dipole. 


The MATLAB functions as well as other information about the book may be down- 
loaded from the web page: ww. ece. rutgers.edu/~orfanidi /ewa. 
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1 


Maxwell’s Equations 


1.1 Maxwell’s Equations 


Maxwell’s equations describe all (classical) electromagnetic phenomena: 


OB 
VES 
A at 
oD 
Vx H= J+ Ot (Maxwell’s equations) (1.1.1) 
V-D=o0 
V-B=0 


The first is Faraday’s law of induction, the second is Ampére’s law as amended by 
Maxwell to include the displacement current 0 D/ ðt, the third and fourth are Gauss’ laws 
for the electric and magnetic fields. 

The displacement current term 0D/0t in Ampére’s law is essential in predicting the 
existence of propagating electromagnetic waves. Its role in establishing charge conser- 
vation is discussed in Sec. 1.6. 

Eqs. (1.1.1) are in SI units. The quantities E and H are the electric and magnetic 
field intensities and are measured in units of [volt/m] and [ampere/m], respectively. 
The quantities D and B are the electric and magnetic flux densities and are in units of 
[coulomb/m?] and [weber/m/?], or [tesla]. B is also called the magnetic induction. 

The quantities p and J are the volume charge density and electric current density 
(charge flux) of any external charges (that is, not including any induced polarization 
charges and currents.) They are measured in units of [coulomb/m?] and [ampere/m’]. 
The right-hand side of the fourth equation is zero because there are no magnetic mono- 
pole charges. 

The charge and current densities p, J may be thought of as the sources of the electro- 
magnetic fields. For wave propagation problems, these densities are localized in space; 
for example, they are restricted to flow on an antenna. The generated electric and mag- 
netic fields are radiated away from these sources and can propagate to large distances to 
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the receiving antennas. Away from the sources, that is, in source-free regions of space, 
Maxwell’s equations take the simpler form: 


OB 
VxE= ET 
veys oD 
AET “Ot (source-free Maxwell’s equations) (1.1.2) 
V-D=0 
V-B=0 


1.2 Lorentz Force 


The force on a charge q moving with velocity v in the presence of an electric and mag- 
netic field E, B is called the Lorentz force and is given by: 


F=q(E+v~x B) (Lorentz force) (1.2.1) 


Newton’s equation of motion is (for non-relativistic speeds): 


-a 

dt 
where m is the mass of the charge. The force F will increase the kinetic energy of the 
charge at a rate that is equal to the rate of work done by the Lorentz force on the charge, 
that is, v - F. Indeed, the time-derivative of the kinetic energy is: 


F=q(E+vx B) (1.2.2) 


1 dW d 
Wiin = mv: yv MY gp TV Fave (1.2.3) 


We note that only the electric force contributes to the increase of the kinetic energy— 
the magnetic force remains perpendicular to v, that is, v- (v x B)= 0. 

Volume charge and current distributions p, J are also subjected to forces in the 
presence of fields. The Lorentz force per unit volume acting on p, J is given by: 


f=pE+JxB (Lorentz force per unit volume) (1.2.4) 


where f is measured in units of [newton/m’*]. If J arises from the motion of charges 
within the distribution p, then J = pv (as explained in Sec. 1.5.) In this case, 


f= p(E+vxB) (1.2.5) 


By analogy with Eq. (1.2.3), the quantity v- f= pv- E = J - E represents the power 
per unit volume of the forces acting on the moving charges, that is, the power expended 
by (or lost from) the fields and converted into kinetic energy of the charges, or heat. It 
has units of [watts/m?]. We will denote it by: 


AP oss = 


“av, J-E (ohmic power losses per unit volume) (1.2.6) 
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In Sec. 1.7, we discuss its role in the conservation of energy. We will find that elec- 
tromagnetic energy flowing into a region will partially increase the stored energy in that 
region and partially dissipate into heat according to Eq. (1.2.6). 


1.3 Constitutive Relations 
The electric and magnetic flux densities D, B are related to the field intensities E, H via 


the so-called constitutive relations, whose precise form depends on the material in which 
the fields exist. In vacuum, they take their simplest form: 


D=€0E 
(1.3.1) 
B = poH 


where €o, Ho are the permittivity and permeability of vacuum, with numerical values: 


€o = 8.854 x 107!? farad/m 
(1.3.2) 
Ho = 47 x 1077 henry/m 
The units for €ọ and po are the units of the ratios D/E and B/H, that is, 
coulomb/m? coulomb farad weber/m? weber henry 


volt/m ~ volt-m =m ’ ampere/m E ampere : m m 


From the two quantities €o, Ho, we can define two other physical constants, namely, 
the speed of light and characteristic impedance of vacuum: 


1 Ho 
Co = = 3 x 108 m/sec, = | = 377 ohm (1.3.3) 
° VHo€o me €0 


The next simplest form of the constitutive relations is for simple dielectrics and for 
magnetic materials: 


D = EE 
(1.3.4) 
B= uH 


These are typically valid at low frequencies. The permittivity € and permeability p 
are related to the electric and magnetic susceptibilities of the material as follows: 


€ = €&o(1 +X) 
(1.3.5) 
H= Uo(1+ Xm) 


The susceptibilities X, Xm are measures of the electric and magnetic polarization 
properties of the material. For example, we have for the electric flux density: 


D = EE = €o (1 + X) E = €0E+ €0XE= €9E+ P 
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where the quantity P = €9xE represents the dielectric polarization of the material, that 
is, the average electric dipole moment per unit volume. The speed of light in the material 
and the characteristic impedance are: 


Areas -JE 
c= ue’ nae (1.3.6) 


The relative dielectric constant and refractive index of the material are defined by: 


€ € 
€é-=—=1+4+xX, n= — = /& (1.3.7) 
€0 V €o 


so that €, = n? and € = €ọ€r = €ọn?. Using the definition of Eq. (1.3.6) and assuming a 
non-magnetic material (u = Ho), we may relate the speed of light and impedance of the 
material to the corresponding vacuum values: 

1 1 Co Co 


c = = = 
0E0€Er Er n 


Ho€ H 
n {Ho Ho _ "No _ No 
E€ E0Er Jer n 


Similarly in a magnetic material, we have B = uo(H + M), where M = XH is the 
magnetization, that is, the average magnetic moment per unit volume. The refractive 
index is defined in this case by n = yVEU/€EoHo = V(1 + xX) (1+ Xm)- 

More generally, constitutive relations may be inhomogeneous, anisotropic, nonlin- 
ear, frequency dependent (dispersive), or all of the above. In inhomogeneous materials, 
the permittivity € depends on the location within the material: 


(1.3.8) 


D(r, t) = €(r) E(t, t) 


In anisotropic materials, € depends on the x, y, z direction and the constitutive rela- 
tions may be written component-wise in matrix (or tensor) form: 


Dx Exx Exy Exz Ex 
Dy |=] Ex Eyy €z Ey (1.3.9) 
Dz Ezx Ezy Ezz E, 


Anisotropy is an inherent property of the atomic/molecular structure of the dielec- 
tric. It may also be caused by the application of external fields. For example, conductors 
and plasmas in the presence of a constant magnetic field—such as the ionosphere in the 
presence of the Earth’s magnetic field—become anisotropic (see for example, Problem 
1.9 on the Hall effect.) 

In nonlinear materials, € may depend on the magnitude E of the applied electric field 
in the form: 


D=€(E)E, where e€(E)=€+€2E+€3E*+-:: (1.3.10) 


Nonlinear effects are desirable in some applications, such as various types of electro- 
optic effects used in light phase modulators and phase retarders for altering polariza- 
tion. In other applications, however, they are undesirable. For example, in optical fibers 
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nonlinear effects become important if the transmitted power is increased beyond a few 
milliwatts. A typical consequence of nonlinearity is to cause the generation of higher 
harmonics, for example, if E = Eje/”', then Eq. (1.3.10) gives: 


D = €(E)E = €E + €9E* + 63E? +++ + = €Ege!! + e E?e t + ez Eet nn. 


Thus the input frequency w is replaced by w, 2w, 3, and so on. Such harmonics 
are viewed as crosstalk. 

Materials with frequency-dependent dielectric constant €(W) are referred to as dis- 
persive. The frequency dependence comes about because when a time-varying electric 
field is applied, the polarization response of the material cannot be instantaneous. Such 
dynamic response can be described by the convolutional (and causal) constitutive rela- 
tionship: 


t 
D(x, t)= Í e(t —t') E(x, t) dt’ 


which becomes multiplicative in the frequency domain: 


D(r, W) = €(W) E(r, w) (1.3.11) 


All materials are, in fact, dispersive. However, €(W) typically exhibits strong depen- 
dence on w only for certain frequencies. For example, water at optical frequencies has 
refractive index n = \/€y = 1.33, but at RF down to dc, it has n = 9. 

In Sec. 1.9, we discuss simple models of €(w) for dielectrics, conductors, and plas- 
mas, and clarify the nature of Ohm’s law: 


J=oOE (Ohm’s law) (1.3.12) 


One major consequence of material dispersion is pulse spreading, that is, the pro- 
gressive widening of a pulse as it propagates through such a material. This effect limits 
the data rate at which pulses can be transmitted. There are other types of dispersion, 
such as intermodal dispersion in which several modes may propagate simultaneously, 
or waveguide dispersion introduced by the confining walls of a waveguide. 

There exist materials that are both nonlinear and dispersive that support certain 
types of non-linear waves called solitons, in which the spreading effect of dispersion is 
exactly canceled by the nonlinearity. Therefore, soliton pulses maintain their shape as 
they propagate in such media [431-433]. 

More complicated forms of constitutive relationships arise in chiral and gyrotropic 
media and are discussed in Chap. 3. The more general bi-isotropic and bi-anisotropic 
media are discussed in [31,76]. 

In Eqs. (1.1.1), the densities p, J represent the external or free charges and currents 
in a material medium. The induced polarization P and magnetization M may be made 
explicit in Maxwell’s equations by using constitutive relations: 


D=€09E+P, B= Uo(H+M) (1.3.13) 


Inserting these in Eq. (1.1.1), for example, by writing V x B = HoV x (H+ M)= 
Ho(J+ D+ V x M)= uo (€egE+ J+ P+ V x M), we may express Maxwell’s equations in 
terms of the fields E and B: 
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ðB 
VxE= -77 
OE oP 
V x B= Uo€o + Hol J4 + V xM] 
ot ot (1.3.14) 
v-E=1(p-V-P 
€0 
V-B=0 


We identify the current and charge densities due to the polarization of the material as: 


OP 
Jpol = ve) Ppol = —V- P (polarization densities) (1.3.15) 


Similarly, the quantity Jmag = V X M may be identified as the magnetization current 
density (note that Pmag = 0.) The total current and charge densities are: 


oP 
= = i ot (1.3.16) 


Piot = P + Pp =P -V-P 


and may be thought of as the sources of the fields in Eq. (1.3.14). In Sec. 13.6, we examine 
this interpretation further and show how it leads to the Ewald-Oseen extinction theorem 
and to a microscopic explanation of the origin of the refractive index. 


1.4 Boundary Conditions 


The boundary conditions for the electromagnetic fields across material boundaries are 
given below: 


Er — Ex = 0 
Ay — Hot = Js X Â ñ E; ÍD, Hi, fB 
G A aaa (1.4.1) 
Din — Don = == = 
1n 2n = Ps 2 E,, 1D H, Ban 
Bin = Bon =0 


where nis a unit vector normal to the boundary pointing from medium-2 into medium-1. 
The quantities ps, J; are any external surface charge and surface current densities on 
the boundary surface and are measured in units of [coulomb/m?] and [ampere/m]. 

In words, the tangential components of the E-field are continuous across the inter- 
face; the difference of the tangential components of the H-field are equal to the surface 
current density; the difference of the normal components of the flux density D are equal 
to the surface charge density; and the normal components of the magnetic flux density 
B are continuous. 


1.4. Boundary Conditions 7 


The Dn boundary condition may also be written a form that brings out the depen- 
dence on the polarization surface charges: 


(€9Ein + Pin) — (€0E2n + Pon) = Ps €o (Ein — Eon) = Ps — Pin + Pon = Ps,tot 


The total surface charge density will be Ps.tot = Ps + P1s,pol + P2s,pol, Where the surface 
charge density of polarization charges accumulating at the surface of a dielectric is seen 
to be (f is the outward normal from the dielectric): 


Pspol = Py =: P (1.4.2) 


The relative directions of the field vectors are shown in Fig. 1.4.1. Each vector may 
be decomposed as the sum of a part tangential to the surface and a part perpendicular 
to it, that is, E = E + En. Using the vector identity, 


E= û x (Exn)+n(n- E) = Er + En (1.4.3) 


we identify these two parts as: 


E,=nx (Exh), En = fi(fi: E) = iE, 


Fig. 1.4.1 Field directions at boundary. 


Using these results, we can write the first two boundary conditions in the following 
vectorial forms, where the second form is obtained by taking the cross product of the 
first with ñ and noting that J; is purely tangential: 


nx (E Xf)—n x (E X h) = 0 nx (E — EF) =0 
or, (1.4.4) 
nx (Hı x n)—-nx (H xn) = J; Xx Â nx (Hı — Hb) = J; 


The boundary conditions (1.4.1) can be derived from the integrated form of Maxwell’s 
equations if we make some additional regularity assumptions about the fields at the 
interfaces. 

In many interface problems, there are no externally applied surface charges or cur- 
rents on the boundary. In such cases, the boundary conditions may be stated as: 


Ey = Ezt 

Hı: = Hz 
(source-free boundary conditions) (1.4.5) 

Din = Don 

Bin = Bon 
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1.5 Currents, Fluxes, and Conservation Laws 


The electric current density J is an example of a flux vector representing the flow of the 
electric charge. The concept of flux is more general and applies to any quantity that 
flows. It could, for example, apply to energy flux, momentum flux (which translates 
into pressure force), mass flux, and so on. 

In general, the flux of a quantity Q is defined as the amount of the quantity that 
flows (perpendicularly) through a unit surface in unit time. Thus, if the amount AQ 
flows through the surface AS in time At, then: 


J = —— (definition of flux) (1.5.1) 


When the flowing quantity Q is the electric charge, the amount of current through 
the surface AS will be AI = AQ/At, and therefore, we can write J = AI/AS, with units 
of [ampere/m?]. 

The flux is a vectorial quantity whose direction points in the direction of flow. There 
is a fundamental relationship that relates the flux vector J to the transport velocity v 
and the volume density p of the flowing quantity: 


J= pv (1.5.2) 


This can be derived with the help of Fig. 1.5.1. Consider a surface AS oriented per- 
pendicularly to the flow velocity. In time At, the entire amount of the quantity contained 
in the cylindrical volume of height vAt will manage to flow through AS. This amount is 
equal to the density of the material times the cylindrical volume AV = AS(vAt), that 
is, AQ = pAV = p AS vAt. Thus, by definition: 


AQ pAS vAt 


J= ASAt  ASAt 
AS 
r a, AQ 
vAt >| 


Fig. 1.5.1 Flux of a quantity. 


When J represents electric current density, we will see in Sec. 1.9 that Eq. (1.5.2) 
implies Ohm’s law J = oE. When the vector J represents the energy flux of a propagating 
electromagnetic wave and p the corresponding energy per unit volume, then because the 
speed of propagation is the velocity of light, we expect that Eq. (1.5.2) will take the form: 


Jen = CPen (1.5.3) 


tIn this sense, the terms electric and magnetic “flux densities” for the quantities D, B are somewhat of a 
misnomer because they do not represent anything that flows. 
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Similarly, when J represents momentum flux, we expect to have Jmom = CPmom- 
Momentum flux is defined as Jmom = Ap/(ASAt)= AF/AS, where p denotes momen- 
tum and AF = Ap/At is the rate of change of momentum, or the force, exerted on the 
surface AS. Thus, Jmom represents force per unit area, or pressure. 

Electromagnetic waves incident on material surfaces exert pressure (known as ra- 
diation pressure), which can be calculated from the momentum flux vector. It can be 
shown that the momentum flux is numerically equal to the energy density of a wave, that 
is, Jmom = Pen, Which implies that Pen = PmomC. This is consistent with the theory of 
relativity, which states that the energy-momentum relationship for a photon is E = pc. 


1.6 Charge Conservation 


Maxwell added the displacement current term to Ampére’s law in order to guarantee 
charge conservation. Indeed, taking the divergence of both sides of Ampére’s law and 
using Gauss’s law V - D = p, we get: 


oD 
ot 


_ 0 _ Op 


V-VXxXH=V-J+V: 


Using the vector identity V - V x H = 0, we obtain the differential form of the charge 
conservation law: 


ce +V-J=0 (charge conservation) (1.6.1) 


Integrating both sides over a closed volume V surrounded by the surface S, as 
shown in Fig. 1.6.1, and using the divergence theorem, we obtain the integrated form of 
Eq. (1.6.1): 


d 
fs dS = -5 | pav (1.6.2) 


The left-hand side represents the total amount of charge flowing outwards through 
the surface S per unit time. The right-hand side represents the amount by which the 
charge is decreasing inside the volume V per unit time. In other words, charge does 
not disappear into (or get created out of) nothingness—it decreases in a region of space 
only because it flows into other regions. 


Fig. 1.6.1 Flux outwards through surface. 
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Another consequence of Eq. (1.6.1) is that in good conductors, there cannot be any 
accumulated volume charge. Any such charge will quickly move to the conductor’s 
surface and distribute itself such that to make the surface into an equipotential surface. 
Assuming that inside the conductor we have D = €E and J = OE, we obtain 


V-J=oV-E=-2V-D= 29 
€ € 
Therefore, Eq. (1.6.1) implies 


p=0 (1.6.3) 
with solution: 
p(r,t)= pore o' 


where fo (r) is the initial volume charge distribution. The solution shows that the vol- 
ume charge disappears from inside and therefore it must accumulate on the surface of 
the conductor. The “relaxation” time constant Tre = €/0 is extremely short for good 
conductors. For example, in copper, 


€  8.85x 1071? 


a noS 1.6 x 1071? sec 


Trel = 
By contrast, Tre] is of the order of days in a good dielectric. For good conductors, the 
above argument is not quite correct because it is based on the steady-state version of 
Ohm’s law, J = oE, which must be modified to take into account the transient dynamics 
of the conduction charges. 
It turns out that the relaxation time Tre] is of the order of the collision time, which 
is typically 10714 sec. We discuss this further in Sec. 1.9. See also Refs. [113-116]. 


1.7 Energy Flux and Energy Conservation 


Because energy can be converted into different forms, the corresponding conservation 
equation (1.6.1) should have a non-zero term in the right-hand side corresponding to 
the rate by which energy is being lost from the fields into other forms, such as heat. 
Thus, we expect Eq. (1.6.1) to have the form: 


OPen 
ot 
The quantities Pen, Jen describing the energy density and energy flux of the fields are 
defined as follows, where we introduce a change in notation: 


+ V - Jen = rate of energy loss (1.7.1) 


1 1 
Pen =W= —€E- E+ -uH.- H= energy per unit volume 
2 2 (1.7.2) 


Jen = P = EX H= energy flux or Poynting vector 


The quantities w and P are measured in units of [joule/m*] and [watt/m?]. Using the 
identity V - (Ex H=H-V x E-E- V x H, we find: 
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ow OE OH 
a TV Pea, Eth A+ VV: (Ex H 
SoD OF eH ESE VKH 
ot ot 
= (2-vxn)-e+(Grvxe)-w 
ot ot 


Using Ampére’s and Faraday’s laws, the right-hand side becomes: 


— +V-P=-J-E (energy conservation) (1.7.3) 


As we discuss in Eq. (1.2.6), the quantity J-E represents the ohmic losses, that is, the 
power per unit volume lost into heat from the fields. The integrated form of Eq. (1.7.3) 
is as follows, relative to the volume and surface of Fig. 1.6.1: 


-$ P.ds= ral wav + | J EdV (1.7.4) 
S dt Jv V 


It states that the total power entering a volume V through the surface S goes partially 
into increasing the field energy stored inside V and partially is lost into heat. 


Example 1.7.1: Energy concepts can be used to derive the usual circuit formulas for capaci- 
tance, inductance, and resistance. Consider, for example, an ordinary plate capacitor with 
plates of area A separated by a distance I, and filled with a dielectric €. The voltage between 
the plates is related to the electric field between the plates via V = El. 


The energy density of the electric field between the plates is w = €E? /2. Multiplying this 
by the volume between the plates, A-1, will give the total energy stored in the capacitor. 
Equating this to the circuit expression CV/2, will yield the capacitance C: 


1 1 1 A 
W = <€E? - Al = —CV? = -CE°P =E— 

zE > C 5 C > C=e€ i 
Next, consider a solenoid with n turns wound around a cylindrical iron core of length 
I, cross-sectional area A, and permeability u. The current through the solenoid wire is 
related to the magnetic field in the core through Ampére’s law H1 = nI. It follows that the 
stored magnetic energy in the solenoid will be: 
1 1, HP 


A 
IRESI L=n 
2 27 n nH] 


W = SpH? -Al 


Finally, consider a resistor of length l, cross-sectional area A, and conductivity o. The 
voltage drop across the resistor is related to the electric field along it via V = El. The 
current is assumed to be uniformly distributed over the cross-section A and will have 
density J = OE. 


The power dissipated into heat per unit volume is JE = gE?. Multiplying this by the 
resistor volume Al and equating it to the circuit expression V*/R = RI? will give: 
Ve FPP 11 


(J - E) (Al) = cE? (Al) R R R a 
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The same circuit expressions can, of course, be derived more directly using Q = CV, the 
magnetic flux ® = LI, and V = RI. o 


Conservation laws may also be derived for the momentum carried by electromagnetic 
fields [41,605]. It can be shown (see Problem 1.6) that the momentum per unit volume 
carried by the fields is given by: 


1 


1 
G=DxB= z2 Ex H= zz P (momentum density) (1.7.5) 


where we set D = €E, B = uH, and c = 1/,/E€H. The quantity Jmom = CG = P/c will 
represent momentum flux, or pressure, if the fields are incident on a surface. 


1.8 Harmonic Time Dependence 


Maxwell’s equations simplify considerably in the case of harmonic time dependence. 
Through the inverse Fourier transform, general solutions of Maxwell’s equation can be 
built as linear combinations of single-frequency solutions: 


E(r,t)= Í E(r, w) e/@* ce (1.8.1) 


Thus, we assume that all fields have a time dependence ejat, 
E(r,t)= Er), H(r,t)= H(r) ®t 


where the phasor amplitudes E(r), H(r) are complex-valued. Replacing time derivatives 
by ðt — jw, we may rewrite Eq. (1.1.1) in the form: 


V xX E=—-jwB 
Vx H=J+jwD 
(Maxwell’s equations) (1.8.2) 
V-D=o0 
V-B=0 


In this book, we will consider the solutions of Eqs. (1.8.2) in three different contexts: 
(a) uniform plane waves propagating in dielectrics, conductors, and birefringent me- 
dia, (b) guided waves propagating in hollow waveguides, transmission lines, and optical 
fibers, and (c) propagating waves generated by antennas and apertures. 

Next, we review some conventions regarding phasors and time averages. A real- 
valued sinusoid has the complex phasor representation: 


A(t)= |Alcos(wt + 0) A(t)= Aeivt (1.8.3) 


where A = |Ale/®. Thus, we have A(t) = Re[A(t)] = Re[Ae/@']. The time averages of 
the quantities A(t) and A(t) over one period T = 21r/w are zero. 

The time average of the product of two harmonic quantities -A (t) = Re[Ae/@"] and 
B(t) = Re[Be/'] with phasors A, B is given by (see Problem 1.4): 
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a one ie ic 1 à 
AWB) = Fh A(t) B(t) dt = z Re[AB ] (1.8.4) 


In particular, the mean-square value is given by: 


A? (t) - 1 f a? wat = }refaa*l= tar (1.8.5) 
T Jo 2 2 y 


Some interesting time averages in electromagnetic wave problems are the time av- 
erages of the energy density, the Poynting vector (energy flux), and the ohmic power 
losses per unit volume. Using the definition (1.7.2) and the result (1.8.4), we have for 
these time averages: 


1 1 1 
w= S Re| ZEE. E* + SHH Ht | (energy density) 
1 
P= > Re[Ex H*] (Poynting vector) (1.8.6) 
dP 1 
se =5 Re[Jot: E*] (ohmic losses) 


where Jit = J+ jwD is the total current in the right-hand side of Ampère’s law and 
accounts for both conducting and dielectric losses. The time-averaged version of Poynt- 
ing’s theorem is discussed in Problem 1.5. 


1.9 Simple Models of Dielectrics, Conductors, and Plasmas 


A simple model for the dielectric properties of a material is obtained by considering the 
motion of a bound electron in the presence of an applied electric field. As the electric 
field tries to separate the electron from the positively charged nucleus, it creates an 
electric dipole moment. Averaging this dipole moment over the volume of the material 
gives rise to a macroscopic dipole moment per unit volume. 
A simple model for the dynamics of the displacement x of the bound electron is as 
follows (with X = dx/dt): 
MX = eE — kx — MAX (1.9.1) 


where we assumed that the electric field is acting in the x-direction and that there is 
a spring-like restoring force due to the binding of the electron to the nucleus, and a 
friction-type force proportional to the velocity of the electron. 

The spring constant k is related to the resonance frequency of the spring via the 
relationship wo = vk/m, or, k = mw. Therefore, we may rewrite Eq. (1.9.1) as 


+ aX + W2x = SE (1.9.2) 


The limit wo = 0 corresponds to unbound electrons and describes the case of good 
conductors. The frictional term &x arises from collisions that tend to slow down the 
electron. The parameter « is a measure of the rate of collisions per unit time, and 
therefore, T = 1/c will represent the mean-time between collisions. 
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In a typical conductor, T is of the order of 107! seconds, for example, for copper, 
T = 2.4x 107-4 sec and « = 4.1 x 10!° sec™!. The case of a tenuous, collisionless, 
plasma can be obtained in the limit œ = 0. Thus, the above simple model can describe 
the following cases: 


a. Dielectrics, wo £ 0, a # 0. 
b. Conductors, wo = 0, & # 0. 
c. Collisionless Plasmas, Wo = 0, & = 0. 


The basic idea of this model is that the applied electric field tends to separate positive 
from negative charges, thus, creating an electric dipole moment. In this sense, the 
model contains the basic features of other types of polarization in materials, such as 
ionic/molecular polarization arising from the separation of positive and negative ions 
by the applied field, or polar materials that have a permanent dipole moment. 


Dielectrics 


The applied electric field E (t) in Eq. (1.9.2) can have any time dependence. In particular, 
if we assume it is sinusoidal with frequency w, E(t) = Ee/“', then, Eq. (1.9.2) will have 
the solution x(t) = xe/“', where the phasor x must satisfy: 


WX + jWAX + Wx E 
which is obtained by replacing time derivatives by 0; — jw. Its solution is: 


e 
=E 
m 


x= (1.9.3) 


wô- w? + jwa 


The corresponding velocity of the electron will also be sinusoidal v (t) = ve®t, where 
v = X = jwx. Thus, we have: 


e 
jw —E 
IRh 


v=jwWx= (1.9.4) 


Ww, — w? + jwa 
From Eqs. (1.9.3) and (1.9.4), we can find the polarization per unit volume P. We 

assume that there are N such elementary dipoles per unit volume. The individual electric 

dipole moment is p = ex. Therefore, the polarization per unit volume will be: 

Ne? 

— E 


P = Np = Nex = — m - = cox (w) E (1.9.5) 
wg — WL +jwaA 


The electric flux density will be then: 


D = 6E +P = co(1 + x(w) )E = e(w)E 


where the effective dielectric constant € (w) is: 
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Ne? 


€(W)= €9 + — 1 - (1.9.6) 
w- w? + jwa 


This can be written in a more convenient form, as follows: 


Eq W;, 
€(W)= €o + —5 aa (1.9.7) 
Wo — w? + jwa 
where WF is the so-called plasma frequency of the material defined by: 
N 2 
Ws, = a (plasma frequency) (1.9.8) 


For a dielectric, we may assume wọ # 0. Then, the low-frequency limit (w = 0) of 
Eq. (1.9.7), gives the nominal dielectric constant of the material: 
w5 Ne? 


€(0) = €o + €o E = €o + 3 (1.9.9) 
wg mwg 


The real and imaginary parts of e(w) characterize the refractive and absorptive 
properties of the material. By convention, we define the imaginary part with the negative 
sign (this is justified in Chap. 2): 


€(w)= € (w)-je” (w) (1.9.10) 
It follows from Eq. (1.9.7) that: 


cow? (w5 — w?) 


e” (w)= (1.9.11) 


f } 
ee (w? — w5)? +a2w2 (w? — w$)? +a? w? 
The real part €’ (w) defines the refractive index n(w)= V/é’ (w)/€o. The imaginary 
part €” (w) defines the so-called loss tangent of the material tan 0 (w) = e€” (w) /e' (w) 
and is related to the attenuation constant (or absorption coefficient) of an electromag- 
netic wave propagating in such a material (see Sec. 2.6.) 

Fig. 1.9.1 shows a plot of €’ (w) and €” (w). Around the resonant frequency Wo the 
€’ (w) behaves in an anomalous manner (i.e., it becomes less than €g,) and the material 
exhibits strong absorption. 

Real dielectric materials exhibit, of course, several such resonant frequencies cor- 
responding to various vibrational modes and polarization types (e.g., electronic, ionic, 
polar.) The dielectric constant becomes the sum of such terms: 

2 
ip 
wh- w? + JW; 


EgW 


€(W)= €o 4 5 


i 
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A E(w) anomalous €"(W) high 
x dispersion » absorption 


0 wo 0 
Fig. 1.9.1 Real and imaginary parts of dielectric constant. 


Conductors 


The conductivity properties of a material are described by Ohm’s law, Eq. (1.3.12). To 
derive this law from our simple model, we use the relationship J = pv, where the volume 
density of the conduction charges is p = Ne. It follows from Eq. (1.9.4) that 


Ne? 
jo E 
J = pv = Nev = —,—" ___=o(w)E 
wå — w? + jwa 


and therefore, we identify the conductivity ø (w): 


w 2 
J WE QW 
see ee a (1.9.12) 
wg- w? +jwa wg- w2+jwe 


We note that 0(W)/jw is essentially the electric susceptibility considered above. 
Indeed, we have J = Nev = Nejwx = jwP, and thus, P = J/jw = (o (w)/jw)E. It 
follows that €(w)—€9 = o (w) /jw, and 


' Eowp _ o(w) 
elw)= cot Z p24] = €0 + — 
6 jwa jæ 


(1.9.13) 


Since in a metal the conduction charges are unbound, we may take wọ = 0 in 
Eq. (1.9.12). After canceling a common factor of jw , we obtain: 


EoW5, 
Oo (Ww) = ——— (1.9.14) 
a+ jw 
The nominal conductivity is obtained at the low-frequency limit, w = 0: 
Eowp Ne? . T 
es —- = —— (nominal conductivity) (1.9.15) 
X Mma 


Example 1.9.1: Copper has a mass density of 8.9 x 10° gr/m? and atomic weight of 63.54 
(grams per mole.) Using Avogadro’s number of 6 x 1073 atoms per mole, and assuming 
one conduction electron per atom, we find for the volume density N: 
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6 x 1923 atoms oe 
N= mole. (8.9 x 10° So ya som) = 8.4 x 1078 electrons/m? 
63.54 l 
mole 


It follows that: 


Ne? (8.4 x 10°8) (1.6 x 1071)? Ze; 
o= ma ` 01x103) (41x102) ~ 5.8 xX 10° Siemens/m 


where we used e = 1.6 x 10719, m = 9.1 x 1073!, & = 4.1 x 10!3. The plasma frequency 
of copper can be calculated by 


Wp 1 Ne? 15 
4) 2.6 x 10° H 
fo 2m 21 \V me 7 


which lies in the ultraviolet range. For frequencies such that w « «, the conductivity 
(1.9.14) may be considered to be independent of frequency and equal to the dc value of 
Eq. (1.9.15). This frequency range covers most present-day RF applications. For example, 
assuming w < 0.1&, we find f < 0.10/21 = 653 GHz. o 


So far, we assumed sinusoidal time dependence and worked with the steady-state 
responses. Next, we discuss the transient dynamical response of a conductor subject to 
an arbitrary time-varying electric field E (t). 

Ohm’s law can be expressed either in the frequency-domain or in the time-domain 
with the help the Fourier transform pair of equations: 


t 
J(w)= o(w)E(w) S Jo=[| o(t—t')E(t')dt’ (1.9.16) 


where o (t) is the causal inverse Fourier transform of o (w). For the simple model of 
Eq. (1.9.14), we have: 


o(t)= Epwye u (t) (1.9.17) 


where u(t) is the unit-step function. As an example, suppose the electric field E(t) isa 
constant electric field that is suddenly turned on at t = 0, that is, E(t) = Eu(t). Then, 
the time response of the current will be: 


t ; Eow? 
J(t)= | cowe “Edt = = PE(1—e°*) = cE(1-e°“) 
where o = Eo ws, / & is the nominal conductivity of the material. 

Thus, the current starts out at zero and builds up to the steady-state value of J = CE, 
which is the conventional form of Ohm’s law. The rise time constant is T = 1/a. We 
saw above that T is extremely small—of the order of 10714 sec—for good conductors. 

The building up of the current can also be understood in terms of the equation of 
motion of the conducting charges. Writing Eq. (1.9.2) in terms of the velocity of the 
charge, we have: 
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v(t) +av(t)= TEW 


Assuming E(t) = Eu (t), we obtain the convolutional solution: 
t 
v(t)= Í ext- © Edt = © E(1 —e-*) 
0 m ma 


For large t, the velocity reaches the steady-state value V~ = (e/m&)E, which reflects 
the balance between the accelerating electric field force and the retarding frictional force, 
thatis, M&Væ = eE. The quantity e/m «& is called the mobility of the conduction charges. 
The steady-state current density results in the conventional Ohm’s law: 


2 


N 
J=Nevs = <E =E 
m 


Charge Relaxation in Conductors 
Next, we discuss the issue of charge relaxation in good conductors [113-116]. Writing 
(1.9.16) three-dimensionally and using (1.9.17), Ohm’s law reads in the time domain: 
t E: 
Jr, 0) = w | ey E(r, t°) dt’ (1.9.18) 


Taking the divergence of both sides and using charge conservation, V - J+ p = 0, 
and Gauss’s law, €9V - E = p, we obtain the following integro-differential equation for 
the charge density p (r,t): 


t t 
-p(r,t)= V -Jx,t)= w| e X-Men. E(r,t’)dt’ = w| eH XE) nyt) dt’ 


Differentiating both sides with respect to t, we find that p satisfies the second-order 
differential equation: 
P(r, t)+ap(r, t)+w5p(r,t)= 0 (1.9.19) 
whose solution is easily verified to be a linear combination of: 
a2 


sin(Wrat), where Wre =4/ w5 — Fa 


—at/2 —at/2 


e cos(Wreit), e 


Thus, the charge density is an exponentially decaying sinusoid with a relaxation time 
constant that is twice the collision time T = 1/a: 


2 
Trel = mis 2T| (relaxation time constant) (1.9.20) 


Typically, wp > &, so that Wye is practically equal to wp. For example, using the 
numerical data of Example 1.9.1, we find for copper Tre) = 2T = 5X107!4 sec. We 
calculate also: fre = Wrei/27T = 2.6X10!° Hz. In the limit « > œ, or T > 0, Eq. (1.9.19) 
reduces to the naive relaxation equation (1.6.3) (see Problem 1.8). 
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In addition to charge relaxation, the total relaxation time depends on the time it takes 
for the electric and magnetic fields to be extinguished from the inside of the conductor, 
as well as the time it takes for the accumulated surface charge densities to settle, the 
motion of the surface charges being damped because of ohmic losses. Both of these 
times depend on the geometry and size of the conductor [115]. 


Power Losses 


To describe a material with both dielectric and conductivity properties, we may take the 
susceptibility to be the sum of two terms, one describing bound polarized charges and 
the other unbound conduction charges. Assuming different parameters {Wo, Wp, Q} 
for each term, we obtain the total dielectric constant: 


2 2 
€0W ap E0Wép 


€(W)= €o 4 (1.9.21) 


Wi. — w? +jw&q Jw(&+jw) 


Denoting the first two terms by €q (w) and the third by 0-(w)/jw, we obtain the 
total effective dielectric constant of such a material: 


O-(W) 


€(W) = €g(w)+4 (effective dielectric constant) (1.9.22) 


In the low-frequency limit, w = 0, the quantities €g(0) and o,(0) represent the 
nominal dielectric constant and conductivity of the material. We note also that we can 
write Eq. (1.9.22) in the form: 


JWE(W)= Oc (w)+jweqa (w) (1.9.23) 


These two terms characterize the relative importance of the conduction current and 
the displacement (polarization) current. The right-hand side in Ampére’s law gives the 
total effective current: 

oD 


Jtor = J 4 aL J+jwoD = 0¢(W)E+ jweq(w)E = jwe(w)E 


where the term Jgisp = 0D/0t = jweq(w)E represents the displacement current. The 
relative strength between conduction and displacement currents is the ratio: 


loc (W)E| loc (w) | 
iweg(W)E| = |weg(w)| 


(1.9.24) 


| J cond 


J disp 


This ratio is frequency-dependent and establishes a dividing line between a good 
conductor and a good dielectric. If the ratio is much larger than unity (typically, greater 
than 10), the material behaves as a good conductor at that frequency; if the ratio is much 
smaller than one (typically, less than 0.1), then the material behaves as a good dielectric. 


Example 1.9.2: This ratio can take a very wide range of values. For example, assuming a fre- 
quency of 1 GHz and using (for illustration purposes) the dc-values of the dielectric con- 
stants and conductivities, we find: 
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J 2 10° for copper with o = 5.8x10’ S/m and € = €9 
| cond | owe ide ef for seawater with o = 4 S/m and € = 72€ 
Jaisp WE 107° fora glass with o = 107!° S/m and € = 2€ 9 


Thus, the ratio varies over 18 orders of magnitude! If the frequency is reduced by a factor 
of ten to 100 MHz, then all the ratios get multiplied by 10. In this case, seawater acts like 
a good conductor. o 


The time-averaged ohmic power losses per unit volume within a lossy material are 
given by Eq. (1.8.6). Writing e (w) = €’ (w) —je” (w), we have: 


Jo = jwe (Ww) E = jwe (w) E+ we” (w) E 


Denoting |E |? = E- E*, it follows that: 


cess = 5 Rel -E*] = joe" (w) |E|? (ohmic losses) (1.9.25) 


Writing €q (w) = e4 (w) —je4 (w) and assuming that the conductivity oe (w) is real- 
valued for the frequency range of interest (as was discussed in Example 1.9.1), we find 
by equating real and imaginary parts of Eq. (1.9.22): 

Tc (w) 


e (w)=e4(w), e” (w) = e4 (w) 4 aa (1.9.26) 


Then, the power losses can be written in a form that separates the losses due to 
conduction and those due to the polarization properties of the dielectric: 
dP. 1 yi 
w = z (Fe(w) +we4 (w)) |E| * (ohmic losses) (1.9.27) 


A convenient way to quantify the losses is by means of the loss tangent defined in 
terms of the real and imaginary parts of the effective dielectric constant: 


e” (w) 


tan @ = a) 


(loss tangent) (1.9.28) 


where @ is the loss angle. Eq. (1.9.28) may be written as the sum of two loss tangents, 
one due to conduction and one due to polarization. Using Eq. (1.9.26), we have: 


Tc(W)+WEF(W)  Fe(w) _ EG (W) 
we; (W) ~— welw)  €)(W) 


tan 0 = = tan fc + tan 0q (1.9.29) 


The ohmic loss per unit volume can be expressed in terms of the loss tangent as: 


dross = Stel (wo) tan | E |? (ohmic losses) (1.9.30) 
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Plasmas 


To describe a collisionless plasma, such as the ionosphere, the simple model considered 
in the previous sections can be specialized by choosing Wo and « = 0. Thus, the 
conductivity given by Eq. (1.9.14) becomes pure imaginary: 


2 


EoWp, 


o(w)= — 
JW 


The corresponding effective dielectric constant of Eq. (1.9.13) becomes purely real: 


2 
s-er -e f1 2 (1.9.31) 
jw w 


The plasma frequency can be calculated from wp = Ne*/meép. In the ionosphere 
the electron density is typically N = 10!?, which gives fp = 9 MHz. 

We will see in Sec. 2.6 that the propagation wavenumber of an electromagnetic wave 
propagating in a dielectric/conducting medium is given in terms of the effective dielec- 


tric constant by: 
k = wyue(w) 


It follows that for a plasma: 


1 
k= 1—w3/w2) =— 2 w? 
wy Hoe o ( W/W?) Vw Wp 


where we used c = 1/,/Ho€.- 

If W > Wy, the electromagnetic wave propagates without attenuation within the 
plasma. But if w < Wy, the wavenumber k becomes imaginary and the wave gets 
attenuated. At such frequencies, a wave incident (normally) on the ionosphere from the 
ground cannot penetrate and gets reflected back. 


1.10 Problems 


1.1 Prove the vector algebra identities: 


AX (BX C)= B(A- C)-C(A- B) (BAC-CAB identity) 
A- (BX C)=B- (CX A)= C: (AxB) 

|A x B|? + |A- B|? = |A]? |B|? 

A=ñXAxûñ+ (û-A)û (û is any unit vector) 


In the last identity, does it a make a difference whether h x A x ñ is taken to mean nx (A x ñ) 
or (û x A) Xfi? 


1.2 Prove the vector analysis identities: 
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1.3 


1.4 


1.5 
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Vx (Y$)=0 

V- (pVy)=pV°y+Vp- Vy (Green’s first identity) 
V- (Vy -yVp)=pV?yY-PYV?p (Green’s second identity) 
V- (pA)= (Vh)-A+GV-A 

V x (pA)= (Vh)xA+ pV xA 

V-(VxA)=0 

V-AXB=B:- (Vx A)-A: (V xB) 

Vx (VxXA)=V(V-A)-V°A 


Consider the infinitesimal volume element AxAyAz shown below, such that its upper half 
lies in medium €; and its lower half in medium €p. The axes are oriented such that nh = Z. 
Applying the integrated form of Ampére’s law to the infinitesimal face abcd, show that 


ODx 


Ay — My = JxAZ 4 OL AZ 


In the limit Az — 0, the second term in the right-hand side may be assumed to go to zero, 
whereas the first term will be non-zero and may be set equal to a surface current density, 
that is, Jsx = limyz—o (JxAz). Show that this leads to the boundary condition Hıy — Hz, = 
—Jsx. Similarly, show that Hix — H2x = Jsy, and that these two boundary conditions can be 
combined vectorially into Eq. (1.4.4). 


e 
FÀ 
A 
A Ax Az y 
å Ay d rag 
Az =) 
| € > Yy 
Laar 
FAZ = Sey 


Next, apply the integrated form of Gauss’s law to the same volume element and show the 
boundary condition: Dız — Doz = Ps = limaz—o (pAZ). 


Show that the time average of the product of two harmonic quantities A (t)= Re[Ae"] 
and B (t)= Re[Be/”'] with phasors A, B is given by: 


ee i 1 
A(t) B(t) = =| A(t) B(t) dt = z Re[AB*] 
0 
where T = 27t/wW is one period. Then, show that the time-averaged values of the cross 


and dot products of two time-harmonic vector quantities A(t)= Re[Ae/®'] and B(t)= 
Re[Be/“"] can be expressed in terms of the corresponding phasors as follows: 


AWxBl = 5 Re[Ax BY], AW Bw = Z RelA: BY] 


Assuming that B = uH, show that Maxwell’s equations (1.8.2) imply the following complex- 
valued version of Poynting’s theorem: 


V x (EX H*)= —jwuH: H* - E- Ji, where Jot = J+ jwD 
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1.6 


1.7 


1.8 


1.9 


Extracting the real-parts of both sides and integrating over a volume V bounded by a closed 
surface S, show the time-averaged form of energy conservation: 


- 1 ReLEX H*}-ds= | l RelE- J] dV 
52 v2 


which states that the net time-averaged power flowing into a volume is dissipated into heat. 
For a lossless dielectric, show that the above integrals are zero and provide an interpretation. 


Assuming that D = €Eand B = uH, show that Maxwell’s equations (1.1.1) imply the following 
relationships: 


PE, + (DX r = V - (cEyE~% heE*) 


(JX Bt (2 xB) =V. (UHH 85 HH?) 


where the subscript x means the x-component. From these, derive the following relationship 


that represents momentum conservation: 


OG 
fx + at 


where fx, Gx are the x-components of the vectors f = pE + J x Band G = D x B, and Ty is 
defined to be the vector (equal to Maxwell’s stress tensor acting on the unit vector X): 


=V- Ty (1.10.1) 


Ty = €ExE + uHxH & 5 (cE + uH?) 


Write similar equations of the y, zZ components. The quantity Gx is interpreted as the field 
momentum (in the x-direction) per unit volume, that is, the momentum density. 

Show that the plasma frequency for electrons can be expressed in the simple numerical form: 
fp = 9VN, where fp is in Hz and N is the electron density in electrons/m*. What is fp for 
the ionosphere if N = 10!*? [Ans. 9 MHz.] 


Show that the relaxation equation (1.9.19) can be written in the following form in terms of 
the dc-conductivity o defined by Eq. (1.9.15): 


Fa : Oo 
PO) + p(r,t)+ en 0 


Then, show that it reduces to the naive relaxation equation (1.6.3) in the limit T = 1/& > 0. 
Show also that in this limit, Ohm’s law (1.9.18) takes the instantaneous form J = OE, from 
which the naive relaxation constant Tre, = €9/O was derived. 


Conductors and plasmas exhibit anisotropic and birefringent behavior when they are in the 
presence of an external magnetic field. The equation of motion of conduction electrons in 
a constant external magnetic field is mv = e(E+ vx B)—may, with the collisional term 
included. Assume the magnetic field is in the z-direction, B = 2B, and that E = XE, + Ŷ Ey 
and v = vy + vy. 


a. Show that in component form, the above equations of motion read: 
eB 
where wg = m (cyclotron frequency) 


What is the cyclotron frequency in Hz for electrons in the Earth’s magnetic field B = 
0.4 gauss = 0.4X10~4 Tesla? [Ans. 1.12 MHz.] 
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. To solve this system, work with the combinations vx + jvy. Assuming harmonic time- 


dependence, show that the solution is: 


e i 
m (Ex + jEy) 


ae ae ae a+ j(W + Wz) 


. Define the induced currents as J = Nev. Show that: 


r ‘ XOo 
Jx + jJy = o+ (w) (Ex + jEy), where Ce) aye ai 


Ne? 
where dọ = —— is the dc value of the conductivity. 
ma 


. Show that the t-domain version of part (c) is: 


t 
Iu (t) £iJy (t)= f os (t - t) (Ex (t) jE (C) ) dt 


where o+ (t)= aoe “e”s'y (t) is the inverse Fourier transform of o+ (w) and 
u(t) is the unit-step function. 


. Rewrite part (d) in component form: 


t 
ies flot- Ex) + Ouy (t —U) Ey W) Jat" 


t 


Jy(t) = I, [Oyx (t — t) Ex (t) +0yy (t — CU) EY (t’) Jd’ 


and identify the quantities Oxx (t), Oxy (t), Oyx (t), Oyy (t). 


. Evaluate part (e) in the special case Ex (t)= Exu (t) and E, (t)= Eyu (t), where Ex, Ey 


are constants, and show that after a long time the steady-state version of part (e) will 
be: 


Ex + bE ZA B 
Jx = 00 5 y L + 
1 + b? Lr 4t 
L + y 
Ey — bE 
pam 3 y 
1 + b? aX 


where b = wg/&. If the conductor has finite extent in the y-direction, as shown above, 
then no steady current can flow in this direction, Jy = 0. This implies that if an electric 
field is applied in the x-direction, an electric field will develop across the y-ends of the 
conductor, Ey = bEx. The conduction charges will tend to accumulate either on the 
right or the left side of the conductor, depending on the sign of b, which depends on 
the sign of the electric charge e. This is the Hall effect and is used to determine the 
sign of the conduction charges in semiconductors, e.g., positive holes for p-type, or 
negative electrons for n-type. 

What is the numerical value of b for electrons in copper if B is 1 gauss? [Ans. 43.] 


. For a collisionless plasma (« = 0), show that its dielectric behavior is determined from 


Dx + jDy = €+ (w) (Ex + jEy), where 


( 1 Wa 
E+ (W)= €o w(w + We) 


where Wy is the plasma frequency. Thus, the plasma exhibits birefringence. 


Z 


Uniform Plane Waves 


2.1 Uniform Plane Waves in Lossless Media 


The simplest electromagnetic waves are uniform plane waves propagating along some 
fixed direction, say the z-direction, in a lossless medium {e, p}. 

The assumption of uniformity means that the fields have no dependence on the 
transverse coordinates x,y and are functions only of z,t. Thus, we look for solutions 
of Maxwell’s equations of the form: E(x, y, z,t)= E(z,t) and H(x,y,Z,t)= H(z,t). 

Because there is no dependence on x, y, we set the partial derivatives? 0, = 0 and 
oy = 0. Then, the gradient, divergence, and curl operations take the simplified forms: 


0 _ OE, ~ OE , OEy „Ex 
E V-E= az VXE=2x z7 is DT 


Assuming that D = €E and B = uH, the source-free Maxwell’s equations become: 


s OE oH 
Vx Es on ZX 9z ot 
pee L 
vxH=¢ 2k ZX 3z * Ot 
ot > (2.1.1) 
OE, 
V-E=0 3z 70 
V-H=0 OH, 
=0 
OZ 


An immediate consequence of uniformity is that E and H do not have components 
along the z-direction, that is, Ez = Hz = 0. Taking the dot-product of Ampére’s law 
with the unit vector z, and using the identity z - (2 x A) = 0, we have: 


2. (2x SB) =c2.F=0 CN 
OZ 


0 
tThe shorthand notation ôx stands for —. 
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Because also 07E, = 0, it follows that E; must be a constant, independent of z, t. 
Excluding static solutions, we may take this constant to be zero. Similarly, we have 
H, = 0. Thus, the fields have components only along the x, y directions: 


E(z, t) = KE, (Z, t) +ŷ Ey (Z, t) 
(transverse fields) (2.1.2) 
H(z,t) = Hx (z, t)+ŷ Hy (z, t) 
These fields must satisfy Faraday’s and Ampère’s laws in Eqs. (2.1.1). We rewrite 
these equations in a more convenient form by replacing € and p by: 


ee u=”, where c= l : n= E (2.1.3) 
nc c ,/HE € 


Thus, c, n are the speed of light and characteristic impedance of the propagation 
medium. Then, the first two of Eqs. (2.1.1) may be written in the equivalent forms: 


zx Oo! od oH 
oz cot 
(2.1.4) 
ZX oH 1 0E 
n oz cot 


The first may be solved for 07E by crossing it with z. Using the BAC-CAB rule, and 
noting that E has no z-component, we have: 


(2x <2) x2 CE ag) 2(2- <2) hs 
Oz E dz) əz 


where we used ĉ - 0zE = 0zEz = 0 and z- z = 1. It follows that Eqs. (2.1.4) may be 
replaced by the equivalent system: 


OE 1 ð 

Oz = Tg ag HX 2) 

3 jT (2.1.5) 
ce (nHxz)= aa 


Now all the terms have the same dimension. Eqs. (2.1.5) imply that both E and H 
satisfy the one-dimensional wave equation. Indeed, differentiating the first equation 
with respect to z and using the second, we have: 


E 1202 "E 

a eoor PAAT gap 

Of 1 E(z,t)=0 (wave equation) (2.1.6) 
dz? œt? , a a 


and similarly for H. Rather than solving the wave equation, we prefer to work directly 
with the coupled system (2.1.5). The system can be decoupled by introducing the so- 
called forward and backward electric fields defined as the linear combinations: 
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1 
E, = 5 (E+ nHx ĉ) 

i (forward and backward fields) (2.1.7) 
E_ = > (E- nHx Z) 


These can be inverted to express E, H in terms of E,, E-. Adding and subtracting 
them, and using the BAC-CAB rule and the orthogonality conditions z- E+ = 0, we obtain: 
E= E; tE- 


1 (2.1.8) 
H= 1” [E, — E_] 


Then, the system of Eqs. (2.1.5) becomes equivalent to the following decoupled sys- 
tem expressed in terms of the forward and backward fields E+: 


OE, 10 
oz côt 
(2.1.9) 
OE_ 1 ðE- 
— = += —— 
Oz c ot 
Using Eqs. (2.1.5), we verify: 
0 ` 1 ô „10E _ _1 ð 
gz E+ NHX Z)= -7 z (nH x 2) F r Fo g EEX?) 


Eqs. (2.1.9) can be solved by noting that the forward field E+ (Z, t) must depend on 
Z, t only through the combination z — ct. Indeed, if we set E4 (z,t) = F(z — ct), where 
F(C) is an arbitrary function of its argument € = z — ct, then we will have: 


dE, 2 dC OF(C) IF) 
i on Ea og Ç OE: 1 ðE, 
dE, 2 dT OF(T) IFC) dz côt 
woar or ee O 


Vectorially, F must have only x, y components, F = Fx + Fy, that is, it must be 
transverse to the propagation direction, Zz - F = 0. 

Similarly, we find from the second of Eqs. (2.1.9) that E- (z, t) must depend on z, t 
through the combination z + ct, so that E_ (z, t)= G(z + ct), where G(&) is an arbitrary 
(transverse) function of € = z + ct. In conclusion, the most general solutions for the 
forward and backward fields of Eqs. (2.1.9) are: 


E, (z,t) = F(z - ct) 
(2.1.10) 
E_(z,t) = G(z + ct) 
with arbitrary functions F and G, such that z: F= 2 . G = 0. 
Inserting these into the inverse formula (2.1.8), we obtain the most general solution 
of (2.1.5), expressed as a linear combination of forward and backward waves: 
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E(z,t) = F(z — ct) +G(z + ct) 
(2.1.11) 


H(z,t) = es [F(z — ct)-G(z+ ct) | 


The term E, (z,t)= F(z — ct) represents a wave propagating with speed c in the 
positive z-direction, while E_ (z,t)= G(z+ct) represents a wave traveling in the negative 
z-direction. 

To see this, consider the forward field at a later time t + At. During the time interval 
At, the wave moves in the positive z-direction by a distance Az = cAt. Indeed, we have: 


E, (z,t+ At) = F(z — c(t + At) ) = F(z — cAt - ct) 
> E,(z,t+At)= E, (z -— 4z,t) 


E, (z — Az, t) = F( (z — Az) —ct) = F(z — cAt - ct) 


This states that the forward field at time t + At is the same as the field at time t, but 
translated to the right along the z-axis by a distance Az = cAt. 

Similarly, we find that E- (z, t + At) = E_ (z + Az, t), which states that the backward 
field at time t + At is the same as the field at time t, translated to the left by a distance 
AZ. Fig. 2.1.1 depicts these two cases. 


E t) C A Ez t+At) = Ex(z- Az, t) 
gous ‘ >z 
Az=cAt 
E_(zt+At) = E(z+Az0) A c E (z 
i ieee >z 
AZ = cAt 


Fig. 2.1.1 Forward and backward waves. 


The two special cases corresponding to forward waves only (G = 0), or to backward 
ones (F = 0), are of particular interest. For the forward case, we have: 


E(z,t) = F(z- ct) E 
(2.1.12) 
H(z.) = 2x Fle ~ct)= | 2x EZ) H á 


This solution has the following properties: (a) The field vectors E and H are perpen- 
dicular to each other, E- H = 0, while they are transverse to the z-direction, (b) The 
three vectors {E, H,z} form a right-handed vector system as shown in the figure, in the 
sense that Ex H points in the direction of 2, (c) The ratio of E to Hx z is independent 
of z, t and equals the characteristic impedance n of the propagation medium; indeed: 
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H(z, )= 2x E(t => E(z,t)=nH(z,t)xz (2.1.13) 


The electromagnetic energy of such forward wave flows in the positive z-direction. 
With the help of the BAC-CAB rule, we find for the Poynting vector: 


1 
Pim Ege e Perz (2.1.14) 


where we denoted |F|? = F- F and replaced 1/n = ce. The electric and magnetic energy 
densities (per unit volume) turn out to be equal to each other. Because z and F are 


mutually orthogonal, we have for the cross product |Z x F| = |z||F| = |F|. Then, 
1 1 
We = ṢEE]? = 5€lFI° 
2 2 
1 1 1 1 
Wm = H|? = 2x F|? = —e|F\? =w 
m= 3H IH? = 3u ola x FI? = SIF |? = we 


where we replaced u/n? = €. Thus, the total energy density of the forward wave will be: 


W = We + Wm = 2We = E| F|? (2.1.15) 


In accordance with the flux/density relationship of Eq. (1.5.2), the transport velocity 
of the electromagnetic energy is found to be: 
P cĉ2elF|? R 
w aF 


y= 


As expected, the energy of the forward-moving wave is being transported at a speed 
c along the positive z-direction. Similar results can be derived for the backward-moving 
solution that has F = 0 and G £ 0. The fields are now: 


E(z,t) = G(z + ct) 


E 
1 1 „” (2.1.16) 
H(z,t) aR OE a -Z 


The Poynting vector becomes P = EX H = -c ĉ2e|G|? and points in the negative 
z-direction, that is, the propagation direction. The energy transport velocity is v = —czZ. 
Now, the vectors {E, H, —z} form a right-handed system, as shown. The ratio of E to H 
is still equal to n, provided we replace z with —z: 


H(z, = (-@) xE) > E(z,t)=nH(z,t)x(-2) 


In the general case of Eq. (2.1.11), the E/H ratio does not remain constant. The 
Poynting vector and energy density consist of a part due to the forward wave and a part 
due to the backward one: 


P =ExH-= cĉ (e|F|? —e€|G|*) 
(2.1.17) 


1 1 
w= 5 ElE|? h HIH]? = e|F|? + ElG|? 
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Example 2.1.1: A source located at z = 0 generates an electric field E(0, t)= XE o u(t), where 
u(t) is the unit-step function, and Ep, a constant. The field is launched towards the positive 
z-direction. Determine expressions for E(z,t) and H(z, t). 


Solution: For a forward-moving wave, we have E(z,t)= F(z — ct)= F(0 — c(t — z/c)), which 
implies that E(z,t) is completely determined by E(z, 0), or alternatively, by E(0, t): 


E(z,t)= E(z — ct,0)= E(0,t — z/c) 


Using this property, we find for the electric and magnetic fields: 


E(z,t) = E(0,t — z/c) = &Ep u(t — z/c) EG) Etran 
HO = 12x Elz, pao! u(t- z/o) A >: 
n n 0 ct c(t+At) 


Because of the unit-step, the non-zero values of the fields are restricted to t — z/c = 0, or, 
Z < ct, that is, at time t the wavefront has propagated only up to position z = ct. The 


figure shows the expanding wavefronts at time t and t + At. o 


Example 2.1.2: Consider the following three examples of electric fields specified at t = 0, and 
describing forward or backward fields as indicated: 


E(z,0)= £ Eo cos (kz) (forward-moving) 
E(z,0)= y Ep cos (kz) (backward-moving) 


E(z,0)= XE, cos(k,z)+y Ez cos (kəz) (forward-moving) 


where k, kı, k2 are given wavenumbers (measured in units of radians/m.) Determine the 
corresponding fields E(z,t) and H(z, t). 


Solution: For the forward-moving cases, we replace z by z — ct, and for the backward-moving 
case, by z + ct. We find in the three cases: 


E(z,t) = Eo cos(k(z —ct)) = Eo cos (wt — kz) 
E(z,t) = Eo cos(k(z+ct)) = YE cos (wt + kz) 


E(z,t) = XE, cos(w ,t — k,z)+y Ez cos(Wet — kəz) 


where w = kc, and w: = kıc, W2 = koc. The corresponding magnetic fields are: 


H(z,t) = —zx E(z,t)= vO cos(wt — kz) (forward) 


3|= 


H(z,t) = = ZX E(z,th= cos(wt+kz) (backward) 


H(z,t) = — 2x E(z,t)= y5 cos(wit = kiz) -4 cos(Wet — kəz) 


alr 


The first two cases are single-frequency waves, and are discussed in more detail in the 
next section. The third case is a linear superposition of two waves with two different 
frequencies and polarizations. oO 
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2.2 Monochromatic Waves 


Uniform, single-frequency, plane waves propagating in a lossless medium are obtained 
as a special case of the previous section by assuming the harmonic time-dependence: 


E(x, y,z,t) = E(z)e@! 
; (2.2.1) 
H(x,y,Z,t) = H(z) ®t 
where E(z) and H(z) are transverse with respect to the z-direction. 
Maxwell’s equations (2.1.5), or those of the decoupled system (2.1.9), may be solved 
very easily by replacing time derivatives by 0; > jw. Then, Eqs. (2.1.9) become the 
first-order differential equations (see also Problem 2.3): 


OE, (Z) 
Oz 


= Fjk E+ (z), where k= 2 = W./HE (2.2.2) 


with solutions: . 
E, (z) = Ey,e 7 (forward) 
l (2.2.3) 
E_(z) = Eg- e7 (backward) 


where Eọ+ are arbitrary (complex-valued) constant vectors such that 2 - Eọ+ = 0. The 
corresponding magnetic fields are: 


1 1 ; F 
H, (z) = 2X E (z)= 5 (2x Fo+) ek? = Hope I 
(2.2.4) 
1, L jkz [kz 
H_(z) = -—2z*X E_(z)= —— (2 x Eọ-)e = Ho- e 
n n 
where we defined the constant amplitudes of the magnetic fields: 
Ta 
Ho+ = pe” Eo+ (2.2.5) 


Inserting (2.2.3) into (2.1.8), we obtain the general solution for single-frequency 
waves, expressed as a superposition of forward and backward components: 


E(z) = Ey,e Sk? + Ege% 


1 i ; (forward + backward waves) (2.2.6) 
H(z) = a x [Eo.e J — Ey_etk?] 


Setting Fox = A+ +Ŷ B+, and noting that 2x Fox = 2x (KA++YBs)= YAs+—-XBz, 
we may rewrite (2.2.6) in terms of its cartesian components: 
Ex (z)= A eZ + Ae, Ey (z) = ByeJk2 + B_edkz 


1 k P 1 k {ú (2.2.7) 
H,(z)= ao Z- Ae], H,(z)= es le Z _ B_e7] 


Wavefronts are defined, in general, to be the surfaces of constant phase. A forward 
moving wave E(z) = Eye~/*2 corresponds to the time-varying field: 
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E(z,t) = Ege! = Ferd), where p(z,t)=kz— wt 


A surface of constant phase is obtained by setting @(z,t)= const. Denoting this 
constant by ho = kZo and using the property c = w/k, we obtain the condition: 


g(z,t)=pọ > kz-wt= kzo Z= Ct + Zo 


Thus, the wavefront is the xy-plane intersecting the z-axis at the point Z = ct + Zo, 
moving forward with velocity c. This justifies the term “plane wave.” 

A backward-moving wave will have planar wavefronts parametrized by Z = —ct + Zo, 
that is, moving backwards. A wave that is a linear combination of forward and backward 
components, may be thought of as having two planar wavefronts, one moving forward, 
and the other backward. 

The relationships (2.2.5) imply that the vectors {Eo+, Ho+, 2} and {Eo-, Ho-, —2} will 
form right-handed orthogonal systems. The magnetic field Họ+ is perpendicular to the 
electric field Fo and the cross-product Eo+ X Ho+ points towards the direction of prop- 
agation, that is, +z. Fig. 2.2.1 depicts the case of a forward propagating wave. 


Fig. 2.2.1 Forward uniform plane wave. 


The wavelength A is the distance by which the phase of the sinusoidal wave changes 
by 27r radians. Since the propagation factor e~/*? accumulates a phase of k radians per 
meter, we have by definition that kA = 27r. The wavelength A can be expressed via the 
frequency of the wave in Hertz, f = w/2rTr, as follows: 


à= 27 _ 2TTC z c (2.2.8) 


If the propagation medium is free space, we use the vacuum values of the parame- 
ters {€,u,c, n}, that is, {€0, Ho, Co, No}. The free-space wavelength and corresponding 
wavenumber are: 


Ào = = ko = (2.2.9) 


In a lossless but non-magnetic (u = Ho) dielectric with refractive index n = yE/€oọ, 
the speed of light c, wavelength A, and characteristic impedance n are all reduced by a 
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scale factor n compared to the free-space values, whereas the wavenumber k is increased 
by a factor of n. Indeed, using the definitions c = 1/,/Ho€ and n = yHo/€, we have: 


c= , n= , A= , k=nko (2.2.10) 


Example 2.2.1: A microwave transmitter operating at the carrier frequency of 6 GHz is pro- 
tected by a Plexiglas radome whose permittivity is € = 3€. 


The refractive index of the radome is n = /€/€9 = V3 = 1.73. The free-space wavelength 
and the wavelength inside the radome material are: 


8 
co 3x10" ape phases A=% = -29m 


à 
0 f 6x10 n 1.73 


We will see later that if the radome is to be transparent to the wave, its thickness must be 
chosen to be equal to one-half wavelength, l = A/2. Thus, l = 2.9/2 = 1.45 cm. oO 


Example 2.2.2: The nominal speed of light in vacuum is Cy = 3x108 m/s. Because of the rela- 
tionship Co = Af, it may be expressed in the following suggestive units that are appropriate 
in different application contexts: 


Co = 5000 km x 60 Hz (power systems) 
300 m x 1 MHz (AM radio) 
40 m x 7.5 MHz (amateur radio) 
3m x 100 MHz (FM radio, TV) 
30 cm x 1 GHz (cell phones) 
10 cm x 3 GHz (waveguides, radar) 
3 cm x 10 GHz (radar, satellites) 
1.5 um x 200 THz (optical fibers) 
500 nm x 600 THz (visible spectrum) 


100 nm x 3000 THz (UV) 


Similarly, in terms of length/time of propagation: 


Co = 36000 km/120msec (geosynchronous satellites) 


300 km/msec (power lines) 
300 m/psec (transmission lines) 
30 cm/nsec (circuit boards) 


The typical half-wave monopole antenna (half of a half-wave dipole over a ground plane) 
has length A/4 and is used in many applications, such as AM, FM, and cell phones. Thus, 
one can predict that the lengths of AM radio, FM radio, and cell phone antennas will be of 
the order of 75 m, 0.75 m, and 7.5 cm, respectively. 


Amore detailed list of electromagnetic frequency bands is given in Appendix B. The precise 
value of co and the values of other physical constants are given in Appendix A. oO 


Wave propagation effects become important, and cannot be ignored, whenever the 
physical length of propagation is comparable to the wavelength A. It follows from 
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Eqs. (2.1.9) that the incremental change of a forward-moving electric field in propagating 
from z to Z + Az is: 
AEs l pig aon oe (2.2.11) 
|E..| À 

Thus, the change in the electric field can be ignored only if AZ « A, otherwise, propa- 
gation effects must be taken into account. 

For example, for an integrated circuit operating at 10 GHz, we have A = 3 cm, which 
is comparable to the physical dimensions of the circuit. 

Similarly, a cellular base station antenna is connected to the transmitter circuits by 
several meters of coaxial cable. For a 1-GHz system, the wavelength is 0.3 m, which 
implies that a 30-m cable will be equivalent to 100 wavelengths. 


2.3 Energy Density and Flux 


The time-averaged energy density and flux of a uniform plane wave can be determined 
by Eq. (1.8.6). As in the previous section, the energy is shared equally by the electric 
and magnetic fields (in the forward or backward cases.) This is a general result for most 
wave propagation and waveguide problems. 

The energy flux will be in the direction of propagation. For either a forward- or a 
backward-moving wave, we have from Eqs. (1.8.6) and (2.2.5): 


1 1 1 1 : ; 1 
We = = Re | =€ E+ (Z) -EX (z | ==R [5e Bose « eğe] = -e| Eo- |? 
e= 5 Re| 5 + (2) Et (z) | = $ Re | Že £o+ A TelEos 
1 1 1 1 1 1 
Wm = —R SH He (2) -HE (2) | = 4 Ho+|* = —u—s |2 x Eo |? = —€|Eps |? = w 
m= 5 Re| 5H He (z)-HE (2) | = Julos? = Ful x El? = pel Eos? = we 


Thus, the electric and magnetic energy densities are equal and the total density is: 


1 
W = We + Wm = 2We 5 ElEos 1? (2.3.1) 


For the time-averaged Poynting vector, we have similarly: 
1 x 1 i * 
P= z Rel Ex (z) XH% (z)| = on Re[ Ez X (42 x Ei.) | 


Using the BAC-CAB rule and the orthogonality property z - Ej+ = 0, we find: 


1 
P=+2 F |Eo+1? = +c 2 = e| Eo |? (2.3.2) 


Thus, the energy flux is in the direction of propagation, that is, +z. The correspond- 
ing energy velocity is, as in the previous section: 
P A 
y= me (2.3.3) 
w 


In the more general case of forward and backward waves, we find: 
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w= Í Reļe E(Z) -E* (z) +H H(z) -H* (z)| = $e Eos + 5elEo- I 
(2.3.4) 


ae * ef zal 2 
P= 5 Re[E(z) xH (z) | -2 (Ziz Dp E! ) 


Thus, the total energy is the sum of the energies of the forward and backward com- 
ponents, whereas the net energy flux (to the right) is the difference between the forward 
and backward fluxes. 


2.4 Wave Impedance 


For forward or backward fields, the ratio of E(z) to H(z) Xz is constant and equal to 
the characteristic impedance of the medium. Indeed, it follows from Eq. (2.2.4) that 


E+ (z)= +nH. (Zz) xz 


However, this property is not true for the more general solution given by Eqs. (2.2.6). 
In general, the ratio of E(z) to H(z) xz is called the wave impedance. Because of the 
vectorial character of the fields, we must define the ratio in terms of the corresponding 
x- and y-components: 


[E(z) |, Ex(z) 
[H(z)xz],  Hy(z) 


Zx(Z) = 


[E(z) l E (2) (wave impedances) (2.4.1) 


[H(z)x2],  Hx(z) 


Zy (Z) = 


Using the cartesian expressions of Eq. (2.2.7), we find: 


Zx(Z) Ex (Z) Axe SkZ + A edkz 
ee’ Hy (z) A A,e-ikz — Ą_ejkz 
Ey(z) B.o-skz 4 B_eikz (wave impedances) (2.4.2) 
e -e 
Zy (z) X £ 


H(z) n B,e-ikz — B_ejkz 


Thus, the wave impedances are nontrivial functions of z. For forward waves (that is, 
with A- = B- = 0), we have Zx(Z) = Zy(z)= n. For backward waves (A+ = B+ = 0), we 
have Z,(Z) = Zy(Z)= =n. 

The wave impedance is a very useful concept in the subject of multiple dielectric 
interfaces and the matching of transmission lines. We will explore its use later on. 


2.5 Polarization 
Consider a forward-moving wave and let Fp = XA; + B+ be its complex-valued pha- 


sor amplitude, so that E(z)= Eye~Jk2 = (RA, + ¥B,)eVk2. The time-varying field is 
obtained by restoring the factor e/@*: 


36 Electromagnetic Waves & Antennas - S. J. Orfanidis 


E(z,t)= (RAs + VB,) Jerk 


The polarization of a plane wave is defined to be the direction of the electric field. 
For example, if B} = 0, the E-field is along the x-direction and the wave will be linearly 
polarized. 

More precisely, polarization is the direction of the time-varying real-valued field 
E(z,t)= Re[E(z, t)]. At any fixed point z, the vector E(z,t) may be along a fixed 
linear direction or it may be rotating as a function of t, tracing a circle or an ellipse. 

The polarization properties of the plane wave are determined by the relative magni- 
tudes and phases of the complex-valued constants A+, B+. Writing them in their polar 
forms A, = Ae/?a and B} = Be/?», where A, B are positive magnitudes, we obtain: 


E(z,t)= (x Ae/?o + ¥ Bele) eiot-Ikz — g A ei wt-kz+ba) 4 ¥ Bel(@t-kz+ hy) (2.5.1) 


Extracting real parts and setting £(z,t)= Re[E(z,t)| = XE£x(z,t)+V£y,(z,t), we 
find the corresponding real-valued x, y components: 


Ex (z,t) = Acos(wt — kz + pa) 
(2.5.2) 
Ey (z,t) = Bcos(wt — kz + pp) 

For a backward moving field, we replace k by —k in the same expression. To deter- 
mine the polarization of the wave, we consider the time-dependence of these fields at 
some fixed point along the z-axis, say at z = 0: 

Ex(t) = Acos(wt + da) 
(2.5.3) 
E (t) = Bcos(wt + pp) 


The electric field vector E(t)= X£,(t)+yY£y(t) will be rotating on the xy-plane 
with angular frequency w, with its tip tracing, in general, an ellipse. To see this, we 
expand Eq. (2.5.3) using a trigonometric identity: 


Ex(t) = Alcos wt cos pa — sin wt sin pa] 
Ey (t) = B[cos wt cos pp — sin wt sin pp | 


Solving for cos wt and sin wt in terms of Fx (t), Ey (t), we find: 


t 
cos wt sing = Py) sin da Fx) sin dp 
B A 
t 
sin wt sing = Di ) os da Ean cos dp 


where we defined the relative phase angle @ = pa — dp. 

Forming the sum of the squares of the two equations and using the trigonometric 
identity sin? wt + cos? wt = 1, we obtain a quadratic equation for the components Fx 
and £y, which describes an ellipse on the £x, £y plane: 
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Ey (t) Ex(t) 2 IEA) Ex (t) a 
( = sin dq a sin pp + (FE cos pa — P cos d) = sin? p 
This simplifies into: 
F? F? 
x + a —2cosd = = sin? p (polarization ellipse) (2.5.4) 


Depending on the values of the three quantities {A, B, p} this polarization ellipse 
may be an ellipse, a circle, or a straight line. The electric field is accordingly called 
elliptically, circularly, or linearly polarized. 

To get linear polarization, we set p = 0 or $ = T, corresponding to pa = p = O, 
or $a = 0, bp = -T, so that the phasor amplitudes are Ey = RA +YB. Then, Eq. (2.5.4) 
degenerates into: 

R B 
' Re 


A? B 


representing the straight lines: 


F2 


ExEy 3) 
An a BR) >? 


mons Slope B/A 


Ey 


' slope —BIA 
The fields (2.5.2) take the forms, in the two cases ¢ = 0 and ¢@ = Tr: 


Ex(t)= Acoswt d Ex(t)= A cos wt 
Ey (t)= B cos wt i Ey (t)= Bcos(wt — T)= —B cos wt 
To get circular polarization, we set A = B and œ = +7r/2. In this case, the polariza- 
tion ellipse becomes the equation of a circle: 


2 2 
=e 
A Aa 
The sense of rotation, in conjunction with the direction of propagation, defines left- 
circular versus right-circular polarization. For the case, dg = 0 and @p = —TT/2, we 


have ¢ = pa — Pp = Tr/2 and complex amplitude Ey = A(X — jy). Then, 


E(t) = A cos wt Jes | 


= 


F, (t) = Acos(wt — 1/2)= A sin wt a ry 


Thus, the tip of the electric field vector rotates counterclockwise on the xy-plane. 
To decide whether this represents right or left circular polarization, we use the IEEE 
convention[93], which is as follows. 


> 
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Curl the fingers of your left and right hands into a fist and point both thumbs towards 
the direction of propagation. If the fingers of your right (left) hand are curling in the 
direction of rotation of the electric field, then the polarization is right (left) polarized.* 

Thus, in the present example, because we had a forward-moving field and the field is 
turning counterclockwise, the polarization will be right-circular. If the field were moving 
backwards, then it would be left-circular. For the case, @ = —71r/2, arising from ba = 0 
and dp = TT/2, we have complex amplitude Ey = A(x + jy). Then, Eq. (2.5.3) becomes: 


Ex(t) = Acos wt a a 


Ey(t) = Acos(wt + T/2)= —A sin wt wr, 


The tip of the electric field vector rotates clockwise on the xy-plane. Since the wave 
is moving forward, this will represent left-circular polarization. Fig. 2.5.1 depicts the 
four cases of left/right polarization with forward/backward waves. 


right-polarized left-polarized 


x 
forward-moving forward-moving 
E(t) EO 
Z ra 
y y 
x left-polarized x right-polarized 
backward-moving backward-moving 
E(t) 
-z - 
y 


Fig. 2.5.1 Left and right circular polarizations. 


To summarize, the electric field of a circularly polarized uniform plane wave will be, 
in its phasor form: 


E(z)= A(x —-jy) e Skz (right-polarized, forward-moving) 
E(z)= A(x+Jy) eSkz (left-polarized, forward-moving) 
E(z)= A(x — jy) eskz (left-polarized, backward-moving) 
E(z)= A(x+ jy) ejkz (right-polarized, backward-moving) 


If A # B, but the phase difference is still @ = +7Tr/2, we get an ellipse with major 
and minor axes oriented along the x, y directions. Eq. (2.5.4) will be now: 


tMost engineering texts use the IEEE convention and most physics texts, the opposite convention. 
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Ta 
P E AE : 


Finally, if A # B and ¢ is arbitrary, then the major/minor axes of the ellipse (2.5.4) 
will be rotated relative to the x, y directions. Fig. 2.5.2 illustrates the general case. 


Fig. 2.5.2 General polarization ellipse. 


It can be shown (see Problem 2.10) that the tilt angle 0 is given by: 


2AB 
tan 20 = A2 — B2 cos $ (2.5.5) 


The ellipse semi-axes A’, B’, that is, the lengths OC and OD, are given by: 


a= [ha B?) +5 \|(A? — B2)2+4A2B? cos? p 
(2.5.6) 


p= fia B?) -Š (4? — B?)2+4A?B? cos? p 


where s = sign(A — B). These results are obtained by defining the rotated coordinate 
system of the ellipse axes: 


E, = Ex cos 0 + Fy sind 


(2.5.7) 
Ey = Ey cos 0 — Ex sin 0 
and showing that Eq. (2.5.4) transforms into the standardized form: 
Fr P 
Ar + R2 T 1 (2.5.8) 


The polarization ellipse is bounded by the rectangle with sides at the end-points 
+A,+B, as shown in the figure. To decide whether the elliptic polarization is left- or 
right-handed, we may use the same rules depicted in Fig. 2.5.1 
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Example 2.5.1: Determine the real-valued electric and magnetic field components and the po- 
larization of the following fields specified in their phasor form (given in units of V/m): 


E(z)= —3jxevk2 


E(z)= (32/73 & + 3 y) etike 

4& + 3eJT/4 ¥) eke 
3eJT/8 g + AeiTt/8 y) etskz 
4eIT!/4 g + 3e-IT/2 F) eo jkz 
3e-JT/2 X + 4e/T/4 y) etskz 


a. 
b. E(z)= (3%+ 49) ettkz 
ce. E(z)= (-4&+ 3p9)evk 
d. 

e. E(z)= ( 

f. E(z)= ( 

g. E(z)= ( 

h. E(z)= ( 


Solution: Restoring the e/“! factor and taking real-parts, we find the x, y electric field compo- 


nents, according to Eq. (2.5.2): 


Ey (z,t)= 3cos(wt — kz — 11/2), 
Ey (z,t)= 3cos(wt + kz), 

Ex (z,t)= 4cos(wt — kz -= Tr), 
Ey (z,t)= 3cos(wt + kz + 11/3), 
Ey (z,t)= 4cos(wt — kz), 

Ey (z,t)= 3cos(wt + kz — 11/8), 
Ex (z,t)= 4cos(wt — kz + 11/4), 
Ey (z,t)= 3cos(wt + kz — 11/2), 


so moan oF Pp 


Ey (z,t)=0 

Ey (z,t)= 4cos(wt + kz) 

Ey (Zz, t)= 3cos(wt — kz) 

Ey (Z,t) = 3cos(wt + kz) 

Ey (Z, t) = 3cos(wt — kz — 1/4) 
Ey (z,t)= 4cos(wt + kz + 1/8) 
Ey (Z,t)= 3cos(wt — kz — 1/2) 
Ey (Z, t)= 4cos(wt + kz + 1/4) 


Since these are either forward or backward waves, the corresponding magnetic fields are 
obtained by using the formula H (z, t)= + 2 x £F (z, t) /n. This gives the x, y components: 


(cases a, C, e, g): 


(cases b, d, f, h): H,(z,t)= 


H(z t= DG, 


1 
— Fy (z,t), 
n x 


H,(z,t)= PEG t) 


Hy (z, t)= -p E(t) 


To determine the polarization vectors, we evaluate the electric fields at Z = 0: 


E(t) = 3cos(wt — T/2), 
E(t) = 3cos(wt), 

Ex (t)= 4cos(wt + Tr), 
x(t) = 3cos(wt + Tr/3), 
Ex(t)= 4cos(wt), 

Ex (t)= 3cos(wt — 1/8), 
Ex (t)= 4cos(wt + 11/4), 
E(t) = 3cos(wt — 1/2), 


Poe me po o Pp 
a 


Ey (t)= 0 

Ey (t) = 4cos(wt) 

Ey (t) = 3 cos(wt) 

Ey (t) = 3cos(wt) 

Ey (t) = 3 cos(wt — Tr/4) 
Ey (t)= 4cos(wt + 1/8) 
Ey (t) = 3 cos(wt — Tr/2) 
Ey (t)= 4cos(wt + 1/4) 


The polarization ellipse parameters A, B, and $ = dq — dp, as well as the computed 
semi-major axes A’, B’, tilt angle 0, sense of rotation of the electric field, and polarization 


type are given below: 
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case A B p A’ B’ 0 rotation polarization 
a. 3 0 —90° 3 0 0° = linear/forward 
b 3 4 0° 0 5 —36.87° 7 linear/backward 
c 4 3 180° 5 0 —36.87° N linear/forward 
d 3 3 60° 3.674 2.121 45° O left/backward 
e 4 3 45° 4.656 1.822  33.79° O right/forward 
f 3 4 —45° 1.822 4.656 —-33.79° U right/backward 
g 4 3 135° 4.656 1.822 —33.79° O right/forward 
h 3 4 -135° 1.822 4.656  33.79° U right/backward 

In the linear case (b), the polarization ellipse collapses along its A’-axis (A’ = 0) and 


becomes a straight line along its B’-axis. The tilt angle 0 still measures the angle of the A’- 
axis from the x-axis. The actual direction of the electric field will be 90° — 36.87° = 53.13°, 
which is equal to the slope angle, atan(B/A)= atan(4/3) = 53.13°. 


In case (c), the ellipse collapses along its B’-axis. Therefore, 0 coincides with the angle of 
the slope of the electric field vector, that is, atan(—B/A)= atan(—3/4) 36.87°. o 


With the understanding that 0 always represents the slope of the A’-axis (whether 
collapsed or not, major or minor), Eqs. (2.5.5) and (2.5.6) correctly calculate all the special 
cases, except when A = B, which has tilt angle and semi-axes: 


0 =45°, A’=A,l+cosd, B’ = A41 -— coso (2.5.9) 


The MATLAB function ellipse.m calculates the ellipse semi-axes and tilt angle, A’, 
B’, 0, given the parameters A, B, œ. It has usage: 


[a,b,th] = ellipse(A,B, phi) % polarization ellipse parameters 


For example, the function will return the values of the A’, B’, 0 columns of the pre- 
vious example, if it is called with the inputs: 


A = [3, 3, 4, 3, 4, 3, 4, 31’ 
B [0, 4, 3, 3, 3, 4, 3, 4]’; 
phi = [-90, 0, 180, 60, 45, -45, 135, -135]’; 


To determine quickly the sense of rotation around the polarization ellipse, we use 
the rule that the rotation will be counterclockwise if the phase difference ¢ = da — dp 
is such that sind > 0, and clockwise, if sind < 0. This can be seen by considering the 
electric field at time t = 0 and at a neighboring time t. Using Eq. (2.5.3), we have: 


£(0) = xAcosdqa+VBcos dp EO EO) EO) 
E(t) =xAcos(wt + pa) +B cos(wt + dp) > E(t) 
The sense of rotation may be determined from the cross-product £(0) x E(t). If 


the rotation is counterclockwise, this vector will point towards the positive z-direction, 
and otherwise, it will point towards the negative z-direction. It follows easily that: 
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£(0)x £(t)= zABsing sinwt (2.5.10) 


Thus, for t small and positive (such that sinwt > 0), the direction of the vector 
£(0) x E(t) is determined by the sign of sin d. 


2.6 Uniform Plane Waves in Lossy Media 


We saw in Sec. 1.9 that power losses may arise because of conduction and/or material 
polarization. A wave propagating in a lossy medium will set up a conduction current 
Jona = OE and a displacement (polarization) current Jgisp = jwD = jwegE. Both 
currents will cause ohmic losses. The total current is the sum: 


Jtot = Jcona + Jaisp (a4 JWegq) E = jWEcE 


where €c is the effective complex dielectric constant introduced in Eq. (1.9.22): 


JWEc = 0 + JWEd Ec = €d -j me (2.6.1) 


The quantities o, €q may be complex-valued and frequency-dependent. However, we 
will assume that over the desired frequency band of interest, the conductivity o is real- 
valued; the permittivity of the dielectric may be assumed to be complex, €g = EJ = jej. 
Thus, the effective €c has real and imaginary parts: 


€c =€ -je =e, -j (ei ] Z) (2.6.2) 


Power losses arise from the non-zero imaginary part €”. We recall from Eq. (1.9.25) 
that the time-averaged ohmic power losses per unit volume are given by: 
dioss L L Refor: E*] = Swe” |E]? 
Uniform plane waves propagating in such lossy medium will satisfy Maxwell’s equa- 
tions (1.8.2), with the right-hand side of Ampère’s law given by Jot = J+ jwWD = jWEcE. 
The assumption of uniformity (0x = 0) = 0), will imply again that the fields E, H are 
transverse to the direction z. Then, Faraday’s and Ampére’s equations become: 


1 wr 
= 5 (o + weg) |E|” (2.6.3) 


V x E= -jwuH ZX zE = -—jwuH 
BS (2.6.4) 
V x H=jwe-E ZX zH = jWEcE 


These may be written in a more convenient form by introducing the complex wavenum- 
ber kc and complex characteristic impedance ne defined by: 


ke = WVUEc, Ne= pE (2.6.5) 
Ec 


They correspond to the usual definitions k = w/c = wyp€ and n = ./u/e with 
the replacement € > €c. Noting that wu = kenc and wee = ke/ne, Eqs. (2.6.4) may 
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be written in the following form (using the orthogonality property z - E = 0 and the 
BAC-CAB rule on the first equation): 


ð E = 0 -jke E 
ER 0 Maaa (2.6.6) 


To decouple them, we introduce the forward and backward electric fields: 


1 
E, = 5 (E+ NcHx 2) E=E, +E 

1 < 1 (2.6.7) 
E_ = -(E-nNcHXx 2) H=—2zx[E,-E_| 

2 Nc 


Then, Eqs. (2.6.6) may be replaced by the equivalent system: 
ðo |E | | -jke 0 E, 
zje] [z o]fe bs 


Es (z)= Eysze*ke?, where 2- Eys = 0 (2.6.9) 


with solutions: 


Thus, the propagating electric and magnetic fields are linear combinations of forward 
and backward components: 


E(z) = Ey xe Ske + Eo- ebke2 


1. Pn i (2.6.10) 
H(z) = a x [Eo+e — Ey_e*°7 | 


In particular, for a forward-moving wave we have: 


; 1 
E(z)= Eye 7, H(z)= He~, with 2-Eọ=0, Hyo=—2ZXE) (2.6.11) 
C 
Eqs. (2.6.10) are the same as in the lossless case but with the replacements k > ke 
and n > nec. The lossless case is obtained in the limit of a purely real-valued €c. 
Because ke is complex-valued, we define the phase and attenuation constants B and 
as the real and imaginary parts of kc, that is, 


ke = P -ja = wyle — je”) (2.6.12) 


We may also define a complex refractive index ne = kc/ko that measures ke relative 
to its free-space value ko = W/Co = w,/Ho€o. For a non-magnetic medium, we have: 


k ta = LEON i 
ne = 7 = fe = [EIE on _ jx (2.6.13) 
0 €o E0 


where n, K are the real and imaginary parts of ne. The quantity «K is called the extinction 
coefficient and n is still called the refractive index. Another commonly used notation is 
the propagation constant y defined by: 


y =jke=& +jf (2.6.14) 
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It follows from y = «+ jP = jke = jkonc = jko(n —jk) that B = kon and « = 
kok. The nomenclature about phase and attenuation constants has its origins in the 
propagation factor e~/kce2, We can write it in the alternative forms: 


e kez = @-¥2Z = gg JBZ — g—kok2Z p—jkonz (2.6.15) 


Thus, the wave amplitudes attenuate exponentially with the factor e7 ““, and oscillate 
with the phase factor e~/87. The energy of the wave attenuates by the factor e~*%7, as 
can be seen by computing the Poynting vector. Because e~/c2 is no longer a pure phase 
factor and nc is not real, we have for the forward-moving wave of Eq. (2.6.11): 


1 1 1 ; l 
PSs Re[ E(z)xH* (z)] = 3 Re E Ey X (2X Be (ering sh] 
Cc 


Re(nz!) |Eol*e-?° = 2P(0)e°%? = 2P (z) 


Thus, the power per unit area flowing past the point z in the forward z-direction will be: 


P (z)= P(O)e 7% (2.6.16) 


The quantity P (0) is the power per unit area flowing past the point z = 0. Denoting 
the real and imaginary parts of ne by n’,n”, so that, ne = n’ + jn”, and noting that 
|Eo| = |NcHo x Z| = |nc|| Hol, we may express P (0) in the equivalent forms: 


1 a l, 
P(0)= 5 Rele’) |Eol? = 5" | Ho? (2.6.17) 
The attenuation coefficient « is measured in nepers per meter. However, a more 
practical way of expressing the power attenuation is in dB. Taking logs of Eq. (2.6.16), 
we have for the dB attenuation at Z, relative to z = 0: 


Aas (Z)= —101ogy9 Ba = 20log)9(e) XZ = 8.686 Xz (2.6.18) 


where we used the numerical value 20 log), € = 8.686. Thus, the quantity &ag = 8.686 « 
is the attenuation in dB per meter: 


Xap = 8.686 « (dB/m) (2.6.19) 


Another way of expressing the power attenuation is by means of the so-called pen- 
etration or skin depth defined as the inverse of «: 


ô = ~ (skin depth) (2.6.20) 


Then, Eq. (2.6.18) can be rewritten in the form: 


Aap (Z) = 8.686 ‘ (attenuation in dB) (2.6.21) 
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This gives rise to the so-called “9-dB per delta” rule, that is, every time z is increased 
by a distance ô, the attenuation increases by 8.686 ~ 9 dB. 

A useful way to represent Eq. (2.6.16) in practice is to consider its infinitesimal ver- 
sion obtained by differentiating it with respect to z and solving for a: 


z P' (Zz) 
P'(z)= —2&P (0)e™?® = 204P (Z X= 
(Z) (0) (z) = 2P (z) 
The quantity P iess = —P’ represents the power lost from the wave per unit length 


(in the propagation direction.) Thus, the attenuation coefficient is the ratio of the power 
loss per unit length to twice the power transmitted: 


P 
X= loss 


= (attenuation coefficient) (2.6.22) 
2Ptransm 


If there are several physical mechanisms for the power loss, then œ becomes the 
sum over all possible cases. For example, in a waveguide or a coaxial cable filled with a 
slightly lossy dielectric, power will be lost because of the small conduction/polarization 
currents set up within the dielectric and also because of the ohmic losses in the walls 
of the guiding conductors, so that the total « will be & = Qgie + Xwalls- 

Next, we verify that the exponential loss of power from the propagating wave is due 
to ohmic heat losses. In Fig. 2.6.1, we consider a volume dV = ldA of area dA and 
length | along the z-direction. 


ae 
p EO = Ee 
E1; Ho 0 a 7 
4 4 > Z 
— > E 
—»| P(0) 
— ë E H z 
dA 
wets v 
Pa z=0 z=l 


Fig. 2.6.1 Power flow in lossy dielectric. 


From the definition of P (z) as power flow per unit area, it follows that the power 
entering the area dA at z = 0 will be dP = P(0)dA, and the power leaving the area 
dA at z = l, dPox = P (1)dA. The difference dPioss = dPin — dPour = [P(0)-P (1) |d A 
will be the power lost from the wave within the volume 1 dA. Because P (1) = P (0) 72%, 
we have for the power loss per unit area: 


AP oss 
dA 


= P(0)—P (I) = P(0) (1 — e7?%) = 5 Re(nz!) |Eo]? (1 — e7?%) (2.6.23) 
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On the other hand, according to Eq. (2.6.3), the ohmic power loss per unit volume 
will be we” |E(z) |*/2. Integrating this quantity from z = 0 to z = l will give the total 
ohmic losses within the volume | dA of Fig. 2.6.1. Thus, we have: 


1 l 
Aines zwe" | EO aza“ = Lwe" f |Fojèe=20 z| dA, or, 
0 0 


dPonmic _ WE" 2 -2al 
dA Fia |Eo|*(1 — e772") (2.6.24) 


Are the two expressions in Eqs. (2.6.23) and (2.6.24) equal? The answer is yes, as 
follows from the following relationship among ne, €”, & (see Problem 2.12): 


Re(nz') = =— (2.6.25) 


Thus, the power lost from the wave is entirely accounted for by the ohmic losses 
within the propagation medium. The equality of (2.6.23) and (2.6.24) is an example of 
the more general relationship proved in Problem 1.5. 

In the limit l — œ, we have P (1) — 0, so that dPonmic/dA = P (0), which states that 
all the power that enters at z = 0 will be dissipated into heat inside the semi-infinite 
medium. Using Eq. (2.6.17), we summarize this case: 


dPohmi 1 1 
= = 5 Re(ne") |Eo|? = at | Hol? (ohmic losses) (2.6.26) 


This result will be used later on to calculate ohmic losses of waves incident on lossy 
dielectric or conductor surfaces, as well as conductor losses in waveguide and transmis- 
sion line problems. 


Example 2.6.1: The absorption coefficient « of water reaches a minimum over the visible 
spectrum—a fact undoubtedly responsible for why the visible spectrum is visible. 


Recent measurements [111] of the absorption coefficient show that it starts at about 0.01 
nepers/m at 380 nm (violet), decreases to a minimum value of 0.0044 nepers/m at 418 
nm (blue), and then increases steadily reaching the value of 0.5 nepers/m at 600 nm (red). 
Determine the penetration depth ô in meters, for each of the three wavelengths. 


Determine the depth in meters at which the light intensity has decreased to 1/10th its 


value at the surface of the water. Repeat, if the intensity is decreased to 1/100th its value. 


Solution: The penetration depths 6 = 1/& are: 
ô = 100, 227.3, 2m for & = 0.01, 0.0044, 0.5 nepers/m 


Using Eq. (2.6.21), we may solve for the depth z = (A/8.9696)6. Since a decrease of 
the light intensity (power) by a factor of 10 is equivalent to A = 10 dB, we find z = 
(10/8.9696) 6 = 1.128 6, which gives: z = 112.8, 256.3, 2.3 m. A decrease by a factor of 
100 = 10°°/1 corresponds to A = 20 GB, effectively doubling the above depths. (m 


2.6. Uniform Plane Waves in Lossy Media 47 


Example 2.6.2: A microwave oven operating at 2.45 GHz is used to defrost a frozen food having 
complex permittivity €e = (4 — j) €o farad/m. Determine the strength of the electric field 
at a depth of 1 cm and express it in dB and as a percentage of its value at the surface. 
Repeat if €c = (45 — 15j) €o farad/m. 


Solution: The free-space wavenumber is ko = W.,/[o€0 = 2TTf/Co = 271 (2.45X109) / (3x108) = 
51.31 rad/m. Using ke = w,/Ho€c = KoV€c/€o, we calculate the wavenumbers: 


ke = B-jo = 51.31 y4 —j = 51.31 (2.02 — 0.25j) = 103.41 — 12.737 m=! 
ke = B-—jo = 51.31/45 — 15j = 51.31 (6.80 — 1.10j) = 348.84 — 56.617 m7! 


The corresponding attenuation constants and penetration depths are: 


x 
a 


12.73 nepers/m, 6 = 7.86 cm 
56.61 nepers/m, ô = 1.77 cm 


It follows that the attenuations at 1 cm will be in dB and in absolute units: 


A = 8.686 z/6 = 1.1 GB, 1074/20 = 0.88 
A = 8.686 2/6 = 4.9 dB, 1074/20 = 0.57 


Thus, the fields at a depth of 1 cm are 88% and 57% of their values at the surface. The 
complex permittivities of some foods may be found in [112]. o 


A convenient way to characterize the degree of ohmic losses is by means of the loss 
tangent, originally defined in Eq. (1.9.28). Here, we set: 


e o+Wwe; 
T=tan0 = — = 7f (2.6.27) 
€ WE 


Then, €c = €’ — je” =e'(1-jt)= e(1 JT). Therefore, ke, Ne may be written as: 


ke = wyye, (1—jt)?, ne = ae — jr) (2.6.28) 
d 
The quantities cg = 1/,/ue’, and nq = ./u/e, would be the speed of light and 


characteristic impedance of an equivalent lossless dielectric with permittivity EJ. 

In terms of the loss tangent, we may characterize weakly lossy media versus strongly 
lossy ones by the conditions T « 1 versus T > 1, respectively. These conditions depend 
on the operating frequency w : 


thd uy 
o+ WEG oO + WE; 
——,* «1 versus ——;* >1 
Wey We; 


The expressions (2.6.28) may be simplified considerably in these two limits. Using 
the small-x Taylor series expansion (1+x)!/?~ 1+x/2, we find in the weakly lossy case 
(1 —jr)1/*~ 1 —jt/2, and similarly, (1 —jt)~!/*~ 1+ jT/2. 

On the other hand, if T > 1, we may approximate (1—jt)!/*~ (—jt) 
where we wrote (—j)!/*= (eJ™/2)1/2= eJT/4_. Similarly, (1 — jt)~!/2@x e/M/4q-1/2, 
Thus, we summarize the two limits: 


1/2_ e JT 47l/2 
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o Wih if T<1 
A eJT/4 q1? = (1 — j) 5 if T> 1 ye 
1 +55) if T<l 
s) —1/2_ 
COTE ace aD a UNES if i ee 


2.7 Propagation in Weakly Lossy Dielectrics 


In the weakly lossy case, the propagation parameters ke, Ne become: 


; T 0 + WEG 
ke=ßp-j& =w e,(1- Z) =o €; | 1 —j—* 
c=B-j HEg j; TA i) 
T (2.7.1) 
Pe ai H Tv H 0+ WEJ 
= t = 7 14 = 7 1+ 7 
Te oa EJ ( i) E3 ( J 20, ) 
Thus, the phase and attenuation constants are: 
7 w 1 /u it 1 n 
= W4 HE4 = , a= 7 (O + WE O + WE 22 
p HE4 = 5 e" g) znal g) ( ) 


For a slightly conducting dielectric with E4 = 0 and a small conductivity ø , Eq. (2.7.2) 
implies that the attenuation coefficient & is frequency-independent in this limit. 


Example 2.7.1: Seawater has 0 = 4 Siemens/m and €q = 81€ọ (so that €4 = 8l€o, €4 = 0.) 
Then, na = J€a/€o = 9, and cg = Co/Ng = 0.33 X 108 m/sec and na = No/Ng = 377/9 
41.89 Q. The attenuation coefficient (2.7.2) will be: 


1 1 
a= znao = 3 41.89 x 4 = 83.78 nepers/m => Qag = 8.686 & = 728 dB/m 


The corresponding skin depth is 6 = 1/« = 1.19 cm. This result assumes that 0 « Weg, 
which can be written in the form w > o/€q, or f > fo, where fo = o/ (2TTEq). Here, we 
have fo = 888 MHz. For frequencies f < fo, we must use the exact equations (2.6.28). For 
example, we find: 


f = 1 kHz, Qag = 1.09 dB/m, 6=7.96m 
f = 1 MHz, Qag = 34.49 dB/m, ô = 25.18 cm 
f = 1 GHz, Qag = 672.69 dB/m, ô = 1.29 cm 


Such extremely large attenuations explain why communication with submarines is impos- 
sible at high RF frequencies. (m 
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2.8 Propagation in Good Conductors 


A conductor is characterized by a large value of its conductivity ø, while its dielectric 
constant may be assumed to be real-valued €q = € (typically equal to €o.) Thus, its 
complex permittivity and loss tangent will be: 


Oo . 0 (0 
€c =€ jZ=e(1 iZ). OAE (2.8.1) 


A good conductor corresponds to the limit T > 1, or, 0 >> we. Using the approxi- 
mations of Eqs. (2.6.29) and (2.6.30), we find for the propagation parameters Ke, Nc: 


ke = B-ja- wym fi a - p= a- 


E H j1 e [OH n 
n:e=n +jn -JE zz tD oo +j) 


Thus, the parameters $f, &, 6 are: 


[OHT 1 2 1 
Bae = J= = \TfHT eri ono safle (2.8.3) 


where we replaced w = 21rf. The complex characteristic impedance ne can be written 
in the form ne = Rs (1 +j), where Rs is called the surface resistance and is given by the 
equivalent forms (where n = yu/€): 


(2.8.2) 


WE wH aX 1 
Rs = = =— = 2.8.4 
s =y 30 20 o oô Eee 


Example 2.8.1: For a very good conductor, such as copper, we have g = 5.8 x 10” Siemens/m. 
The skin depth at frequency f is: 


1 1 
Tf Uo TT- 4TT - 1077 - 5.8 - 107 


f1? = 0.0661 f1? (f in Hz) 


We find at frequencies of 1 kHz, 1 MHz, and 1 GHz: 
f =1kHz, ô= 2.09 mm 
f = 1 MHz, ô= 0.07 mm 
f = 1 GHz, ô= 2.09 um 


Thus, the skin depth is extremely small for good conductors at RF. (m 


Because 6 is so small, the fields will attenuate rapidly within the conductor, de- 
pending on distance like e~¥2 = e~%eJb2 = e-2/5e-ib2_ The factor e~7/9 effectively 
confines the fields to within a distance 6 from the surface of the conductor. 

This allows us to define equivalent “surface” quantities, such as surface current and 
surface impedance. With reference to Fig. 2.6.1, we define the surface current density by 
integrating the density J(z) = OE(z)= oEpe~¥” over the top-side of the volume ldA, 
and taking the limit l] — œ : 
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Js = Í J(z)dz = Í oEye ”*dz = li, or, 
0 0 y 


1 
= >E 2.8. 
Js Z, °° (2.8.5) 


where we defined the surface impedance Zs = y/o. In the good-conductor limit, Z; is 
equal to nec. Indeed, it follows from Eqs. (2.8.3) and (2.8.4) that: 
y «+j  & 


A G g TDR: U ate 


Because Ho x Z = Eo/Nc, it follows that the surface current will be related to the 
magnetic field intensity at the surface of the conductor by: 


Js = Hy XZ =X Hy (2.8.6) 


where ñ = —z is the outward normal to the conductor. The meaning of J, is that it 
represents the current flowing in the direction of Ey per unit length measured along the 
perpendicular direction to Ep, that is, the Ho-direction. It has units of A/m. 

The total amount of ohmic losses per unit surface area of the conductor may be 
calculated from Eq. (2.6.26), which reads in this case: 


AP ohmic 
dA 


1 1 
= z Rs| Hol” = RIJ? (ohmic loss per unit conductor area) (2.8.7) 


2.9 Propagation in Oblique Directions 


So far we considered waves propagating towards the z-direction. For single-frequency 
uniform plane waves propagating in some arbitrary direction in a lossless medium, the 
propagation factor is obtained by the substitution: 


e dkz = ei kr 


where k = kk, with k = w./f€ = w/c and k is a unit vector in the direction of propa- 
gation. The fields take the form: 


E(r, t) = Eget tI kT £ % 
ws (2.9.1) 
H(r, t) = Hyper sk a 
where Eo, Ho are constant vectors transverse to k, that is, k- Fo = k- Ho = 0, such that: 


Hy = xh- kx (2.9.2) 
wH n 
where n = /u/e. Thus, {E, H, k} forma right-handed orthogonal system. 
The solutions (2.9.1) can be derived from Maxwell’s equations in a straightforward 
fashion. When the gradient operator acts on the above fields, it can be simplified into 
V — —jk. This follows from: 
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V (ever) = -jk (ek?) 


After canceling the common factor e/@!-/*T, Maxwell’s equations (2.1.1) take the form: 


—jk x Fo = —jwuHo k x Ep = wu Ho 
—jk x Ho = jweEo k x Hp = -we Eo 
> (2.9.3) 
k- Ey =0 k- Ey =0 
k- H =0 k - Ho = 0 


The last two imply that Ep, Hp are transverse to k. The other two can be decoupled 
by taking the cross product of the first equation with k and using the second equation: 


kx (kx Ey) = wukx Ho = —w Ue Eo (2.9.4) 


The left-hand side can be simplified using the BAC-CAB rule and k - Ep = O, that is, 
kx (kx Eo) = k(k - Ey) —Ep(k- k) = — (k - k) Ep. Thus, Eq. (2.9.4) becomes: 


—(k- k) Eo = -w° uE Eo 


Thus, we obtain the consistency condition: 


k-k=w°ue (2.9.5) 


Defining k = vk - k = |k |, we have k = w./ue. Using the relationship wu = kn and 
defining the unit vector k = k/|k| = k/k, the magnetic field is obtained from: 
k x Eo k x Eo 


Ho = = -1kxF 
wu kn n 


The constant-phase (and constant-amplitude) wavefronts are the planes k-r = 
constant, or, k - r = constant. They are the planes perpendicular to the propagation 
direction k. 

As an example, consider a rotated coordinate system {x’, y’,z’} in which the z’x’ 
axes are rotated by angle 0 relative to the original zx axes, as shown in Fig. 2.9.1. Thus, 
the new coordinates and corresponding unit vectors will be: 


z’ =zcos0+xsin@, z =zcos0+xXsin@ 
x’ = xcos@ — zsin@, X =xXcos 0 — ĉsin 0 (2.9.6) 
y =y, y=y 


We choose the propagation direction to be the new Z-axis, that is, k = 2’, so that the 
wave vector k = kk = k ?' will have components kx = k cos 0 and kx = ksin@: 


k=kk =k(Zcos@ + Xsin0@)= Zk, + Xk, 


The propagation phase factor becomes: 
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ih AX TE 


eZ 


Fig. 2.9.1 TM and TE waves. 


e kr = ed (kzz+kxx) = e Jk (z cos 0+xsin 0) = oe Jkz! 


Because {Ep, Ho, k} form a right-handed vector system, the electric field may have 
components along the new transverse (with respect to z’) axes, that is, along x’ and y. 
Thus, we may resolve Ep into the orthogonal directions: 


Ey =X A+YB = (cos 0 — 2sin0)A +B (2.9.7) 


The corresponding magnetic field will be Hp = kx Eo/n = 2’ x (R'A +ẸB)/n. Using 
the relationships 2’ x X/ = ¥ and 2’ x ¥ = —%’, we find: 


Ho = 1 [yA -3B] = [9A (Xcos 0 — zsin 0)B] (2.9.8) 


The complete expressions for the fields are then: 


E(r,t) = [(Xcos@ — Zsin)A + 7B] ele Jk 2008 O+xsin 8) 


1 , ; f (2.9.9) 
H(r,t) = ma — (Xcos 0 — Zsin 0) B] eft Jk (z cos O+x sin 0) 


Written with respect to the rotated coordinate system {x’,y’,z’}, the solutions be- 
come identical to those of Sec. 2.2: 


E(r,t) = [RA +9 B]e 


1 Ss ee (2.9.10) 
H(r,t) = - [yA — x B] eetk 


They are uniform in the sense that they do not depend on the new transverse coor- 
dinates x’, y’. The constant-phase planes are z’ = 2’ - r = z cos 0 + xsin 0 = const. 

The polarization properties of the wave depend on the relative phases and ampli- 
tudes of the complex constants A, B, with the polarization ellipse lying on the x’y’ plane. 

The A- and B-components of Ep are referred to as transverse magnetic (TM) and 
transverse electric (TE), respectively, where “transverse” is meant here with respect to 
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the z-axis. The TE case has an electric field transverse to z; the TM case has a magnetic 
field transverse to zZ. Fig. 2.9.1 depicts these two cases separately. 

This nomenclature arises in the context of plane waves incident obliquely on inter- 
faces, where the xz plane is the plane of incidence and the interface is the xy plane. The 
TE and TM cases are also referred to as having “perpendicular” and “parallel” polariza- 
tion vectors with respect to the plane of incidence, that is, the E-field is perpendicular 
or parallel to the xz plane. 

We may define the concept of transverse impedance as the ratio of the transverse 
(with respect to Z) components of the electric and magnetic fields. In particular, by 
analogy with the definitions of Sec. 2.4, we have: 


(2.9.11) 


Such transverse impedances play an important role in describing the transfer matri- 
ces of dielectric slabs at oblique incidence. We discuss them further in Chap. 6. 


2.10 Complex Waves 


The steps leading to the wave solution (2.9.1) do not preclude a complex-valued wavevec- 
tor k. For example, if the medium is lossy, we must replace {n,k} by {ne, Ke}, where 
ke = B - jæ, resulting from a complex effective permittivity €c. If the propagation 
direction is defined by the unit vector k, chosen to be a rotated version of z, then the 
wavevector will be defined by k = ke k = (B—ja)k. Because ke = wyp€c and k-k = 1, 
the vector k satisfies the consistency condition (2.9.5): 


k- k= k? = w°uec (2.10.1) 
The propagation factor will be: 


e Jkt — e`jkekr _ o- (a+b) kr _ p-akry—jpk-r 

The wave is still a uniform plane wave in the sense that the constant-amplitude 
planes, xk - r = const., and the constant-phase planes, Bk - r = const., coincide with 
each other—being the planes perpendicular to the propagation direction. For example, 


the rotated solution (2.9.10) becomes in the lossy case: 


E(r,t) = [R'A + 9 B]at = [R A +9 B]e (oti) 2 


ley OE E E me Oe, pone ee ere ce (2.10.2) 
H(r,t) = ra [yA — R B]e = lA — x! B] eitt (atip z 
c 
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In this solution, the real and imaginary parts of the wavevector k = B — ja are 
collinear, that is, B = Bk and & = ok. There exist solutions having a complex wavevec- 
tor k = B — jo such that B,o are not collinear. The propagation factor becomes now: 


e Jk — e7 (&+jB)T — o-78To-j P- (2.10.3) 


If &,ß are not collinear, such a wave will not be a uniform plane wave because the 
constant-amplitude planes, & - r = const., and the constant-phase planes, B - r = const., 
will be different. The consistency condition k - k = k2 = ($ — jæ)? splits into the 
following two conditions obtained by equating real and imaginary parts: 


B-B-a-a =f —o? 


B- a= a8 (2.10.4) 


(B — jx) -(B—ja)= (B-ja)? = 


With Ep chosen to satisfy k- Ey = (B —jot)-Ep = 0, the magnetic field is computed from 
Eq. (2.9.2), Ho = k x Eo/wy = (B — ja) xEo/ wH. 

Let us look at an explicit construction. We choose B,« to lie on the xz plane of 
Fig. 2.9.1, and resolve them as B = 2B, + ZB, and & = ZQ&,+Z,. Thus, 


k = B — jo = 2 (Bz — jaz) + (By — jax) = Zkz + Kk 
Then, the propagation factor (2.10.3) and conditions (2.10.4) read explicitly: 


eTİKIr = e-—(X2Z+ XxX) g—j(BzZ+Bxx) 


B2 + B? - 02 — a? = B? - a? (2.10.5) 
Bz Qz F Bx Qx = Ba 


Because k is orthogonal to both y and y x k, we construct the electric field Ep as the 
following linear combination of TM and TE terms: 


or, A ~ k B-je 
Eo = k)A+ŷB hi k=— = 2.10. 
o = (xk) yB, where ke PRE ie (2.10.6) 
This satisfies k - Ey = 0. Then, the magnetic field becomes: 
kx Eo 1 a 
= = yA-—(yxk)B (2.10.7) 
te Te ly y ] 


The vector k is complex-valued and satisfies k- k= 1. These expressions reduce to 
Eq. (2.10.2), if k = 2’. 

Waves with a complex k are known as complex waves. In applications, they always 
appear in connection with some interface between two media. The interface serves either 
as a reflecting/transmitting surface, or as a guiding surface. 

For example, when plane waves are incident obliquely from a lossless dielectric onto 
a planar interface with a lossy medium, the waves transmitted into the lossy medium 
are of such complex type. Taking the interface to be the xy-plane and the lossy medium 
to be the region z > QO, it turns out that the transmitted waves are characterized by 
attenuation only in the z-direction. Therefore, Eqs. (2.10.5) apply with &z > 0 and 
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Qx = 0. The parameter $x is fixed by Snell’s law, so that Eqs. (2.10.5) provide a system 
of two equations in the two unknowns fz and &z. We discuss this further in Chap. 6. 

Wave solutions with complex k = B — jo are possible even when the propagation 
medium is lossless so that €¢ = € is real, and B = w HE and « = 0. Then, Eqs. (2.10.4) 
become B-B-—a-a = B* and $ - æ = 0. Thus, the constant-amplitude and constant- 
phase planes are orthogonal to each other. 

Examples of such waves are the evanescent waves in total internal reflection, various 
guided-wave problems, such as surface waves, leaky waves, and traveling-wave antennas. 
The most famous of these is the Zenneck wave, which is a surface wave propagating 
along a lossy ground, decaying exponentially with distance above and along the ground. 

For a classification of various types of complex waves and a review of several ap- 
plications, including the Zenneck wave, see Refs. [451-457]. We will encounter some of 
these later on. 

The table below illustrates the vectorial directions and relative signs of some possible 
types, assuming that &, B lie on the xz plane with the yz plane being the interface plane. 


a B | a, &,| Bz Bx | complex wave type 

Oo “| 0 0 | +  — | oblique incidence 

tft +] 0 0 | evanescent surface wave 
7 N } Zenneck surface wave 

N zZ + | leaky wave 


2.11 Problems 


2.1 A function E(z,t) may be thought of as a function E(C,&) of the independent variables 
Ç = z — ct and § = z+ ct. Show that the wave equation (2.1.6) and the forward-backward 
equations (2.1.9) become in these variables: 


E | DE, DE- 
aca SE ae 8 


Thus, E, may depend only on € and E_ only on &. 


2.2 A source located at z = 0 generates an electromagnetic pulse of duration of T sec, given by 
E(0,t)= Eo [u(t)—u(t — T)], where u(t) is the unit step function and Eo is a constant. 
The pulse is launched towards the positive z-direction. Determine expressions for E(Z, t) 
and H(z,t) and sketch them versus Z at any given t. 


2.3 Show that for a single-frequency wave propagating along the z-direction the corresponding 
transverse fields E(z), H(z) satisfy the system of equations: 


o E 7 0 —jwu E 
ðz| Hx2 | | -jwe 0 Hxz 


where the matrix equation is meant to apply individually to the x,y components of the 
vector entries. Show that the following similarity transformation diagonalizes the transition 
matrix, and discuss its role in decoupling and solving the above system in terms of forward 
and backward waves: 
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2.6 


2:4 


2.8 


2.9 


2.10 
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[i allee “JE a] =D a] 


where k = w/c, c = 1/ /HE, and n = /u/e. 


The visible spectrum has the wavelength range 380-780 nm. What is this range in THz? In 
particular, determine the frequencies of red, orange, yellow, green, blue, and violet having 
the nominal wavelengths of 700, 610, 590, 530, 470, and 420 nm. 


What is the frequency in THz of a typical CO2 laser (used in laser surgery) having the far 
infrared wavelength of 20 um? 


What is the wavelength in meters or cm of a wave with the frequencies of 10 kHz, 10 MHz, 
and 10 GHz? 


What is the frequency in GHz of the 21-cm hydrogen line observed in the cosmos? 


What is the wavelength in cm of the typical microwave oven frequency of 2.45 GHz? 


Suppose you start with E(z,t)= XE e/”'JkZ, but you do not yet know the relationship 
between k and w (you may assume they are both positive.) By inserting E(z, t) into Maxwell’s 
equations, determine the k-w relationship as a consequence of these equations. Determine 
also the magnetic field H(z, t) and verify that all of Maxwell’s equations are satisfied. 


Repeat the problem if E(z, t) = X Ejpe/@tJk2 and if E(z, t) = 7 Egei@t kz, 


Determine the polarization types of the following waves, and indicate the direction, if linear, 
and the sense of rotation, if circular or elliptic: 


a. E= Eo (%+9)eVkz 
b. E= Eo (&- v3) e 
c. E= Eo(jR+9)eZ 

d. E= Eo(R- 2jy) ez 


E= Eo (R - ĵ)e 
E= Eo(V3R - yes 
E = Ey (jR - Ẹ) elk? 
E= Eo ( + 2jŷ) ek? 


> a 


A uniform plane wave, propagating in the z-direction in vacuum, has the following electric 
field: 
E(t, z)= 2 cos(wt — kz) +4y sin (wt — kz) 
a. Determine the vector phasor representing £ (t, z) in the complex form E = Eye/®!-Jkz, 
b. Determine the polarization of this electric field (linear, circular, elliptic, left-handed, 
right-handed?) 

c. Determine the magnetic field H (t, z) in its real-valued form. 

Show that in order for the polarization ellipse of Eq. (2.5.4) to be equivalent to the rotated one 


of Eq. (2.5.7), one must determine the tilt angle O such that the following matrix condition 
is satisfied: 


1 cos p 1 
cos® sin A? — AB cos —sin@ | _ sink p| A”? 
-sinf cosd cos 1 sin cos@ 0 1 
~ AB B? B”? 


Show that the required angle 0 is given by Eq. (2.5.5). Then, show that the following condition 
is satisfied, where T = tan 0: 
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(A2 — B?T?) (B? — A?T?) 
(1 -T?)? 


= A?B? sin? p 


Using this property, show that the semi-axes A’, B’ are given by the equations: 


ya A2 — Br? 
Lr 


7 B2 — Aer? 


A 
1-T 


B”? 


Then, transform these equations into the form of Eq. (2.5.6). Finally, show that A’, B’ satisfy 
the relationships: 


A? +B? = A*+B*, A'B' = ABlsingd| 
2.11 Show the cross-product equation (2.5.10). Then, prove the more general relationship: 
E (t;)x E (t2)= ZAB sind sin(w (t: — t,)) 


Discuss how linear polarization can be explained with the help of this result. 


2.12 Using the properties kene = wy and k? = we; for the complex-valued quantities ke, ne 
of Eq. (2.6.5), show the following relationships, where €, = e’ — je” and ke = P — ja: 
we” P 
Ri A ee Se 
emed ne a 7 
2.13 Show that for a lossy medium the complex-valued quantities ke and ne may be expressed as 
follows, in terms of the loss angle 0 defined in Eq. (2.6.27): 


ke = B- ja = wpe, (cos $ -jsin £) (cos 9) 71/2 


, or 0 eee 0 
ne = n' +j” = & (cos 5 + jsin $ ) (cos 0)" 


2.14 Itis desired to reheat frozen mashed potatoes and frozen cooked carrots in a microwave oven 
operating at 2.45 GHz. Determine the penetration depth and assess the effectiveness of this 
heating method. Moreover, determine the attenuation of the electric field (in dB and absolute 
units) at a depth of 1 cm from the surface of the food. The complex dielectric constants of 
the mashed potatoes and carrots are (see [112]) €e = (65 — j25)€ 9 and €e = (75 — j25) €o. 


2.15 We wish to shield a piece of equipment from RF interference over the frequency range from 
10 kHz to 1 GHz by enclosing it in a copper enclosure. The RF interference inside the 
enclosure is required to be at least 50 dB down compared to its value outside. What is the 
minimum thickness of the copper shield in mm? 


2.16 In order to protect a piece of equipment from RF interference, we construct an enclosure 
made of aluminum foil (you may assume a reasonable value for its thickness.) The conduc- 
tivity of aluminum is 3.5x10’ S/m. Over what frequency range can this shield protect our 
equipment assuming the same 50-dB attenuation requirement of the previous problem? 


2.17 A uniform plane wave propagating towards the positive z-direction in empty space has an 
electric field at z = 0 that is a linear superposition of two components of frequencies Ww, 
and w2: 


E(0, t)= & (Ee! + Eye?) 


Determine the fields E(z,t) and H(z, t) at any point Z. 
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2.18 An electromagnetic wave propagating in a lossless dielectric is described by the electric and 
magnetic fields, E(z)= XE(z) and H(z) = y H(z), consisting of the forward and backward 
components: 


E(z) = Epe I + E_ elk? 
H(z) = ne — Eez) 


a. Verify that these expressions satisfy all of Maxwell’s equations. 


b. Show that the time-averaged energy flux in the z-direction is independent of z and is 
given by: 


_l * aide Divs 2 
Pz = 5 Re[E(2)H*(2)] = zy (IE+I* ~ 1E-1?) 


c. Assuming H = Ho and € = n?co, so that n is the refractive index of the dielectric, show 
that the fields at two different z-locations, say at Z = Z, and Z = Zv are related by the 
matrix equation: 


E(z1) _| coskl jn™sinkl E(z2) 
noH (zı) | | jnsinkl cos kl noH (z2) 
where | = Z — Z1, and we multiplied the magnetic field by no = ~yHo/no in order to 


give it the same dimensions as the electric field. 


_ E(z) o oil 
d. Let Z(z)= mA and Y (z)= Zz) 


tance at location Z. Show the relationships at at the locations z; and Z2: 


be the normalized wave impedance and admit- 


Z(Z2)+jn7! tankl 
1+jnZ(z2)tankl ’ 


Y (Z2)+jn tan kl 
14+ jn-!Y (z2)tankl 


Z(Z1)= Y(zı)= 


What would be these relationships if had we normalized to the medium impedance, 
that is, Z(z) = E(z)/nH(z)? 


2.19 Show that the time-averaged energy density and Poynting vector of the obliquely moving 
wave of Eq. (2.9.10) are given by 


1 1 1 
w= Re[, cE: E* 5 HH: H] = 5 €(IAl? + B1) 


P= 


Nl Nl 


, 1 4 a: 1 
Re[Ex H*]=z on (|A|* + |B|?)= (2cos @ + ŝsin 0) 27 (IAI? + |B|?) 
where 2’ = Zcos 0 + Xsin @ is the unit vector in the direction of propagation. Show that the 
energy transport velocity is v= P/w = cz’. 


2.20 A uniform plane wave propagating in empty space has electric field: 


i A s 5 w 
E(x,Z, t)= FE te jk (x+z)//2 f k= = 
0 


a. Inserting E(x, z,t) into Maxwell’s equations, work out an expression for the corre- 
sponding magnetic field H(x, Z, t). 


b. What is the direction of propagation and its unit vector k? 
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c. Working with Maxwell’s equations, determine the electric field E(x, Z, t) and propaga- 
tion direction k, if we started with a magnetic field given by: 


H(x, z, t) = ¥ Hy elt e Jk (32-8) /2 


2.21 A linearly polarized light wave with electric field Ey at angle O with respect to the x-axis 
is incident on a polarizing filter, followed by an identical polarizer (the analyzer) whose 
primary axes are rotated by an angle ¢ relative to the axes of the first polarizer, as shown 
in Fig. 2.11.1. 


analyzer > CT 


polarizer 


Fig. 2.11.1 Polarizer-analyzer filter combination. 


Assume that the amplitude attenuations through the first polarizer are a1, a with respect 
to the x- and y-directions. The polarizer transmits primarily the x-polarization, so that 
az < a,. The analyzer is rotated by an angle œ so that the same gains a), a2 now refer to 
the x’- and y’-directions. 


a. Ignoring the phase retardance introduced by each polarizer, show that the polarization 
vectors at the input, and after the first and second polarizers, are: 


Eo = cos 0 + sin 0 
E, = a; cos 0 + az sind 
E> = X' (a? cos p cos 0 + aa: sind sin 0) +9’ (a5 cos ġ sin 0 — a, a2 sin ¢ cos 0) 


where {',ĵ } are related to {X, ¥} as in Problem 3.7. 


b. Explain the meaning and usefulness of the matrix operations: 


a 0 cosġ sing a 0 cos 0 
[> IE E AE oon 


cos@ -sing a, o0 cos@ sing a, o0 cos 0 
sind cos $ 0 a2 —sing@ coso 0 a2 sin 0 
c. Show that the output light intensity is proportional to the quantity: 
I =(ai cos? 0 + a} sin? 0) cos? p + ata} sin? p + 
2 


+ 2a) a2 (af — a3)cos ¢ sin ¢ cos 0 sin 0 


d. If the input light were unpolarized, that is, incoherent, show that the average of the 
intensity of part (c) over all angles 0 < 0 < 271, will be given by the generalized Malus’s 
law: 


= 1 
ce, (af + a3) cos” @ + ata’ sin? p 


The case ap = 0, represents the usual Malus’ law. 
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Propagation in Birefringent Media 


3.1 Linear and Circular Birefringence 


In this chapter, we discuss wave propagation in anisotropic media that are linearly or cir- 
cularly birefringent. In such media, uniform plane waves can be decomposed in two or- 
thogonal polarization states (linear or circular) that propagate with two different speeds. 
The two states develop a phase difference as they propagate, which alters the total po- 
larization of the wave. Such media are used in the construction of devices for generating 
different polarizations. 

Linearly birefringent materials can be used to change one polarization into another, 
such as changing linear into circular. Examples are the so-called uniaxial crystals, such 
as calcite, quartz, ice, tourmaline, and sapphire. 

Optically active or chiral media are circularly birefringent. Examples are sugar solu- 
tions, proteins, lipids, nucleic acids, amino acids, DNA, vitamins, hormones, and virtually 
most other natural substances. In such media, circularly polarized waves go through 
unchanged, with left- and right-circular polarizations propagating at different speeds. 
This difference causes linearly polarized waves to have their polarization plane rotate 
as they propagate—an effect known as natural optical rotation. 

A similar but not identical effect—the Faraday rotation—takes place in gyroelec- 
tric media, which are ordinary isotropic materials (glass, water, conductors, plasmas) 
subjected to constant external magnetic fields that break their isotropy. Gyromagnetic 
media, such as ferrites subjected to magnetic fields, also become circularly birefringent. 

We discuss all four birefringent cases (linear, chiral, gyroelectric, and gyromagnetic) 
and the type of constitutive relationships that lead to the corresponding birefringent 
behavior. We begin by casting Maxwell’s equations in different polarization bases. 

An arbitrary polarization can be expressed uniquely as a linear combination of two 
polarizations along two orthogonal directions.t For waves propagating in the z-direction, 
we may use the two linear directions {X, y}, or the two circular ones for right and left 
polarizations {é,,é_}, where ê, = X—jy and ê- = f + jy.* Indeed, we have the 
following identity relating the linear and circular bases: 


tFor complex-valued vectors e1, e2, orthogonality is defined with conjugation: ef -e2 =0. 
*Note that ê+ satisfy: 6% -é. = 2, êž¥ . ê_ = 0, 6, x @_ = 2j2, and 2x ê+ = +jê+. 
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1 
E = REx + Ey = ê E4 +ê- E- |, where Es = z (Ex + jEy) (3.1.1) 


The circular components E, and E_ represent right and left polarizations (in the 
IEEE convention) if the wave is moving in the positive z-direction, but left and right if it 
is moving in the negative z-direction. 

Because the propagation medium is not isotropic, we need to start with the source- 
free Maxwell’s equations before we assume any particular constitutive relationships: 


VxE=-jwB, VxH=jwD, V-D=0, V-B=0 (3.1.2) 


For a uniform plane wave propagating in the z-direction, we may replace the gradient 
by V = 207z. It follows that the curls V x E = zx zE and V x H = Zz x 07H will be 
transverse to the z-direction. Then, Faraday’s and Ampére’s laws imply that Dz = 0 
and Bz = 0, and hence both of Gauss’ laws are satisfied. Thus, we are left only with: 


ZX 0z,E= —jwB 


3.1.3 
zx 0;,H=jwD ( ) 


These equations do not “see” the components Ez, Hz. However, in all the cases that 
we consider here, the conditions Dz = Bz = 0 will imply also that Ez = Hz = 0. Thus, 
all fields are transverse, for example, E = Ex + yEy = ê, E+ + ê- E_. Equating x,y 
components in the two sides of Eq. (3.1.3), we find in the linear basis: 


ðzEx = -jwBy,  0z7Ey = jwBx 


ðzHy =—-jwDx, 02Hx = jwDy (linear basis) (3.1.4) 


Using the vector property 2 x ê+ = +jê+, and equating circular components, we 
obtain the circular-basis version of Eq. (3.1.3) (after canceling some factors of j): 


(circular basis) (3.1.5) 


3.2 Uniaxial and Biaxial Media 


In uniaxial and biaxial homogeneous anisotropic dielectrics, the D—E constitutive rela- 
tionships are given by the following diagonal forms, where in the biaxial case all diagonal 
elements of the permittivity matrix are distinct: 


Dx E€ 0 0 Ex Dy €& 0 0 Ex 
Dy |=| 0 € 0 Ey and Dy |=| 0 & o Ey (3.2.1) 
Dz 0 0 &o Ez Dz 0 0 6 Ez 


For the uniaxial case, the x-axis is taken to be the extraordinary axis with €1 = Ee, 
whereas the y and Z axes are ordinary axes with permittivities €2 = €3 = Eo. 

The ordinary z-axis was chosen to be the propagation direction in order for the 
transverse x,y axes to correspond to two different permittivities. In this respect, the 
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uniaxial and biaxial cases are similar, and therefore, we will work with the biaxial case. 
Setting Dx = €1Ex and Dy = €2E) in Eq. (3.1.4) and assuming B = HoH, we have: 


07Ex = —jJWHoHy , 0zEy = jwHoHx 


ðzHy = —jwe\Ex, ðzHx = jwerEy (3.2.2) 


Differentiating these once more with respect to Z, we obtain the decoupled Helmholtz 
equations for the x-polarized and y-polarized components: 


OSEx = —w* Woe Ex 
9 2 (3.2.3) 
0zEy = -w4 HoE2Ey 


The forward-moving solutions are: 


Ex(z)= Aez, kı = W./Hoe1 = kon: 


- eres (3.2.4) 
Ey(Z)= Bez, — kz = W\/Uo€2 = konz 


where ko = W./Ho€9 = W/Co is the free-space wavenumber and we defined the refractive 
indices nı = /€;/€o and No = /€2/€g. Therefore, the total transverse field at z = 0 and 
at distance Z = l inside the medium will be: 


E(O) =xA+yB 
; ; (3.2.5) 
E(l) = xAe J! + 9 Beel = [RA + f Bel Ki Ke)! e-k! 
The relative phase ¢@ = (kı — k2)l between the x- and y-components introduced by 
the propagation is called retardance: 


œ = (kı — k2)l = (nı — n2)kol = (nı — n2) (3.2.6) 


where A is the free-space wavelength. Thus, the polarization nature of the field keeps 
changing as it propagates. 

In order to change linear into circular polarization, the wave may be launched into 
the birefringent medium with a linear polarization having equal x- and y-components. 
After it propagates a distance ] such that @ = (nı — N2)Kol = Tr/2, the wave will have 
changed into left-handed circular polarization: 


E(0) = A(&+¥9) Te 


E() = A(&+ ¥el) ekl = A(R + jy)e 


Polarization-changing devices that employ this property are called retarders and are 
shown in Fig. 3.2.1. The above example is referred to as a quarter-wave retarder because 
the condition @ = Tr/2 may be written as (nı — n2)l = A/4. 
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x linearly birefringent x 


——_— | — 
linear polarization elliptic polarization 


x circularly birefringent 


linear polarization linear polarization 


Fig. 3.2.1 Linearly and circularly birefringent retarders. 


3.3 Chiral Media 


Ever since the first experimental observations of optical activity by Arago and Biot in 
the early 1800s and Fresnel’s explanation that optical rotation is due to circular bire- 
fringence, there have been many attempts to explain it at the molecular level. Pasteur 
was the first to postulate that optical activity is caused by the chirality of molecules. 
There exist several versions of constitutive relationships that lead to circular bire- 
fringence [260-276]. For single-frequency waves, they are all equivalent to each other. 
For our purposes, the following so-called Tellegen form is the most convenient [34]: 


(chiral media) (3.3.1) 


D= €E- jxH 
B= uH+jxyE 


where x is a parameter describing the chirality properties of the medium. 
It can be shown that the reality (for a lossless medium) and positivity of the energy 
density function (E* - D+ H* - B)/2 requires that the constitutive matrix 


€ -jX 
JX H 


be hermitian and positive definite. This implies that €, u, x are real, and furthermore, 
that |x| < „/HE. Using Eqs. (3.3.1) in Maxwell’s equations (3.1.5), we obtain: 


0zE+ = FWBs = Fw (H+ + jxE+) 


l (3.3.2) 
07H» = +wD+ = +w (€Es — jxH+) 


Defining c = 1//H€, n = Ju/e, k = w/c = w/pE, and the following real-valued 
dimensionless parameter a = Cx = xX /,/HE (so that |a| < 1), we may rewrite Eqs. (3.3.2) 
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in the following matrix forms: 


0 E+ _|jka k Ex 
sents |=* [esto || at | Bpa 
These matrix equations may be diagonalized by appropriate linear combinations. For 


example, we define the right-polarized (forward-moving) and left-polarized (backward- 
moving) waves for the {E+}, H+} case: 


Ers = 5 [Es — ins] E, = Eps + Ets 
: s 1 (3.3.4) 
Er+ = z [E+ + jnH+| He = Fy Ent — Exe] 


It then follows from Eq. (3.3.3) that {Er;, E+} will satisfy the decoupled equations: 


o | Ers |_| —Jk+ 0 Ery+ eg Ery(z)= Ay eJk+2 TE 
oz | Err | 0 jk- Er+ Er, (Z) = B, ebk-2 J. 


where k,,k— are defined as follows: 


ks =k(1+a)= w(/H€ +x) (3.3.6) 


We may also define circular refractive indices by n+ = k+/kọo, where Ko is the free- 
space wavenumber, ko = w /Ho€o. Setting also n = k/ko = ./HE/./Ho€o, we have: 
k+ =nsko, ne =n(1l+a) (3.3.7) 


For the {E_, H_} circular components, we define the left-polarized (forward-moving) 
and right-polarized (backward-moving) fields by: 


— JIE- + jnH_] E_ = Er- + Er- 
f 2 i (3.3.8) 
Er- = z lE- -jnH-] ae “Gq ee =E] 


Then, {E,_, Er_} will satisfy: 
a [En |_[-sk- o0 Er- Er- (z)= Ase d-4 
əz ja | ~ | 0 jks || Er- T Ep_(z) = B_ edk+2 (3-3.9) 


In summary, we obtain the complete circular-basis fields E+ (Z): 


E, (Z) = Eg: (Z)+Eps(z)= A, eZ + B, elk-2 
(3.3.10) 


E_(z) = Ey_(z)+Ep_(z)= A_ e™K-Z + B_ e+ 


Thus, the E+ (z) circular component propagates forward with wavenumber k and 
backward with k_, and the reverse is true of the E_ (z) component. The forward-moving 
component of E, and the backward-moving component of E_, that is, Er, and Er_, are 
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both right-polarized and both propagate with the same wavenumber k+. Similarly, the 
left-polarized waves Ez, and Ez- both propagate with k_. 

Thus, a wave of given circular polarization (left or right) propagates with the same 
wavenumber regardless of its direction of propagation. This is a characteristic difference 
of chiral versus gyrotropic media in external magnetic fields. 

Consider, next, the effect of natural rotation. We start with a linearly polarized field 
at z = 0 and decompose it into its circular components: 


1 
E(0)= Ax + ẸAy = êA, +ê-A-, with As = 5 (Ax +JAy) 


where Ax, Ay must be real for linear polarization. Propagating the circular components 
forward by a distance | according to Eq. (3.3.10), we find: 


E(D) = ê, A, e=jk+l +ê A edk-l 
= [ê A ek k 2 4 ê A_ el Ks “kK U2] e7) (k+ +k-)1/2 (3.3.11) 
= [ê Apel? + @_A_e/P eV ks tk 1/2 


where we defined the angle of rotation: 


p= 5 (k, —k_)l = akl (natural rotation) (3.3.12) 


Going back to the linear basis, we find: 


ê, Aet +ê A-t = (&- jy) ; (Ax + jAy)e I? + (& +j) : (Ax — jAy) el? 
= [cos ġ - sin p]Ax + [F cos p + Xsinp] Ay 
= R Ax + F Ay 
Therefore, at z = 0 and z = l, we have: 


E(0)= [Ax +A] BRA 
E(1) = [X Ax + 9 Ay ]e Rs +k-)1/2 T 

The new unit vectors $ = R cos p—ŶẸ sin p and ĵ = cos p+ŝsin p are recognized 
as the unit vectors x, y rotated clockwise (if ¢ > 0) by the angle ¢, as shown in Fig. 3.2.1 
(for the case Ax # 0, Ay = 0.) Thus, the wave remains linearly polarized, but its 
polarization plane rotates as it propagates. 

If the propagation is in the negative z-direction, then as follows from Eq. (3.3.10), the 
roles of k, and k_ are interchanged so that the rotation angle becomes œ = (k_—k,)1/2, 
which is the negative of that of Eq. (3.3.12). 

If a linearly polarized wave travels forward by a distance I, gets reflected, and travels 
back to the starting point, the total angle of rotation will be zero. By contrast, in the 
Faraday rotation case, the angle keeps increasing so that it doubles after a round trip 
(see Problem 3.10.) 
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3.4 Gyrotropic Media 


Gyrotropic' media are isotropic media in the presence of constant external magnetic 
fields. A gyroelectric medium (at frequency w) has constitutive relationships: 


Dx €& jé2 0 Ex 
Dy |=| -jez & 0 || Ey |, B=uH (3.4.1) 
Dz 0 0 €3 E, 


For a lossless medium, the positivity of the energy density function requires that the 
permittivity matrix be hermitian and positive-definite, which implies that €), €2,€3 are 
real, and moreover, €; > 0, |€2| < €1, and €3 > 0. The quantity € is proportional to the 
external magnetic field and reverses sign with the direction of that field. 

A gyromagnetic medium, such as a ferrite in the presence of a magnetic field, has 
similar constitutive relationships, but with the roles of D and H interchanged: 


Bx Hı jaz O Hx 
By |=| -ju m 0 Hy |, D=c€E (3.4.2) 
Bz 0 0 H3 Hz 


where again Hy; > 0, |H2| < H1, and H3 > 0 for a lossless medium. 
In the circular basis of Eq. (3.1.1), the above gyrotropic constitutive relationships 
take the simplified forms: 


D+ = (€& + €&)E+, B+ = uH+, (gyroelectric) 


; (3.4.3) 
B+ = (Mi +H2)H+, Ds =€E+, (gyromagnetic) 


where we ignored the z-components, which are zero for a uniform plane wave propa- 
gating in the z-direction. For example, 


Dy + jDy = (& Ex + je2Ey) +j (€1Ey — J€2Ex)= (€ + €2) (Ex + jEy) 


Next, we solve Eqs. (3.1.5) for the forward and backward circular-basis waves. Con- 
sidering the gyroelectric case first, we define the following quantities: 


E+ =€61Ł€2, ki =WJHEx, Na = (3.4.4) 


Using these definitions and the constitutive relations D+ = €+E+, Eqs. (3.1.5) may 
be rearranged into the following matrix forms: 


o E+ E 0 Fk+ E+ (3.4.5) 
ðz | n+H+ | | tke 0 n+H+ oa 


These may be decoupled by defining forward- and backward-moving fields as in 
Eqs. (3.3.4) and (3.3.8), but using the corresponding circular impedances n+: 


1 , 1 
Er+ = z [E+ —jn+H+] Er- = 5 LE- + jn-H-| 

; i (3.4.6) 
Er, = 5[E++JnsHs] Er- = 5[E- -jn-H-] 


|The term “gyrotropic” is sometimes also used to mean “optically active.” 
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These satisfy the decoupled equations: 


0 [Exe |_[ sks 0 ][ Exe] a Ere(z)= Ape ih 
oz | Er | 0 Jk+ Er+ Er (z)= By ejk+z 
i (3.4.7) 
2 j lak 0 T a EA 
oz | Er- | o jk- || Er- Er- (z) = Buel? 
Thus, the complete circular-basis fields E+ (Z) are: 
E- (Z) = Eps (Z) +EL+ (Z)= Ay e7 + B, elke? 
; ; (3.4.8) 
E_(z) = Ey_(z)+Ep_(z) = A_ eJk-2 + B_ ebk-2 


Now, the E, (z) circular component propagates forward and backward with the same 
wavenumber k,, while E- (Z) propagates with k_. Eq. (3.3.13) and the steps leading to 
it remain valid here. The rotation of the polarization plane is referred to as the Faraday 
rotation. If the propagation is in the negative z-direction, then the roles of k, and k- 
remain unchanged so that the rotation angle is still the same as that of Eq. (3.3.12). 

If a linearly polarized wave travels forward by a distance 1, gets reflected, and travels 
back to the starting point, the total angle of rotation will be double that of the single 
trip, that is, 2 = (k+ —k_)I. 

Problems 1.9 and 3.12 discuss simple models of gyroelectric behavior for conduc- 
tors and plasmas in the presence of an external magnetic field. Problem 3.14 develops 
the Appleton-Hartree formulas for plane waves propagating in plasmas, such as the 
ionosphere [277-281]. 

The gyromagnetic case is essentially identical to the gyroelectric one. Eqs. (3.4.5) to 
(3.4.8) remain the same, but with circular wavenumbers and impedances defined by: 


(3.4.9) 


Problem 3.13 discusses a model for magnetic resonance exhibiting gyromagnetic 
behavior. Magnetic resonance has many applications—from NMR imaging to ferrite mi- 
crowave devices [282-293]. Historical overviews may be found in [291,293]. 


3.5 Linear and Circular Dichroism 


Dichroic polarizers, such as polaroids, are linearly birefringent materials that have widely 
different attenuation coefficients along the two polarization directions. For a lossy ma- 
terial, the field solutions given in Eq. (3.2.4) are modified as follows: 


Ex(z)= Ae skiz = Ae~%12e-JBiz | ki = w./HE, = By -j&i (3.5.1) 
Ey(z)= Be dkez = Be~%2Ze-JBi2 ko = w /HE?2 = Bo — jQ? a 


where 1, &2 are the attenuation coefficients. Passing through a length | of such a 
material, the initial and output polarizations will be as follows: 
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E(0)=XA+¥9B 


E(1) = Ae! + Bel = (RAe! + f Be~ Aleit) e-JBi! eee) 


In addition to the phase change œ = (fı —f2)1, the field amplitudes have attenuated 
by the unequal factors a; = e~™! and az = e~%!. The resulting polarization will be 
elliptic with unequal semi-axes. If &% >> o 1, then a < a, and the y-component can be 
ignored in favor of the x-component. 

This is the basic principle by which a polaroid material lets through only a preferred 
linear polarization. An ideal linear polarizer would have a, = 1 and az = 0, correspond- 
ing to & = Oand &2 = œ. Typical values of the attenuations for commercially available 
polaroids are of the order of a; = 0.9 and a2 = 107°, or 0.9 dB and 40 GB, respectively. 

Chiral media may exhibit circular dichroism [262,275], in which the circular wavenum- 
bers become complex, k+ = Bs — j&+. Eq. (3.3.11) reads now: 


E(1) = ê A, ek! 4 ê _A_ eK! 
= [ê A e eke + ê_A_eiK+-k-)l1/2] e=)(k++k-)1/2 (3.5.3) 


[e,:A,e YIP + @_A_eVHP]e Ske tk 2 


where we defined the complex rotation angle: 


p 1 wl 
-jp 5 (k+ —k_)l (B+ — B-)l-j > (a, -a-)l (3.5.4) 
Going back to the linear basis as in Eq. (3.3.13), we obtain: 


E(0)= [RAx +4] 


E(1) = [3 A} + 7 Ai Jed tk U2 (3.5.5) 
where {%’, y’} are the same rotated (by #) unit vectors of Eq. (3.3.13), and 
Al = Ax cosh Y — jA, sinh 
F i v Y (3.5.6) 


A, = Ay cosh Y + jAx sinh Y 


Because the amplitudes Ax Ay are now complex-valued, the resulting polarization 
will be elliptical. 


3.6 Oblique Propagation in Birefringent Media 


Here, we discuss TE and TM waves propagating in oblique directions in linearly birefrin- 
gent media. We will use these results in Chap. 7 to discuss reflection and refraction in 
such media, and to characterize the properties of birefringent multilayer structures. 

Applications include the recently manufactured (by 3M, Inc.) multilayer birefrin- 
gent polymer mirrors that have remarkable and unusual optical properties, collectively 
referred to as giant birefringent optics (GBO) [241]. 

Oblique propagation in chiral and gyrotropic media is discussed in the problems. 
Further discussions of wave propagation in anisotropic media may be found in [31-33]. 
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We recall from Sec. 2.9 that a uniform plane wave propagating in a lossless isotropic 
dielectric in the direction of a wave vector k is given by: 


E(r)=Eesk*, H(r)= Hek", with k-E=0, H= ae xE (3.6.1) 
0 


where n is the refractive index of the medium n = /€/€o0, No the free-space impedance, 
and k the unit-vector in the direction of k, so that, 


A — w 
k=kk, k= |k| = w./Hoé = nko, ko= 5 5% Ho€o (3.6.2) 
0 
and ko is the free-space wavenumber. Thus, E, H, k form a right-handed system. 
In particular, following the notation of Fig. 2.9.1, if k is chosen to lie in the xz plane 
at an angle 0 from the z-axis, that is, k = sin 0 + zcos 0, then there will be two inde- 
pendent polarization solutions: TM, parallel, or p-polarization, and TE, perpendicular, 


or s-polarization, with fields given by 


(TM or p-polarization): E= Eo (cos 0 — ĉsin 0), H= = Eoy 
0 (3.6.3) 
(TE or s-polarization): E=Eoy, H= a Eo(—xcos 0 + zsin@) 
0 


where, in both the TE and TM cases, the propagation phase factor e~/** is: 
e kr = ed (Kzz+kxx) = eJkon(z cos 0+x sin 0) (3 6 4) 


The designation as parallel or perpendicular is completely arbitrary here and is taken 
with respect to the xz plane. In the reflection and refraction problems discussed in 
Chap. 6, the dielectric interface is taken to be the xy plane and the xz plane becomes 
the plane of incidence. 

In a birefringent medium, the propagation of a uniform plane wave with arbitrary 
wave vector k is much more difficult to describe. For example, the direction of the 
Poynting vector is not towards k, the electric field E is not orthogonal to k, the simple 
dispersion relationship k = nw/Co is not valid, and so on. 

In the previous section, we considered the special case of propagation along an ordi- 
nary optic axis in a birefringent medium. Here, we discuss the somewhat more general 
case in which the xyz coordinate axes coincide with the principal dielectric axes (so that 
the permittivity tensor is diagonal,) and we take the wave vector k to lie in the xz plane 
at an angle 0 from the z-axis. The geometry is depicted in Fig. 3.6.1. 

Although this case is still not the most general one with a completely arbitrary direc- 
tion for k, it does contain most of the essential features of propagation in birefringent 
media. The 3M multilayer films mentioned above have similar orientations for their 
optic axes [241]. 

The constitutive relations are assumed to be B = oH and a diagonal permittivity 
tensor for D. Let €1, €2,€3 be the permittivity values along the three principal axes and 
define the corresponding refractive indices nj = VEil €o, i = 1,2,3. Then, the D-E 
relationship becomes: 


Dx a 0 O]f E ne 0 o0 Ex 
Dy|=| 0 & O|] Ey |=e0] 0 n 0 || E (3.6.5) 
Dz 0 0 e || E 0 0 || E 
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x! TE 


eZ 


Fig. 3.6.1 Uniform plane waves in a birefringent medium. 


For a biaxial medium, the three n; are all different. For a uniaxial medium, we take 
the xy-axes to be ordinary, with nı = Ng = No, and the Z-axis to be extraordinary, with 
nz = Ne.’ The wave vector k can be resolved along the z and x directions as follows: 


k=kk=k(&sin0 + Zcos 0)= Xk, + 2k, (3.6.6) 
The w-k relationship is determined from the solution of Maxwell’s equations. By 


analogy with the isotropic case that has k = nko = nW/Co, we may define an effective 
refractive index N such that: 


| k=Nkyo =N 2 (effective refractive index) (3.6.7) 


Co 


We see below by solving Maxwell’s equations that N depends on the chosen polar- 
ization, TM or TE (according to Fig. 3.6.1), and on the wave vector direction 0: 


nın 
we : (TM or p-polarization) 
N= Jn? sin? 0 + n$ cos? 0 (3.6.8) 
No, (TE or s-polarization) 


For the TM case, we may rewrite the N-0 relationship in the form: 


1 cos? 0 sin® @ 
27 2 i 2 
N ny n3 


(effective TM index) (3.6.9) 


Multiplying by k? and using ky = k/N, and kx = ksin@, kz = k cos 0, we obtain the 
w-k relationship for the TM case: 

2 k2 k2 

= ag oe (TM or p-polarization) (3.6.10) 

Co ny 3 


Similarly, we have for the TE case: 


w? kè 
== (TE or s-polarization) (3.6.11) 


TIn Sec. 3.2, the extraordinary axis was the x-axis. 
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Thus, the TE mode propagates as if the medium were isotropic with index n = no, 
whereas the TM mode propagates in a more complicated fashion. If the wave vector k 
is along the ordinary x-axis (0 = 90°), then k = ky = n3W/Co (this was the result of 
the previous section), and if k is along the extraordinary z-axis (0 = 0°), then we have 
k = k; =n\W/Co. 

For TM modes, the group velocity is not along k. In general, the group velocity 
depends on the w-k relationship and is computed as v = 0w/ðk. From Fq. (3.6.10), we 
find the x- and z-components: 


v dw _ kxco c S sin 0 
* ake wn ne 
(3.6.12) 
v dw _ keep c A cos 0 
Z> ok, wn l 


The velocity vector vis not parallel to k. The angle Ô that v forms with the z-axis is 
given by tan 0 = vx/vz. It follows from (3.6.12) that: 


(group velocity direction) (3.6.13) 


= n? 
tan 0 = a tan 0 
n3 


Clearly, 6 + 0 if nı # n3. The relative directions of k and v are shown in Fig. 3.6.2. 
The group velocity is also equal to the energy transport velocity defined in terms of the 
Poynting vector P and energy density w as v = P/w. Thus, v and P have the same 
direction. Moreover, with the electric field being orthogonal to the Poynting vector, the 
angle @ is also equal to the angle the E-field forms with the x-axis. 


>z 


Fig. 3.6.2 Directions of group velocity, Poynting vector, wave vector, and electric field. 


Next, we derive Eqs. (3.6.8) for N and solve for the field components in the TM 
and TE cases. We look for propagating solutions of Maxwell’s equations of the type 
E(r)= Ee/** and H(r)= Hek". Replacing the gradient operator by V > —jk and 
canceling some factors of j, Maxwell’s equations take the form: 
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V X E= -jwHoH kx E= WuUoH 
V xX H=jwD kx H= -wD 
=> (3.6.14) 
V-D=0 k-D=0 
V-H=0 k-H=0 


The last two equations are implied by the first two, as can be seen by dotting both 
sides of the first two with k. Replacing k = kk = Nkok, where N is still to be determined, 
we may solve Faraday’s law for Hin terms of E: 


W a N a 
N—kxE=wWyoH > |H= —kxE (3.6.15) 
Co no 
where we used no = Colo. Then, Ampère’s law gives: 
N? 1 


1 1 ; ` . 7 : 
D=-—kxH=-—N” kx H= kx (Exk) > |kx (Exk= 
w w Co Noco 


Eo N? 


where we used Cono = 1/€o. The quantity k x (Ex k) is recognized as the component of 
E that is transverse to the propagation unit vector k. Using the BAC-CAB vector identity, 
we have k x (Ex k)= E-—k(k- E). Rearranging terms, we obtain: 


E D=k(k- E (3.6.16) 


€oN2 


Because D is linear in E, this is a homogeneous linear equation. Therefore, in order 
to have a nonzero solution, its determinant must be zero. This provides a condition 
from which N can be determined. 

To obtain both the TE and TM solutions, we assume initially that E has all its three 
components and rewrite Eq. (3.6.16) component-wise. Using Eq. (3.6.5) and noting that 
k-E= Ex sin 0 + Ez cos 0, we obtain the homogeneous linear system: 


2 
(: — i)e = (Ex sin 0 + Ez cos 0) sin 0 
2 
(1-2), =0 (3.6.17) 


2 
(: — z) E; = (Ex sin + E, cos 0) cos 0 
The TE case has Ey # 0 and Ex = E; = 0, whereas the TM case has Ex # 0, Ez # 0, 
and Ey = 0. Thus, the two cases decouple. 
In the TE case, the second of Eqs. (3.6.17) immediately implies that N = no. Setting 
E = Eoy and using k x ¥ = —Xcos 0 + Zsin 0, we obtain the TE solution: 
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E(r) = Egye IKT 


n2 P (TE) (3.6.18) 
H(r) = n Eo (—xcos 0 + Ż2sin 0)e 4T 
0 
where the TE propagation phase factor is: 
ek = g—jkone (Zcos 0+xsin 0) (TE propagation factor) (3.6.19) 


The TM case requires a little more work. The linear system (3.6.17) becomes now: 


2 
(: x a) = (Eysin @ + E; cos 0) sin0 
(3.6.20) 


2 
(: — JL = (Ex sin 0 + Ez cos 0)cos 0 


Using the identity sin? 0 + cos? 0 = 1, we may rewrite Eq. (3.6.20) in the matrix form: 
cos? 0- -= -sin@cosé@ |T E 
X 

| | = (3.6.21) 


n$ E, 


-sin cos sin? 0 — N: 


Setting the determinant of the coefficient matrix to zero, we obtain the desired con- 
dition on N in order that a non-zero solution Ex, Ez exist: 


ni n5 
cos? 0 — N2 sin? 0 — N2 — sin? 0 cos? 0 = 0 (3.6.22) 


This can be solved for N° to give Eq. (3.6.9). From it, we may also derive the following 
relationship, which will prove useful in applying Snell’s law in birefringent media: 


N? sin? 0 
Ncos0 = ™ Jn? — N2 sin? 0 = n, |1 ane (3.6.23) 


n3 ns 


With the help of the relationships given in Problem 3.16, the solution of the homo- 
geneous system (3.6.20) is found to be, up to a proportionality constant: 


Ex =A cos0, E,=-A™ sino (3.6.24) 
nı n3 
The constant A can be expressed in terms of the total magnitude of the field Ey = 
|E| = V|Ex|? + |E2|?. Using the relationship (3.7.11), we find (assuming A > 0): 
N 
\nj +n — N? 


A= Eo (3.6.25) 


The magnetic field H can also be expressed in terms of the constant A. We have: 
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H= N kxE= N (Xsin 0 + Zcos 0) x (REx + 2E2) 
no no 
zZ N S(Excoso — E; sin 0) = N vA (= cos? 0 4 4 sin’ 0) (3.6.26) 
no no nı N3 


N ŞA nın A yonn 
no N? no N 


where we used Eq. (3.7.10). In summary, the complete TM solution is: 


N n n i 
E(r) = Eo (x 3 cos0 —2 sin 0) eJkr 
Jn? +n3—-N2\ ™ n3 
7 (TM) (3.6.27) 
nın ; 
H(r) 0 1/3 Şedkr 
No nj +n3—N2 
where the TM propagation phase factor is: 
e Jk = g—JkoN (zcos 0+x sin 0) (TM propagation factor) (3.6.28) 


The solution has been put in a form that exhibits the proper limits at 9 = 0° and 
90°. It agrees with Eq. (3.6.3) in the isotropic case. The angle that E forms with the x-axis 
in Fig. 3.6.2 is given by tan 0 = —E,/E, and agrees with Eq. (3.6.13). 

Next, we derive expressions for the Poynting vector and energy densities. It turns 
out—as is common in propagation and waveguide problems—that the magnetic energy 
density is equal to the electric one. Using Eq. (3.6.27), we find: 


E$ nyn3N 
2no nî + ng — N? 


P= 5 Re(EX H*) (x n sing +273 cos 0) (3.6.29) 
3 


nı 


and for the electric, magnetic, and total energy densities: 


we = ERe(D- E*)= Leo(nĝlExl? + nlEzl?) = Leor? 1 
SD 4 i A 4 o +n — N? 
Wm = I Re(B- H*)= Luol H,|? = ee nin} w (3.6.30) 
da goy = geot ne nk NZ e i 
1 n?n? 
W = We + Wm = 2We = Z 60E? Ea 
Co ae e 200 n + ni — N? 


The vector P is orthogonal to E and its direction is 6 given by Eq. (3.6.13), as can be 
verified by taking the ratio tan 0 = P,/P,. The energy transport velocity is the ratio of 
the energy flux to the energy density—it agrees with the group velocity (3.6.12): 


ee = Co (x sino H 2% coso) (3.6.31) 
w n5 ni 

To summarize, the TE and TM uniform plane wave solutions are given by Eqs. (3.6.18) 
and (3.6.27). We will use these results in Sects. 7.6 and 7.8 to discuss reflection and re- 
fraction in birefringent media and multilayer birefringent dielectric structures. Further 
discussion of propagation in birefringent media can be found in [182] and [241-259]. 
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3.7 Problems 


3.1 For the circular-polarization basis of Eq. (3.1.1), show 


E=6,E,+6_E_ 2xE=jê,EF, -jê E- > (2X Es =+jEs 


3.2 Show the component-wise Maxwell equations, Eqs. (3.1.4) and (3.1.5), with respect to the 
linear and circular polarization bases. 


3.3 Suppose that the two unit vectors {X, y} are rotated about the z-axis by an angle œ resulting 
in $ = cos $ + Ẹsin p and y’ = cos p — Xsin p. Show that the corresponding circular 
basis vectors ê+ = F jŷ and ê, = % + jy’ change by the phase factors: ê, = e*/?é,. 

3.4 Consider a linearly birefringent 90° quarter-wave retarder. Show that the following input 
polarizations change into the indicated output ones: 


JV 


p >- x 
JY y 


—- Xx 
What are the output polarizations if the same input polarizations go through a 180° half- 
wave retarder? 


3.5 A polarizer lets through linearly polarized light in the direction of the unit vector êp = 
cos Oy + sin Oy, as shown in Fig. 3.7.1. The output of the polarizer propagates in the 
z-direction through a linearly birefringent retarder of length 1, with birefringent refractive 
indices nj, M2, and retardance @ = (nı — nz) Kol. 


A 


y ep 


\ 
ĝa sample LA 
analyzer < | ; 


Tr polarizer 


Fig. 3.7.1 Polarizer-analyzer measurement of birefringence. 


The output E(/) of the birefringent sample goes through an analyzing linear polarizer that 
lets through polarizations along the unit vector êa = cos 0g + Ẹsin 0a. Show that the light 
intensity at the output of the analyzer is given by: 


Ia = |@q - E(D) |? = |cos Oa cos Oy + @® sin Oa sin 0p |° 


For a circularly birefringent sample that introduces a natural or Faraday rotation of ġ = 
(k+ — k-)l/2, show that the output light intensity will be: 


Ia = (êa - ECI) |? = cos? (Op — Oa - P) 


For both the linear and circular cases, what are some convenient choices for 04 and 0p? 


3.6 A linearly polarized wave with polarization direction at an angle 0 with the x-axis goes 
through a circularly birefringent retarder that introduces an optical rotation by the angle 
œ = (k, — k_)1/2. Show that the input and output polarization directions will be: 


Xcos0+ysinOd — xcos(O-— ġ)+ŷsin(0 — p) 
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Show that an arbitrary polarization vector can be expressed as follows with respect to a 
linear basis {X, ¥} and its rotated version {%’, y’}: 


E=AX+BY=A'X +BY 


where the new coefficients and the new basis vectors are related to the old ones by a rotation 
by an angle @: 


Al cosp sing A x | cosp sing x 
B' | | -sin@ cos B |’ y | | -sin@ cose y 


Show that the source-free Maxwell’s equations (3.1.2) for a chiral medium characterized by 
(3.3.1), may be cast in the matrix form, where k = w./f€, n = //€, and a = x/,/pE: 


ye ele el 


Show that these may be decoupled by forming the “right” and “left” polarized fields: 


Er | _ ky 0 Ep 1 q 
vee Si Ema baal where Ex = 5 (E—Jjn#), E; = 5 (E+ jn) 


where k+ = k(1 + a). Using these results, show that the possible plane-wave solutions 
propagating in the direction of a unit-vector k are given by: 


E(r)=Eo(p—js)e4*** and E(r)= Ey (Ð +j8)e T 


where k+ = k+ k and {p, 8, k} form a right-handed system of unit vectors, such as {%’, 7’, 2} 
of Fig. 2.9.1. Determine expressions for the corresponding magnetic fields. What freedom 


do we have in selecting {p, §} for a given direction k? 


Using Maxwell’s equations (3.1.2), show the following Poynting-vector relationships for an 
arbitrary source-free medium: 


V - (EX H*) = jw(D* - E-B- H*) 


V - Re(EX H*) = -w Im(D* - E+ B* - H) 


Explain why a lossless medium must satisfy the condition V - Re(E x H*) = 0. Show that 
this condition requires that the energy function w = (D* - E+ B* - H)/2 be real-valued. 
For a lossless chiral medium characterized by (3.3.1), show that the parameters €, H, X are 
required to be real. Moreover, show that the positivity of the energy function w > 0 requires 
that |x| < HE, as well as € > 0 and p > 0. 


In a chiral medium, at z = 0 we lauch the fields Er; (0) and Ez- (0), which propagate by a 
distance I, get reflected, and come back to the starting point. Assume that at the point of 
reversal the fields remain unchanged, that is, Er; (1)= E,+ (1) and Ez- (1)= Egr- (1). Using 
the propagation results (3.3.5) and (3.3.9), show that fields returned back at z = 0 will be: 


Er+ (0)= Er, (I)eF*-! = Eg, (I)e! = Eg, (0) e~ (k+ +tk-)I 
Er- (0)= Er- (e+! = Ez (I)e! = Ez (0) eS K+ +k)! 


Show that the overall natural rotation angle will be zero. For a gyrotropic medium, show 
that the corresponding rountrip fields will be: 
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3.12 


3.13 


Ez, +(0)= Eps De! = Er, (eT! = Eg, (0) ee! 
Er- (0)= Er- (De! = Ez- (el = E; (0) eK! 


Show that the total Faraday rotation angle will be 2¢ = (ki — k-)l. 


Show that the x,y components of the gyroelectric and gyromagnetic constitutive relation- 
ships (3.4.1) and (3.4.2) may be written in the compact forms: 


Dr = €, Er — jé2z x Er (gyroelectric) 
Br = 41 Hr -ju2Z2x Hr (gyromagnetic) 


where the subscript T indicates the transverse (with respect to Z) part of a vector, for exam- 
ple, Dr = Dx + Dy. 

Conductors and plasmas exhibit gyroelectric behavior when they are in the presence of an 
external magnetic field. The equation of motion of conduction electrons in a constant mag- 
netic field is mv = e(E+ vx B)—m«avy, with the collisional damping term included. The 
magnetic field is in the z-direction, B = 2 Bo. 

Assuming e/@' time dependence and decomposing all vectors in the circular basis (3.1.1), 
for example, v = ê v+ + @_v_ + ZVz, show that the solution of the equation of motion is: 


Ep LR 
m m 


Vz = 


a +j(w + wg)’ a+ jw 


where Wz = eBọ/m is the cyclotron frequency. Then, show that the D—E constitutive 
relationship takes the form of Eq. (3.4.1) with: 


: n jw; : jwp 
A cs ae wlatj(w+twe)] |’ or eh w(«+ jw) 


where ws, = Ne?/mép is the plasma frequency and N, the number of conduction electrons 
per unit volume. (See Problem 1.9 for some helpful hints.) 


If the magnetic field Hot = 2Ho + He’! is applied to a magnetizable sample, the in- 
duced magnetic moment per unit volume (the magnetization) will have the form Mot = 
2M, + Me/!, where Z Mg is the saturation magnetization due to 2 Họ acting alone. The 
phenomenological equations governing Miot, including a so-called Landau-Lifshitz damping 
term, are given by [290]: 


dMor 


dt = Y (Mor X Hot) — 


a 
———— Mo X (Mot X H, 
MoHo tot ( tot tot) 
where y is the gyromagnetic ratio and T = 1/«&, a relaxation time constant. Assuming that 


|H| < Hp and |M| « Mo, show that the linearized version of this equation obtained by 
keeping only first order terms in H and Mis: 


JWM = Wy (2 x H)—Wy (2 x M)-«& 2 x [ (M— Xo H) xz] 


where Wy = YMo, Wy = YHo, and Xo = Mo/Ho. Working in the circular basis (3.1.1), show 
that the solution of this equation is: 
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a+ jwy 
0 x+ jw + WH) 


M+- =x 


H, =x+H+ and M,=0 


Writing B = Ho(H + M), show that the permeability matrix has the gyromagnetic form of 
Eq. (3.4.2) with fy + H2 = H+ = Uo (1 + X+) and H3 = Ho. Show that the real and imaginary 
parts of pı are given by [290]: 


HoXo | Q? + WH(W+ WH) | Q? - wy (w - Wy) 
R 
e(H1) = Ho 5 | a? + (w + wg)? a? + (w — WH)? 
Hoxo AW ; ZW 
Im(u:) 2 levi en wile wn)? | 


Derive similar expressions for Re (u2) and Im (H2). 


A uniform plane wave, Ee~/** and He~/**, is propagating in the direction of the unit vector 
k = 2’ = zcos0@ + Zsin@ shown in Fig. 2.9.1 in a gyroelectric medium with constitutive 
relationships (3.4.1). 


Show that Eqs. (3.6.14)-(3.6.16) remain valid provided we define the effective refractive index 
N through the wavevector k = kk, where k = Nko, ko = w LE. 

Working in the circular-polarization basis (3.1.1), that is, E = ê E, + @_E_ + ZE,, where 
Es = (Ex + jEy)/2, show that Eq. (3.6.16) leads to the homogeneous system: 


1 1 
1 5 A 0 eae 5 sin? 0 sin 0 cos 0 E, 
-= sin? 0 1 sin? 0 = sin 0 cos 0 E- |=0 (3.7.1) 
2 2 E&oN? 2 : > 
— sin cos 0 — sin cos 0 sin? 0 - —2 ý 
Eo N? 


where €+ = €; + €2. Alternatively, show that in the linear-polarization basis: 


€, — €yN* cos? 0 jez €o N? sin 0 cos 0 Ex 
-jez €1 — €N? 0 Ey | =0 (3.7.2) 
€)N? sin 0 cos 0 0 €3 — Eo N? sin? 0 E, 


For either basis, setting the determinant of the coefficient matrix to zero, show that a non- 
zero E solution exists provided that N° is one of the two solutions of: 


€3 (€oN? — €+) (EN? - €-) Bele e-e 
h = = 7: 
E1 (CoN? SED (€oN2— €e)? VOTS Se= epte € GS) 


tan? 0 


Show that the two solutions for N° are: 


(e? — eb — €163)sin? O + 2€163 + NG €5 — €163) 2sinf 0 + 4e3e$ cos? 0 


N2 (3.7.4) 


2€o (€1 sin? O + €3 cos? 0) 


For the special case k=2 (0 = 0°), show that the two possible solutions of Eq. (3.7.1) are: 


E€&oN°? =6,, kK=k, =w/ne,, E,#0, E-=0, E,=0 
€N? =e, k=k_=w JHE, E,=0, E_#0, E,=0 


3.7. 
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For the case k = å (0 = 90°), show that: 
€)N* = €3, k=k3=W HE3, E,=0, E_=0, E, #0 
E€oN? = €e, kK=ke=w Mee, E, £0, E- =-“ E, E,=0 


For each of the above four special solutions, derive the corresponding magnetic fields H. 
Justify the four values of N° on the basis of Eq. (3.7.3). Discuss the polarization properties of 
the four cases. For the “extraordinary” wave k = ke, show that Dy = 0 and Ex/Ey = —jeé2/€,. 
Eq. (3.7.4) and the results of Problem 3.14 lead to the so-called Appleton-Hartree equations 
for describing plasma waves in a magnetic field [277-281]. 


A uniform plane wave, Ee~/** and He~/**, is propagating in the direction of the unit vector 
k = 2 = 2cos 0 + Zsin@ shown in Fig. 2.9.1 in a gyromagnetic medium with constitutive 
relationships (3.4.2). Using Maxwell’s equations, show that: 


kx E= wB, k-B=0 1 i 
kxH=—weE, k-E=0 ° Y ppt tE (3.7.5) 


where the effective refractive index N is defined through the wavevector k = kk, where 
k = Nko, ko = w,/Ho€. Working in the circular polarization basis H = êH, +ê-H- +2 Hz, 
where H+ = (Hx + jHy)/2, show that Eq. (3.7.5) leads to the homogeneous system: 


1 1 
1 5 sin? 0 ane > sin? 0 = sin 0 cos 0 H 
—= sin? 0 1 i sin? 0 E= sin 0 cos 0 H_ |=0 (3.7.6) 
2 2 HoN? H 
— sin 8 cos 0 — sin 0 cos 0 sin? 0 — 43 ‘ 
HoN? 


where H+ = Hı + H2. Alternatively, show that in the linear-polarization basis: 


Hı — HoN? cos? 0 juz HoN? sin @ cos 0 Hy 
-jp2 Hı — HoN? 0 Hy | =0 (3.7.7) 
HoN?’ sin 0 cos 0 0 U3 — HoN? sin? 0 H, 


For either basis, setting the determinant of the coefficient matrix to zero, show that a non- 
zero E solution exists provided that N° is one of the two solutions of: 


2 


AIRY Divs: — 2 
H3 (MoN* — H+) (MoN* — u-) where m= 2H+H- _ HĪ- H3 (3.7.8) 


Hı (HoN? — U3) (HoN? — He) ; H+ +H- Hı 


tan? 0 


Show that the two solutions for N° are: 


(ut — HÉ — Him) sin? O + 2H1H3 + Vu HÍ — Hı H3)?sint 0 + 453 cos? 0 
2Ho (Hı sin? 6 + u3 cos? 0) 


N? 


For the special case 0 = 0°, show that the two possible solutions of Eq. (3.7.6) are: 


HoN? = u+, k=k, =w/en,, H, #0, H-=0, H,=0 
HoN? =u-, k=k,=w/ef-, H,=0, H #0, H,=0 


For the special case 0 = 90°, show that: 


HoN? = u3, k= k; = w/z, H+=0, H_=0, H, #0 
HoN? =e, k=ke=w Efe, H, #0, Hiss io Hz=0 
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For each of the above four special solutions, derive the corresponding electric fields E. Justify 
the four values of N* on the basis of Eq. (3.7.8). Discuss the polarization properties of the 


four cases. This problem is the dual of Problem 3.14. 


3.16 Using Eq. (3.6.9) for the effective TM refractive index in a birefringent medium, show the 


following additional relationships: 


sin? 0 cos? 0 
zt 2 1 
ees a eee 
~ N2 N? 
n3 nı nı n3 
cos? 0 4 sin? 0 
ny n3 N? 
2 2 2 2 
n ni +n3—N 
} sin? 0 + 3 cos? 0 7 z 
n5 1 N 
2 2 
Lt 1B 
2 2 
sin? 0 = Ne f cos? 0 = N: 
pot 1% 
n? n? 
3 I 
2 2 2 
n ni . F n 
cos’ 0- = =- sin’ 0, sin? 0 Z=- 
N n5 N 


(3.7.9) 


(3.7.10) 


(3.7.11) 


(3.7.12) 


(3.7.13) 


Using these relationships, show that the homogeneous linear system (3.6.20) can be simpli- 


fied into the form: 


Ni n3 n3 ni . 
Ex — sin = —-E; — cos, E, — cos0@ = -Ex — sin 
n 


n3 ny 1 


4 


Reflection and Transmission 


4.1 Propagation Matrices 


In this chapter, we consider uniform planes waves incident normally on material inter- 
faces. Using the boundary conditions for the fields, we will relate the forward-backward 
fields on one side of the interface to those on the other side, expressing the relationship 
in terms of a 2x2 matching matrix. 

If there are several interfaces, we will propagate our forward-backward fields from 
one interface to the next with the help of a 22 propagation matrix. The combination of 
a matching and a propagation matrix relating the fields across different interfaces will 
be referred to as a transfer or transition matrix. 

We begin by discussing propagation matrices. Consider an electric field that is lin- 
early polarized in the x-direction and propagating along the z-direction in a lossless 
(homogeneous and isotropic) dielectric. Setting E(z)= xXE,(z)= XE(z) and H(z)= 
VY Hy (Z)= H (z), we have from Eq. (2.2.6): 


E(z) = Eoee Z + Eo- = E, (z) +E_(z) 


1 ik i 1 (4.1.1) 
H(z) = 7 Bore” 2 _ Fo _e*?] = aot (z)-E_(z) | 
where the corresponding forward and backward electric fields at position z are: 
E, (z)= Eo, e Fk 
+(Z) = Eos (4.1.2) 


E_(z) = Eo_esk2 


We can also express the fields E+ (Z) in terms of E(z),H(z). Adding and subtracting 
the two equations (4.1.1), we find: 
E,(z)= =[E(z)+nH(z) | 
(4.1.3) 


JR Mle 


E_(z)= = [E(z)—nH(z) | 


2 
Eqs.(4.1.1) and (4.1.3) can also be written in the convenient matrix forms: 


81 


82 Electromagnetic Waves & Antennas - S. J. Orfanidis 


CE EE 


Two useful quantities in interface problems are the wave impedance at Z: 


Z(z)= 7a (wave impedance) (4.1.5) 
and the reflection coefficient at position Z: 
E_ 
T(z)= (z) (reflection coefficient) (4.1.6) 
E, (z) 
Using Eq. (4.1.3), we have: 
E 
7 E 9 Æ-nH) H” Z-n 
E, 1 E Z+n 
—(E+nH = 
5 (E+ nH) Ht’ 
Similarly, using Eq. (4.1.1) we find: 
eee 
z E E, +E- E, 1+T 
= i = = 
H I EL-E) -E 1-r 
E, 
Thus, we have the relationships: 
14+TI(z) Z(z)—n 
Z = rT = 4.1.7 
=n; TT) (z) Zan (4.1.7) 
Using Eq. (4.1.2), we find: 
E_(z) Ep_etkz a 
T(z)= = — =T JSZ 
(z) E eJZ (0)e 
where T (0) = Eo- /Eo+ is the reflection coefficient at z = 0. Thus, 
T(z)=T (0) ek (propagation of T) (4.1.8) 
Applying (4.1.7) at z and z = 0, we have: 
Z(z)-n zjkz _ Z (0)-N jk 
=I(z)=Ir(0)ev = ———_ed™ 
Z(Z)+n ER Z(0)+n 
This may be solved for Z(z) in terms of Z (0), giving after some algebra: 
Z(Z) Z(0) -jn tankz (propagation of Z) (4.1.9) 


-` n- jZ(0)tankz 
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The reason for introducing so many field quantities is that the three quantities 
{E+ (z), E- (z), T(z) } have simple propagation properties, whereas {E (z), H(z), Z(z) } 
do not. On the other hand, {E (z), H(z), Z (z) } match simply across interfaces, whereas 
{E+ (z), E_(z),I(z)} do not. 

Eqs. (4.1.1) and (4.1.2) relate the field quantities at location z to the quantities at 
Z = 0. In matching problems, it proves more convenient to be able to relate these 
quantities at two arbitrary locations. 

Fig. 4.1.1 depicts the quantities {E (z), H (z), E+ (z), E- (z), Z(z),ľ(Zz)} at the two 
locations Zı and Zp separated by a distance l = Z — Zı. Using Eq. (4.1.2), we have for 
the forward field at these two positions: 


Eo, = Eoee, Ei = Eppe = Eo, e4 227D = ekl E, 

E, A, E, H, 

E, Ei- Ez, B 

Z, Ti Z h 

Lay, medium ais 
if n 1 
i i > Zz 
Z1 Z2 
a i . 


Fig. 4.1.1 Field quantities propagated between two positions in space. 


And similarly, E1- = e/*'E,_. Thus, 


Ei = e Ep,, Ey = eE, (4.1.10) 
and in matrix form: 
E ek! è oQ E 
Ea | = | t a E (propagation matrix) (4.1.11) 


We will refer to this as the propagation matrix for the forward and backward fields. 
It follows that the reflection coefficients will be related by: 


Eı- Ep_ e)k! 
Eis Ez, ek 


lr, =T el (reflection coefficient propagation) (4.1.12) 


Using the matrix relationships (4.1.4) and (4.1.11), we may also express the total 
electric and magnetic fields E1, Hı at position Zz, in terms of E2, H2 at position z2: 


E] [1 1 E| |1 1 ekl Q Eo, 
Hi| (a =n jE] a =n j| o e || E 
1j 1 1 ekl è ọ 1 nll E 
“2a Sa] 0 e |e ap) H2 


=e, og, 
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which gives after some algebra: 


Fy | _ cos kl jn sinkl E> ti iri 4.1.13 
H, |7 jn- sinkl ad H, (propagation matrix) (4.1.13) 


Writing n = no/n, where n is the refractive index of the propagation medium, 
Eq. (4.1.13) can written in following form, which is useful in analyzing multilayer struc- 
tures and is common in the thin-film literature [176,178,182,193]: 


E| cos ô jn™tno sind E> Í f 
EB | = P sinô oss H, (propagation matrix) (4.1.14) 


where 6 is the propagation phase constant, 6 = kl = kọnl = 2r (nl) /àọ, and nl the 
optical length. Eqs. (4.1.13) and (4.1.7), imply for the propagation of the wave impedance: 


E> Vase 
Ei E> cos kl + jnH2 sinkl H> coskl + jn sinkl 


H, jEọņ~' sinkl + Hz coskl n 


Z= E; 
n cos kl Hp sinkl 


which gives: 


Z2 cos kl + jn sinkl ; 
ae g t 4.1.15 
BER n cos kl + jZ2 sinkl (impedance propagation) ( ) 
It can also be written in the form: 
Z2 + jntankl 
r 2 ald | (impedance propagation) (4.1.16) 


A useful way of expressing Z, is in terms of the reflection coefficient 2. Using (4.1.7) 
and (4.1.12), we have: 


z 147, 1 + Toe?) gi 
DN eat I r,e i i 
1 + Te? 


We mention finally two special propagation cases: the half-wavelength and the quarter- 
wavelength cases. When the propagation distance is l = A/2, or any integral multiple 
thereof, the wave impedance and reflection coefficient remain unchanged. Indeed, we 
have in this case kl = 2trl/A = 2111/2 = Tr and 2kl = 2rr. It follows from Eq. (4.1.12) 
that lı = I> and hence Z; = Z2. 

If on the other hand ] = 4/4, or any odd integral multiple thereof, then kl = 21r/4 = 
t/2 and 2kl = tr. The reflection coefficient changes sign and the wave impedance 
inverts: 


idee 1-TI> 1 n? 
n =n =n = 
1-Iy 1 +Tp Z2/n Z2 


Ti = TeK = P,e)" To Zı 
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Thus, we have in the two cases: 


A 
l=5 > Zı = Z9, TI, =T? 

r j? (4.1.18) 
l= Z= li = -T 

4 1 Za’ 1 2 


4.2 Matching Matrices 


Next, we discuss the matching conditions across dielectric interfaces. We consider a 
planar interface (taken to be the xy-plane at some location z) separating two dielec- 
tric/conducting media with (possibly complex-valued) characteristic impedances n,n’, 
as shown in Fig. 4.2.1.1 


nin n in n in 
E, E, E, E E = ia 
E_ Et E_=pE, E_=T'EL EL 
pT PIT p.t OAT p.t O 


Fig. 4.2.1 Fields across an interface. 


Because the normally incident fields are tangential to the interface plane, the bound- 
ary conditions require that the total electric and magnetic fields be continuous across 
the two sides of the interface: 


E=F 


H=H' (continuity across interface) (4.2.1) 


In terms of the forward and backward electric fields, Eq. (4.2.1) reads: 


E, +E_ =F, +E 


1 1 (4.2.2) 
aij- 


Eq. (4.2.2) may be written in a matrix form relating the fields E+ on the left of the 
interface to the fields E’, on the right: 


Ex, | 1] 1 p E, . . 
| E | = | | | E | (matching matrix) (4.2.3) 


and inversely: 


tThe arrows in this figure indicate the directions of propagation, not the direction of the fields—the field 
vectors are perpendicular to the propagation directions and parallel to the interface plane. 
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E’, ~ 1 1 p’ E, 3 . 
| E |- zI pı || E | (matching matrix) (4.2.4) 


where {p, T} and {p’,T’} are the elementary reflection and transmission coefficients 
from the left and from the right of the interface, defined in terms of n, n’ as follows: 


n'-n 2n’ 
p= i CaS (4.2.5) 
n +n n +n 
r AT ; 2n 
p= Fite = : (4.2.6) 
n+n n+n 
Writing n = no/n and n’ = no/n’, we have in terms of the refractive indices: 
n-n' 2n 
o n+n'’ = n+n 
(4.2.7) 
, n-n 7 2n’ 


= T= 
P n +n’ n'+n 


These are also called the Fresnel coefficients. We note various useful relationships: 


T=1+p, p'=-p, T=1+p¢ =1-p, TT =1-p? (4.2.8) 


In summary, the total electric and magnetic fields E, H match simply across the 
interface, whereas the forward/backward fields E+ are related by the matching matrices 
of Eqs. (4.2.3) and (4.2.4). An immediate consequence of Eq. (4.2.1) is that the wave 
impedance is continuous across the interface: 


E £ 

Z=—==—=Z' 
H #H’ 

On the other hand, the corresponding reflection coefficients T = E_/E, and I’ = 
E/E‘, match in a more complicated way. Using Eq. (4.1.7) and the continuity of the 
wave impedance, we have: 

1+ ,l +I 


Z-Z 
ni r niy 


which can be solved to get: 


REL and peoch th 
1 + pI’ 1+p'T 


The same relationship follows also from Eq. (4.2.3): 


1 a 
eas if. 1 + A A 
a E q (PE, +E) P E PAL 
= BE T ; E 14+ pi!’ 
— (E, + pE_ 1+ 
zí + + pE_) PE 
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To summarize, we have the matching conditions for Z and T: 


; p+" ,_ Poe 
Z=Z T Lpr TES (4.2.9) 


Two special cases, illustrated in Fig. 4.2.1, are when there is only an incident wave 
on the interface from the left, so that E’ = 0, and when the incident wave is only from 
the right, so that E+ = 0. In the first case, we have I” = E/E}, = 0, which implies 
Z =n (1 +T')/(1-T')= n’. The matching conditions give then: 


fe Pez p+’ 
Z=Z =n, T= = 
n 1+ pl’ 


The matching matrix (4.2.3) implies in this case: 


Pa eli ee 


Expressing the reflected and transmitted fields E_, E’, in terms of the incident field E+, 
we have: 


qe 


ES = pE+ 


E, = TE, (left-incident fields) (4.2.10) 


This justifies the terms reflection and transmission coefficients for p and T. In the 
right-incident case, the condition E+ = 0 implies for Eq. (4.2.4): 


Re e ee] 


These can be rewritten in the form: 


(right-incident fields) (4.2.11) 


which relates the reflected and transmitted fields E’,, E_ to the incident field E“. In this 
case l = E_/E, = œ and the third of Eqs. (4.2.9) gives I” = E_/E', = 1/p’, which is 
consistent with Eq. (4.2.11). 

When there are incident fields both from both sides, that is, E+, E, we may invoke 
the linearity of Maxwell’s equations and add the two right-hand sides of Eqs. (4.2.10) 
and (4.2.11) to obtain the outgoing fields E’,, E- in terms of the incident ones: 


El, = TE, + p'EL 


E- = pE, +E (4.2.12) 


This gives the scattering matrix relating the outgoing fields to the incoming ones: 


E'. la ee p’ E, : F 
| E |- | pi || F | (scattering matrix) (4.2.13) 


Using the relationships Eq. (4.2.8), it is easily verified that Eq. (4.2.13) is equivalent 
to the matching matrix equations (4.2.3) and (4.2.4). 
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4.3 Reflected and Transmitted Power 


For waves propagating in the z-direction, the time-averaged Poynting vector has only a 
Zz-component: 


P = Z Re(&EX 9H") = 2- Re(EH*) 


1 
2 

A direct consequence of the continuity equations (4.2.1) is that the Poynting vector 
is conserved across the interface. Indeed, we have: 


P = | Re(EH*)= > Re(E'H'*)= P’ (4.3.1) 


In particular, consider the case of a wave incident from a lossless dielectric n onto a 
lossy dielectric n’. Then, the conservation equation (4.3.1) reads in terms of the forward 
and backward fields (assuming E^ = 0): 


1 A 1 
-J IE, =P 


pad 
2n 


= By E+ — |E_|*) = Re( 


The left hand-side is the difference of the incident and the reflected power and rep- 
resents the amount of power transmitted into the lossy dielectric per unit area. We saw 
in Sec. 2.6 that this power is completely dissipated into heat inside the lossy dielectric 
(assuming it is infinite to the right.) Using Eqs. (4.2.10), we find: 


1 
P= — |E, (A — 2)= R 
TA +l ( lp|*) el; 


1 
5) Leslie |? (4.3.2) 
n 
This equality requires that: 
1- |pl?)=Re(+) Ir? (4.3.3) 
n n’ 


This can be proved using the definitions (4.2.5). Indeed, we have: 


ies 1-|pl? 1-lpl? 
ee a a re( 7) lp! Ip! 


n 1+p n’) |1+pl? |T|? 


which is equivalent to Eq. (4.3.3), if n is lossless (i.e., real.) Defining the incident, re- 
flected, and transmitted powers by 


1 
Pin = |E41? 
2n 


1 1 
Pret = opal = zy E+ lel’ = Panlpl’ 


1 i 1 
Pr =Re(5 IEW = Re( 


ay) HE+ PIT? = Pin Rel) Itl? 


Then, Eq. (4.3.2) reads Pe = Pin — Prep. The power reflection and transmission 
coefficients, also known as the reflectance and transmittance, give the percentage of the 
incident power that gets reflected and transmitted: 
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Pret 2 Pir 2 n 2 n’ 2 
Be Fees Pp, =} lp| Ree Re(~)It| (4.3.4) 
If both dielectrics are lossless, then p,T are real-valued. In this case, if there are 
incident waves from both sides of the interface, it is straightforward to show that the 
net power moving towards the z-direction is the same at either side of the interface: 


1 
E' |? 
zy (IES I 


This follows from the matrix identity satisfied by the matching matrix of Eq. (4.2.3): 


If p, T are real, then we have with the help of this identity and Eq. (4.2.3): 
i 2z 2i i * p* 1 0 E, 
oy (ESI MEI) = SELES ETI] g er E 


= 2n [E ae le | p* 1 0 =Ï p 1 E 
_ in 1 * 1 * 1 0 E; 1 112 TDN = $ 


Example 4.3.1: Glasses have a refractive index of the order of n = 1.5 and dielectric constant 
€ = n?co = 2.25€ọ. Calculate the percentages of reflected and transmitted powers for 
visible light incident on a planar glass interface from air. 


1 ; i 
P = 5g (lE+l? - IE-1°) = |E |°) =? (4.3.5) 


P= 


Solution: The characteristic impedance of glass will be n = no/n. Therefore, the reflection and 
transmission coefficients can be expressed directly in terms of n, as follows: 


_n=No nt-1 l-n 


P n+no n!+1 l+n’ ae cee ee 
For n = 1.5, we find p = —0.2 and T = 0.8. It follows that the power reflection and 
transmission coefficients will be 
|p|? =0.04, 1-|pl* =0.96 
That is, 4% of the incident power is reflected and 96% transmitted. o 


Example 4.3.2: A uniform plane wave of frequency f is normally incident from air onto a thick 
conducting sheet with conductivity o, and € = €9, H = Ho. Show that the proportion 
of power transmitted into the conductor (and then dissipated into heat) is given approxi- 


mately by 
Py 4R; E 
Pin no o 


Calculate this quantity for f = 1 GHz and copper o = 5.8X10’ Siemens/m. 
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Solution: For a good conductor, we have ,/wéo/a < 1. It follows from Eq. (2.8.4) that Rs/No = 
\(W€9/20 < 1. From Eq. (2.8.2), the conductor’s characteristic impedance is ne = Rs (1 + 
Jj). Thus, the quantity n¢/No = (1+ j)Rs/No is also small. The reflection and transmission 
coefficients p, T can be expressed to first-order in the quantity ne/no as follows: 


a 2Ne i 2Nc 
Ne+No No’ No 


Similarly, the power transmission coefficient can be approximated as 


2Re(Nc) 4Rs 
no no 


1- |p|? =1- |T- 1|? =1-1- |T|? + 2Re(t) = 2Re(T)= 2 


where we neglected |T|? as it is second order in nc/no. For copper at 1 GHz, we have 
\(WEo/20 = 2.19X10-°, which gives Rs = No. WEo/20 = 377X2.19X10~° = 0.0082 Q. It 
follows that 1 — |p|? = 4R2/no = 8.76X10~°. 


This represents only a small power loss of 8.76X10~? percent and the sheet acts as very 
good mirror at microwave frequencies. 


On the other hand, at optical frequencies, e.g., f = 600 THz corresponding to green 
light with A = 500 nm, the exact equations (2.6.5) yield the value for the character- 
istic impedance of the sheet ne = 6.3924 + 6.3888i © and the reflection coefficient 
p = —0.9661 + 0.0328i. The corresponding power loss is 1 — |p|? = 0.065, or 6.5 percent. 
Thus, metallic mirrors are fairly lossy at optical frequencies. o 


Example 4.3.3: A uniform plane wave of frequency f is normally incident from air onto a thick 
conductor with conductivity o, and € = €9, H = Ho. Determine the reflected and trans- 
mitted electric and magnetic fields to first-order in n¢/no and in the limit of a perfect 
conductor (Ne = 0). 


Solution: Using the approximations for p and T of the previous example and Eq. (4.2.10), we 
have for the reflected, transmitted, and total electric fields at the interface: 


For a perfect conductor, we have 0 — œ and ne/no > 0. The corresponding total tangen- 
tial electric field becomes zero E = E’ = 0, and p = —1, T = 0. For the magnetic fields, we 
need to develop similar first-order approximations. The incident magnetic field intensity 
is Hy = E,/no. The reflected field becomes to first order: 


Similarly, the transmitted field is 
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Hee LE, = rE, = Pry, = 2e y, = 2 n, =2(1- 2) n, 
Ne Ne Ne Ne Ne + No Ne + No 


The total tangential field at the interface will be: 


H=H,+H_ 2(1 te) a, H 2H 
0 


In the perfect conductor limit, we find H = H’ = 2H. As we saw in Sec. 2.6, the fields just 


inside the conductor, EF’, , H’, will attenuate while they propagate. Assuming the interface 
is at Z = 0, we have: 


E(@=Ee Ve, H’ (z)= H' e~ Vel! 


where & = B = (1 —j)/6, and 6 is the skin depth 6 = ./wya/2. We saw in Sec. 2.6 that 
the effective surface current is equal in magnitude to the magnetic field at z = 0, that is, 
Js = H',. Because of the boundary condition H = H’ = H',, we obtain the result J; = H, 
or vectorially, J; = H x z = ñ x H, where ñ = —zZ is the outward normal to the conductor. 


This result provides a justification of the boundary condition J; = fh x H at an interface 
with a perfect conductor. o 


4.4 Single Dielectric Slab 


Multiple interface problems can be handled in a straightforward way with the help of 
the matching and propagation matrices. For example, Fig. 4.4.1 shows a two-interface 
problem with a dielectric slab nı separating the semi-infinite media Ng and np. 


<—— l —» 


Na 11, ky Nb 


' ' 
E Ei E, Ez, 
ai > > 


< ~< 
EL O 


P15T, P2 
Z Z 
LaTi R, I 


Fig. 4.4.1 Single dielectric slab. 


Let l; be the width of the slab, kı = w/c , the propagation wavenumber, and A, = 
2TT/k; the corresponding wavelength within the slab. We have A; = Àọo/n1, where Aq is 
the free-space wavelength and n, the refractive index of the slab. We assume the incident 
field is from the left medium na, and thus, in medium np there is only a forward wave. 
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Let p1, p2 be the elementary reflection coefficients from the left sides of the two 
interfaces, and let T1, T2 be the corresponding transmission coefficients: 


—_ m—"a —_ Nb-™ 
nta’ O mtm’ 
To determine the reflection coefficient Tı into medium na, we apply Eq. (4.2.9) to 
relate I’; to the reflection coefficient T} at the right-side of the first interface. Then, we 
propagate to the left of the second interface with Eq. (4.1.12) to get: 


pı Tı=1+Ppı, T2=1+p2 (4.4.1) 


pı +T pı + Tze- 


Ti = = 
T+ pil, 1+ peah 


(4.4.2) 


At the second interface, we apply Eq. (4.2.9) again to relate T to 5. Because there 
are no backward-moving waves in medium np, we have I” 5 = 0. Thus, 


_ P+ 


g lap 


2 


We finally find for T: 


pı + poean 
1 + pip2e-Vkih 


1 (4.4.3) 


This expression can be thought of as function of frequency. Assuming a lossless 
medium 11, we have 2kılı = w(2l,/c,)= wT, where T = 21,/c, = 2(nılı)/Co is the 
two-way travel time delay through medium nı. Thus, we can write: 


pipe tet 


Pi) =e 
WOT pipea 


(4.4.4) 


This can also be expressed as a Z-transform. Denoting the two-way travel time delay 
in the z-domain by z~! = eJ®? = e™2ikil we may rewrite Eq. (4.4.4) as the first-order 
digital filter transfer function: 


Pit poz} 


F. — 
a 1+ pip2z-1 


(4.4.5) 


An alternative way to derive Eq. (4.4.3) is working with wave impedances, which 
are continuous across interfaces. The wave impedance at interface-2 is Z? = Z5, but 
Z, = Np because there is no backward wave in medium np. Thus, Z2 = np. Using the 
propagation equation for impedances, we find: 


Zo + jm tankılı Sii np + jn, tankılı 
nı + jZ2 tankılı nı + jnp tankılı 


Zı=Zi=mMm 


Inserting this into Tı = (Z1 — na) /(Zı + Na) gives Eq. (4.4.3). Working with wave 
impedances is always more convenient if the interfaces are positioned at half- or quarter- 
wavelength spacings. 

If we wish to determine the overall transmission response into medium np, that is, 
the quantity T = E}, /E1+, then we must work with the matrix formulation. Starting at 
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the left interface and successively applying the matching and propagation matrices, we 
obtain: 


Ey = EY 1 pi Ej, a A 1 pı eJkih 0 Eo, 
Fi- Tı| Pı 1 E -| n| 1! 0 eJkih Ez- 
ifi aļ|| o |i spac | Es 
T/A: 1 o evkih |t, | p 1 0 


where we set E5_ = 0 by assumption. Multiplying the matrix factors out, we obtain: 


en 2ikih \ p’ 
E\4 = (1+ pip2e 98") Fo, 
T1T2 
ikal 
elst y 
E- = ET se kh E; 
a (Pı+Pp ) Eb, 


These may be solved for the reflection and transmission responses: 


r Eiz pı + poe dkih 
ES Fis ae Pip2e skh 
; (4.4.6) 
"E Ez, z TT 2e Skil 
Ej, 14+ pipz2e-kih 


The transmission response has an overall delay factor of e~Jkil = e-JT/2 | repre- 
senting the one-way travel time delay through medium n1. 

For convenience, we summarize the match-and-propagate equations relating the field 
quantities at the left of interface-1 to those at the left of interface-2. The forward and 
backward electric fields are related by the transfer matrix: 


Fi, | 1] A ejkılı 0 E24 
E- | t/a 1 0 eh Ep- 


l l (4.4.7) 
E+ 1 gah. è p;e-Jkih E24 
E; = Ti pieh eJkih Eo_ 
The reflection responses are related by Eq. (4.4.2): 
+ Poe2ikih 
eee (4.4.8) 


1+ pıľ[2e72jkih 


The total electric and magnetic fields at the two interfaces are continuous across the 
interfaces and are related by Eq. (4.1.13): 


Ey = cos kılı jm sin kılı E> (4.4.9) 

Hı jnī! sin kılı cos kılı H> ae 
Eqs. (4.4.7)-(4.4.9) are valid in general, regardless of what is to the right of the second 
interface. There could be a semi-infinite uniform medium or any combination of multiple 


slabs. These equations were simplified in the single-slab case because we assumed that 
there was a uniform medium to the right and that there were no backward-moving waves. 
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For lossless media, energy conservation states that the energy flux into medium nı 
must equal the energy flux out of it. It is equivalent to the following relationship between 
IT and T, which can proved using Eq. (4.4.6): 


1 


Na 


(1-1Fi|*) = lire (4.4.10) 
Nb 


Thus, if we call |I',|* the reflectance of the slab, representing the fraction of the 
incident power that gets reflected back into medium na, then the quantity 


1- rl? = 22 r = Tr (4.4.11) 
Nb Na 


will be the transmittance of the slab, representing the fraction of the incident power that 
gets transmitted through into the right medium np. The presence of the factors na, Np 
can be can be understood as follows: 


tog |? 
P transmitted 7 2n at 2 Na IT]? 
P incident 1 |El? Nb 

2Na 


4.5 Reflectionless Slab 


The zeros of the transfer function (4.4.5) correspond to a reflectionless interface. Such 
zeros can be realized exactly only in two special cases, that is, for slabs that have either 
half-wavelength or quarter-wavelength thickness. It is evident from Eq. (4.4.5) that a 
zero will occur if pı + 92z~! = 0, which gives the condition: 


z= eth — P2 (4.5.1) 
Pl 


Because the right-hand side is real-valued and the left-hand side has unit magnitude, 
this condition can be satisfied only in the following two cases: 


z= ejk = 1, P2 = -P, (half-wavelength thickness) 


z= ekl = -l, P2=Pi, (quarter-wavelength thickness) 


The first case requires that 2k,1, be an integral multiple of 277, that is, 2k,l,; = 2mrr, 
where m is an integer. This gives the half-wavelength condition 1; = mA,/2, where A, 


is the wavelength in medium-1. In addition, the condition pọ = —p, requires that: 
np -nı Na- nı 
= p= = = Nb 
ma OT em mee 


that is, the media to the left and right of the slab must be the same. The second pos- 
sibility requires e2/Ki = —1, or that 2kılı be an odd multiple of Tr, that is, 2k], = 
(2m + 1)Tt, which translates into the quarter-wavelength condition l; = (2m+1)Aj,/4. 
Furthermore, the condition p? = pı requires: 


nb- nı pa Erie 
nb + Nı nı + Na 


nt = Nanp 
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To summarize, a reflectionless slab, lı = 0, can be realized only in the two cases: 


A 
half-wave: l=m E nı arbitrary, Na = Np 


2" (4.5.2) 


A 
quarter-wave: ly = (2m +1) a nı = Manb, Nas Np arbitrary 


An equivalent way of stating these conditions is to say that the optical length of 
the slab must be a half or quarter of the free-space wavelength Ag. Indeed, if nı is the 
refractive index of the slab, then its optical length is nılı, and in the half-wavelength 
case we have nl, = nymA,/2 = mAg/2, where we used A, = Àọ/n1. Similarly, we have 
nil, = (2m + 1)ào/4 in the quarter-wavelength case. In terms of the refractive indices, 
Eq. (4.5.2) reads: 


A 
half-wave: nl, =m av , nı arbitrary, Mg = Np 
2 (4.5.3) 
Ào . . 
quarter-wave: ml, = (2m + 1) ra nı = ./NgNp, Na, Np arbitrary 


The reflectionless matching condition can also be derived by working with wave 
impedances. For half-wavelength spacing, we have from Eq. (4.1.18) Z; = Z2 = np. The 
condition T1 = 0 requires Z; = Na, thus, matching occurs if Ng = np. Similarly, for the 
quarter-wavelength case, we have Z ni/ Z2 ni/ Nb = Na- 

We emphasize that the reflectionless response I; = 0 is obtained only at certain slab 
widths (half- or quarter-wavelength), or equivalently, at certain operating frequencies. 
These operating frequencies correspond to WT = 2mm, or, wT = (2m + 1)Tr, that is, 
w = 2MT/T = mW, or, w = (2M + 1) Wo/2, where we defined Wo = 2T1/T. 

The dependence on lı or w can be seen from Eq. (4.4.5). For the half-wavelength 
case, we substitute p? = —pı and for the quarter-wavelength case, p2 = pı. Then, the 
reflection transfer functions become: 


poe 
T(z) = pul a , (half-wave) 
1 — pjz-! 
( 1) (4.5.4) 
pı( l +z 
rı(z) = P uarter-wave 
1(Z) Lape (q ) 
where z = eVkih = eJ/T The magnitude-square responses then take the form: 
24, _ 207 _ 
Ir = aus costekihs))). Z Pid cos wT) a (half-wave) 
1—2p{cos(2k\h)+pj 1-—2piîícoswT + pj 
(4.5.5) 
2pi (1+ 2kil 2p7 (1+ T 
|r|? = pil 5 cose D) = ate Cos A (quarter-wave) 
1 + 2p{cos(2kih)+pj 1+ 2pj{coswT + pj 


These expressions are periodic in lı with period A, /2, and periodic in w with period 
Wo = 21t/T. In DSP language, the slab acts as a digital filter with sampling frequency 
Wo. The maximum reflectivity occurs at z = —1 and z = 1 for the half- and quarter- 
wavelength cases. The maximum squared responses are in either case: 
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Api 


Fila = Ty . op 
1 


Fig. 4.5.1 shows the magnitude responses for the three values of the reflection co- 
efficient: |p | = 0.9, 0.7, and 0.5. The closer p; is to unity, the narrower are the reflec- 
tionless notches. 


A cag pes A IT (w)? quarter-wavelength 
1+. 


i =~ a \) ie 
ANA NAA 
~ | a WW 
| \ wis | | / | | = 


0 Wy Wy 3Wy 2w 5Wy 3 0 Wy Wy 3Wy) 2w 5w 3Wy 
2 2 2 2 2 


Fig. 4.5.1 Reflection responses |I'(w) |*. (a) |p1| = 0.9, (b) [pı l = 0.7, (c) |p1| = 0.5. 


It is evident from these figures that for the same value of pı, the half- and quarter- 
wavelength cases have the same notch widths. A standard measure for the width is the 
3-dB width, which for thge half-wavelength case is twice the 3-dB frequency w3, that 
is, Aw = 2w3, as shown in Fig. 4.5.1 for the case |p;| = 0.5. The frequency w3 is 
determined by the 3-dB half-power condition: 


1 9 
IT1(w3) |? = 3 |T | max 


or, equivalently: 


2p% (1 — cos w3T) 1 Ap: 
1—2p%cosw3T + pi 2 (1+ p?)? 


Solving for the quantity cos w3T = cos(AWT/2), we find: 


2 _ 2 
anly ic qn LA (4.5.6) 


2’ 1+ 9% 4 1+p% 


cos ( 


If pi is very near unity, then 1 — pi and Aw become small, and we may use the 
approximation tanx = x to get: 
AwT 1-pi _1-pi 


4 1+ 2 


which gives the approximation: 
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AwT = 2(1— pî) (4.5.7) 


This is a standard approximation for digital filters relating the 3-dB width of a pole 
peak to the radius of the pole [52]. For any desired value of the bandwidth Aw, Eq. (4.5.6) 
or (4.5.7) may be thought of as a design condition that determines p1. 

Fig. 4.5.2 shows the corresponding transmittances 1 — |I: (w) |? of the slabs. The 
transmission response acts as a periodic bandpass filter. This is the simplest exam- 
ple of a so-called Fabry-Perot interference filter or Fabry-Perot resonator. Such filters 
find application in the spectroscopic analysis of materials. We discuss them further in 
Chap. 5. 


A 1-IT;(w)l? half-wavelength 4 1-1; (w)? quarter-wavelength 
1 H 


— 
=> 
=Z 


0 Wy Wy 3Wy 2w SW, 3%, 0 Wy Wy 3% 2Wy SW, 3Wy 
2 2 2 2 2 2 


Fig. 4.5.2 Transmittance of half- and quarter-wavelength dielectric slab. 


Using Eq. (4.5.5), we may express the frequency response of the half-wavelength 
transmittance filter in the following equivalent forms: 
a-p)? 1 
1—2picoswT +p; 1+ Fsin?(wT/2) 


1—|I\(w)|? (4.5.8) 


where the F is called the finesse in the Fabry-Perot context and is defined by: 


2p: 


FG py 


The finesse is a measure of the peak width, with larger values of F corresponding 
to narrower peaks. The connection of F to the 3-dB width (4.5.6) is easily found to be: 


AUT, 1-p? 1 
4 1+pi y2+F 
Quarter-wavelength slabs may be used to design anti-reflection coatings for lenses, 
so that all incident light on a lens gets through. Half-wavelength slabs, which require that 
the medium be the same on either side of the slab, may be used in designing radar domes 
(radomes) protecting microwave antennas, so that the radiated signal from the antenna 
goes through the radome wall without getting reflected back towards the antenna. 


tan ( (4.5.9) 
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Example 4.5.1: Determine the reflection coefficients of half- and quarter-wave slabs that do not 
necessarily satisfy the impedance conditions of Eq. (4.5.2). 


Solution: The reflection response is given in general by Eq. (4.4.6). For the half-wavelength case, 
we have e¥/ki1 = 1 and we obtain: 


NiNa , Mb 7M 
PitpP2 _ M+Na Nb+M _ Nb-Na _ Na- Nb 


1+ pips q4 nan M ë np+na Na+ 
m+Na No +M 


1 


This is the same as if the slab were absent. For this reason, half-wavelength slabs are 
sometimes referred to as absentee layers. Similarly, in the quarter-wavelength case, we 


have e%kılı = —1 and find: 
2 2 
Ti= Pı- P2 _ Ni Nab _ Nap- NY 
1- pıP2?  nit+nan Naty t+ny 
The slab becomes reflectionless if the conditions (4.5.2) are satisfied. o 


Example 4.5.2: Antireflection Coating. Determine the refractive index of a quarter-wave antire- 
flection coating on a glass substrate with index 1.5. 


Solution: From Eq. (4.5.3), we have with ng = 1 and np = 1.5: 


ny = /NgNp = V1.5 = 1.22 


The closest refractive index that can be obtained is that of cryolite (Na3AIF,g) with nı = 
1.35 and magnesium fluoride (MgF,) with nı = 1.38. Magnesium fluoride is usually pre- 
ferred because of its durability. Such a slab will have a reflection coefficient as given by 
the previous example: 


Pi-P2 _Mi-—NaNb _ Nany- ni _ 1.5- 1.38? 


1O 1- p0p? N?+nNanp Nanp+n? 1.541.382 — 


0.118 


with reflectance |I|? = 0.014, or 1.4 percent. This is to be compared to the 4 percent 
reflectance of uncoated glass that we determined in Example 4.3.1. 


Fig. 4.5.3 shows the reflectance |F (A)|? as a function of the free-space wavelength A. The 
reflectance remains less than one or two percent in the two cases, over almost the entire 
visible spectrum. 


The slabs were designed to have quarter-wavelength thickness at Ag = 550 nm, that is, the 
optical length was nılı = Ao/4, resulting in lı = 112.71 nm and 99.64 nm in the two cases 
of nı = 1.22 and nı = 1.38. Such extremely thin dielectric films are fabricated by means 
of a thermal evaporation process [176,178]. 


The MATLAB code used to generate this example was as follows: 


n = [1, 1.22, 1.50]; L = 1/4; refractive indices and optical length 
lambda = linspace(400,700,101) / 550; visible spectrum wavelengths 
Gammal = multidiel(n, L, lambda); reflection response of slab 
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Antireflection Coating on Glass 
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Fig. 4.5.3 Reflectance over the visible spectrum. 


The syntax and use of the function multidiel is discussed in Sec. 5.1. The dependence 
of I on A comes through the quantity kılı = 2T (nılı)/A. Since nılı = Ao/4, we have 
kılı = O.57TAg/A. Oo 


Example 4.5.3: Thick Glasses. Interference phenomena, such as those arising from the mul- 
tiple reflections within a slab, are not observed if the slabs are “thick” (compared to the 
wavelength.) For example, typical glass windows seem perfectly transparent. 


If one had a glass plate of thickness, say, of | = 1.5 mm and index n = 1.5, it would have 
optical length nl = 1.5x1.5 = 2.25 mm = 225x104 nm. At an operating wavelength 
of Ag = 450 nm, the glass plate would act as a half-wave transparent slab with nl = 
104 (Ao/2), that is, 104 half-wavelengths long. 


Such plate would be very difficult to construct as it would require that / be built with 
an accuracy of a few percent of Ao/2. For example, assuming n(Al)= 0.01(Ao/2), the 
plate should be constructed with an accuracy of one part in a million: Al/l = nAl/ (nl) = 
0.01/104 = 10~®. (That is why thin films are constructed by a carefully controlled evapo- 
ration process.) 


More realistically, a typical glass plate can be constructed with an accuracy of one part ina 
thousand, Al/I = 1073, which would mean that within the manufacturing uncertainty Al, 
there would still be ten half-wavelengths, nAA = 1073 (nl) = 10(Ao/2). 


The overall power reflection response will be obtained by averaging |I; |? over several Ay /2 
cycles, such as the above ten. Because of periodicity, the average of |1; |? over several cycles 
is the same as the average over one cycle, that is, 


1 wo 

ri? = — |r (co) |? dew 

Wo Jo 

where Wo = 27t/T and T is the two-way travel-time delay. Using either of the two expres- 
sions in Eq. (4.5.5), this integral can be done exactly resulting in the average reflectance 
and transmittance: 


1— pi 2n 
l+pi n+l 


2p 
1+ pj 


Pi |? (4.5.10) 
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where we used pı = (1 — n)/(1 +n). This explains why glass windows do not exhibit a 
frequency-selective behavior as predicted by Eq. (4.5.5). For n = 1.5, we find 1 — |I|? = 
0.9231, that is, 92.31% of the incident light is transmitted through the plate. 


The same expressions for the average reflectance and transmittance can be obtained by 
summing incoherently all the multiple reflections within the slab, that is, summing the 
multiple reflections of power instead of field amplitudes. The timing diagram for such 
multiple reflections is shown in Fig. 4.6.1. 


Indeed, if we denote by p, = pf and p; = 1 — pr = 1 — pî, the power reflection and trans- 
mission coefficients, then the first reflection of power will be p,. The power transmitted 
through the left interface will be p, and through the second interface p? (assuming the 
same medium to the right.) The reflected power at the second interface will be pip, and 
will come back and transmit through the left interface giving p?p,. 


Similarly, after a second round trip, the reflected power will be pp}, while the transmitted 
power to the right of the second interface will be p?p2, and so on. Summing up all the 
reflected powers to the left and those transmitted to the right, we find: 


2 
a 2p 
Ti (2 L p?p, + pèp? + pèp? tee: , PtPr r 
Iri] Pr + PiPr + PiP + PiP Pr 1-p 1+p 
2 
l-p 
1-72 24 Wn pppi pa Pt r 
l 1l Pt PtPr + PrPr 1- pz 1+p, 
where we used pi = 1 — pr. These are equivalent to Eqs. (4.5.10). o 


Example 4.5.4: Radomes. A radome protecting a microwave transmitter has € = 4€ọ and is 
designed as a half-wavelength reflectionless slab at the operating frequency of 10 GHz. 
Determine its thickness. 


Next, suppose that the operating frequency is 1% off its nominal value of 10 GHz. Calculate 
the percentage of reflected power back towards the transmitting antenna. 


Determine the operating bandwidth as that frequency interval about the 10 GHz operating 
frequency within which the reflected power remains at least 30 dB below the incident 
power. 


Solution: The free-space wavelength is Ay = Co/fo = 30 GHz cm/10 GHz = 3 cm. The refractive 
index of the slab is n = 2 and the wavelength inside it, A} = Ao/n = 3/2 = 1.5 cm. Thus, 
the slab thickness will be the half-wavelength lı = A;/2 = 0.75 cm, or any other integral 
multiple of this. 


Assume now that the operating frequency is w = Wo + Ôw, where Wo = 2Ttfo = 2T1/T. 
Denoting 6 = 6W/Wo, we can write w = Wo(1 + ô). The numerical value of 6 is very 
small, 6 = 1% = 0.01. Therefore, we can do a first-order calculation in 6. The reflection 
coefficient pı and reflection response I are: 


n-no 0.5-1 1 pid-z!) pı- eT) 
» I\(w) 2 2 
n+no 0.5+1 3 1 — piz! 1 — pjeJor 


Pı 


where we used n = No/n = no/2. Noting that wT = WoT (1 + 6)= 2T (1 + 6), we can 
expand the delay exponential to first-order in 6: 


giz e Jer = e727 (1+6) = e 2M e72Tjð = e72 Tið =]— 2j 
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Thus, the reflection response becomes to first-order in 6: 


pa pi(1— (1 -2rjô)) pi2Trjd _ p27 jo 
pS 2a i5 = eae Onis Py 
1 — py (1 — 2776) 1— py + pi2Tj 1- pt 


where we replaced the denominator by its zeroth-order approximation because the numer- 
ator is already first-order in 6. It follows that the power reflection response will be: 


mp = Pu eo 
a- pt)? 
Evaluating this expression for 6 = 0.01 and pı = —1/3, we find |I|? = 0.00049, or 


0.049 percent of the incident power gets reflected. Next, we find the frequency about 
wọ at which the reflected power is A = 30 dB below the incident power. Writing again, 
w = Wo + dW = Wo(1 + 6) and assuming ô is small, we have the condition: 


py (217d)* _ Pre _ 10740 > _l = Pt 1 -as20 
(1 - pt)? Pinc 2TT| P1| 


Irl? = 


Evaluating this expression, we find 6 = 0.0134, or dW = 0.0134W . The bandwidth will 
be twice that, Aw = 26w = 0.0268w9, or in Hz, Af = 0.0268f9 = 26.8 MHz. (m 


Example 4.5.5: Because of manufacturing imperfections, suppose that the actual constructed 
thickness of the above radome is 1% off the desired half-wavelength thickness. Determine 
the percentage of reflected power in this case. 


Solution: This is essentially the same as the previous example. Indeed, the quantity 0 = wT = 
2kılı = 2wl,/c, can change either because of w or because of lı. A simultaneous in- 
finitesimal change (about the nominal value 09 = WoT = 27r) will give: 


00 = 2(8w)lı/cı + 2W9 (6h) /cy ô i 


In the previous example, we varied w while keeping lı constant. Here, we vary lı, while 
keeping w constant, so that 6 = 61,/1,. Thus, we have 60 = 006 = 2Trô. The correspond- 
ing delay factor becomes approximately z~! = eJ® = eJ2m+09) = 1 — j§9 = 1 - 2776. 
The resulting expression for the power reflection response is identical to the above and its 
numerical value is the same if 6 = 0.01. o 


Example 4.5.6: Because of weather conditions, suppose that the characteristic impedance of 
the medium outside the above radome is 1% off the impedance inside. Calculate the per- 
centage of reflected power in this case. 


Solution: Suppose that the outside impedance changes to nb = No + ôn. The wave impedance 
at the outer interface will be Z2 = np = no + On. Because the slab length is still a half- 
wavelength, the wave impedance at the inner interface will be Zı = Z2 = no + On. It 
follows that the reflection response will be: 


_ 41-0 _no+ôn-m __ ôn _ On 
Zı+no Not+On+No 2No+6n 2No 


ni 


where we replaced the denominator by its zeroth-order approximation in 6n. Evaluating 
at 6n/nNo = 1% = 0.01, we find I’, = 0.005, which leads to a reflected power of |r|? = 
2.5x107°, or, 0.0025 percent. o 
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4.6 Time-Domain Reflection Response 


We conclude our discussion of the single slab by trying to understand its behavior in 
the time domain. The z-domain reflection transfer function of Eq. (4.4.5) incorporates 
the effect of all multiple reflections that are set up within the slab as the wave bounces 
back and forth at the left and right interfaces. Expanding Eq. (4.4.5) in a partial fraction 
expansion and then in power series in z~! gives: 


n-1,n 


pi) (p1) t p8 z" 


rı (z)= = = 


pı+pz! 1 1 (1-9) +a 
L+pipez* pi pi l+tpipaz = 


Using the reflection coefficient from the right of the first interface, p} = —p1, and the 
transmission coefficients Tı = 1 + p1 and T4 = 1+ p4 = 1 — p1, we have T1T; = 1- på. 
Then, the above power series can be written as a function of frequency in the form: 

foe} foe} 
F1(w)= p+ DTT} (1) pir” = pit 2 ntp prete 
n=1 n=1 
where we set z~! = e-/®T. It follows that the time-domain reflection impulse response, 
that is, the inverse Fourier transform of I; (w), will be the sum of discrete impulses: 


I, (t)= p,d(t)+ ve ela peat nT) (4.6.1) 


This is the response of the slab to a forward-moving impulse striking the left inter- 
face att = 0, that is, the response to the input E,, (t)= 6(t). The first term pô (t) is the 
impulse immediately reflected at t = 0 with the reflection coefficient p1. The remaining 
terms represent the multiple reflections within the slab. Fig. 4.6.1 is a timing diagram 
that traces the reflected and transmitted impulses at the first and second interfaces. 


Py 
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om TT 
Ti TIP? t = 37/2 
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Fig. 4.6.1 Multiple reflections building up the reflection and transmission responses. 


The input pulse 6(t) gets transmitted to the inside of the left interface and picks up 
a transmission coefficient factor T1. In T/2 seconds this pulse strikes the right interface 
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and causes a reflected wave whose amplitude is changed by the reflection coefficient p2 
into T1p2. 

Thus, the pulse T,26(t — T/2) gets reflected backwards and will arrive at the left 
interface T/2 seconds later, that is, at time t = T. A proportion Ti of it will be transmit- 
ted through to the left, and a proportion p) will be re-reflected towards the right. Thus, 
at time t = T, the reflected pulse into the left medium will be Tı T} 26 (t — T), and the 
re- reflected pulse 712) p28 (t — T). 

The re-reflected pulse will travel forward to the right interface, arriving there at time 
t = 3T/2 getting reflected backwards picking up a factor pọ. This will arrive at the left 
at time t = 2T. The part transmitted to the left will be now T,T}p1p36(t — 2T), and 
the part re-reflected to the right Tıp4 pst — 2T). And so on, after the nth round trip, 
the pulse transmitted to the left will be Tı Ti (p)""!p56(t — nT). The sum of all the 
reflected pulses will be T: (t) of Eq. (4.6.1). 

In a similar way, we can derive the overall transmission response to the right. It is 
seen in the figure that the transmitted pulse at time t = nT + (T/2) willbe Tı T2 (p1)” p} 
Thus, the overall transmission impulse response will be: 


T (t)= X 172 (p})"p2 6(t -nT -T/2) 


It follows that its Fourier transform will be: 
T(w) = = TT. (Diy phe Rete Jor 
n=0 


which sums up to Eq. (4.4.6): 


-jwT/2 -jwT/2 


T1T2e T1T2e 
1—pip2eJ"T = 14 pi p2eJeT 


T (w)= (4.6.2) 


For an incident field E1, (t) with arbitrary time dependence, the overall reflection 
response of the slab is obtained by convolving the impulse response T; (t) with Fj, (t). 
This follows from the linear superposition of the reflection responses of all the frequency 
components of F 1+ (t), that is, 


E(f Tono E, where En (D= | Enoe 
E 2TT — o0 2T 
Then, the convolution theorem of Fourier transforms implies that: 
EDs | PoE wre S2 S OEE- tae (4.6.3) 


Inserting (4.6.1), we find that the reflected wave arises from the multiple reflections 
of Eı+ (t) as it travels and bounces back and forth between the two interfaces: 


E1- (t)= p1E1+ (t) + SZEN "1 of Fis (t- nT) (4.6.4) 
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For a causal waveform E1+ (t), the summation over n will be finite, such that at each 
time t > 0 only the terms that have t — nT = 0 will be present. In a similar fashion, we 
find for the overall transmitted response into medium np : 


EF}, (t) = Í T(t)E (t-t)dt = X TiTo(p\)" p3 E (t-nT-T/2) (4.6.5) 
eS n=0 


We will use similar techniques later on to determine the transient responses of trans- 
mission lines. 


4.7 Two Dielectric Slabs 


Next, we consider more than two interfaces. As we mentioned in the previous section, 
Eqs. (4.4.7)-(4.4.9) are general and can be applied to all successive interfaces. Fig. 4.7.1 
shows three interfaces separating four media. The overall reflection response can be 
calculated by successive application of Eq. (4.4.8): 


Pit Toe kil P2 + T3e7 kale 
= z 2 = ; 
1+ pil 2e~2kih i 1+ Pol 3e72kele 


Di 


Na ni, kı n2, ky Nb 
E Ei, E,, Ez, Ez, Ez, 
a > > 


Pi p> p: 
Z Z Z; 
0,0, D.T T;, 03 


Fig. 4.7.1 Two dielectric slabs. 


If there is no backward-moving wave in the right-most medium, then I” 7 = 0, which 
implies [3 = p3. Substituting [> into Tı and denoting zı = e?ii, z = e%kehk we 
eventually find: 


Pi t+ P2Z1* + Pip2P3Z2" + p3Z1 "Z3" 
© 1+p1p2Z1' + p2p3Z7' + p1P3Z1 Z3" 

The reflection response T; can alternatively be determined from the knowledge of 
the wave impedance Zı = E/H; at interface-1: 


1 (4.7.1) 
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The fields E1, Hı are obtained by successively applying Eq. (4.4.9): 


Ey = cos kyl, Im sin kılı E> 
Hı ~ jnī! sinkılı cos kılı H> 


2 cos kılı jni sin kılı cos kolo Ine sin kolo E3 
~ | jnītsinkilı coskılı jnz! sink2l2 cos Kolo H; 


But at interface-3, E3 = E3 = Eż, and H; = Z3;'E3 = np Eb}, because Z3 = np. 
Therefore, we can obtain the fields E1, Hı by the matrix multiplication: 


Ey = cos kılı jm sin kılı cos kolo Ine sin kolo 1 E! 

Hı E jnī! sin kılı cos kılı jnz! sin kolo cos kolo Ae 3+ 

Because Z; is the ratio of E; and Hj, the factor E}, cancels out and can be set equal 
to unity. 


Example 4.7.1: Determine I, if both slabs are quarter-wavelength slabs. Repeat if both slabs 
are half-wavelength and when one is half- and the other quarter-wavelength. 


Solution: Because lı = A,/4 and l = A2/4, we have 2kıl = 2k2l2 = Tr, and it follows that 
Z, = Z2 = —1. Then, Eq. (4.7.1) becomes: 


Pı — P2 — PiP2P3 + P3 
1 — Pı P2 — P2P3 + P1P3 


T 


A simpler approach is to work with wave impedances. Using Z3 = np, we have: 


Z nī nī ni z _ ni 
Z2 ngiZz; n n? 


Inserting this into lı = (Z, — na) / (Zı + Na), we obtain: 


r, = nine- nèna 
re 2 2 
ninb + NNa 


The two expressions for I’; are equivalent. The input impedance Z, can also be obtained 
by matrix multiplication. Because kılı = k2l2 = TT/2, we have cos kılı = O and sin kılı = 1 
and the propagation matrices for E1, Hı take the simplified form: 


Ey 7 0 jm 0 jnz 1 E = -nınz! E 
Hı jnt 0 ||jn 0 np | + | -mni n | + 


The ratio E; /H, gives the same answer for Z; as above. When both slabs are half-wavelength, 
the impedances propagate unchanged: Zı = Z2 = Z3, but Z3 = np. 

If nı is half- and nọ quarter-wavelength, then, Z; = Z2 = n3/Z3 = n3/Nb.- And, if the 
quarter-wavelength is first and the half-wavelength second, Z; = n?/Z2 = nî /Z3 = n</np. 
The corresponding reflection coefficient I’, is in the three cases: 


_ 2 2 
T= Nb — Na e uz NaNb ME aee it NaNb 
Nb + Na n> + NaNb nt + Nanb 


These expressions can also be derived by Eq. (4.7.1), or by the matrix method. o 
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The frequency dependence of Eq. (4.7.1) arises through the factors Z1, Z2, which can 
be written in the forms: zı = e/®" and zp = e712, where Tı = 21,/c, and T? = 2l2/C2 
are the two-way travel time delays through the two slabs. 

A case of particular interest arises when the slabs are designed to have the equal 
travel-time delays so that Tı = T2 = T. Then, defining a common variable Z = Zz, = 
Z2 = eJ&T we can write the reflection response as a second-order digital filter transfer 
function: 


Pı + p2 (1 + p1P3)Z™ + p3z~? 

~ 1+p2(P1 +p3)Z7! + p1p3Z7? 

In the next chapter, we discuss further the properties of such higher-order reflection 
transfer functions arising from multilayer dielectric slabs. 


Tı (Zz) 


(4.7.2) 


4.8 Problems 


4.1 Fill in the details of the equivalence between Eq. (4.2.2) and (4.2.3), that is, 


; A m E.]_1f[1 P E’, 
TA E_) y E E’) E_-| tl p 1]| EL 


4.2 Fill in the details of the equivalences stated in Eq. (4.2.9), that is, 


pag a ee PA, ay ee ee A 
1+ pI" 1l+p’T 


Show that if there is no left-incident field from the right, then I = p, and if there is no 
right-incident field from the left, then, I” = 1/p’. Explain the asymmetry of the two cases. 


4.3 Let p, T be the reflection and transmission coefficients from the left side of an interface and 
let p’, T’ be those from the right, as defined in Eq. (4.2.5). One of the two media may be 
lossy, and therefore, its characteristic impedance and hence p,T may be complex-valued. 
Show and interpret the relationships: 


1- |p]? Rel EITI? Re(T*T’) 


4.4 Show that the reflection and transmission responses of the single dielectric slab of Fig. 4.4.1 
are given by Eq. (4.4.6), that is, 


pı + ppe7%h 1 Fon T1T2e Ski 
1+ pi pz2e-2kih ? Ey, = 1+ pipze kh 


Moreover, using these expressions show and interpret the relationship: 


a-re) = ITP 

Na Nb 

4.5 A 1-GHz plane wave is incident normally onto a thick copper plate (o = 5.810’ S/m.) Can 
the plate be considered to be a good conductor at this frequency? Calculate the percentage 
of the incident power that enters the plate. Calculate the attenuation coefficient within the 
conductor and express it in units of dB/m. What is the penetration depth in mm? 


4.8. 


4.6 


4.7 


4.8 


4.9 


4.10 
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With the help of Fig. 4.5.1, argue that the 3-dB width Aw is related to the 3-dB frequency 
w by AW = 2w; and AW = wọ — 2W3, in the cases of half- and quarter-wavelength slabs. 
Then, show that w3 and Aw are given by: 


2p7 AwT\ 1-ø 
cos 37 = + ay tan (421) = Pi 
1+pi 4 1+pi 

A fiberglass (€ = 4€9) radome protecting a microwave antenna is designed as a half-wavelength 
reflectionless slab at the operating frequency of 12 GHz. 


a. Determine three possible thicknesses (in cm) for this radome. 


b. Determine the 15-dB and 30-dB bandwidths in GHz about the 12 GHz operating fre- 
quency , defined as the widths over which the reflected power is 15 or 30 dB below the 
incident power. 


A 5 GHz wave is normally incident from air onto a dielectric slab of thickness of 1 cm and 
refractive index of 1.5, as shown below. The medium to the right of the slab has an index of 
2.25. 


a. Write an analytical expression of the reflectance |I (f)|? as a function of frequency 
and sketch it versus f over the interval 0 < f < 15 GHz. What is the value of the 
reflectance at 5 GHz? 


b. Next, the 1-cm slab is moved to the left by a distance of 3 cm, creating an air-gap 
between it and the rightmost dielectric. Repeat all the questions of part (a). 


c. Repeat part (a), if the slab thickness is 2 cm. 


€| & € €o | & €o E 
1 — 1 — 
Ta T a 
3cm 
lcm lcm 


Consider a two-layer dielectric structure as shown in Fig. 4.7.1, and let na, n1, n2, Np be the 
refractive indices of the four media. Consider the four cases: (a) both layers are quarter- 
wave, (b) both layers are half-wave, (c) layer-1 is quarter- and layer-2 half-wave, and (d) layer-1 
is half- and layer-2 quarter-wave. Show that the reflection coefficient at interface-1 is given 
by the following expressions in the four cases: 


nans — npn? Na ~My p _ NaN ~ n? ns — nanp 
aS I= ives 
nan5 + npnĵ i Nna + np’ NaNp + nÊ : 


l= 
i ns + nanp 
Consider the lossless two-slab structure of Fig. 4.7.1. Write down all the transfer matrices 
relating the fields Fj, i = 1,2,3 at the left sides of the three interfaces. Then, show the 
energy conservation equations: 


1 ; 1 1 Tie 
(Bis P= |E1-1°) (|Eo+[? — |E2-1°) (lE3+|? — |E3-|?) = — |Ei./? 
nı n2 Nb 


a 


108 Electromagnetic Waves & Antennas - S. J. Orfanidis 


4.11 An alternative way of representing the propagation relationship Eq. (4.1.12) is in terms of the 
hyperbolic w-plane variable defined in terms of the reflection coefficient T, or equivalently, 
the wave impedance Z as follows: 


T=e°” e Z=ncoth(w) (4.8.1) 


Show the equivalence of these expressions. Writing Tı = e~*”! and I’, = e~*”2, show that 
Eq. (4.1.12) becomes equivalent to: 


W, = w + jkl (propagation in w-domain) (4.8.2) 


This form is essentially the mathematical (as opposed to graphical) version of the Smith 
chart and is particularly useful for numerical computations using MATLAB. 


9 


Multilayer Structures 


Higher-order transfer functions of the type of Eq. (4.7.2) can achieve broader reflection- 
less notches and are used in the design of thin-film antireflection coatings, dielectric 
mirrors, and optical interference filters [176-238,294-327], and in the design of broad- 
band terminations of transmission lines [362-372]. 

They are also used in the analysis, synthesis, and simulation of fiber Bragg gratings 
[328-348], in the design of narrow-band transmission filters for wavelength-division 
multiplexing (WDM), and in other fiber-optic signal processing systems [358-361]. 

They are used routinely in making acoustic tube models for the analysis and synthe- 
sis of speech, with the layer recursions being mathematically equivalent to the Levinson 
lattice recursions of linear prediction [373-379]. The layer recursions are also used in 
speech recognition, disguised as the Schur algorithm. 

They also find application in geophysical deconvolution and inverse scattering prob- 
lems for oil exploration [380-389]. 

The layer recursions—known as the Schur recursions in this context—are intimately 
connected to the mathematical theory of lossless bounded real functions in the z-plane 
and positive real functions in the s-plane and find application in network analysis, syn- 
thesis, and stability [393-407]. 


5.1 Multiple Dielectric Slabs 


The general case of arbitrary number of dielectric slabs of arbitrary thicknesses is shown 
in Fig. 5.1.1. There are M slabs, M + 1 interfaces, and M + 2 dielectric media, including 
the left and right semi-infinite media na and np. 

The incident and reflected fields are considered at the left of each interface. The 
overall reflection response, lı = Eı-/Eı+, can be obtained recursively in a variety of 
ways, such as by the propagation matrices, the propagation of the impedances at the 
interfaces, or the propagation of the reflection responses. 

The elementary reflection coefficients p; from the left of each interface are defined 
in terms of the characteristic impedances or refractive indices as follows: 

Ni— Ni-ı _ Ni-1— Ni 


= = , 1=1,2,...,.M+1 (5.1.1) 
Ni + Ni-1 Ni-ı + Nj 


Pi 
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1 2 Seis. 1h i+] .. M M+1 
Na nı No nj Nm Nb 
l b lj lm 
ky ky k; ky 
> > > > B... > EM+1,+ 
4 < ~< <q 4 4 4 
E\+ Eos) E34 Ei+| Eiri + Em+| EM+1,+ 
Pı P2 P3 Pi) Pi» Pm) Pma 
Zi Zy Z3 Zi Zit Zu Zt 
By Ey E3 Ej Ein - Em Emn 
H; H, Ay H; Fi Ay Hmn 


Fig. 5.1.1 Multilayer dielectric slab structure. 


where ni = No/n;, and we must use the convention No = Ng and Ny+, = Np, so that 
pı = (Ng — N1) / (Na + N1) and Ppm+1 = (Ny — Np)/ (Ny + Np). The forward/backward 
fields at the left of interface i are related to those at the left of interface i + 1 by: 


En | 1f ek pew f Ea] 
L | S | at eki || gy p 15MM- Led (5.1.2) 


where T; = 1 + p; and kjl; is the phase thickness of the ith slab, which can be expressed 
in terms of its optical thickness nj]; and the operating free-space wavelength by kili = 
2T (njl;) /A. Assuming no backward waves in the right-most medium, these recursions 
are initialized at the (M + 1)st interface as follows: 


Em+1,+ = 1 1 PM+1 Emsi, _ 1 1 E 
Em+1,- TMm+1 | PM+1 1 0 Tm+1 | Pua | Dt 


It follows that the reflection responses Ti = Ei- /Ei+ will satisfy the recursions: 


pitTine Veit 


[i= - 
l 1+ pine 2ikil 


i=M,M-1,...,1 (5.1.3) 


and initialized by y+, = Om+i. Similarly the recursions for the total electric and 
magnetic fields, which are continuous across each interface, are given by: 


Ei | | cos kili Jnjsin kil; Ei+ı p 
H = Eeo coski, || Hau, |? uM- BIA 


and initialized at the (M + 1)st interface as follows: 


Emi = 1 E 
H+ nz! M+1,+ 


It follows that the impedances at the interfaces, Z; = E;/H;, satisfy the recursions: 
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 Zi+ı + Ini tankili 
! ni t+ jZi+ı tankili 


, 1=M,M-—1,...,1 (5.1.5) 


i= 


and initialized by Zy+1 = Np. The objective of all these recursions is to obtain the 
overall reflection response I’; into medium na. 

The MATLAB function mu1tidiel implements the recursions (5.1.3) for such a multi- 
dielectric structure and evaluates I’; and Z; at any desired set of free-space wavelengths. 
Its usage is as follows: 


[Gamma1,Z1] = multidiel(n,L, lambda) ; % multilayer dielectric structure 


where n,L are the vectors of refractive indices of the M + 2 media and the optical 
thicknesses of the M slabs, that is, in the notation of Fig. 5.1.1: 


n= [Ng,M1,N2,--.,NM, Np], L= [ny], n2l2,...,NMlm] 


and À is a vector of free-space wavelengths at which to evaluate l1. Both the optical 
lengths L and the wavelengths A are in units of some desired reference wavelength, say 
Ao, typically chosen at the center of the desired band. The usage of multidiel was 
illustrated in Example 4.5.2. Additional examples are given in the next sections. 

The layer recursions (5.1.2)-(5.1.5) remain essentially unchanged in the case of oblique 
incidence (with appropriate redefinitions of the impedances n;) and are discussed in 
Chap. 6. 

Next, we apply the layer recursions to the analysis and design of antireflection coat- 
ings and dielectric mirrors. 


5.2 Antireflection Coatings 


The simplest example of antireflection coating is the quarter-wavelength layer discussed 
in Example 4.5.2. Its primary drawback is that it requires the layer’s refractive index to 
satisfy the reflectionless condition nı = ,/Nanp. 

For a typical glass substrate with index np = 1.50, we have n; = 1.22. Materials with 
nı near this value, such as magnesium fluoride with nı = 1.38, will result into some, 
but minimized, reflection compared to the uncoated glass case, as we saw in Example 
4.5.2. 

The use of multiple layers can improve the reflectionless properties of the single 
quarter-wavelength layer, while allowing the use of real materials. In this section, we 
consider three such examples. 

Assuming a magnesium fluoride film and adding between it and the glass another 
film of higher refractive index, it is possible to achieve a reflectionless structure (at a 
single wavelength) by properly adjusting the film thicknesses [178,203]. 

With reference to the notation of Fig. 4.7.1, we have ng = 1, nı = 1.38, nọ to be 
determined, and np = Nglass = 1.5. The reflection response at interface-1 is related to 
the response at interface-2 by the layer recursions: 


pitTse Veh p2 + pze ~ek 
= - 2= 7 
1 + piT2e72kih ’ 1 + p2p3e7 kel 


1 
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The reflectionless condition is lı = 0 at an operating free-space wavelength Ag. This 
requires that pı + Teik = 0, which can be written as: 
eth T2 (5.2.1) 
Pl 
Because the left-hand side has unit magnitude, we must have the condition |I| = 
|p1l, or, |[2|? = pî, which is written as: 


= p3 + p3 + 2P2P3 cos 2kol> 22 
1+ P3503 + 2P2P3 COS 2kəl> 1 


p2 + p3e keke 
1 + p2p3e~Aikele 


This can be solved for cos 2kol>: 


pi (1 + p3p3) —(p3 + p§) 
2293 (1 — p°) 


cos 2kọl = 
Using the identity, cos 2k2l> = 2 cos? kọlə — 1, we also find: 


247 _ ee 
cos? kol» = pi (1 — P2P3) (p2 p3) 
4p2p3(1 — pî) 


(5.2.2) 
(p2 + p3)*—pi (1 + p23)? 
4p2p3(1 — pî) 

It is evident from these expressions that not every combination of (1, P2, 3 will 
admit a solution because the left-hand sides are positive and less than one. If we assume 
that nọ > nı and nọ > np, then, we will have pọ < 0 and p3 > 0. Then, it is necessary 
that the numerators of above expressions be negative, resulting into the conditions: 


sin? kolo = 


2 2 
| P3 + P2 


1 + P2P3 


The left inequality requires that /Np < Nı < Np, which is satisfied with the choices 
nı = 1.38 and np = 1.5. Similarly, the right inequality is violated—and therefore there 
is no solution—if .\/ny < N2 < Nı Mp, which has the numerical range 1.22 < nz < 1.69. 

Catalan [178,203] used bismuth oxide (Bi203) with nə = 2.45, which satisfies the 
above conditions for the existence of solution. With this choice, the reflection coeffi- 
cients are pı = —0.16, p2 = —0.28, and p3 = 0.24. Solving Eq. (5.2.2) for kolo and then 
Eq. (5.2.1) for kılı, we find: 


2 P3 — P2 
< pi < eee 
pi | 1— p2p3 


kılı = 2.0696, kolo = 0.2848 (radians) 
Writing kılı = 27t(n,1,)/Ao, we find the optical lengths: 
nly = 0.3294AQ, Nol» = 0.0453AQq 


Fig. 5.2.1 shows the resulting reflection response I, as a function of the free-space 
wavelength A, with Ag chosen to correspond to the middle of the visible spectrum, 
Ao = 550 nm. The figure also shows the responses of the single quarter-wave slab of 
Example 4.5.2. 

The reflection responses were computed with the help of the MATLAB function mul- 
tidiel. The MATLAB code used to implement this example was as follows: 
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Antireflection Coatings on Glass 


4 
— air | 1.38 | 2.45| glass 

53. --- air | 1.38 | glass 
E air | 1.22 | glass 
8 
pes 
Q 
2 

27 Ss 
N Sa 
= Moet eaten aape 
g 
—1 

0 , tee x , 

400 450 500 550 600 650 700 


à (nm) 


Fig. 5.2.1 Two-slab reflectionless coating. 


na=1; nb=1.5; n1=1.38; n2=2.45; 
n [na,n1,n2,nb]; 1a0 = 550; 
r n2r(n); 


c = sqrt((r(1)A2*(1-r(2)*r(3))A2 - Cr(2)-r (3) )A2)/(4* 7 (2) *r (3) * (1-r (1) A2))); 
k212 = acos(c); 

G2 = (r(2)4+r(3)*exp(-2*5*k212))/(1 + r(2)*r(3)*exp(-2*j*k212)); 

k111 = (angle(G2) - pi - angle(r(1)))/2; 

if k111 <0, k111 = k111 + 2*pi; end 


L = [k111,k212]/2/pi; 


la = linspace(400, 700,101); 

Ga = abs(multidiel(n, L, 1a/1la0)).A2 * 100; 

Gb = abs(multidiel([na,n1,nb], 0.25, la/la0)).A2 * 100; 

Gc = abs(multidiel([na,sqrt(nb),nb], 0.25, la/la0)).A2 * 100; 


plot(la, Ga, la, Gb, la, Gc); 
The dependence on A comes through the quantities kıl; and kọl2, for example: 


nl, 0.32940 
kılı = 21 = 2T 
141 A A 
Essentially the same method is used in Sec. 11.6 to design 2-section series impedance 
transformers. The MATLAB function twosect of that section implements the design. 
It can be used to obtain the optical lengths of the layers, and in fact, it produces two 
possible solutions: 


0.3294 0.0453 
Lı2 = twosect(1, 1/1.38, 1/2.45, 1/1.5) = E 1706 eal 


where each row represents a solution, so that Lı = nılı/Ao = 0.1706 and L = 
Nolo/Ag = 0.4547 is the second solution. The arguments of twosect are the inverses 


of the refractive indices, which are proportional to the characteristic impedances of the 
four media. 
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Although this design method meets its design objectives, it results in a narrower 
bandwidth compared to that of the ideal single-slab case. Varying nọ has only a minor 
effect on the shape of the curve. To widen the bandwidth, and at the same time keep 
the reflection response low, more than two layers must be used. 

A simple approach is to fix the optical thicknesses of the films to some prescribed 
values, such as quarter-wavelengths, and adjust the refractive indices hoping that the 
required index values come close to realizable ones [178,204]. Fig. 5.2.2 shows the 
two possible structures: the quarter-quarter two-film case and the quarter-half-quarter 
three-film case. 


Na Nn] n? Nb Na ny n n3 np 
nil= | mbh= nl= | mbh= | mh= 
Aol/4 | Ao/4 Ao/4 | Ào/2 | Ag/4 

P1 P2 P3 P1 P2 P3 P4 
Z 2 ae a 2 Z 4 


Fig. 5.2.2 Quarter-quarter and quarter-half-quarter antireflection coatings. 


The behavior of the two structures is similar at the design wavelength. For the 
quarter-quarter case, the requirement Z; = Na implies: 


2 2 2 

nī nī ni 

= =- =n 
Z2 ni3 nó ‘ 


Zı 


which gives the design condition (see also Example 4.7.1): 


Na = i) np (5.2.3) 


The optical thicknesses are ml) = Nolo = Ao/4. In the quarter-half-quarter case, 
the half-wavelength layer acts as an absentee layer, that is, Z2 = Z3, and the resulting 
design condition is the same: 


Hia Mi 2 MN, 
Z2 ë Z n3/Zq n$ j 


Zı 
yielding in the condition: 


Na =i np (5.2.4) 


The optical thicknesses are now nl, = ngl3 = Ao/4 and Nol2 = Ao/2. Conditions 
(5.2.3) and (5.2.4) are the same as far as determining the refractive index of the second 
quarter-wavelength layer. In the quarter-half-quarter case, the index n> of the half- 
wavelength film is arbitrary. 
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In the quarter-quarter case, if the first quarter-wave film is magnesium fluoride with 
nı = 1.38 and the glass substrate has Mglass = 1.5, condition (5.2.3) gives for the index 
for the second quarter-wave layer: 

1.387 x 1.50 


(a J 
no = = 
Na 1.0 


The material cerium fluoride (CeF3) has an index of nọ = 1.63 at Ag = 550 nm and 
can be used as an approximation to the ideal value of Eq. (5.2.5). Fig. 5.2.3 shows the 
reflectances |I|? for the two- and three-layer cases and for the ideal and approximate 
values of the index of the second quarter-wave layer. 


1.69 (5.2.5) 


| (0) 2 (percent) 


Quarter—Quarter Coating 


` — air | 1.38 | 1.63 | glass 
\ --- air | 1.38] 1.69| glass 
\ air | 1.22 | glass 


550 
A (nm) 


| T4 (A)| 2 (percent) 


Quarter-H alf-Quarter Coating 


— air | 1.38 | 2.20 | 1.63| glass 
--- air | 1.38 | 2.20 | 1.69 | glass 
air | 1.22 | glass 


550 600 
A (nm) 


Fig. 5.2.3 Reflectances of the quarter-quarter and quarter-half-quarter cases. 


The design wavelength was Ag = 550 nm and the index of the half-wave slab was 
n2 = 2.2 corresponding to zirconium oxide (ZrO2). We note that the quarter-half-quarter 
case achieves a much broader bandwidth over most of the visible spectrum, for either 
value of the refractive index of the second quarter slab. 

The reflectances were computed with the help of the function multidiel. The typ- 
ical MATLAB code was as follows: 


la0 = 550; la = linspace(400, 700,101); 


Ga = 100*abs(multidiel([1,1.38,2.2,1.63,1.5], [0.25,0.5,0.25], la/la0)).A2; 
Gb = 100*abs(multidiel ([1,1.38,2.2,1.69,1.5], [0.25,0.5,0.25], la/la0)).A2; 
Gc = 100*abs(multidiel([1,1.22,1.5], 0.25, la/la0)).A2; 


plot(la, Ga, la, Gb, la, Gc); 


These and other methods of designing and manufacturing antireflection coatings for 
glasses and other substrates can be found in the vast thin-film literature. An incomplete 


set of references is [176-236]. Some typical materials used in thin-film coatings are given 
below: 
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material n material n 

cryolite (Na3AIF¢) 1.35 || magnesium fluoride (MgF,) | 1.38 
Silicon dioxide SiO? 1.46 || polystyrene 1.60 
cerium fluoride (CeF3) | 1.63 || lead fluoride (PbF>) 1.73 
Silicon monoxide SiO 1.95 || zirconium oxide (ZrO>2) 2.20 
zinc sulfide (ZnS) 2.32 || titanium dioxide (TiO2) 2.40 
bismuth oxide (Biz03) | 2.45 || silicon (Si) 3.50 
germanium (Ge) 4.20 || tellurium (Te) 4.60 


Thin-film coatings have a wide range of applications, such as displays; camera lenses, 
mirrors, and filters; eyeglasses; coatings for energy-saving lamps and architectural win- 
dows; lighting for dental, surgical, and stage environments; heat reflectors for movie 
projectors; instrumentation, such as interference filters for spectroscopy, beam split- 
ters and mirrors, laser windows, and polarizers; optics of photocopiers and compact 
disks; optical communications; home appliances, such as heat reflecting oven windows; 
rear-view mirrors for automobiles. 


5.3 Dielectric Mirrors 


The main interest in dielectric mirrors is that they have extremely low losses at optical 
and infrared frequencies, as compared to ordinary metallic mirrors. On the other hand, 
metallic mirrors reflect over a wider bandwidth than dielectric ones and from all incident 
angles. However, omnidirectional dielectric mirrors are also possible and have recently 
been constructed [317,318]. The omnidirectional property is discussed in Sec. 7.4. Here, 
we consider only the normal-incidence case. 

A dielectric mirror (also known as a Bragg reflector) consists of identical alternating 
layers of high and low refractive indices, as shown in Fig. 5.3.1. The optical thicknesses 
are typically chosen to be quarter-wavelength long, that is, nyly = ngli = Ap/4 at some 
operating wavelength Ao. The standard arrangement is to have an odd number of layers, 
with the high index layer being the first and last layer. 


Na| Ny | Ny | ny | Ny | Ny | My | My | My | My | My 


Lal 1 al 1 al 1 al 1 al rss 
Eis =< a < < < < Eio+ 
E+ E4+ E6+ Eg+ Ejo+ 
p| pi -e| pl -e| p| -p p -| ph 
Z, Z) Z; Z4 Z6 Zg Z10=Z2N42 


Ie NI -i 
Fig. 5.3.1 Nine-layer dielectric mirror. 


Fig. 5.3.1 shows the case of nine layers. If the number of layers is M = 2N + 1, the 
number of interfaces will be 2N + 2 and the number of media 2N + 3. After the first 
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layer, we may view the structure as the repetition of N identical bilayers of low and high 
index. The elementary reflection coefficients alternate in sign as shown in Fig. 5.3.1 and 
are given by 


ny — Ay ny — NH Na — NH ny — Nb 
p= ’ p= >» Pl= » P2= (5.3.1) 
ny +ny ny + ny Ng + NH ny + np 


The substrate np can be arbitrary, even the same as the incident medium ng. In 
that case, 02 = —p1ı. The reflectivity properties of the structure can be understood by 
propagating the impedances from bilayer to bilayer. For the example of Fig. 5.3.1, we 
have for the quarter-wavelength case: 


2 2 2 4 6 8 
ton he e e 
Z3 nā nL ny nL ni 
Therefore, after each bilayer, the impedance decreases by a factor of (nL/ny)’. 
After N bilayers, we will have: 


Z= (a Nb (5.3.2) 


(a 
Zi= Na n, Nanp 


2 2 (5.3.3) 
l Zi+na w ni 
nL) Nan 


It follows that for large N, Tı will tend to —1, that is, 100% reflection. 


Example 5.3.1: For nine layers, 2N + 1 = 9, or N = 4, and ny = 2.32, n; = 1.38, and na = 
np = 1, we find: 


8 
Ts (=) 2.322 
1.38 


8 
1+ (22) zaz 
1.38 


0.9942 = |I|? = 98.84 percent 


For N = 8, or 17 layers, we have T; = —0.9999 and |I',|* = 99.98 percent. If the substrate 
is glass with np = 1.52, the reflectances change to |1|? = 98.25 percent for N = 4, and 
|\I',|* = 99.97 percent for N = 8. m 


To determine the bandwidth around Ao for which the structure exhibits high reflec- 
tivity, we work with the layer recursions (5.1.2). Because the bilayers are identical, the 
forward/backward fields at the left of one bilayer are related to those at the left of the 
next one by a transition matrix F, which is the product of two propagation matrices of 
the type of Eq. (5.1.2). The repeated application of the matrix F takes us to the right-most 
layer. For example, in Fig. 5.3.1 we have: 


Foy Eqs 2| Eo+ 3 | Es+ 4| Eio+ 
=F =F =F =F 
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where F is the matrix: 


1 edkil pe Jk 1 ejkulu —pesknlu 
=p 


g 1+p perk e Jkil peka! eJkuln (5.3.4) 


Defining the phase thicknesses ôy = Kyly and ôr = kılı, and multiplying the 
matrix factors out, we obtain the expression for F: 


1 J(SH+6L) _ —2ej(5u-51) —?jpeJ5H sin ô 
ki pe jpe 4 sin ôr (5.3.5) 


“i-p 2jpel># sin 8; e-J(Su+61) — p2e-J(Su-61) 


By an additional transition matrix F; we can get to the left of interface-1 and by an 
additional matching matrix F we pass to the right of the last interface: 


Eis | | Eos | a| Fio+ | _ 4 E104 
Lee [=n [Ee [=e | por |- rer 0 


where Fı and F> are: 


1 edkula pie Jkuln 1 1 p2 
Fı 7 Ti ces eJkula ; Fo = To p2 1 (5.3.6) 
where Tı = 1+ p1, T2 = 1 + p2, and p1, p2 were defined in Eq. (5.3.1). More generally, 
for 2N + 1 layers, or N bilayers, we have: 


Foy N | E2n+2,+ Eqs N EbN42,+ 
[e efie], [i] e] aa 

Thus, the properties of the multilayer structure are essentially determined by the 
Nth power, FN, of the bilayer transition matrix F. In turn, the behavior of FN is deter- 
mined by the eigenvalue structure of F. 

Let {A,, A_} be the two eigenvalues of F and let V be the eigenvector matrix. Then, 
the eigenvalue decomposition of F and FN willbe F = VAV~! and FN = VANV~!, where 
A= diag{A,,A_}. Because F has unit determinant, its two eigenvalues will be inverses 
of each other, that is, A- = 1/A4, or, A+A- = 1. 

The eigenvalues A. are either both real-valued or both complex-valued with unit 
magnitude. We can represent them in the equivalent form: 


à= el, A =e JK! (5.3.8) 


where | is the length of each bilayer, l = lz; + ly. The quantity K is referred to as the 
Bloch wavenumber. If the eigenvalues A. are unit-magnitude complex-valued, then K 
is real. If the eigenvalues are real, then K is pure imaginary, say K = —ja, so that 
Aw = e tik = etal, 

The multilayer structure behaves very differently depending on the nature of K. The 
structure is primarily reflecting if K is imaginary and the eigenvalues A. are real, and 
it is primarily transmitting if K is real and the eigenvalues are pure phases. To see this, 
we write Eq. (5.3.7) in the form: 
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Eo, _vyaNy-l Eon+2,4 s yl Eo, _ ANy-l E2N+2,+ n 
E2N+2,- E2N+2,- 


Voy _ AN V2N+2,+ 
Vo- V2N+2,- 
where we defined 


Voy -y Eo, V2N+2,+ _y-l Eon+2,4 
Vo_ Tiji Von+2,— Eon +2,- 
We have Voi = ANVon+2,4 and V2- = ANVons2,— = APNVon+2,- because AN is 
diagonal. Thus, 


Vonsa,+ = AGNVo4 = eV, Vonsa,- = AÑ V2- = eKN Yo (5.3.9) 


The quantity NI is recognized as the total length of the bilayer structure, as depicted 
in Fig. 5.3.1. It follows that if K is real, the factor A7N = e-/*N! acts as a propagation 
phase factor and the fields transmit through the structure. 

On the other hand, if K is imaginary, we have A; = e~&% l and the fields attenuate 
exponentially as they propagate into the structure. In the limit of large N, the trans- 
mitted fields attenuate completely and the structure becomes 100% reflecting. For finite 
but large N, the structure will be mostly reflecting. 

The eigenvalues A+ switch from real to complex, as K switches from imaginary to 
real, for certain frequency or wavenumber bands. The edges of these regions determine 
the bandwidths over which the structure will act as a mirror. 

The eigenvalues are determined from the characteristic polynomial of F, given by 
the following expression which is valid for any 2x2 matrix: 


det(F — AI) = A? — (trF)A + det F (5.3.10) 


where I is the 2x2 identity matrix. Because (5.3.5) has unit determinant, the eigenvalues 
are the solutions of the quadratic equation: 


A? — (rF)A+1=A?-2aA4+1=0 (5.3.11) 


where we defined a = (tr F)/2. The solutions are: 


À+ =a+tva?-1 (5.3.12) 


where it follows from Eq. (5.3.5) that a is given by: 


mes 1 ji cos (Ôp + 6,)—p2 cos(Ôy — ÔL) 
2 1 — p? 


Using à, = e! = a + va? -1 = a + jv1 - a, we also find: 


(5.3.13) 
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a=cosKl => K= 7 acos(a) (5.3.14) 


The sign of the quantity a? — 1 determines whether the eigenvalues are real or com- 
plex. The eigenvalues switch from real to complex—equivalently, K switches from imag- 
inary to real—when a° = 1, or, a = +1. These critical values of K are found from 
Eq. (5.3.14) to be: 


1 
K= 7 acos(+1) = a (5.3.15) 
where m is an integer. The lowest value is K = 1r/I and corresponds to a = —1 and to 
A, = eK! = eJ™ = —1, Thus, we obtain the bandedge condition: 
A cos (ôy + ôL) —p? cos (ôy — ôF) i 
= 1p = 


It can be manipulated into: 


ÔH + ÔL 
2 


cos? ( ) = p° cos? (PH PL) (5.3.16) 


The dependence on the free-space wavelength A or frequency f = Co/A comes 
through ôy = 27(nyly)/A and 6, = 2m (nil)/À. The solutions of (5.3.16) in A 
determine the left and right bandedges of the reflecting regions. 

These solutions can be obtained numerically with the help of the MATLAB function 
omniband, discussed in Sec. 7.4. An approximate solution, which is exact in the case of 
quarter-wave layers, is given below. 

If the high and low index layers have equal optical thicknesses, nyly = nlg, such as 
when they are quarter-wavelength layers, or when the optical lengths are approximately 
equal, we can make the approximation cos( (64 — 6,)/2) = 1. Then, (5.3.16) simplifies 
into: 


cos? (PHF PL) = p? (5.3.17) 
with solutions: 
pecs +p ou FOL minnin + nlg) = acos(+p) 


The solutions for the left and right bandedges and the bandwidth in A are: 


A, = Tula +n) Tala + mule) AAAA, (5.3.18) 
acos(—p) acos (p) 


Similarly, the left/right bandedges in frequency are fı = Co/A2 and f2 = Co/A: 


acos(p) acos (—p) 
° (nya + nl)’ ° ° m (ngly + nyt) 


fi = (5.3.19) 
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Noting that acos(—p) = TT/2 + asin(p) and acos(p) = 7r/2 — asin (p), the frequency 
bandwidth can be written in the equivalent forms: 


acos(—p) — acos(p) 2 asin(p) 
T(nyly + nly)” (nal + ngl) 


Af = f2—fi = co (5.3.20) 


Relative to some desired wavelength Ag = Co/fo, the normalized bandwidths in 
wavelength and frequency are: 


AÀ T (Nyly + ngl) 1 1 
ào Ao E a (5.3.21) 
Af 2Aq asin (p) 
j 5.3.22 
fo T (naly + nili) (5.3.22) 
Similarly, the center of the reflecting band fe = (fa + fo) /2 is: 
: = (5.3.23) 


fo 2(nyla + ngl) 
If the layers have equal quarter-wave optical lengths at Ao, that is, nyly = ngl, = 
Ao/4, then, fe = fo and the matrix F takes the simplified form: 


ee e?ið — p?  —2jpe > sind 
~ 1—p2| 2jpe®sind e7% — p? 
where 6 = Ôp = Oy = 271 (Nyly)/A = 2T (AoQ/4)/A = (10/2) A0/A = (11/2) f /fo. Then, 
Eqs. (5.3.21) and (5.3.22) simplify into: 


AA T 1 1 Af 
ào 2/1 acos(p) acos(—p) |’ fo 


Example 5.3.2: Dielectric Mirror With Quarter-Wavelength Layers. Fig. 5.3.2 shows the reflec- 
tion response |I|? as a function of the free-space wavelength A and as a function of 
frequency f = Co/A. The high and low indices are ny = 2.32 and n; = 1.38, correspond- 
ing to zinc sulfide (ZnS) and magnesium fluoride. The incident medium is air and the 
substrate is glass with indices ng = 1 and np = 1.52. The left graph depicts the response 
for the cases of N = 2,4,8 bilayers, or 2N + 1 = 5,9,17 layers, as defined in Fig. 5.3.1. 
The design wavelength at which the layers are quarter-wavelength long is Ap = 500 nm. 


F (5.3.24) 


4 . 
zs asin (p) (5.3.25) 


The reflection coefficient is p = 0.25 and the ratio ny/nz, = 1.68. The wavelength band- 
width calculated from Eq. (5.3.25) is AA = 168.02 nm and has been placed on the graph at 
an arbitrary reflectance level. The left/right bandedges are A; = 429.73, A2 = 597.75 nm. 
The bandwidth covers most of the visible spectrum. As the number of bilayers N increases, 
the reflection response becomes flatter within the bandwidth AA, and has sharper edges 
and tends to 100%. The bandwidth AA represents the asymptotic width of the reflecting 
band. 


The right figure depicts the reflection response as a function of frequency f and is plotted 
in the normalized variable f /fo. Because the phase thickness of each layer is ô = trf/2fo 
and the matrix F is periodic in 6, the mirror behavior of the structure will occur at odd 
multiples of fo (or odd multiples of tr/2 for 6.) As discussed in Sec. 5.6, the structure acts 
as a sampled system with sampling frequency fs = 2fo, and therefore, fo = f;/2 plays the 
role of the Nyquist frequency. 
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Fig. 5.3.2 Dielectric mirror with quarter-wavelength layers. 


The typical MATLAB code used to generate these graphs was: 


na = 1; nb = 1.52; nH = 2.32; nL = 1.38; 
LH = 0.25; LL = 0.25; 
1la0 = 500; 


rho = (nH-nL)/(CnH+nL) ; 
la2 = pi*(LL+LH)*1/acos(rho) * 1a0; 


pi*(LL+LH)*1/acos(-rho) * 1a0; 
Ja2-lal; 


oJ = 
=o 
v H 
ou 


N = 8; 
n = [na, nH, repmat([nL,nH], 1, N), nb]; 
L = [LH, repmat([LL,LH], 1, N)]; 


la = linspace(300, 800,501); 
Gla = 100*abs(multidiel (n,L,1a/1a0)) .A2; 
figure; plot(la,Gla); 


f = linspace(0,6,1201); 
Gf = 100*abs(multidiel(n,L,1./f)).A2; 
figure; plot(f,Gf); 


refractive indices 
optical thicknesses in units of Ag 
Ao in units of nm 


reflection coefficient p 


right bandedge 
left bandedge 
bandwidth 


number of bilayers 
indices for the layers A|H(LH)N|G 
lengths of the layers H(LH)N 


plotting range is 300 < A < 800 nm 


reflectance as a function of A 


frequency plot over 0 < f < 6fo 
reflectance as a function of f 


Note that the function repmat replicates the LH bilayer N times. The frequency graph 
shows only the case of N = 8. The bandwidth Af, calculated from (5.3.25), has been 
placed on the graph. The maximum reflectance (evaluated at odd multiples of fo) is equal 


to 99.97%. 


Oo 


Example 5.3.3: Dielectric Mirror with Unequal-Length Layers. Fig. 5.3.3 shows the reflection 
response of a mirror having unequal optical lengths for the high and low index films. 


The parameters of this example correspond very closely to the recently constructed om- 
nidirectional dielectric mirror [317], which was designed to be a mirror over the infrared 
band of 10-15 um. The number of layers is nine and the number of bilayers, N = 4. The in- 
dices of refraction are ny = 4.6 and nz = 1.6 corresponding to Tellurium and Polystyrene. 


5.3. 
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Fig. 5.3.3 Dielectric mirror with unequal optical thicknesses. 


Their ratio is ny /Ng = 2.875 and the reflection coefficient, p = 0.48. The incident medium 
and substrate are air and NaCl (n = 1.48.) 


The center wavelength is taken to be at the middle of the 10-15 um band, that is, Ag = 
12.5 um. The lengths of the layers are ly = 0.8 and l; = 1.65 um, resulting in the 
optical lengths (relative to Ao) Nyly = 0.29440 and nzlg = 0.2112A09. The wavelength 
bandwidth, calculated from Eq. (5.3.21), is AA = 9.07 um. The typical MATLAB code for 
generating the figures of this example was as follows: 


la0 = 12.5; 

na = 1; nb = 1.48; NaCl substrate 

nH = 4.6; nL = 1.6; Te and PS 

1H = 0.8; IL = 1.65; physical lengths l4, l; 

LH = nH*1H/1a0, LL = nL*1L/1a0; optical lengths in units of Ag 
rho = (nH-nL)/(CnH+nL) ; reflection coefficient p 

la2 = pi*(LL+LH)*1/acos(rho) * 1a0; right bandedge 

lal = pi*(LL+LH)*1/acos(-rho) * 1a0; left bandedge 

Dla = la2-lal; bandwidth 

la = linspace(5,25,401); equally-spaced wavelengths 
N = 4; 

n = [na, nH, repmat([nL,nH], 1, N), nb]; refractive indices of all media 
L = [LH, repmat([LL,LH], 1, N)]; optical lengths of the slabs 
G = 100 * abs(multidiel(n,L,1a/1a0)) .A2; reflectance 

plot(la,G); 


The bandwidth AA shown on the graph is wider than that of the omnidirectional mirror 
presented in [317], because our analysis assumes normal incidence only. The condition 
for omnidirectional reflectivity for both TE and TM modes causes the bandwidth to narrow 
by about half of what is shown in the figure. The reflectance as a function of frequency 
is no longer periodic at odd multiples of fọ because the layers have lengths that are not 
equal to Ao/4. The omnidirectional case is discussed in Example 7.4.3. 
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The maximum reflectivity achieved within the mirror bandwidth is 99.99%, which is better 
than that of the previous example with 17 layers. This can be explained because the ratio 
ny/ny is much larger here. o 


Although the reflectances in the previous two examples were computed with the help 
of the MATLAB function multidiel, itis possible to derive closed-form expressions for 
I, that are valid for any number of bilayers N. Applying Eq. (5.1.3) to interface-1 and 
interface-2, we have: 


pı te ul, 
1+ peu > 


T: (5.3.26) 
where I> = Ep-/E2+, which can be computed from the matrix equation (5.3.7). Thus, 
we need to obtain a closed-form expression for Ip. 

It is a general property of any 2x2 unimodular matrix F that its Nth power can 
be obtained from the following simple formula, which involves the Nth powers of its 
eigenvalues À +: 


N_N N-1 _ å N-1 
FN = ($ a )e (= a Jı = WnF -Wyl (5.3.27) 
+7 4A- +7 4A- 


where Wyn = (AN — AN)/ (À+ —A_). To prove it, we note that the formula holds as a 
simple identity when F is replaced by its diagonal version A = diag{A,,A_}: 


N_N N-1 _ å N-1 
AN = ($ ea (= AT | (5.3.28) 


Ay — À- Ay — À- 


Eq. (5.3.27) then follows by multiplying (5.3.28) from left and right by the eigenvector 
matrix V and using F = VAV~! and FN = VANV—!. Defining the matrix elements of F 
and FN by 


[A B N [An BN 
E rk F aes mae (5.3.29) 


it follows from (5.3.27) that: 


An =AWn-Wy-1, Bn =BWn (5.3.30) 
where we defined: 
J(ôn+ôL) _ p2oj(Hn-ôL) ine JOH sj 
A= e pre B= 2jpe sin ô; (5.3.31) 
{= p? 1- p? 


Because F and FN are unimodular, their matrix elements satisfy the conditions: 


|A|? - |B|? =1, |Anl? -IBn|? =1 (5.3.32) 


The first follows directly from the definition (5.3.29), and the second can be verified 
easily. It follows now that the product FNF, in Eq. (5.3.7) is: 


tThe coefficients Wy are related to the Chebyshev polynomials of the second kind Um(x) through 
Wy = Uy- (a) = sin (N acos(a))/V1 — a? = sin(NKI)/sin(Kl). 
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FNF, = 1 ee | 


T2 | BN +p2An An + P2By 
Therefore, the desired closed-form expression for the reflection coefficient T? is: 


By + p2Ay _ B*Wy + p: (A*Wyn — Wy-1) 
*" Ay +poBy  AWy — Wy-1 + 22BWy 


(5.3.33) 


Suppose now that a? < 1 and the eigenvalues are pure phases. Then, Wy are oscil- 
latory as functions of the wavelength A or frequency f and the structure will transmit. 
On the other hand, if f lies in the mirror bands, so that a? > 1, then the eigenvalues 
will be real with |A,| > 1 and |A_| < 1. In the limit of large N, Wy and Wy_ will 

behave like: 
AN 


Wn > a, Wyr > 
all at N-1 


N-1 
A 


Ay — AL 


In this limit, the reflection coefficient > becomes: 


B* + p2(A* - Az!) 

i A- Aq! + PoB 
where we canceled some common diverging factors from all terms. Using conditions 
(5.3.32) and the eigenvalue equation (5.3.11), and recognizing that Re(A) = a, it can be 
shown that this asymptotic limit of l> is unimodular, |T| = 1, regardless of the value 
of p2- 

This immediately implies that lı given by Eq. (5.3.26) will also be unimodular, |r| = 
1, regardless of the value of pı. In other words, the structure tends to become a perfect 
mirror as the number of bilayers increases. 

Next, we discuss some variations on dielectric mirrors that result in (a) multiband 
mirrors and (b) longpass and shortpass filters that pass long or short wavelengths, in 
analogy with lowpass and highpass filters that pass low or high frequencies. 


T (5.3.34) 


Example 5.3.4: Multiband Reflectors. The quarter-wave stack of bilayers of Example 5.3.2 can 
be denoted compactly as AH (LH)®8G (for the case N = 8), meaning ’air’, followed by a 
“high-index” quarter-wave layer , followed by four “low/high” bilayers, followed by the 
“glass” substrate. 


Similarly, Example 5.3.3 can be denoted by A(1.18H) (0.85L 1.18H)*G, where the layer 
optical lengths have been expressed in units of Ao/4, that is, nl; = 0.85(Ao/4) and 
Nyly = 1.18(Ao0/4). 


Another possibility for a periodic bilayer structure is to replace one or both of the L or 
H layers by integral multiples thereof [180]. Fig. 5.3.4 shows two such examples. In the 
first, each H layer has been replaced by a half-wave layer, that is, two quarter-wave layers 
2H, so that the total structure is A (2H) (L 2H)8G, where ng,np,ny,Nz are the same as in 
Example 5.3.2. In the second case, each H has been replaced by a three-quarter-wave layer, 
resulting in A (3H) (L3H)8G. 


The mirror peaks at odd multiples of fo of Example 5.3.2 get split into two or three peaks 
each. (m 
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Fig. 5.3.4 Dielectric mirrors with split bands. 


Example 5.3.5: Shortpass and Longpass Filters. By adding an eighth-wave low-index layer, that 


is, a (0.5L), at both ends of Example 5.3.2, we can decrease the reflectivity of the short 
wavelengths. Thus, the stack AH (LH)8G is replaced by A (0.5L) H(LH)8(0.5L)G. 


For example, suppose we wish to have high reflectivity over the [600, 700] nm range and 
low reflectivity below 500 nm. The left graph in Fig. 5.3.5 shows the resulting reflectance 
with the design wavelength chosen to be Ap = 650 nm. The parameters Ng, Np, Ny, Ny are 
the same as in Example 5.3.2 


A(0.5L)H (LH)8(0.5L)G A(0.5H)L (HL)8(0.5H)G 
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Fig. 5.3.5 Short- and long-pass wavelength filters. 


The right graph of Fig. 5.3.5 shows the stack A (0.5H) L (HL)? (0.5H)G obtained from the 
previous case by interchanging the roles of H and L. Now, the resulting reflectance is low 
for the higher wavelengths. The design wavelength was chosen to be Ag = 450 nm. It can 
be seen from the graph that the reflectance is high within the band [400, 500] nm and low 
above 600 nm. 


Superimposed on both graphs is the reflectance of the original AH (LH) 8G stack centered 
at the corresponding Ag (dotted curves.) 
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Both of these examples can also be thought of as the periodic repetition of a symmetric 
triple layer of the form A(BCB)NG. Indeed, we have the equivalences: 


A(0.5L)H(LH)8(0.5L)G = A (0.5L H0.5L)°G 
A(0.5H)L(HL)’(0.5H)G = A(0.5H L0.5H)9G 


The symmetric triple combination BCB can be replaced by an equivalent single layer, which 
facilitates the analysis of such structures [178,206-208,210]. o 


5.4 Propagation Bandgaps 


There is a certain analogy between the electronic energy bands of solid state materials 
arising from the periodicity of the crystal structure and the frequency bands of dielectric 
mirrors arising from the periodicity of the bilayers. The high-reflectance bands play the 
role of the forbidden energy bands (in the sense that waves cannot propagate through 
the structure in these bands.) Such periodic dielectric structures have been termed 
photonic crystals and have given rise to the new field of photonic bandgap structures, 
which has grown rapidly over the past ten years with a large number of potential novel 
applications [301-327]. 

Propagation bandgaps arise in any wave propagation problem in a medium with 
periodic structure [294-300]. Waveguides and transmission lines that are periodically 
loaded with ridges or shunt impedances, are examples of such media [424-428]. 

Fiber Bragg gratings, obtained by periodically modulating the refractive index of 
the core (or the cladding) of a finite portion of a fiber, exhibit high reflectance bands 
[328-348]. Quarter-wave phase-shifted fiber Bragg gratings (discussed in the next sec- 
tion) act as narrow-band transmission filters and can be used in wavelength multiplexed 
communications systems. 

Other applications of periodic structures with bandgaps arise in structural engineer- 
ing for the control of vibration transmission and stress [349-351], in acoustics for the 
control of sound transmission through structures [352-357], and in the construction of 
laser resonators and periodic lens systems [429,430]. A nice review of wave propagation 
in periodic structures can be found in [295]. 


5.5 Narrow-Band Transmission Filters 


The reflection bands of a dielectric mirror arise from the N-fold periodic replication of 
high/low index layers of the type (HL), where H, L can have arbitrary lengths. Here, 
we will assume that they are quarter-wavelength layers at the design wavelength Ao. 

A quarter-wave phase-shifted multilayer structure is obtained by doubling (HL) 
to (HL) (HL) and then inserting a quarter-wave layer L between the two groups, 
resulting in (HL)NL(HL). We are going to refer to such a structure as a Fabry-Perot 
resonator (FPR)—it can also be called a quarter-wave phase-shifted Bragg grating. 

An FPR behaves like a single L-layer at the design wavelength Ao. Indeed, noting that 
at Ag the combinations LL and HH are half-wave or absentee layers and can be deleted, 
we obtain the successive reductions: 
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(HL)NL(AHL)N > (HL)N-!HLLHL(HL)N7! 
> (HL)\-'HHL(HL)N7! 
> (HL)N-!L(HL)N“! 


Thus, the number of the HL layers can be successively reduced, eventually resulting 
in the equivalent layer L (at Ao): 


(HL)NL(AL)N > (HL)NL(HL)N™ > (HL)N?L(HL)N >? > oe) > L 


Adding another L-layer on the right, the structure (HL)NL(HL)NL will act as 2L, 
that is, a half-wave absentee layer at Ag. If such a structure is sandwiched between the 
same substrate material, say glass, then it will act as an absentee layer, opening up a 
narrow transmission window at Ao, in the middle of its reflecting band. 

Without the quarter-wave layers L present, the structures G|(HL)N (HL)‘|G and 
G|(HL)|G act as mirrors,’ but with the quarter-wave layers present, the structure 
G|(HL)NL(HL)NL|G acts as a narrow transmission filter, with the transmission band- 
width becoming narrower as N increases. 

By repeating the FPR (HL)NL(HL)N several times and using possibly different 
lengths N, it is possible to design a very narrow transmission band centered at Ap having 
a flat passband and very sharp edges. 

Thus, we arrive at a whole family of designs, where starting with an ordinary dielec- 
tric mirror, we may replace it with one, two, three, four, and so on, FPRs: 


(HL)™|G 
(HL)™'L(AL)™' |LIG 


(HL)™' 13 (AL)™' | (AL)§?2L (AL)? | (AL)? (AL) 3 |LIG 


G 

G 
2. G|(HL)N'L(HL)N!| (HL)N?L (HL)*?|G 
3. G 

G 


(HL)ML(HL)™|(HL)™®L(HL)™?|(HL)®L(HL)™ | (HL)™L(HL)™ |G 
(5.5.1) 

Note that when an odd number of FPRs (HL)NL(HL)N are used, an extra L layer 
must be added at the end to make the overall structure absentee. For an even number 
of FPRs, this is not necessary. 

Such filter designs have been used in thin-film applications [181-187] and in fiber 
Bragg gratings, for example, as demultiplexers for WDM systems and for generating very- 
narrow-bandwidth laser sources (typically at Ag = 1550 nm) with distributed feedback 
lasers [338-348]. We discuss fiber Bragg gratings in Sec. 10.4. 

In a Fabry-Perot interferometer, the quarter-wave layer L sandwiched between the 
mirrors (HL)N is called a “spacer” or a “cavity” and can be replaced by any odd multiple 
of quarter-wave layers, for example, (HL) (5L) (HL). 


4. 


1G denotes the glass substrate. 
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Several variations of FPR filters are possible, such as interchanging the role of H 
and L, or using symmetric structures. For example, using eighth-wave layers L/2, the 
following symmetric multilayer structure will also act like as a single L at Ao: 

LLNS ALLAN 
( 2 a 2 ) i ( 2 2 2 ) 


To create an absentee structure, we may sandwich this between two L/2 layers: 


L/(L_L\N_(L_L\NL 
rot a) 


This can be seen to be equivalent to (HL) (2L) (LH), which is absentee at Ao. 
This equivalence follows from the identities: 


t (Eut) «uns 
aa 7 ee (5.5.2) 
2. 2 2° 2 


Example 5.5.1: Transmission Filter Design with One FPR. This example illustrates the basic 
transmission properties of FPR filters. We choose parameters that might closely emu- 
late the case of a fiber Bragg grating for WDM applications. The refractive indices of the 
left and right substrates and the layers were: Ng = Np = 1.52, n; = 1.4, and ny = 2.1. The 
design wavelength at which the layers are quarter wavelength is taken to be the standard 
laser source Ap = 1550 nm. 


First, we compare the cases of a dielectric mirror (HL) and its phase-shifted version using 
a single FPR (cases 0 and 1 in Eq. (5.5.1)), with number of layers N; = 6. Fig. 5.5.1 shows the 


transmittance, that is, the quantity (1 -— |I: (A)|?) plotted over the range 1200 < A < 2000 
nm. 


Fabry-Perot Resonator Phase-Shifted FPR 


: EA 
| AMY 
i| — G(HL)®(0.6L)(HL)°LG 
i| --- G(HL)§(1.3L)(HL)°LG 
4 G(HL)§G 


— G(HL)®L(HL)PLG | | 
--- G(HL)PG 


Transmittance (percent) 
Transmittance (percent) 


do 


a $ 
1600 1800 1200 1400 1600 1800 2000 
A (nm) A (nm) 


Fig. 5.5.1 Narrowband FPR transmission filters. 


We observe that the mirror (case 0) has a suppressed transmittance over the entire reflect- 
ing band, whereas the FPR filter (case 1) has a narrow peak at Ao. The asymptotic edges of 
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the reflecting band are calculated from Eq. (5.3.18) to be Ay = 1373.9 nm and A2 = 1777.9 
nm, resulting in a width of AA = 404 nm. The MATLAB code used to generated the left 


graph was: 
na = 1.52; nb = 1.52; nH = 2.1; nL = 1.4; 
LH = 0.25; LL = 0.25; % optical thicknesses 
la0 = 1550; 
la = linspace(1200, 2000, 8001); % 1200 < A < 2000 nm 
N1 = 6; 
n1 = repmat([nH,nL],1,N1); 
L1 = repmat([LH,LL],1,N1); 
n = [na, n1, nb]; 
EE k 
GO = 100*(1 - abs(multidiel(n,L,1a/la0)).^2); % no phase shift 
nl = [repmat([nH,nL],1,N1), nL, repmat([nH,nL],1,N1)]; 
L1 = [repmat([LH,LL],1,N1), LL, repmat([LH,LL],1,N1)]; 


n = [na, n1, nL, nb]; 
L = [L1, LL]; 
G1 = 100*(1 - abs(multidiel(n,L,1a/la0)).^2); 


plot(la,G1,1a,G0); 


% one phase shift 


The location of the peak can be shifted by making the phase-shift different from A/4. This 
can be accomplished by changing the optical thickness of the middle L-layer to some other 
value. The right graph of Fig. 5.5.1 shows the two cases where that length was chosen to 


be nrl; = (0.6)ào/4 and (1.3) Ao/4, corresponding to phase shifts of 54° and 117°. O 


Example 5.5.2: Transmission Filter Design with Two FPRs. Fig. 5.5.2 shows the transmittance 
of a grating with two FPRs (case 2 of Eq. (5.5.1)). The number of bilayers were Nı = N? = 8 
in the first design, and N; = N> = 9 in the second. 


Transmittance (percent) 


Two+ PR Transmission Filter 


Full Reflecting Band 


100 100 Ho 
L pa | 
= N 
ja 
oO 
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oO 
2 
60+ g 60f 
= 
p 
40} z 40} Sa 
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Cc 
L 
20+ ; = 20} J 
eee = 1 Sas 2a (0) L L 
1549 1549.5 1550 1550.5 1551 1200 1400 1600 1800 2000 
A (nm) A (nm) 


Fig. 5.5.2 Narrow-band transmission filter made with two FPRs. 


The resulting transmittance bands are extremely narrow. The plotting scale is only from 
1549 nm to 1551 nm. To see these bands in the context of the reflectance band, the 


5.5. Narrow-Band Transmission Filters 


transmittance (for Nı = N? = 8) is plotted on the right graph over the range [1200, 2000] 
nm, which includes the full reflectance band of [1373.9, 1777.9] nm. 


Using two FPRs has the effect of narrowing the transmittance band and making it somewhat 


flatter at its top. 
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Example 5.5.3: Transmission Filter Design with Three and Four FPRs. Fig. 5.5.3 shows the trans- 


Transmittance (percent) 


Transmittance (percent) 


mittance of a grating with three FPRs (case 3 of Eq. (5.5.1)). A symmetric arrangement of 
FPRs was chosen such that N; = Nj. 


Three-F PR Filter with Equal Lengths Three-F PR Filters with Unequal Lengths 


100+ a ey 100} FERS 
E 2 Ts 
1 \ Cc E l 
i g jal ke 
80+ i 3 S sot i i 
i $ Q l 1 
l i — N,=9,N,=9 a [ R \ | — N,=9,N2=10 
o i --- N1=8, N2=8 z s0 i i| --- Ny=8,N,=9 
i © i i 
i i £ i i 
1 1 p=) i 1 
40; 1 J T 40F i K 
1 \ D h 1 
i \ fa \ 
20} r 4 © 2} ` 
r i z ' \ 
o L i ae 0 gut 1 a 
1549 1549.5 1550 1550.5 1551 1549 1549.5 1550 1550.5 1551 
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Fig. 5.5.3 Transmission filters with three FPRs of equal and unequal lengths. 


The left graph shows the transmittances of the two design cases Nı = No = N3 = 8 and 
N, = N: = N; = 9, so that all the FPRs have the same lengths. The transmission band is 
now flatter but exhibits some ripples. To get rid of the ripples, the length of the middle 
FPR is slightly increased. The right graph shows the case Nı = N3 = 8 and N: = 9, and 
the case Nı = N3 = 9 and N; = 10. 


Fig. 5.5.4 shows the case of four FPRs (case 4 in Eq. (5.5.1).) Again, a symmetric arrangement 
was chosen with N; = N4 and N> = N3. 


Four-F PR Filters with Equal Lengths 


Four PR Filters with Unequal Lengths 
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Fig. 5.5.4 Transmission filters with four FPRs of equal and unequal lengths. 


132 Electromagnetic Waves & Antennas - S. J. Orfanidis 


The left graph shows the two cases of equal lengths Nı N2 N3 Na 8 and 
N, = No = N; = N, = 9. The right graphs shows the case N; = N; = 8 and No = N4 = 9, 
and the case Nı = N4 = 9 and N? = N3 = 10. We notice again that the equal length cases 
exhibit ripples, but increasing the length of the middle FPRs tends to eliminate them. The 
typical MATLAB code for generating the case Nj = N; = 9 and N; = N} = 10 was as 
follows: 


1.52; nb = 1.52; nH = 2.1; nL = 1.4; 
LH = 0.25; LL = 0.25; 

la0 = 1550; 

linspace(1549, 1551, 501); 


5 
D 
Il 


= 
w 
Il 


nl = [repmat([nH,nL],1,N1), nL, repmat([nH,nL],1,N1)]; 
n2 = [repmat([nH,nL],1,N2), nL, repmat([nH,nL],1,N2)]; 
n3 = [repmat([nH,nL],1,N3), nL, repmat([nH,nL],1,N3)]; 
n4 = [repmat([nH,nL],1,N4), nL, repmat([nH,nL],1,N4)]; 
L1 = [repmat([LH,LL],1,N1), LL, repmat([LH,LL],1,N1)]; 
L2 = [repmat([LH,LL],1,N2), LL, repmat([LH,LL],1,N2)]; 
L3 = [repmat([LH,LL],1,N3), LL, repmat([LH,LL],1,N3)]; 
L4 = [repmat([LH,LL],1,N4), LL, repmat([LH,LL],1,N4)]; 


[na, n1, n2, n3, n4, nb]; 
L = [L1, L2, L3, L4]; 


3 
I 


G = 100*(1 - abs(multidiel(n,L,1la/1la0)).A2); 
plot(la,G); 


The resulting transmittance band is fairly flat with a bandwidth of approximately 0.15 nm, 
as would be appropriate for dense WDM systems. The second design case with Nı = 8 
and N> = 9 has a bandwidth of about 0.3 nm. 


The effect of the relative lengths N1, N2 on the shape of the transmittance band has been 
studied in [344-346]. The equivalence of the low/high multilayer dielectric structures to 
coupled-mode models of fiber Bragg gratings has been discussed in [335]. o 


5.6 Equal Travel-Time Multilayer Structures 


Here, we discuss the specialized, but useful, case of a multilayer structure whose layers 
have equal optical thicknesses, or equivalently, equal travel-time delays, as for exam- 
ple in the case of quarter-wavelength layers. Our discussion is based on [373] and on 
[380,381]. 

Fig. 5.6.1 depicts such a structure consisting of M layers. The media to the left and 
right are na and np and the reflection coefficients p; at the M + 1 interfaces are as in 
Eq. (5.1.1). We will discuss the general case when there are incident fields from both the 
left and right media. 

Let T, denote the common two-way travel-time delay, so that, 
2nılı 2Nnol> 2nmlM 


= =... = =T; (5.6.1) 
Co Co Co 
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Na nı n2 ni Nm np 
>| >| > > >| >| > j 
E+= Elt 4 < am U a < < < Emn, = Ex 
E+) E34 Ej+| Eit Em+| Em+1,+ 
Pı P2 P3 Pi) Pitt PmM| PMH 
1 2 F feet i+] .. M M+1 


Fig. 5.6.1 Equal travel-time multilayer structure. 


Then, all layers have a common phase thickness, that is, for i = 1, 2,...,M: 


ili 1 
S cki = Si oak (5.6.2) 
Co 2 
where we wrote kj = w/ci = wni/Co. The layer recursions (5.1.2)-(5.1.5) simplify 


considerably in this case. These recursions and other properties of the structure can be 
described using DSP language. 

Because the layers have a common roundtrip time delay T;, the overall structure will 
act as a sampled system with sampling period T, and sampling frequency fs = 1/T;. The 
corresponding “Nyquist frequency”, fo = fs/2, plays a special role. The phase thickness 
6 can be expressed in terms of f and f as follows: 


fani 
fs 2fo 
Therefore, at f = fo (and odd multiples thereof), the phase thickness will be 1r/2 = 


(2Tr) /4, that is, the structure will act as quarter-wave layers. Defining the z-domain 
variable: 


1 1 1 
ô = T,; = —2 = 
7 OTs r TT 


z = e498 = ejWTs = g2ikili (5.6.3) 


we write Eq. (5.1.2) in the form: 


Eis z? | 1 piz! Ei+1,+ : 
= z i , i= M,M-1,...,1 5.6.4 
E | Ti | pi z! Ei+ı,- ( ) 


We may rewrite it compactly as: 


E; (z) = Fi(z)Ei+ı (Z) (5.6.5) 
where we defined: 
zie) 1 piz! Eis (Z) 
Fi(z)= T, E eat | E; (Z) = Ea (5.6.6) 


The transition matrix F;(z) has two interesting properties. Defining the complex 
conjugate matrix F;(z) = F;(z~!), we have: 
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2 1- 
Fi(z) 7 J3Fi(z) = 1+0; Ni 
i i (5.6.7) 


F,(z) = JiFi(z) i 


where Jı, J3 are the 2x2 matrices: 


0 1 1 0 
n=[} ar n=| 4 Ed (5.6.8) 


In proving Eq. (5.6.7), we used the result (1 —p?)/T? = (1-p;)/(14+p) = Ni-1/Ni = 
n;/nj_-1. The first of Eqs. (5.6.7) implies energy conservation, that is, the energy flux into 
medium i is equal to the energy flux into medium i + 1, or, 


1 = z 1 
(Ej, Ei — Ei-Ei-)= =— 
2Ni-ı 2ni 


This can be expressed compactly in the form: 


(Ëi, +Ei+1,+ — Ēi1,-Ei+1,-) (5.6.9) 


-T i-1 T 
ÈT JE; = UO ET JEn 
Ni 
which follows from Eq. (5.6.7): 
-T -T p i-1 =T 
ËT JE; = Ef PT J3Fi Eii = ra Ë J3Enn 
l 


The second of Eqs. (5.6.7) expresses time-reversal invariance and allows the con- 
struction of a second, linearly independent, solution of the recursions (5.6.5): 


A 2 Ej z z z p 
E; = JiEj = B | = JiFi(z)Ei1 = Fi(Z) Ji Ent = Fi(Z) Bist 
I 


The recursions (5.6.5) may be iterated now to the rightmost interface. By an addi- 
tional boundary match, we may pass to the right of interface M + 1: 


Ej = Fi(Z) Fi+1(Z)+ + + Fm (Z) Fu+iEyai 


where we defined the last transition matrix as 


1 
Fygi PMs (5.6.10) 
TM+1 | PM+1 1 


More explicitly, we have: 


En | z% i piz! 1 paz“! 
E| yj pi z! Pii z! 


ey pz! 1 PM+1 EM+1,+ 
pm z! Pma 1 Em+1,- 


| They are recognized as two of the three Pauli spin matrices. 


(5.6.11) 
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where we defined vj = TiTi+1***TmMmTmMm+1. We introduce the following definition for 
the product of these matrices: 


Ai(z) Ci(z) 1 piz 1 pmz 1 Pma 
= a eee Ri (5.6.12) 
Bi(z) Di(z) Pi Z PM Z PmM+1 1 
Because there are M + 1 — i matrix factors that are first-order in z~!, the quantities 


Ai(z), Bi(z), Ci(z), and D;(z) will be polynomials of order M + 1 — i in the variable 
z~!. We may also express (5.6.12) in terms of the transition matrices F; (Z): 


Ai(z) Ci(z) 
Bi(z) Di(z) 


| =z M+1-)/2y, Fo (z).-+Fy(z)Fuai (5.6.13) 


It follows from Eq. (5.6.7) that (5.6.13) will also satisfy similar properties. Indeed, it 
can be shown easily that: 


M+1 
Gi(z)"J3Gi(z)= o7J3, where of = | | (1— p>) 
m=i (5.6.14) 
GR (z)= Giz) Jı 
where G;(z) and its reverse GR (z) consisting of the reversed polynomials are: 
o faw a) ra [aR cz) 
Gi(z)= Be Dj(z) |: isa) Ex DR (z) (56.15) 


The reverse of a polynomial is obtained by reversing its coefficients, for example, if 
A(z) has coefficient vector a = [do, 41, 42, a3], then AÈ (z) will have coefficient vector 
aÈ = [a3,a2,a1, ao]. The reverse of a polynomial can be obtained directly in the z- 
domain by the property: 


AR (z)= zA (z!)= z A(z) 


where d is the degree of the polynomial. For example, we have: 


A(Z) = ao t+aiz7! + aoz* + a3z™’ 


AF (Z) = a3 + a2Z™! + a1z™° + aoz 3 


=z (ao + aıZ + aZ? + azz?) = z 3 A(z) 
Writing the second of Eqs. (5.6.14) explicitly, we have: 
ARG) cè | 01/1 Ar@)- C2) 0 1] | Di(z) Bi(z) 
e - = f J E- Dj(z) | k ol + E- col 
This implies that the polynomials C,(z), D;(Z) are the reverse of Bi (Zz), Aj(Z), that 


is, Cj (Zz) = BR (z), Dj(z) = AR (z). Using this result, the first of Eqs. (5.6.14) implies the 
following constraint between A;(z) and B;(z): 


Aj(z) Ai(z) —B;(z) Bi(z) = o? (5.6.16) 
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Thus, the product of matrices in Eq. (5.6.12) has the form: 
Aj(z) BR (z) 1 piz 1 pmz! 1 Pmr 
R = -1 Tue -1 (5.6.17) 
Bi(z) Aj (Z) Pi Z PM Z PM+1 1 
This definition implies also the recursion: 


Aj(Z) BR (z) _{ 1 piz“! Ai+ı (Z) BR (2) (5.6.18) 
B;(Z) AR (z) |p z! Bi+ı (Z) AR, (2) a 


Therefore, each column will satisfy the same recursion:t 


Aj 1 gal Aj 
e | = |, aa | e | (forward recursion) (5.6.19) 
i i i+1 
fori = M,M —1,...,1, and initialized by the Oth degree polynomials: 
Am+i(Z) 1 
= 5.6.20 
Bas | Es ( ) 
Eq. (5.6.11) reads now: 
Ei, = z(M+1-i)/2 Ai(z) BR (z) Eueias AE 
Ei- vi Bilz) AR (z) || Eii- S 


Setting i = 1, we find the relationship between the fields incident on the dielectric 
structure from the left to those incident from the right: 


E | 2M? [ A) BEZ) |[ Emis 
lee ]- vı Eee AÈ (z) Ehnas (5.6.22) 


where Vı = TıT2***Tm+1. The polynomials A;(z) and B,(z) have degree M and 
are obtained by the recursion (5.6.19). These polynomials incorporate all the multiple 
reflections and reverberatory effects of the structure. 

In referring to the overall transition matrix of the structure, we may drop the sub- 
scripts 1 and M + 1 and write Eq. (5.6.22) in the more convenient form: 


M/2 R 4 
Ei | = — Be oe | E | (transfer matrix) (5.6.23) 


Fig. 5.6.2 shows the general case of left- and right-incident fields, as well as when 
the fields are incident only from the left or only from the right. 

For both the left- and right-incident cases, the corresponding reflection and trans- 
mission responses T, T and I’, T” will satisfy Eq. (5.6.23): 


1 | 2M? | A(z) BR(z) T 
T| v | Biz) A(z) 0 


o | 2M) A(z) Bez): || rT 
T'| v | Bey AR) 1 


tForward means order-increasing: as the index i decreases, the polynomial order M + 1 — i increases. 


(5.6.24) 
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Fig. 5.6.2 Reflection and transmission responses of a multilayer structure. 


Solving for T, T, we find: 


_ B(z) ye 
r(z)= MOR (z) AG) (5.6.25) 
Similarly, we find for I’, T”: 
7 BR (z) ; 7 yz M2 
r (z)= a A(Z) , T (z)= AZ) (5.6.26) 


where the constants v and v’ are the products of the left and right transmission coeffi- 
cients T; = 1 + pi and T; = 1 — pi, that is, 


M+1 M+1 M+1 M+1 


v=|[u=[]a@+ø0, v=][||ņ=[]0-Pp) (5.6.27) 
i=1 i=1 i=1 i=1 


In deriving the expression for T”, we used the result (5.6.16), which for i = 1 reads: 


M+1 
A(z)A(z)-B(z)B(z)= 0°, where o? = [| (1-9?) (5.6.28) 
i=1 


Because AF (z) = z-“ A(z), we can rewrite (5.6.28) in the form: 


A(z) A® (z) —B(z) B® (z)= o° z™ (5.6.29) 


Noting that vv’ = o° and that 


, M+ M+1 
rsl 2j en 
v ¿a l+tpi ja Mmo no’ 


we may replace v and v’ by the more convenient forms: 


veo |, v=o |" (5.6.30) 
Na Nb 


Then, the transmission responses J and 7” can be expressed as: 
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—M/2 
Pie | PAs T(=. et Oe Tee = (5.6.31) 
Na Nb A(z) 


The magnitude squared of T(z) represents the transmittance, that is, the ratio of 
the transmitted to incident powers, whereas T is the corresponding ratio of the electric 
fields. Indeed, assuming E” = 0, we have T = E',/E, and find: 


=— |E’,|? 
P transmitted 2Nb Na 2 2 
= 2 Mees T] (5.6.32) 
P incident al, |E.|? Nb 
2Na 


where we used Eq. (5.6.31). Similarly, if the incident fields are from the right, then 
assuming E, = 0, the corresponding transmission coefficient will be T’ = E_/E’, and 
we find for the left-going transmittance: 


1 


j [ES 
P transmitted = 2Na = Nb |g’ |? = IT|2 (5.6.33) 
P incident 2 JE |? Na 
2Nb 


Eqs. (5.6.32) and (5.6.33) state that the transmittance is the same from either side of 
the structure. This result remains valid even when the slabs are lossy. 

The frequency response of the structure is obtained by setting z = e/“!s. Denoting 
A(eJ”Ts) simply by A (w), we may express Eq. (5.6.28) in the form: 


|A(w) |* — |B(w) |? = o° (5.6.34) 


This implies the following relationship between reflectance and transmittance: 


IT (w) |? + |T(w) (2 =1 (5.6.35) 


Indeed, dividing Eq. (5.6.34) by |A (w) |? and using Eq. (5.6.31), we have: 


B(w) i 


A(w) 


1-|(w)|* = |T(w) |? 


2 öz ge-iMwTs/2 
|A (w) |2 A(w) 


Scattering Matrix 


The transfer matrix in Eq. (5.6.23) relates the incident and reflected fields at the left 
of the structure to those at the right of the structure. Using Eqs. (5.6.25), (5.6.26), and 
(5.6.29), we may rearrange the transfer matrix (5.6.23) into a scattering matrix form that 
relates the incoming fields E+, E- to the outgoing fields E_, E’. We have: 


ie | = Ee Re | E | (scattering matrix) (5.6.36) 


The elements of the scattering matrix are referred to as the S-parameters and are 
used widely in the characterization of two-port (and multi-port) networks at microwave 
frequencies. 
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We discuss S-parameters in Sec. 12.1. It is a common convention in the literature to 
normalize the fields to the impedances of the left and right media (the generator and 
load impedances), as follows: 


1 E+ngH A 1 , FE’ +npH' 
E = += la ; E, = += ue (5.6.37) 
va 2/Na vnb 2 Mb 


Such normalized fields are referred to as power waves [515]. Using the results of Eq. 
(5.6.31), the scattering matrix may be written in terms of the normalized fields in the 
more convenient form: 


E_ T(z) T(z) Ez E, 
Hd F Ee T' (z) | baa sa 5 | (5.6.38) 


so that S(z) is now a symmetric matrix: 


T(z) T(z) 
si | I'(z) 


| (scattering matrix) (5.6.39) 


One can verify also that Eqs. (5.6.25), (5.6.26), and (5.6.28) imply the following uni- 
tarity properties of S (z): 


S(z)TS(z)=I, S(w)tS(w)=I, (unitarity) (5.6.40) 


where I is the 2X2 identity matrix, $(z)= S(z~!), and S(w) denotes S(z) with z = 
eJ&Ts | so that S(w)! becomes the hermitian conjugate S(w)t= S (w) *?. 

The unitarity condition is equivalent to the power conservation condition that the 
net incoming power into the (lossless) multilayer structure is equal to the net outgoing 
reflected power from the structure. Indeed, in terms of the power waves, we have: 


1 1 1 1 
Pout = E_|? +4 E|? = eels |? 
out Ona | ony | | 5 IE | 5 E+! 
= 1 * *7 T- a 1 * *!] et E, = 1 * x7 E+ 
= 5 LEX, EY ] H = 5 LES E* sts Fr |= z EX, E* lI E 
1 E Deere 1 3 Iada 
= i = E,|*4 E | =P, 
5 E+] >E- a +l on, | fi in 
Layer Recursions 


Next, we discuss the layer recursions. The reflection responses at the successive in- 
terfaces of the structure are given by similar equations to (5.6.25). We have Ij(z)= 
B,(z)/Aj,(z) at the ith interface and Ij.) (Zz) = Biz, (z)/Aj+1(z) at the next one. Us- 
ing Eq. (5.6.19), we find that the responses I; satisfy the following recursion, which is 
equivalent to Eq. (5.1.3): 


pi + z` i+ (Z) 
1+ pizZ™ i+ (Z) 


Ti(z)= , i=M,M-1,...,1 (5.6.41) 
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It starts at [yy41(Z)= pm+1ı and ends with I (z)= I, (z). The impedances at the 
interfaces satisfy Eq. (5.1.5), which takes the specialized form in the case of equal phase 
thicknesses: 


Zai (8) tis 
Zi(s)= i , 
RO Mi eRe (s) 


=M,M -1,...,1 (5.6.42) 


where we defined the variable s via the bilinear transformation: 


RSA 
s= 
1+z71 


(5.6.43) 


Note that if z = e2/°, then s = jtan 6. It is more convenient to think of the impedances 
Zi(s) as functions of the variable s and the reflection responses T(z) as functions of 
the variable z. 

To summarize, given the characteristic impedances {na, N1, -.--, NM, Np}, equiva- 
lently, the refractive indices {n1, nı, ..., Nm} of a multilayered structure, we can com- 
pute the corresponding reflection coefficients {p1, P2,..., 0m+1} and then carry out the 
polynomial recursions (5.6.19), eventually arriving at the final Mth order polynomials 
A(z) and B(z), which define via Eq. (5.6.25) the overall reflection and transmission 
responses of the structure. 

Conversely, given the final polynomials A; (z)= A(z) and Bı (Z)= B (Zz), we invert 
the recursion (5.6.19) and “peel off” one layer at a time, until we arrive at the rightmost 
interface. In the process, we extract the reflection coefficients {p1, P2,..., PM+1}, as 
well as the characteristic impedances and refractive indices of the structure. 

This inverse recursion is based on the property that the reflection coefficients appear 
in the first and last coefficients of the polynomials B;(z) and A;(z). Indeed, if we define 
these coefficients by the expansions: 


M+1-i M+1-i 
Bi(z)= > bi(mz™, A= Sains” 
m=0 m=0 


then, it follows from Eq. (5.6.19) that the first coefficients are: 


bi(0)=p;, aj(0)=1 (5.6.44) 


whereas the last coefficients are: 


bi(M+1-i)=pm+1, ai(M+1-i)= pmiipi (5.6.45) 


Inverting the transition matrix in Eq. (5.6.19), we obtain the backward recursion:* 


Ai (z) | 1 1 —p; || Ai(z) 
ae | Ee i e J Be | (backward recursion) (5.6.46) 


tBackward means order-decreasing: as the index i increases, the polynomial order M + 1 — i decreases. 
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fori = 1,2,...,M, where pi = b;(0). This recursion starts with the knowledge of A, (z) 
and Bı (Z). We note that each step of the recursion reduces the order of the polynomials 
by one, until we reach the Oth order polynomials Ay+; (Z)= 1 and Bm+1(Z)= Pm+1- 

The reverse recursions can also be applied directly to the reflection responses I’; (Z) 
and wave impedances Z;(s). It follows from Eq. (5.6.41) that the reflection coefficient p;i 
can be extracted from I; (z) if we set z = œ, thatis, pi = Ti(œ%). Then, solving Eq. (5.1.3) 
for I'j+1(z), we obtain: 


Tj (Z) —pi 
1— piIi(z) |’ 

Similarly, it follows from Eq. (5.6.42) that the characteristic impedance n; can be 
extracted from Z;(s) by setting s = 1, which is equivalent to z = œ under the transfor- 
mation (5.6.43). Thus, nj = Z;(1) and the inverse of (5.6.42) becomes: 


Visi (Z)=2Z i= 1,2,...,M (5.6.47) 


_ Zi(S)—SNi 
‘mi — SZi(s) | 


The necessary and sufficient condition that the extracted reflection coefficients p; 
and the media impedances nj; are realizable, that is, |p;| < 1 or nj > 0, is that the 
starting polynomial A(z) be a minimum-phase polynomial in z~', that is, it must have 
all its zeros inside the unit circle on the z-plane. This condition is in turn equivalent to 
the requirement that the transmission and reflection responses T (z) and T (z) be stable 
and causal transfer functions. 

The order-increasing and order-decreasing recursions Eqs. (5.6.19) and (5.6.46) can 
also be expressed in terms of the vectors of coefficients of the polynomials A;(z) and 
B;(z). Defining the column vectors: 


Zit (S)=N i=1,2,...,M (5.6.48) 


ai (0) b;(0) 
a;(1) bi (1) 
aj = $ ; bi = A 
a(M+1-i) bi(M+1-i) 


we obtain for Eq. (5.6.19), with i = M,M —1,...,1: 


ai = ee ead 
I 

i= oi] e] 
I 


and initialized at ay, = [1] and by; = [pmii]. Similarly, the backward recur- 
sions (5.6.46) are initialized at the Mth order polynomials aj} = a and bı = b. For 
i= 1,2,...,M and p; = bj (0), we have: 


aj+1 | _ ai — pibi 
0 1-p? 


0 _ Piai +b; 
bi+1 1-9? 


(forward recursion) (5.6.49) 


(backward recursion) (5.6.50) 
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Example 5.6.1: Determine the number of layers M, the reflection coefficients at the M + 1 
interfaces, and the refractive indices of the M + 2 media for a multilayer structure whose 
overall reflection response is given by: 


B(z) —0.1—0.188z~! — 0.35z7* + 0.5273 
A(z) 1-0.1z-1 — 0.064z-2 — 0.05z-3 


T(z) 


Solution: From the degree of the polynomials, the number of layers is M = 3. The starting 
polynomials in the backward recursion (5.6.50) are: 


1.000 —0.100 

iage —0.100 ee —0.188 
—0.064 |’ —0.350 

—0.050 0.500 


From the first and last coefficients of bı, we find pı = —0.1 and p4 = 0.5. Setting i = 1, 
the first step of the recursion gives: 


1.000 0.000 
a2 |a- pıbı _ | —0.120 O | —piıaı+bı _ j —0.200 
o| 1-pt — | -0.100 }’ bə | 1- —— | -0.360 
0.000 0.500 
Thus, 
1.000 —0.200 
az = | —0.120 |, bo =] —0.360 
—0.100 0.500 
The first coefficient of bz is p2 = —0.2 and the next step of the recursion gives: 
1.0 0.0 
[3 | = See - 0.2 pa —p2a2 + be 0.4 
= =< =| -0.2 |, Sdi z = : 
2 =p 0.0 : bee 0.5 
Thus, 


1.0 -0.4 
az T Ed b= | A 


The last step of the recursion for i = 3 is not necessary because we have already determined 
p4 = 0.5. Thus, the four reflection coefficients are: 


[P1, P2, P3, p4]= [-0.1, —0.2, —0.4, 0.5] 


The corresponding refractive indices can be obtained by solving Eq. (5.1.1), that is, nj = 
ni-ı (1 — pi)/ (1l + pi). Starting with i = 1 and No = Ng = 1, we obtain: 


[Ng,N1,N2,N3,Np]= [1,1.22, 1.83, 4.28, 1.43] 


The same results can be obtained by working with the polynomial version of the recursion, 
Eq. (5.6.46). o 
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Example 5.6.2: Consider the quarter-quarter antireflection coating shown in Fig. 5.2.2 with 
refractive indices [na, n1, n2, Np]= [1,1.38,1.63,1.50]. Determine the reflection coef- 
ficients at the three interfaces and the overall reflection response T (z) of the structure. 


Solution: In this problem we carry out the forward layer recursion starting from the rightmost 
layer. The reflection coefficients computed from Eq. (5.1.1) are: 


[P1, P2, P3]= [—0.1597, —0.0831, 0.0415] 


Starting the forward recursion with a3 = [1] and b3 = [p3]= [0.0415], we build the first 
order polynomials: 


_ | as O | _ | 1.0000 0.0000 | | 1.0000 
— | 0 | TRR p l = la « (-0.083)] Goas | = | Eod 
a a3 oJ 1.0000 0.0000 | | —0.0831 
Mep | 0 | 3 & | p (-0.0831)| ed iJ Laon | 7 | A 
Then, we build the 2nd order polynomials at the first interface: 


3 ô 1.0000 P ò —0.1597 
a=] |+m =| 0.0098 |, b=] Z | + = | —0.0825 
0 be —0.0066 9 be 0.0415 


Thus, the overall reflection response is: 


T(z)=T; (z) Bı(z) _ —0.1597 — 0.0825z7! + 0.0415z~? 
i A (z) 1 + 0.0098z-1 — 0.0066z-2 


Applying the reverse recursion on this reflection response would generate the same reflec- 


tion coefficients p1, p2, p3- o 


Example 5.6.3: Determine the overall reflection response of the quarter-half-quarter coating of 


Fig. 5.2.2 by thinking of the half-wavelength layer as two quarter-wavelength layers of the 
same refractive index. 


Solution: There are M = 4 quarter-wave layers with refractive indices: 


[na, n1, N2, N3, N4, Np]= [1, 1.38, 2.20, 2.20, 1.63, 1.50] 


The corresponding reflection coefficients are: 


[P1, P2, P3, P4, Ps |= [-0.1597, —0.2291, 0, 0.1488, 0.0415] 


where the reflection coefficient at the imaginary interface separating the two halves of 
the half-wave layer is zero. Starting the forward recursion with as = [1], bs = [ps]= 
[0.0415], we compute the higher-order polynomials: 


atel, 0] _f 10000] pp a], o] oss 
45] Qa ea b; || 0.0062 (ere | o b; | 7 | 0.0415 
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7 1.0000 3 ð 0.0000 
a =| a ealo] = | 0.0062 |, bs = o| gta le 0.1488 


0.0000 0.0415 
1.0000 ~0.2291 
afell 0]_| 0.0062} pp fa] [0 ]_| -00014 
25| o |P] b -0.0341 |? 27 2] o bz 0.1488 
-0.0095 0.0415 
1.0000 -0.1597 
P j 0.0428 T P -0.2300 
a-|% eala |- ~0.0339 |, vn- [+] 9 |= 0.0040 
~0.0333 0.1503 
~0.0066 0.0415 


Thus, the reflection response will be: 


By (z) —0.1597 — 0.2300z7! + 0.0040z~? + 0.1502z>3 + 0.0415z-4 


T(z)= = 
(z) Ai (Zz) 1 + 0.0428z-! — 0.0339z-2 — 0.0333z-3 — 0.0066z-4 


We note that because p3 = 0, the polynomials A3(z) and A4(z) are the same and B; (z) 
is simply the delayed version of B4(z), that is, B3(z) = z~!B4(z). o 


Example 5.6.4: Given the reflection coefficients {p1, P2, P3, p4} of a three-layer structure, de- 
rive the polynomials A;(z), B,(z) at all stages i = 1, 2,3, 4. 


Solution: Starting with A4(z)= 1 and B4(z) = p4, the forward recursions (5.6.19) are: 


A3(Z)= Aq(z)+93Z7'B4(z)= 1+ p3p4z7! 
B3(Z)= p3A4(z)+z~1B4(zZ)= p3 + paz! 


A2(Z)= A3(Z)+2Z71B3(Z)= 1+ (p203 + 93P4)Z 1 + pop4z? 
Bz (Z) = p2A3(z)+z~'B3(z) = p2 + (P3 + P2P3P4)Z | + paz? 


Finally, A, (z)= Ap (Z)+pıZz7!B2 (Z) and Bı (z)= p,A2(Z)+Z~!Bo(Z) give: 


Aı(Z)= 1 + (pip2 + P2P3 + p3p4)Z 1 + (P1P3 + P2P4 + P1P2P3P4) Z7? + Pipaz? 
Bı (Z)= pi + (P2 + P1p203 + P1P3P4) Z7! + (P3 + P1P2P4 + P2P3P4) Z7? + paz? 


As expected, the first and last coefficients of Aj(z) are 1 and p;p4 and those of B,(z) are 
pi and p4. 

An approximation that is often made in practice is to assume that the p;s are small and 
ignore all the terms that involve two or more factors of p;. In this approximation, we have 
for the polynomials and the reflection response F (z)= Bı (z)/Aj, (Z): 


Aı(z)= 1 
Bı (Z)= pı + poz! + p3Z™? + paz 


1 3 


I'(Z)= pi + poz! + p3z~? + paz™ 
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This is equivalent to ignoring all multiple reflections within each layer and considering only 
a single reflection at each interface. Indeed, the term p»z~! represents the wave reflected at 
interface-2 and arriving back at interface-1 with a roundtrip delay of z~!. Similarly, p3z~* 
represents the reflection at interface-3 and has a delay of z~* because the wave must make 
a roundtrip of two layers to come back to interface-1, and 94z~? has three roundtrip delays 
because the wave must traverse three layers. (m 


The two MATLAB functions frwrec and bkwrec implement the forward and back- 
ward recursions (5.6.49) and (5.6.50), respectively. They have usage: 


[A,B] = frwrec(r); forward recursion - from r to A, B 
[r,A,B] = bkwrec(a,b); backward recursion - from a,b to r 


The input r of frwrec represents the vector of the M + 1 reflection coefficients and 
A,B are the (M + 1)x(M + 1) matrices whose columns are the polynomials a; and b; 
(padded with zeros at the end to make them of length M + 1.) The inputs a, b of bkwrec 
are the final order-M polynomials a,b and the outputs r, A, B have the same meaning 
as in frwrec. We note that the first row of B contains the reflection coefficients r. 

The auxiliary functions r2n and n2r allow one to pass from the reflection coefficient 
vector r to the refractive index vector n, and conversely. They have usage: 


n r2nc(r); reflection coefficients to refractive indices 
r = n2r(n); refractive indices to reflection coefficients 


As an illustration, the MATLAB code: 


a = [1, -0.1, -0.064, -0.05]; 
b = [-0.1, -0.188, -0.35, 0.5]; 
[r,A,B] = bkwrec(a,b); 

n = r2ncr); 

r = n2r(n); 


will generate the output of Example 5.6.1: 


r= 
-0.1000 -0.2000 -0.4000 0.5000 


A= 
1.0000 1.0000 1.0000 1.0000 
-0.1000 -0.1200 -0.2000 0 
-0.0640 -0.1000 0 0 
-0.0500 0 0 0 

B = 
-0.1000 -0.2000 -0.4000 0.5000 
-0.1880 -0.3600 0.5000 0 
-0.3500 0.5000 0 0 
0.5000 0 0 0 


1.0000 1.2222 1.8333 4.2778 1.4259 
-0.1000 -0.2000 -0.4000 0.5000 


Conversely, if the above r is the input to frwrec, the returned matrices A, B will be 
identical to the above. The function r2n solves Eq. (5.1.1) for n; and always assumes that 
the refractive index of the leftmost medium is unity. Once the n; are known, the function 
multidiel may be used to compute the reflection response at any set of frequencies or 
wavelengths. 
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5.7 Applications of Layered Structures 


In addition to their application in dielectric thin-film and radome design, layered struc- 
tures and the corresponding forward and backward layer recursions have a number of 
applications in other wave propagation problems, such as the design of broadband ter- 
minations of transmission lines, the analysis and synthesis of speech, geophysical signal 
processing for oil exploration, the probing of tissue by ultrasound, and the design of 
acoustic reflectors for noise control. 

It is remarkable also that the same forward and backward recursions (5.6.49) and 
(5.6.50) are identical (up to reindexing) to the forward and backward Levinson recursions 
of linear prediction [373], with the layer structures being mathematically equivalent to 
the analysis and synthesis lattice filters. This connection is perhaps the reason behind 
the great success of linear prediction methods in speech and geophysical signal pro- 
cessing. 

Moreover, the forward and backward layer recursions in their reflection forms, Eqs. 
(5.6.41) and (5.6.47), and impedance forms, Eqs. (5.6.42) and (5.6.48), are the essential 
mathematical tools for Schur’s characterization of lossless bounded real functions in the 
z-plane and Richard’s characterization of positive real functions in the s-plane and have 
been applied to network synthesis and to the development of transfer function stability 
tests, such as the Schur-Cohn test [393-407]. 

In all wave problems there are always two associated propagating field quantities 
playing the roles of the electric and magnetic fields. For forward-moving waves the 
ratio of the two field quantities is constant and equal to the characteristic impedance of 
the particular propagation medium for the particular type of wave. 

For example, for transmission lines the two field quantities are the voltage and cur- 
rent along the line, for sound waves they are the pressure and particle volume velocity, 
and for seismic waves, the stress and particle displacement. 

A transmission line connected to a multisegment impedance transformer and a load 
is shown in Fig. 5.7.1. The characteristic impedances of the main line and the seg- 
ments are Za and Z),..., Zm, and the impedance of the load, Zp. Here, the impedances 
{Za, Zi, -.-, ZM, Zp}, play the same role as {ņa, N1, ---, NM, Np} in the dielectric stack 
case. 


eh ae i IM ; 
z ee E e 
(>) main line Za y «+ Zi Zo (ae ZM. Zp! load 


Fig. 5.7.1 Multisegment broadband termination of a transmission line. 


The segment characteristic impedances Z; and lengths l; can be adjusted to obtain 
an overall reflection response that is reflectionless over a wideband of frequencies [362- 
372]. This design method is presented in Sec. 5.8. 
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In speech processing, the vocal tract is modeled as an acoustic tube of varying cross- 
sectional area. It can be approximated by the piece-wise constant area approximation 
shown in Fig. 5.7.2. Typically, ten segments will suffice. 

The acoustic impedance of a sound wave varies inversely with the tube area, Z = 
pc/A, where p,c, and A are the air density, speed of sound, and tube area, respectively. 
Therefore, as the sound wave propagates from the glottis to the lips, it will suffer reflec- 
tions every time it encounters an interface, that is, whenever it enters a tube segment 
of different diameter. 


| AY A2 A3 A4 As => speech 
~a i : 
glottis lips 


Fig. 5.7.2 Multisegment acoustic tube model of vocal tract. 


Multiple reflections will be set up within each segment and the tube will reverberate 
in a complicated manner depending on the number of segments and their diameters. 
By measuring the speech wave that eventually comes out of the lips (the transmission 
response,) it is possible to remove, or deconvolve, the reverberatory effects of the tube 
and, in the process, extract the tube parameters, such as the areas of the segments, or 
equivalently, the reflection coefficients at the interfaces. 

During speech, the configuration of the vocal tract changes continuously, but it does 
so at mechanical speeds. For short periods of time (typically, of the order of 20-30 
msec,) it may be considered to maintain a fixed configuration. From each such short 
segment of speech, a set of configuration parameters, such as reflection coefficients, 
is extracted. Conversely, the extracted parameters may be used to re-synthesize the 
speech segment. 

Such linear prediction based acoustic tube models of speech production are routinely 
used in the analysis and synthesis of speech, speech recognition, speaker identification, 
and speech coding for efficient data transmission, such as in wireless phones. 

The seismic problem in geophysical signal processing is somewhat different. Here, 
it is not the transmitted wave that is experimentally available, but rather the overall 
reflected wave. Fig. 5.7.3 shows the typical case. 

An impulsive input to the earth, such as an explosion near the surface, will set up 
seismic elastic waves propagating downwards. As the various earth layers are encoun- 
tered, reflections will take place. Eventually, each layer will be reverberating and an over- 
all reflected wave will be measured at the surface. With the help of the backward recur- 
sions, the parameters of the layered structure (reflection coefficients and impedances) 
are extracted and evaluated to determine the presence of a layer that contains an oil 
deposit. 

The application of the backward recursions has been termed dynamic predictive de- 
convolution in the geophysical context [380-392]. An interesting historical account of 
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Fig. 5.7.3 Seismic probing of earth’s multilayer structure. 


the early development of this method by Robinson and its application to oil exploration 
and its connection to linear prediction is given in Ref. [386]. The connection to the con- 
ventional inverse scattering methods based on the Gelfand-Levitan-Marchenko approach 
is discussed in [387-392]. 

Fiber Bragg gratings (FBG), obtained by periodically modulating the refractive index 
of the core (or the cladding) of a finite portion of a fiber, behave very similarly to di- 
electric mirrors and exhibit high reflectance bands [328-348]. The periodic modulation 
is achieved by exposing that portion of the fiber to intense ultraviolet radiation whose 
intensity has the required periodicity. The periodicity shown in Fig. 5.7.4 can have arbi- 
trary shape—not only alternating high/low refractive index layers as suggested by the 
figure. We discuss FBGs further in Sec. 10.4. 


WDM input fiber Bragg grating WDM output 
A 
a tes m— N periods —> To 
Ay Ag A3 Ay AS 
[EEEE A 
_ ne and core j 
e pe 
a2 eae cladding 
A 4 A A/4 
> <— N periods —» «— N periods —» =l e 
Ay Ag Az Ay 
| aa 
ry A 
~< quarter-wave phase-shifted grating 
à A 


Fig. 5.7.4 Fiber Bragg gratings acting as bandstop or bandpass filters. 


Quarter-wave phase-shifted fiber Bragg gratings act as narrow-band transmission 
filters and can be used as demultiplexing filters in WDM and dense WDM (DWDM) com- 
munications systems. Assuming as in Fig. 5.7.4 that the inputs to the FBGs consist of 
several multiplexed wavelengths, A,,A2,A3,..., and that the FBGs are tuned to wave- 
length A», then the ordinary FBG will act as an almost perfect reflector of Az. If its 
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reflecting band is narrow, then the other wavelengths will transmit through. Similarly, 
the phase-shifted FBG will act as a narrow-band transmission filter allowing Az through 
and reflecting the other wavelengths if they lie within its reflecting band. 

A typical DWDM system may carry 40 wavelengths at 10 gigabits per second (Gbps) 
per wavelength, thus achieving a 400 Gbps bandwidth. In the near future, DWDM sys- 
tems will be capable of carrying hundreds of wavelengths at 40 Gbps per wavelength, 
achieving terabit per second rates [348]. 


5.8 Chebyshev Design of Reflectionless Multilayers 


In this section, we discuss the design of broadband reflectionless multilayer structures of 
the type shown in Fig. 5.6.1 , or equivalently, broadband terminations of transmission 
lines as shown in Fig. 5.7.1, using Collin’s method based on Chebyshev polynomials 
[362-372,201,220]. 

As depicted in Fig. 5.8.1, the desired specifications are: (a) the operating center 
frequency fo of the band, (b) the bandwidth Af, and (c) the desired amount of attenuation 
A (in dB) within the desired band, measured with respect to the reflectance value at dc. 


IT fl? 


Of h hh 3h 4h 
Fig. 5.8.1 Reflectance specifications for Chebyshev design. 


Because the optical thickness of the layers is 6 = wTs/2 = (1/2) (f/fo) and van- 
ishes at dc, the reflection response at f = 0 should be set equal to its unmatched value, 
that is, to the value when there are no layers: 


2 2 
Nb — Na Na — Np 
Ir (0) |2 = p3 = ( ) = ) (5.8.1) 
G Na + Nb Na + Np 
Collin’s design method [362] assumes |I (f) |? has the analytical form: 
272 
e$ Ts, (xX) tf 
Tf) =— , X=X =x a 5.8.2 
| (f) | 1 + e2T3, (x) 0 COS ocos(5e) ( ) 


where Tm (x) = cos(M acos (x) ) is the Chebyshev polynomial (of the first kind) of order 
M. The parameters M, e1, Xo are fixed by imposing the desired specifications shown in 
Fig. 5.8.1. 
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Once these parameters are known, the order-M polynomials A(z), B(z) are deter- 
mined by spectral factorization, so that |I'(f) |? = |B(f)|?/|A (f) |?. The backward layer 
recursions, then, allow the determination of the reflection coefficients at the layer inter- 
faces, and the corresponding refractive indices. Setting f = 0, or ô = 0, or cos ô = 1, or 
X = Xo, we obtain the design equation: 


272 2 
et ly (Xo) 20 2 


= = = 5.8.3 
1+e%Ti (xo) 1+eĝ Po ( ) 


Ir (0) |? 


where we defined eọ = e; Ty (Xo). Solving for eo, we obtain: 


2 
e? Po (Ng — np)? 


= = 5.8.4 
o i-p? 4Nanp pee 


Chebyshev polynomials Tm (x) are reviewed in more detail in Sec. 19.8 that discusses 
antenna array design using the Dolph-Chebyshev window. The two key properties of 
these polynomials are that they have equiripple behavior within the interval —1 < x < 1 
and grow like x™ for |x| > 1; see for example, Fig. 19.8.1. 

By adjusting the value of the scale parameter Xo, we can arrange the entire equiripple 
domain, —1 < x < 1, of Tm(x) to be mapped onto the desired reflectionless band 
(fi, f2], where fi, f2 are the left and right bandedge frequencies about fo, as shown in 
Fig. 5.8.1. Thus, we demand the conditions: 

Ttf2 Th ) =i 


xocos( 5p) =-], Xo Cos (5 


These can be solved to give: 


Tf 
2fo Xo 2 Xo 


1 1 
TY: acos(—) = a asin (—) 
2fo Xo 2 Xo 


Subtracting, we obtain the bandwidth Af = f2 — fi: 


(5.8.5) 


tT Af O (1 
2 fo = 2asin( =) (5.8.6) 


We can now solve for the scale parameter Xo in terms of the bandwidth: 


Xo = (5.8.7) 


It is evident from Fig. 5.8.1 that the maximum value of the bandwidth that one can 
demand is Af max = 2fo. Going back to Eq. (5.8.5) and using (5.8.6), we see that fı and 
fo lie symmetrically about fo, such that fı = fo — Af/2 and fo = fo + Af /2. 

Next, we impose the attenuation condition. Because of the equiripple behavior over 
the Af band, it is enough to impose the condition at the edges of the band, that is, we 
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demand that when f = f1, or x = 1, the reflectance is down by A dB compared to its dc 
value: 


eiTu() _ 6 1074/10 
1+e%T% (1) 1+eĝ 


Ir (fa) 1? SF (0) |? 1074/10 


But, Tm (1)= 1. Therefore, we obtain an equation for eî: 


2 


2 
SPT E0 1074/10 (5.8.8) 
1+e? 1+e 


Noting that €o = eıTm (Xo), we solve Eq. (5.8.8) for the ratio Tm (Xo) = €0o/€1: 


Tm (Xo)= cosh(M acosh (xo) ) = Ja + e6) 104/10 — eĝ (5.8.9) 


where we used the definition Ty (Xo)= cosh(M acosh(xg)) because xo > 1. Solving 
(5.8.9) for M, we obtain: 


M = ceil (Mexact) (5.8.10) 


where 


acosh (Ja + eĝ) 104/10 — eå) 


Mexact = (5.8.11) 


acosh (xo) 


Because Mexact is rounded up to the next integer, the attenuation will be somewhat 
larger than required. In summary, we calculate €o, Xo, M from Eqs. (5.8.4), (5.8.7), and 
(5.8.10). Finally, eı is calculated from: 


ei (5.8.12) 


~ Tm(Xxo)  cosh(M acosh(xo)) 


eo eo 


Next, we construct the polynomials A(z) and B (z). It follows from Eqs. (5.6.25) and 
(5.6.31) that the reflectance and transmittance are: 


ABR 
AMI’ 


Comparing these with Eq. (5.8.2), we obtain: 


2 
ITA =1- rf) = — 


r R = 
| (f) | |A(f) |2’ 


|A(f) |? = o° [1 + eî T; (xo cos 6) | 
(5.8.13) 
|B (f) |? = 0 et T%, (Xo cos ô) 

The polynomial A(z) is found by requiring that it be a minimum-phase polynomial, 
that is, with all its zeros inside the unit circle on the z-plane. To find this polynomial, 
we determine the 2M roots of the right-hand-side of |A(f)|* and keep only those M 
that lie inside the unit circle. We start with the equation for the roots: 


o*[1+ eiT (xocos8)]=0 > Tu (Xo cos 5) = +Z 
1 
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Because Tm (Xo cos 6) = cos(M acos (xo cos 6) ), the desired M roots are given by: 


acos(—-) + MT 
xo cos õm = cos( z |: m=0,1,...,M -1 (5.8.14) 
Indeed, these satisfy: 
_ Jy, J _ J 
cos(M acos (Xo cos ôm) ) = cos{ acos( )+mrT)}) = cos MmT = ++ 
ei ei ei 
Solving Eq. (5.8.14) for ôm, we find: 
i acos(—+-) + mT 
5m = acos| cos( ei )| , m=0,1,...,.M-1 (5.8.15) 
Xo M 
Then, the M zeros of A (z) are constructed by: 
Zm =e%®m], m=0,1,...,M-1 (5.8.16) 


These zeros lie inside the unit circle, |Zm| < 1. (Replacing —j/e,; by +j/eı in 
Eq. (5.8.15) would generate M zeros that lie outside the unit circle; these are the ze- 
ros of A(z).) Finally, the polynomial A(z) is obtained by multiplying the root factors: 


A(z)= [| Q -Zmz = 1 +az™! + az? +--+ anz™ (5.8.17) 


Once A(Z) is obtained, we may fix the scale factor 0? by requiring that the two 
sides of Eq. (5.8.13) match at f = 0. Noting that A (f) at f = 0 is equal to the sum of the 
coefficients of A(z) and that e; Ty (Xo) = €o, we obtain the condition: 


2 


M-1 
m=0 
>, am ~ 
m=0 1+ eg 
Either sign of o leads to a solution, but its physical realizability requires that we 
choose the negative sign if na < Np, and the positive one if Ng > Np. 
The polynomial B (z) can now be constructed by taking the square root of the second 


equation in (5.8.13). Again, the simplest procedure is to determine the roots of the right- 
hand side and multiply the root factors. The root equations are: 


= 07(1+ 3) o=t (5.8.18) 


o* ei Ti, (Xo cos 6) = 0 > Tm (Xo cos 6) = 0 


with M roots: 


Om = acos( f cos( EEDAN 


=0,1,... M-1 8.1 
a uM )), m =0,1,..., (5.8.19) 
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The z-plane roots are Zm = e?iðm, m = 0,1,...,M — 1. The polynomial B (z) is now 
constructed up to a constant bo by the product: 


B(z)= bo | | (Q-Zmz™) (5.8.20) 


As before, the factor bo is fixed by matching Eq. (5.8.13) at f = 0. Because Ôm is 
real, the zeros Zm will all have unit magnitude and B(z) will be equal to its reverse 
polynomial, BÈ (z) = B(z). 

Finally, the reflection coefficients at the interfaces and the refractive indices are 
obtained by sending A(z) and B(z) into the backward layer recursion. 

The above design steps are implemented by the MATLAB functions chebtr, chebtr2, 
and chebtr3 with usage: 


[n,a,b] = chebtr(na,nb,A,DF); Chebyshev multilayer design 
[n,a,b,A] = chebtr2(na,nb,M,DF); specify order and bandwidth 
[n,a,b,DF] = chebtr3(na,nb,M,A); specify order and attenuation 


The inputs are the refractive indices na, np of the left and right media, the desired at- 
tenuation in dB, and the fractional bandwidth AF = Af /fo. The output is the refractive 
index vector n = [Ng, n1, N2,...,Ny, Np] and the reflection and transmission polynomi- 
als b and a. In chebtr2 and chebtr3, the order M is given. To clarify the design steps, 
we give below the essential source code for chebtr: 


e0 = sqrt((nb-na)A2/(4*nb*na)) ; 

x0 = 1/sin(DF*pi/4); 

M = ceil (acosh(sqrt(Ce0A2+1)*10A(A/10) - e0A2))/acosh(x0)); 
el = e0/cosh(M*acosh(x0)); 


m=0:M-1; 

delta = acos(cos((acos(-j/el)+pi*m)/M) /x0) ; 

z = exp(2*j*delta); zeros of A(z) 

a = real(poly(z)); coefficients of A(z) 
sigma = sign(na-nb)*abs(sum(a))/sqrt(1+e0A2) ; scale factor o 


delta = acos(cos((m+0.5)*pi/M)/x0) ; 


z = exp(2*j*delta); zeros of B (z) 

b = real(poly(z)); unscaled coefficients of B (z) 
bO = sigma * e0 / abs(sum(b)); 

b = bO * b; rescaled B (z) 

r = bkwrec(a,b); backward recursion 

ñ= na * r2nc(r); refractive indices 


Example 5.8.1: Broadband antireflection coating. Design a broadband antireflection coating on 
glass with na 1, np = 1.5, A = 20 dB, and fractional bandwidth AF = Af/fo = 1.5. 
Then, design a coating with deeper and narrower bandwidth having parameters A = 30 
dB and AF = Af /fo = 1.0. 


Solution: The reflectances of the designed coatings are shown in Fig. 5.8.2. The two cases have 
M = 8 and M = 5, respectively, and refractive indices: 
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n = [1, 1.0309, 1.0682, 1.1213, 1.1879, 1.2627, 1.3378, 1.4042, 1.4550, 1.5] 
n = [1, 1.0284, 1.1029, 1.2247, 1.3600, 1.4585, 1.5] 


The specifications are better than satisfied because the method rounds up the exact value 
of M to the next integer. These exact values were Mexact = 7.474 and Mexact = 4.728, and 
were increased to M = 8 and M = 5. 


A=20 dB A=30 dB 


g% g 
N N 

T -20t g 
a ia 


dy 
S 


40 
0 


2.5 3 3:5 4 


0.5 1 15 


2 
f/f 
Fig. 5.8.2 Chebyshev designs. Reflectances are normalized to 0 dB at dc. 


The desired bandedges shown on the graphs were computed from fı/fo = 1 — AF/2 and 
fi/fo = 1+ AF/2. The designed polynomial coefficients a, b were in the two cases: 


1.0000 -0.0152 
Lon Bry 1.0000 -0.0140 
0.0041 -0.0244 

0.0074 -0.0350 
0.0034 -0.0290 

0.0051 -0.0526 

a= | 0.0025 |, b= [| -0.0307 | and a= , b= 

0.0027 -0.0526 
0.0017 -0.0290 

0.0010 -0.0350 
0.0011 -0.0244 00002 OAS 
0.0005 -0.0178 i i 
0.0002 -0.0152 


The zeros of the polynomials a were in the two cases: 


o 
pee 2 et 0.21122 + 45.15° 


z= o | and z= | 0.15642180° 
0.3266 Z + 158.76 NET, 


0.33312 + 116.34° 


They lie inside the unit circle by design. The typical MATLAB code used to generate these 
examples was: 
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a 


chebtr(na,nb,A,DF); 
length(n) - 2; 


+ 
I 


= linspace(0,4,1601); 
L = 0.25 * ones(1,M); 


a 
© 
Ul 


(na-nb)A2 / (na+nb)^2; 
= abs(multidiel(n,L,1./f)).A2; 


a 
I 


plot(f, 10*10g10(G/G0)); 


The reflectances were computed with the function multidiel. The optical thickness inputs 
to multidiel were all quarter-wavelength at fo. o 


We note, in this example, that the coefficients of the polynomial B (z) are symmetric 
about their middle, that is, the polynomial is self-reversing B® (z)= B(z). One conse- 
quence of this property is that the vector of reflection coefficients is also symmetric 
about its middle, that is, 


[P1, P2,- --, PM, PM+1] = [Pm+1; PM, --- P2, P1] (5.8.21) 


or, Pi = Pm+2-i, fori = 1,2,...,M +1. These conditions are equivalent to the following 
constraints among the resulting refractive indices: 


NiNM+2-i = Nap S Pi = PM+2-i |» i= 1,2,...,M +1 (5.8.22) 


These can be verified easily in the above example. The proof of these conditions 
follows from the symmetry of B(z). A simple argument is to use the single-reflection 
approximation discussed in Example 5.6.4, in which the polynomial B (z) is to first-order 
in the pjs: 


14 M 


B(Z)= pi + PoZ > + +++ + PMyiZ 


If the symmetry property pi = PpPm+2-i Were not true, then B (z) could not satisfy the 
property B? (z) = B(z). Amore exact argument that does not rely on this approximation 
can be given by considering the product of matrices (5.6.17). 

Finally, we discuss the design of broadband terminations of transmission lines shown 
in Fig. 5.7.1. Because the media admittances are proportional to the refractive indices, 
nr! = nny, we need only replace nj; by the line characteristic admittances: 


[Ng,M1,.--,Nmu, Np] za [Ya Y1,..., YM, Yp] 


where Yq, Yp are the admittances of the main line and the load and Y;, the admittances of 
the segments. Thus, the vector of designed admittances can be obtained by the MATLAB 
call: 


Y = chebtr(Ya, Yb, A, DF); 


We also have the property (5.8.22), YiYM+2-i = YaYb, or, ZiZM+2-i = ZaZp, for 
i=1,2,...,M +1, where Y; = 1/Z;j. 
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In this design method, one does not have any control over the resulting refractive 
indices n; or admittances Y;. This can be problematic in the design of antireflection coat- 
ings because there do not necessarily exist materials with the designed njs. However, 
one can replace or “simulate” any value of the refractive index of a layer by replac- 
ing the layer with an equivalent set of three layers of available indices and appropriate 
thicknesses [176-236]. 

This is not as big a problem in the case of transmission lines, because one can easily 
design a line segment of a desired impedance by adjusting the geometry of the line, for 
example, by changing the diameters of a coaxial cable or the width of a parallel-wire or 
microstrip line. 


5.9 Problems 


5.1 Three identical fiberglass slabs of thickness of 3 cm and dielectric constant € = 4€ 9 are 
positioned at separations dı = d? = 6 cm, as shown below. A wave of free-space wavelength 
of 24 cm is incident normally onto the left slab. 

a. Determine the percentage of reflected power. 


b. Repeat if the slabs are repositioned such that dı = 12 cm and d2 = 6 cm. 


air | € air E€ air E€ air 
—_ 
T<— 
dy dy 
3cm 


5.2 Four identical dielectric slabs of thickness of 1 cm and dielectric constant € = 4€ are posi- 
tioned as shown below. A uniform plane wave of frequency of 3.75 GHz is incident normally 
onto the leftmost slab. 

a. Determine the reflectance |I|? as a percentage. 
b. Determine |T|? if slabs A and C are removed and replaced by air. 


c. Determine |T]? if the air gap B between slabs A and C is filled with the same dielectric, 
so that ABC is a single slab. 


Eo JE A| B C 
| —> 
Ta 
Zi Z Z3 Z4 Zs Z6 Z1 Zg 
je >| je >| je >| 
lcm 4cm 2cm 4cm 


5.3 Show that the antireflection coating design equations (5.2.2) can be written in the alternative 
forms: 
2 2 
n5 (np — Na) (Nj — NaNp) 
na(n% — ng) (n3 — ni) 


(n5 — nan) (nna — NiNp) 
na (ns — nz) (n5 — nî) 


cos? kol = , sin? kolo = 
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5.4 


5.5 


5.6 


5.7 


5.8 


Making the assumptions that Nz > nı > Ng, N2 > Np, and Np > Na, show that for the design 
to have a solution, the following conditions must be satisfied: 


jn 
nı > /NgNMp and n>n 
a 


Show that the characteristic polynomial of any 2x2 matrix F is expressible in terms of the 
trace and the determinant of F as in Eq. (5.3.10), that is, 


det (F — AI) = A? — (trF)A + det F 


Moreover, for a unimodular matrix show that the two eigenvalues are A+ = e*% where 
& = acosh (a) and a = tr F/2. 


Show that the bandedge condition a = —1 for a dielectric mirror is equivalent to the condition 
of Eq. (5.3.16). Moreover, show that an alternative condition is: 
l1/n n 
cos Ôp Cos ÔL — = r + ri) sin ôy sin Ô; = —1 
2 ny ny 
Stating with the approximate bandedge frequencies given in Eq. (5.3.19), show that the band- 
width and center frequency of a dielectric mirror are given by: 
2fo asin (p) + 
A f fo fi f 0 P , fe f 1 f.: 2 fi 0 
m(Ly + Ly) 2 2(Ly + Lr) 


where Ly = Nyly/Ao, Lt = nzl_/Ao, and Ao is a normalization wavelength, and fo the 
corresponding frequency fo = Co/Ao. 


Computer Experiment: Antireflection Coatings. Compute and plot over the 400-700 nm 
visible band the reflectance of the following antireflection coatings on glass, defined by the 
refractive indices and normalized optical thicknesses: 


a. n= [1,1.38,1.5], L= [0.25] 

b. n= [1,1.38,1.63,1.5], ZŁ = [0.25,0.50] 

ce n= [1,1.38,2.2,1.63,1.5], L = [0.25,0.50,0.25] 

d. n= [1, 1.38, 2.08, 1.38, 2.08, 1.5], ZL = [0.25, 0.527, 0.0828, 0.0563] 


The normalization wavelength is Aj = 550 nm. Evaluate and compare the coatings in terms 
of bandwidth. Cases (a-c) are discussed in Sec. 5.2 and case (d) is from [183]. 


Computer Experiment: Dielectric Sunglasses. A thin-film multilayer design of dielectric sun- 
glasses was carried out in Ref. [738] using 29 layers of alternating TiO2 (ny = 2.35) and SiO2 
(nz = 1.45) coating materials. The design may be found on the web page: 

www. sspectra.com/designs/sunglasses.html. 

The design specifications for the thin-film structure were that the transmittance be: (a) less 
than one percent for wavelengths 400-500 nm, (b) between 15-25 percent for 510-790 nm, 
and (c) less than one percent for 800-900 nm. 

Starting with the high-index layer closest to the air side and ending with the high-index layer 
closest to the glass substrate, the designed lengths of the 29 layers were in nm (read across): 


21.12 32.41 73.89 123.90 110.55 129.47 

63.17 189.07 68.53 113.66 62.56 59.58 

27.17 90.29 44.78 73.58 50.14 94.82 

60.40 172.27 57.75 69.00 28.13 93.12 
106.07 111.15 32.68 32.82 69.95 
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Form the optical lengths nl; and normalize them L; = njl;/Ao, such that the maximum 
optical length is a quarter wavelength at Ay. What is the value of Ap in nm? Assuming the 
glass substrate has index n = 1.5, compute and plot the reflectance and transmittance over 
the band 400-900 nm. 


5.9 Computer Experiment: Dielectric Mirror. Reproduce all the results and graphs of Example 
5.3.2. In addition, carry out the computations for the cases of N = 16, 32 bilayers. 
In all cases, calculate the minimum and maximum reflectance within the high-reflectance 
band. For one value of N, calculate the reflectance using the closed-form expression (5.3.33) 
and verify that it is the same as that produced by multidiel. 


5.10 Computer Experiment: Dielectric Mirror. Reproduce all the results and graphs of Example 
5.3.3. Repeat the computations and plots when the number of bilayers is N = 8,16. Repeat 
for N = 4, 8,16 assuming the layers are quarter-wavelength layers at 12.5 um. In all cases, 
calculate the minimum and maximum reflectance within the high-reflectance band. 


5.11 Computer Experiment: Shortpass and Longpass Filters. Reproduce all the results and graphs 
of Example 5.3.5. Redo the experiments by shifting the short-pass wavelength to Ap = 750 
nm in the first case, and the long-pass wavelength to Ao = 350 nm in the second case. Plot 
the reflectances over the extended band of 200-1000 nm. 


5.12 Computer Experiment: Wide Infrared Bandpass Filter. A 47-layer infrared bandpass filter 
with wide transmittance bandwidth was designed in Ref. [738]. The design may be found 
on the web page www. sspectra.com/designs/irbp.html1. 


The alternating low- and high-index layers were ZnS and Ge with indices 2.2 and 4.2. The 
substrate was Ge with index 4. The design specifications were that the transmittance be: (a) 
less than 0.1% for wavelengths 2-3 um, (b) greater than 99% for 3.3-5 um, and (c) less than 
0.1% for 5.5-7 um. 


Starting with a low-index layer near the air side and ending with a low-index layer at the 
substrate, the layer lengths were in nm (read across): 


528.64 178.96 250.12 123.17 294.15 156.86 265.60 134.34 
266.04 147.63 289.60 133.04 256.22 165.16 307.19 125.25 
254.28 150.14 168.55 68.54 232.65 125.48 238.01 138.25 
268.21 98.28 133.58 125.31 224.72 40.79 564.95 398.52 
710.47 360.01 724.86 353.08 718.52 358.23 709.26 370.42 
705.03 382.28 720.06 412.85 761.47 48.60 97.33 


Form the optical lengths n;l; and normalize them L; = njlj/Ao, such that the maximum 
optical length is a quarter wavelength at Ao. What is the value of Apo in um? Compute and 
plot the reflectance and transmittance over the band 2-7 um. 


6 


Oblique Incidence 


6.1 Oblique Incidence and Snell’s Laws 


With some redefinitions, the formalism of transfer matrices and wave impedances for 
normal incidence translates almost verbatim to the case of oblique incidence. 

By separating the fields into transverse and longitudinal components with respect 
to the direction the dielectrics are stacked (the z-direction), we show that the transverse 
components satisfy the identical transfer matrix relationships as in the case of normal 
incidence, provided we replace the media impedances n by the transverse impedances 
nr defined below. 

Fig. 6.1.1 depicts plane waves incident from both sides onto a planar interface sepa- 
rating two media €, €’. Both cases of parallel and perpendicular polarizations are shown. 

In parallel polarization, also known as p-polarization, 7r-polarization, or TM po- 
larization, the electric fields lie on the plane of incidence and the magnetic fields are 


Ax Ax 


Van 


€ |e" Ha ele 
TM, parallel, p-polarization TE, perpendicular, s-polarization 


Fig. 6.1.1 Oblique incidence for TM- and TE-polarized waves. 
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perpendicular to that plane (along the y-direction) and transverse to the z-direction. 

In perpendicular polarization, also known as s-polarization,' o-polarization, or TE 
polarization, the electric fields are perpendicular to the plane of incidence (along the 
y-direction) and transverse to the z-direction, and the magnetic fields lie on that plane. 

The figure shows the angles of incidence and reflection to be the same on either side. 
This is Snell’s law of reflection and is a consequence of the boundary conditions. 

The figure also implies that the two planes of incidence and two planes of reflection 
all coincide with the xz-plane. This is also a consequence of the boundary conditions. 

Starting with arbitrary wavevectors k+ = Xkys + Ŷky+ + Zk z+ and similarly for K’,, 
the incident and reflected electric fields at the two sides will have the general forms: 


Epek, Fede, Fedkr F ekor 


The boundary conditions state that the net transverse (tangential) component of the 
electric field must be continuous across the interface. Assuming that the interface is at 
Z = 0, we can write this condition in a form that applies to both polarizations: 


Erse TT 4 Ep eT = Epe TT Ep eT, at z=0 (6.1.1) 


where the subscript T denotes the transverse (with respect to Z) part of a vector, that is, 
Er = 2 (EX z)= E- 2 Ez. Setting Z = 0 in the propagation phase factors, we obtain: 


Ep, ed (kxexthy+y) + Er e~} (kx-xtky-y) = Ep, eS kext yy) + E p_e} (kx-xtky_y) (6.1.2) 


For the two sides to match at all points on the interface, the phase factors must be 
equal to each other for all x and y: 


eS lKxextkys¥) = gmj (kx-x+ky-y) = gj (kee Xt ky) = e-i (kx-X+ky-Y) (phase matching) 


and this requires the x- and y-components of the wave vectors to be equal: 


kx+ = kx- = k4, = k_ 


ae (6.1.3) 
ky+ = ky- =k, = Ki 


If the left plane of incidence is the xz-plane, so that k,, = 0, then all y-components 
of the wavevectors will be zero, implying that all planes of incidence and reflection will 
coincide with the xz-plane. In terms of the incident and reflected angles 0+, 0., the 
conditions on the x-components read: 


ksin, = ksin- =k’ sin@’, =k’ sind” (6.1.4) 


These imply Snell’s law of reflection: 


0,=0_=0 


0. = 6. =0 (Snell’s law of reflection) (6.1.5) 


tfrom the German word senkrecht for perpendicular. 
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And also Snell’s law of refraction, that is, k sin 0 = k’ sin 0’. Setting k = nko, k’ = n'ko, 
and ko = W/Co, we have: 


, 


nsin@ =n’ sind’ | > ay zi (Snell’s law of refraction) (6.1.6) 
sin 0 n 


It follows that the wave vectors shown in Fig. 6.1.1 will be explicitly: 


k = k, = kx + k22 = ksin 0 + k cos 0 2 


k- = kg — kz2 = k sin 0  — k cos 0 ĉ 
(6.1.7) 


K = k, = kR + k,2 = k' sin 0’ £ + k’ cos 0’ 2 
ko = kg- k2 =k’ sind’ £ -— k' cos 0’ 2 
The net transverse electric fields at arbitrary locations on either side of the interface 


are given by Eq. (6.1.1). Using Eq. (6.1.7), we have: 


Er (x, Z)= Ere Y + Ere = (Erpe Se? + Ere) ex 
(6.1.8) 


Er (x, Z) = Fed My | ee a a (Ep, e7 Ps E7_ebkz2) ekx 


In analyzing multilayer dielectrics stacked along the z-direction, the phase factor 
ekxx = e—JkxX® will be common at all interfaces, and therefore, we can ignore it and 
restore it at the end of the calculations, if so desired. Thus, we write Eq. (6.1.8) as: 


Er(z)= Ex ie dk + Er- e7 


oe 7 (6.1.9) 
Er (z) = Ep e67 id Ep_ e7 


In the next section, we work out explicit expressions for Eq. (6.1.9) 


6.2 Transverse Impedance 


The transverse components of the electric fields are defined differently in the two po- 
larization cases. We recall from Sec. 2.9 that an obliquely-moving wave will have, in 
general, both TM and TE components. For example, according to Eq. (2.9.9), the wave 
incident on the interface from the left will be given by: 


E, (r) = [(&cos@ —Zsin@)A,+VB,leJ* 


1 l (6.2.1) 
H; (r) = aoe — (cos 0 — Zsin 0) B, Jes 


where the A, and B, terms represent the TM and TE components, respectively. Thus, 
the transverse components are: 


Er, (x, Z) = [RA cos 0 + By |e kerk?) 


(6.2.2) 
Hr- (x, zZ) = — [9 A+ — B4 cos OJe 7d kextkzz) 


= 
n 
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Similarly, the wave reflected back into the left medium will have the form: 


E_(r) = [(&cos0 + Zsin0)A_ +9B_levk* 


1 F (6.2.3) 
H- (r) = ole coe + (Kcos 0 + Zsin@)B_]Je Jk 


with corresponding transverse parts: 


Er_(x,z) = [RA- cos 0 + yB_ ]e™ kerk?) 


1 , (6.2.4) 
Hr_(x,Z) = 7 [-9A- + &B_ cos 0 Jei kex-ke2) 


Defining the transverse amplitudes and transverse impedances by: 


AT+ = Å+ cos0, Bre = Bs 

n (6.2.5) 

nm =ncosé, NTE= —7 
cos 0 


and noting that Ar+/nry = A+/n and Br+/nre = B+ cos 0/n, we may write Eq. (6.2.2) 
in terms of the transverse quantities as follows: 


Ers(x,z) = [RAT + VBry led tkz 


A B ; (6.2.6) 
Hr- (x, z) = [y TE gel Jed kxxtkez) 
NTM NTE 
Similarly, Eq. (6.2.4) is expressed as: 
Er- (x, Z) = [XAr_ + 9Br_Je J kerk) 
AT- Br_ . (6.2.7) 
Hr_(x,Z) = [-¥ DE pge Jed kxx~kez) 


Adding up Eqs. (6.2.6) and (6.2.7) and ignoring the common factor e~/kx*, we find for 
the net transverse fields on the left side: 


Er(Z) = XE (Z) + VEre(Z) 
(6.2.8) 
Hr(Z) = YH (Z)—-XHAre(Z) 


where the TM and TE components have the same structure provided one uses the ap- 
propriate transverse impedance: 


Erm(z) = Arse?” + Ap_elhe? 


i l (6.2.9) 
Hr(z) = — [Ar e? — Arez] 
NTM 
Ere(Z) = Brye J? + Br_ elke” 
(6.2.10) 


1 , : 
Hre(z) = — [Brie Sk? — By_elke7] 
NTE 
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We summarize these in the compact form, where Er stands for either Erm or Ere: 


Er(z) = Er e Jk22 + Ere% 
(6.2.11) 


1 , , 
Hr(z) = pr Ene 7 — Er- e™?7] 
T 


The transverse impedance nr stands for either nrm or N re: 


n (6.2.12) 


ncos@, TM, parallel, p-polarization 
IE TE, perpendicular, s-polarization 


cos 0’ 


Because n = No/n, it is convenient to define also a transverse refractive index 
through the relationship nr = No/nr. Thus, we have: 


n 
—, TM, parallel, p-polarization 
nr =+ cos0 p ER (6.2.13) 
ncos@,_ TE, perpendicular, s-polarization 


For the right side of the interface, we obtain similar expressions: 
Ep (Z) = Ep ,e J? + Ep_ edkez 
(6.2.14) 


1 y yr 
H7(z) = ne (Et, e = Ep _ e7) 
T 


n’cos@’, TM, parallel, p-polarization 


p= Ý; (6.2.15) 
nr I TE, perpendicular, s-polarization 


cos 0” ’ 


, 


E TT : TM, parallel, p-polarization (6.2.16) 


n’cos@’, TE, perpendicular, s-polarization 


where E7, stands for AT. = A‘, cos 0’ or By. = B.. 

For completeness, we give below the complete expressions for the fields on both 
sides of the interface obtained by adding Eqs. (6.2.1) and (6.2.3), with all the propagation 
factors restored. On the left side, we have: 


E(r) = Erm (r) + Ere (r) 


(6.2.17) 
H(t) = Arm (rv) —Hre(r) 
where 

Ery(r) = (cos 0 — Zsin0)A,eS**" + (Kcos 0 + Zsin@)A_eSK 
Hru (1) -9 (Aseen Apta 

j (6.2.18) 
Erg(r) = 9 (Bye Jk + Be?) 
ae z acoso —zsin@)B,e/** + (Rcos0 + 2sin0)B-e*-"] 
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The transverse parts of these are the same as those given in Eqs. (6.2.9) and (6.2.10). 
On the right side of the interface, we have: 


F' (r) = Ery (T) +E pe (r) 


f $ i (6.2.19) 
H (r) = Ayy (rt) —Hrg(r) 


Eiųy(r) = (Rcos 0’ — 2sin 0’) A eT + (Recos 0’ + 2sing') A eT 


A a 1 a eae 1 jk. 
Hyy(t) = 9 (Ape ET — ALe 1) 
Epp (t) = 9 (Bie + Be IK) 
1 ot Ls 
Hy, (r) = —[-(&cos 0’ — zsin 0’) Be JK + (cos 0’ + Zsind’) Be JET] 
n 


(6.2.20) 


6.3 Propagation and Matching of Transverse Fields 


Eq. (6.2.11) has the identical form of Eq. (4.1.1) of the normal incidence case, but with 
the substitutions: 


n>nNrT, exskz a e+ikzz = etskz cos 0 (6.3.1) 


Every definition and concept of Chap. 4 translates into the oblique case. For example, 
we can define the transverse wave impedance at position Z by: 


Er(z) Ep ye dkez + Ep_edkzz 
Z = = - ; 6.3.2 
T(Z) HZ) T Ep e- Jez Er eiz ( ) 
and the transverse reflection coefficient at position Z: 
Er- (z) Er_ekzz 2jk 
T = = — =I7(0)eW*24 6.3.3 
T (Z) ELG) En eJez r(0)e (6.3.3) 
They are related as in Eq. (4.1.7): 
1 +Tr(z) Zr(Z)—nr 
Z = T = 6.3.4 
T(Z)= Nr 1- TrZ) r (Z) Zer ( ) 


The propagation matrices, Eqs. (4.1.11) and (4.1.13), relating the fields at two posi- 
tions Z1, Z2 within the same medium, read now: 


Eri+ | _ ejkzl 0 Er24 : ; 
Ea = | 0 o-jkzl Ers (propagation matrix) (6.3.5) 


Er | | cos kzl jnr sinkzl Er ; : 
| Hr | = Fe sink;l cosk;l Hr (propagation matrix) (6.3.6) 
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where | = Z? — Z1. Similarly, the reflection coefficients and wave impedances propagate 
as: 


-2jkzl Fh Zr2 + jnr tankzl 
i ĝ nr + jZrtankzl 


Iri = [re (6.3.7) 


The phase thickness 6 = kl = 2r (nl) /A of the normal incidence case, where A is 
the free-space wavelength, is replaced now by: 


5, = kl = kl cos = on ALcose (6.3.8) 


At the interface Z = 0, the boundary conditions for the tangential electric and mag- 
netic fields give rise to the same conditions as Eqs. (4.2.1) and (4.2.2): 


Er =Er, Hr = Hr (6.3.9) 
and in terms of the forward/backward fields: 


Er, + Er- = Ey, + Ep 


1 Pis , (6.3.10) 
(Er+ — Er-) Ere — Er-) 
nr Nr 
which can be solved to give the matching matrix: 
E 1 1 E; 
| a | S | ai A | | Pa | (matching matrix) (6.3.11) 
= T T- 
where pr, Tr are transverse reflection coefficients, replacing Eq. (4.2.5): 
nr=nr _nr-ny 
PT = j ~ 4 
Nrt+nNr Nr-Nry 
; (Fresnel coefficients) (6.3.12) 
2nr 2nr 
TT = ri = 1 
Nrt+nNr Nr-Nry 


where Tr = 1 + pr. We may also define the reflection coefficients from the right side 
of the interface: p = —pr and tT; = 1 + pr = 1-— pī. Eqs. (6.3.12) are known as the 
Fresnel reflection and transmission coefficients. 

The matching conditions for the transverse fields translate into corresponding match- 
ing conditions for the wave impedances and reflection responses: 


pr+Iy r prt+Ir 
1+prl'y "1+ pi0r 


Zr =Z Ir (6.3.13) 


If there is no left-incident wave from the right, that is, E’ = 0, then, Eq. (6.3.11) takes 


the specialized form: 
Er+ 1 1 pr Er, 
= — 3.14 
ee ila 1 0 eo 


which explains the meaning of the transverse reflection and transmission coefficients: 
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Er- ET 
, TT = 

Ery Er+ 
The relationship of these coefficients to the reflection and transmission coefficients 

of the total field amplitudes depends on the polarization. For TM, we have Er+ = 

A. cos @ and E>. = A‘, cos 0’, and for TE, Er+ = B+ and Ep, = B!,. For both cases, 

it follows that the reflection coefficient pr measures also the reflection of the total 

amplitudes, that is, 


PT (6.3.15) 


A_cosO0 A- Be 
~ A,cos@ A,’ 


PIM 


whereas for the transmission coefficients, we have: 
A’, cos 0’ _ cos 0’ A‘ B, 
Ax cos @ cos@ A,’ By 


TIM = 


In addition to the boundary conditions of the transverse field components, there are 
also applicable boundary conditions for the longitudinal components. For example, in 
the TM case, the component Ez is normal to the surface and therefore, we must have 
the continuity condition Dz = D}, or €E; = e’E;. Similarly, in the TE case, we must 
have Bz = B;,. It can be verified that these conditions are automatically satisfied due to 
Snell’s law (6.1.6). 

The fields carry energy towards the z-direction, as well as the transverse x-direction. 
The energy flux along the z-direction must be conserved across the interface. The cor- 
responding components of the Poynting vector are: 


1 1 
Pz = 5 Re[ExH} —EyH3], Py = 5 Re[EyH? - EzH%] 


For TM, we have P; = Re[ExHy ]/2 and for TE, Pz = —Re[E,yH]/2. Using the 
above equations for the fields, we find that Pz is given by the same expression for both 
TM and TE polarizations: 


cos 0 cos 0 
2n 2n 
Using the appropriate definitions for Er+ and nr, Eq. (6.3.16) can be written in terms 
of the transverse components for either polarization: 


Pz = (IA+17 = 1A-1°);._ or, (|Bs|* — IB-1°) (6.3.16) 


1 
Pz = =— (lEr+|* — |Er-|*) (6.3.17) 
2nT 
As in the normal incidence case, the structure of the matching matrix (6.3.11) implies 


that (6.3.17) is conserved across the interface. 


6.4 Fresnel Reflection Coefficients 


We look now at the specifics of the Fresnel coefficients (6.3.12) for the two polarization 
cases. Inserting the two possible definitions (6.2.13) for the transverse refractive indices, 
we can express pr in terms of the incident and refracted angles: 
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y 


n n 


cos 0 cos 0” ncos 0’ ay n’ cos 0 


PT™ = = 
n n’ ncos 0’ +n’ cos@ 


+ 
cos cos’ 


(6.4.1) 


n cos 0 — n’ cos 0’ 


PTE 


n cos 0 + n’ cos 0’ 


We note that for normal incidence, 0 = 0’ = 0, they both reduce to the usual 
reflection coefficient p = (n — n')/ (n + n').t Using Snell’s law, n sin @ = n’ sin @’, and 
some trigonometric identities, we may write Eqs. (6.4.1) in a number of equivalent ways. 
In terms of the angle of incidence only, we have: 


(6.4.2) 


Note that at grazing angles of incidence, 0 — 90°, the reflection coefficients tend to 
Prm > 1 and pre > —1, regardless of the refractive indices n,n’. One consequence of 
this property is in wireless communications where the effect of the ground reflections 
causes the power of the propagating radio wave to attenuate with the fourth (instead 
of the second) power of the distance, thus, limiting the propagation range (see Example 
18.3.5.) 

We note also that Eqs. (6.4.1) and (6.4.2) remain valid when one or both of the media 
are lossy. For example, if the right medium is lossy with complex refractive index nj = 
n’ — jk’, then, Snell’s law, n sin O = nọ¢ sin 0’, is still valid but with a complex-valued 0’ 
and (6.4.2) remains the same with the replacement n’ — n/,. The third way of expressing 
the ps is in terms of 0, 0’ only, without the n,n’: 


sin20’—sin20  tan(0’ — 0) 
PIM = sin20’+sin20  tan(0’ +0) 
(6.4.3) 
_ sin(@’ — 6) 
ire sin(@’ + 0) 


Fig. 6.4.1 shows the special case of an air-dielectric interface. If the incident wave is 
from the air side, then Eq. (6.4.2) gives with n = 1, n’ = ng, where ng is the (possibly 
complex-valued) refractive index of the dielectric: 


TSome references define pry with the opposite sign. Our convention was chosen because it has the 
expected limit at normal incidence. 
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(nj — sin? 0 — nå cos 0 cos 0 — n4 — sin? 6 
Co ae F >» PES = (6.4.4) 
qng- sinf 0 + ng cos 0 cos 0 +4/n4 — sinf 0 
If the incident wave is from inside the dielectric, then we set n = ng and n’ = 1: 
ng? — sin? 0 — n7’ cos 0 cos 0 — ,/nj* — sin? 0 
PT = 5 = 9 » PTE= > 2 (6.4.5) 
\/ng° — sin 0 + ng“ cos 0 cos 0 +4/ng^ — sinf 0 


Ng | air 


air | Ng 
6" 
é 


Fig. 6.4.1 Air-dielectric interfaces. 


The MATLAB function fresnel calculates the expressions (6.4.2) for any range of 
values of 0. Its usage is as follows: 


[rtm,rte] = fresnel (na,nb, theta) ; % Fresnel reflection coefficients 


6.5 Total Internal Reflection 


As the incident angle 0 varies over 0 < 0 < 90°, the angle of refraction 0’ will have a 
corresponding range of variation. It can be determined by solving for 0’ from Snell’s 
law, n sin 0 = n’ sin @’: 


sin 0’ = - sin 0 (6.5.1) 


If n < n’ (we assume lossless dielectrics here,) then Eq. (6.5.1) implies that sin 0’ = 
(n/n’)sin@ < sin@, or 0’ < 0. Thus, if the incident wave is from a lighter to a denser 
medium, the refracted angle is always smaller than the incident angle. The maximum 
value of 0’, denoted here by 0%, is obtained when 0 has its maximum, 0 = 90°: 


sin 0% = — 


r 


(maximum angle of refraction) (6.5.2) 
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90° 


Oc 


n |n' 


n>n' 


Fig. 6.5.1 Maximum angle of refraction and critical angle of incidence. 


Thus, the angle ranges are 0 < 0 < 90° and 0 < 0’ < @. Fig. 6.5.1 depicts this case, 
as well as the case n > n’. 

On the other hand, if n > n’, and the incident wave is from a denser onto a lighter 
medium, then sin@’ = (n/n')sin > sin@, or 0’ > 0. Therefore, 0’ will reach the 
maximum value of 90° before 0 does. The corresponding maximum value of @ satisfies 
Snell’s law, n sin 0e = n’ sin(1t/2) = n’, or, 


sin 0e = A (critical angle of incidence) (6.5.3) 


This angle is called the critical angle of incidence. If the incident wave were from the 
right, 0. would be the maximum angle of refraction according to the above discussion. 

If 0 < Oc, there is normal refraction into the lighter medium. But, if 0 exceeds 0c, 
the incident wave cannot be refracted and gets completely reflected back into the denser 
medium. This phenomenon is called total internal reflection. Because n’/n = sin 0¢, we 
may rewrite the reflection coefficients (6.4.2) in the form: 


4/sin? Oe — sin? 0 — sin? 0e cos 0 cos @ — ,/sin? Oe — sin? 0 
» PTE= 
sin? 0, — sin? 0 + sin? 0. cos 0 cos 0 + 4/sin? 0, — sin? 0 


When 0 < 0c, the reflection coefficients are real-valued. At 0 = 0c, they have the 
values, Pry = —1 and prg = 1. And, when 0 > 0c, they become complex-valued with 
unit magnitude. Indeed, switching the sign under the square roots, we have in this case: 


jysin? 0 — sin? 0, — sin? 0, cos 0 cos @ — jx/sin? 0 — sin? 0, 
PT » PTE= 
isin? 0 — sin? Oc + sin? Oe cos 0 cos 0 + jx/sin? 0 — sin? 0c 


Both expressions are the ratios of a complex number by its conjugate, and therefore, 
they are unimodular, |pry| = |P7el = 1, for all values of 0 > 0c. The interface becomes 
a perfect mirror, with zero transmittance into the lighter medium. 

When 0 > @,, the fields on the right side of the interface are not zero, but do not 
propagate away to the right. Instead, they decay exponentially with the distance z. There 


PT™ 


170 Electromagnetic Waves & Antennas - S. J. Orfanidis 


is no transfer of power (on the average) to the right. To understand this behavior of the 
fields, we consider the solutions given in Eqs. (6.2.18) and (6.2.20), with no incident field 
from the right, that is, with A = B’ = 0. 
The longitudinal wavenumber in the right medium, k}, can be expressed in terms of 
the angle of incidence 0 as follows. We have from Eq. (6.1.7): 
+k =k? = n?ké 
kz? + ky? =k? =n? ki 


Because, k} = kx = k sin 0 = nko sin 0, we may solve for k; to get: 


K? = n?k? — k? = n’?K? — kè = nk? — n?k3 sin? 0 = kè (n? — n? sin? 0) 


or, replacing n’ = n sin ĝe, we find: 


k? = n°k2 (sin? 0e — sin? 0) (6.5.4) 


If 0 < Oc, the wavenumber k; is real-valued and corresponds to ordinary propa- 
gating fields that represent the refracted wave. But if © > 0c, we have ki? < 0 and k; 
becomes pure imaginary, say k, = —jo!,. The z-dependence of the fields on the right of 
the interface will be: 


ekz = e822 | a, = nkoysin? 0 — sin? 0, 


Such exponentially decaying fields are called evanescent waves because they are 
effectively confined to within a few multiples of the distance z = 1/&; (the penetration 
length) from the interface. 

The maximum value of «/,, or equivalently, the smallest penetration length 1/«j, is 
achieved when 0 = 90°, resulting in: 


Xhax = Nkoy1 — sin? 0, = nko cos Oe = kovn? — n’? 


Inspecting Eqs. (6.2.20), we note that the factor cos 0’ becomes pure imaginary be- 
cause cos? 0’ = 1 — sin? 0’ = 1 — (n/n’)*sin? 0 = 1 — sin? 0/ sin? 0e < 0, for 0 = 0e. 
Therefore for either the TE or TM case, the transverse components Er and Hr will 
have a 90° phase difference, which will make the time-average power flow into the right 
medium zero: P; = Re(ErH7) /2 = 0. 


Example 6.5.1: Determine the maximum angle of refraction and critical angle of reflection for 
(a) an air-glass interface and (b) an air-water interface. The refractive indices of glass and 
water at optical frequencies are: Nglass = 1.5 and Nwater = 1.333. 


Solution: There is really only one angle to determine, because if n = 1 and n’ = Nogiass, then 
sin(0})= n/n’ = 1/Ngass, and if n = Ngass and n’ = 1, then, sin(@,)= n'/n = 1/Mngass- 
Thus, 0% = 0c: 


R 1 
0c = asin (=) = 41.8° 


6.5. Total Internal Reflection 171 


For the air-water case, we have: 


0c = asin ( ) = 48.6° 


a 
1.333 


The refractive index of water at radio frequencies and below is Nwater = 9 approximately. 
The corresponding critical angle is 0e = 6.4°. o 


Example 6.5.2: Prisms. Glass prisms with 45° angles are widely used in optical instrumentation 
for bending light beams without the use of metallic mirrors. Fig. 6.5.2 shows two examples. 


A 
N 


Fig. 6.5.2 Prisms using total internal reflection. 


45° 


In both cases, the incident beam hits an internal prism side at an angle of 45°, which is 


greater than the air-glass critical angle of 41.8°. Thus, total internal reflection takes place 
and the prism side acts as a perfect mirror. o 


Example 6.5.3: Optical Manhole. Because the air-water interface has 0, = 48.6°, if we were to 
view a water surface from above the water, we could only see inside the water within the 
cone defined by the maximum angle of refraction. 


Conversely, were we to view the surface of the water from underneath, we would see the 


air side only within the critical angle cone, as shown in Fig. 6.5.3. The angle subtended by 
this cone is 2X48.6 = 97.2°. 


air 


water ~~ 


Fig. 6.5.3 Underwater view of the outside world. 


The rays arriving from below the surface at an angle greater than 0e get totally reflected. 
But because they are weak, the body of water outside the critical cone will appear dark. 
The critical cone is known as the “optical manhole” [53]. o 


Example 6.5.4: Apparent Depth. Underwater objects viewed from the outside appear to be 
closer to the surface than they really are. The apparent depth of the object depends on 
our viewing angle. Fig. 6.5.4 shows the geometry of the incident and refracted rays. 


172 Electromagnetic Waves & Antennas - S. J. Orfanidis 


Fig. 6.5.4 Apparent depth of underwater object. 


Let 0 be the viewing angle and let z, z’ be the actual and apparent depths. Our perceived 
depth corresponds to the extension of the incident ray at angle @. From the figure, we 
have: z = xcot 0’ and z’ = xcot 0. It follows that: 


, cot 3 sin 0’ cos 0 
cot 0’ sin 0 cos 0’ 


Using Snell’s law sin 0/ sin 0’ = n'/n = Nyater, We eventually find: 


; cos 0 
Z = z 


2 E 
Nwater — SM 0 


At normal incidence, we have Z’ = Z/Nwater = Z/1.333 = 0.75Z. 


Reflection and refraction phenomena are very common in nature. They are responsible for 
the twinkling and aberration of stars, the flattening of the setting sun and moon, mirages, 
rainbows, and countless other natural phenomena. Four wonderful expositions of such 
effects are in Refs. [53-56]. See also the web page [737]. o 


Example 6.5.5: Optical Fibers. Total internal reflection is the mechanism by which light is 
guided along an optical fiber. Fig. 6.5.5 shows a step-index fiber with refractive index 
nf surrounded by cladding material of index ne < np. 


N Na | Ne cladding 


fiber 


Fig. 6.5.5 Launching a beam into an optical fiber. 


If the angle of incidence on the fiber-cladding interface is greater than the critical angle, 
then total internal reflection will take place. The figure shows a beam launched into the 
fiber from the air side. The maximum angle of incidence 0g must be made to correspond to 
the critical angle 0, of the fiber-cladding interface. Using Snell’s laws at the two interfaces, 
we have: 
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ny 


: . n 
sinp, sine = — 
Na nf 


sin ĝa = 
Noting that 0, = 90° — 0¢, we find: 


np ne 


n n 
sin 0g = f cos Oe f V1 sin? 0, 
n Ng 


a Na 


For example, with ng = 1, nf = 1.49, and ne = 1.48, we find 0c = 83.4° and 0a = 9.9°. The 
angle 0, is called the acceptance angle, and the quantity NA = ng — ni, the numerical 
aperture of the fiber. (m 


Example 6.5.6: Fresnel Rhomb. The Fresnel rhomb is a glass prism depicted in Fig. 6.5.6 that 
acts as a 90° retarder. It converts linear polarization into circular. Its advantage over the 
birefringent retarders discussed in Sec. 3.1 is that it is frequency-independent or achro- 
matic. 


circularly 
polarized 


linearly 
polarized ~ 99° 


Fig. 6.5.6 Fresnel rhomb. 


Assuming a refractive index n = 1.51, the critical angle is 0, = 41.47°. The angle of the 
rhomb, 0 = 54.6°, is also the angle of incidence on the internal side. This angle has been 
chosen such that, at each total internal reflection, the relative phase between the TE and 
TM polarizations changes by 45°, so that after two reflections it changes by 90°. 


The angle of the rhomb can be determined as follows. For 0 > 0e, the reflection coefficients 
can be written as the unimodular complex numbers: 


1 — jx 1 —jxn? \/sin? 0 — sin? 0e 
A PT™ 1+ jxn2’ x= cand (6.5.5) 


where sin 0c = 1/n. It follows that: 


Pre = e UWTE = Q/™-2jyv™ 
, 


PIM 


where Wrz, Y rm are the phase angles of the numerators, that is, 
tanWre =X, tanWry = Xn? 
The relative phase change between the TE and TM polarizations will be: 


PTE _ e?iWrm-2jWreE-jT 
PIM 


It is enough to require that Yrm — Yre = T/8 because then, after two reflections, we will 
have a 90° change: 
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2 
PTE _ einl4-jnm PTE = pitt/2-2jn _ pjm/2 
PT™ PTM 


From the design condition Yrm — Wre = T/8, we obtain the required value of x and then 
of 0. Using a trigonometric identity, we have: 


tan Y rm — tan YTE xn? — x T 
tan (Yr : tan 
(Yom — We) = 3 +tanWrtanWre 1+ n?x2 (3) 
This gives the quadratic equation for x: 
1 1 1 cos? @ 
2 2 c . 2 

1 x4 X x4 60.=0 6.5.6 

tan (1/8) ( n2) n2 tan (TT/8) pin ( ) 


Inserting the two solutions of (6.5.6) into Eq. (6.5.5), we may solve for sin 0, obtaining two 


possible solutions for 0: 
DP er? 
sind = ,| xt sin fe (6.5.7) 


We may also eliminate x and express the design condition directly in terms of 0: 


cos 0y/sin? 6 — sin? 0, 


sin? 0 


T) (6.5.8) 


=t 
a(g 


However, the two-step process is computationally more convenient. For n = 1.51, we find 
the two roots of Eq. (6.5.6): x = 0.822 and x = 0.534. Then, (6.5.7) gives the two values 
0 = 54.623° and 0 = 48.624°. The rhomb could just as easily be designed with the second 


value of 0. 
For n = 1.50, we find the angles 0 = 53.258° and 50.229°. For n = 1.52, we have 
0 = 55.458° and 47.553°. See Problem 6.5 for an equivalent approach. o 


6.6 Brewster Angle 


The Brewster angle is that angle of incidence at which the TM Fresnel reflection coef- 
ficient vanishes, prm = 0. The TE coefficient prg cannot vanish for any angle 0, for 
non-magnetic materials. A scattering model of Brewster’s law is discussed in [237]. 
Fig. 6.6.1 depicts the Brewster angles from either side of an interface. 

The Brewster angle is also called the polarizing angle because if a mixture of TM 
and TE waves are incident on a dielectric interface at that angle, only the TE or perpen- 
dicularly polarized waves will be reflected. This is not necessarily a good method of 
generating polarized waves because even though preg is non-zero, it may be too small 
to provide a useful amount of reflected power. Better polarization methods are based 
on using (a) multilayer structures with alternating low/high refractive indices and (b) 
birefringent and dichroic materials, such as calcite and polaroids. 

The Brewster angle 0g is determined by the condition, prm = 0, in Eq. (6.4.2). Setting 
the numerator of that expression to zero, we have: 
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Fig. 6.6.1 Brewster angles. 


1\2 FR 2 
(=) — sin? Oz = (=) cos Og (6.6.1) 
n n 


After some algebra, we obtain the alternative expressions: 


n’ n’ 
sin Oz tang = — (Brewster angle) (6.6.2) 
n? +n’? n 


Similarly, the Brewster angle 0} from the other side of the interface is: 


n 
Vn? +n”? 


sin 0» tan 0, = E (Brewster angle) (6.6.3) 


, 


The angle 0% is related to 0g by Snell’s law, n’ sin 0} = nsin 0g, and corresponds 
to zero reflection from that side, Pm = —Prm = 0. A consequence of Eq. (6.6.2) is that 
Og = 90° — 0}, or, Og + 0g = 90°. Indeed, 

sin Og n’ sing 


= tan g = =— 
cos 0g n sin} 


which implies cos 0g = sin 0}, or Og = 90° — Oy. The same conclusion can be reached 
immediately from Eq. (6.4.3). Because, 03 — 0g # O, the only way for the ratio of the 
two tangents to vanish is for the denominator to be infinity, that is, tan (0g + 0g)= ©, 
or, Og + Op = 90°. 

As shown in Fig. 6.6.1, the angle of the refracted ray with the would-be reflected ray 
is 90°. Indeed, this angle is 180° — (0, + 0g) = 180° — 90° = 90°. 

The TE reflection coefficient at 0g can be calculated very simply by using Eq. (6.6.1) 
into (6.4.2). After canceling a common factor of cos 0g, we find: 


n’ 2 
i=) n? - n’? 


í (y a 
ef 
n 


Pre(OB) = (6.6.4) 
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Example 6.6.1: Brewster angles for water. The Brewster angles from the air and the water sides 
of an air-water interface are: 


1.333 


0g = atan ( ) =53.1°, O,= atan ( ) = 36.9° 


eS 
1.333 
We note that 03+ 0, = 90°. At RF, the refractive index is Nwater = 9 and we find 0g = 83.7° 
and 0} = 6.3°. We also find pre(0g) = —0.2798 and |pre(@g)|* = 0.0783/ Thus, for TE 
waves, only 7.83% of the incident power gets reflected at the Brewster angle. (m 


Example 6.6.2: Brewster Angles for Glass. The Brewster angles for the two sides of an air-glass 
interface are: 


1.5 f 1 
Oz = atan (~") = 56.3°, O,= atan (+) = 33.7° 


Fig. 6.6.2 shows the reflection coefficients |Prm(0) |, |Pre(0)| as functions of the angle of 
incidence 0 from the air side, calculated with the MATLAB function fresnel. 


Air to Glass Glass toAir 


Fig. 6.6.2 TM and TE reflection coefficients versus angle of incidence. 


Both coefficients start at their normal-incidence value |p| = |(1 — 1.5)/(1 + 1.5)| = 0.2 
and tend to unity at grazing angle 0 = 90°. The TM coefficient vanishes at the Brewster 
angle 0g = 56.3°. 


The right graph in the figure depicts the reflection coefficients |p4(0’)|,|p7:(0’)| as 
functions of the incidence angle 0’ from the glass side. Again, the TM coefficient vanishes 
at the Brewster angle 0} = 33.7°. The typical MATLAB code for generating this graph was: 


na = 1; nb = 1.5; 


[thb,thc] = brewster(na,nb); % calculate Brewster angle 
th = linspace(0,90,901); % equally-spaced angles at 0.1° intervals 
[rte,rtm] = fresnel (na,nb, th); % Fresnel reflection coefficients 


plot(th,abs(rtm), th,abs(rte)); 


The critical angle of reflection is in this case 0% = asin(1/1.5)= 41.8°. As soon as 0’ 
exceeds 0}, both coefficients become complex-valued with unit magnitude. 
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The value of the TE reflection coefficient at the Brewster angle is Pre = —P7, = —0.38, 
and the TE reflectance | prel? = 0.144, or 14.4 percent. This is too small to be useful for 
generating TE polarized waves by reflection. 


Two properties are evident from Fig. 6.6.2. One is that |Ory| < |Pre| for all angles of 
incidence. The other is that 0; < 0%. Both properties can be proved in general. o 


Example 6.6.3: Lossy dielectrics. The Brewster angle loses its meaning if one of the media is 


lossy. For example, assuming a complex refractive index for the dielectric, ng = N — jk, 
we may still calculate the reflection coefficients from Eq. (6.4.4). It follows from Eq. (6.6.2) 
that the Brewster angle 0g will be complex-valued. 


Fig. 6.6.3 shows the TE and TM reflection coefficients versus the angle of incidence 0 (from 
air) for the two cases Ng = 1.50 — 0.15j and ng = 1.50 — 0.30j and compares them with 
the lossless case of ng = 1.5. (The values for k were chosen only for plotting purposes 
and have no physical significance.) 


Lossy Dielectric 


na =1.50 —0.15j 


— ™ =TM ‘ 
0.8 ae WE x 0.8} SPLE é 
lossless 4 lossless jE 


Lossy Dielectric 


na =1.50 —0.30j 


6.7 


Fig. 6.6.3 TM and TE reflection coefficients for lossy dielectric. 


The curves retain much of their lossless shape, with the TM coefficient having a minimum 
near the lossless Brewster angle. The larger the extinction coefficient x, the larger the 
deviation from the lossless case. In the next section, we discuss reflection from lossy 
media in more detail. o 


Complex Waves 


In this section, we discuss some examples of complex waves that appear in oblique 
incidence problems. We consider the cases of (a) total internal reflection, (b) reflection 
from and refraction into a lossy medium, and (c) the Zenneck surface wave. Further 
details may be found in [451-457] and [622]. 

Because the wave numbers become complex-valued, e.g., k = B — ja, the angle of 
refraction and possibly the angle of incidence may become complex-valued. To avoid 
unnecessary complex algebra, it proves convenient to recast impedances, reflection co- 
efficients, and field expressions in terms of wavenumbers. This can be accomplished by 
making substitutions such as cos 0 = kz/k and sin 0 = kx/k. 
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Using the relationships kn = wu and k/n = we, we may rewrite the TE and TM 
transverse impedances in the forms: 
nkz _ kz 


nrm = N cos 0 = E (6.7.1) 


n nk wp 
NTE = cos ~ ko k` 
We consider an interface geometry as shown in Fig. 6.1.1 and assume that there are 
no incident fields from the right of the interface. Snell’s law implies that kx = k}, where 
kx = ksin 0 = w/Ho€ sin 0, if the incident angle is real-valued. 
Assuming non-magnetic media from both sides of an interface (u = H’ = Lo), the TE 
and TM transverse reflection coefficients will take the forms: 


_ Nm-Nm _ kz-k, Nm-Nm _ kze- kze' 


E = ry iig j am 7 7 (6.7.2) 
Pr NTE + NTE kz + kz ET NTM + NTM kz€ + kz€ 
The corresponding transmission coefficients will be: 
2kz 2kr€ 
T 14 = a Tm=1+4 = = 6.7.3 
TE PTE ko + Ke TM PT™ kirke ( ) 


We can now rewrite Eqs. (6.2.18) and (6.2.20) in terms of transverse amplitudes and 
transverse reflection and transmission coefficients. Defining Eo = A, cos 0 or Ey = By 
in the TM or TE cases and replacing tan 0 = kx/kz, tan 0’ = kẹ/k, = kx/k;, we have for 
the TE case for the fields at the left and right sides of the interface: 


E(r) = ¥Eo[e*” + pree] ex 


E k ; k i 
H(r) = 0 ( zp“ 2) ekzz + PTE (2+ Z2) eaz | e-jkxx 
NTE z kz or 
E' (r) = VT re Eoe z7x s 
a ( ga 2) eK eZ e-jkxx 
NTE kz 
and for the TM case: 
o- K3 -jkzz s kx , ikzZ | p—Jkxx 
Elx) = Eo | (R= 2) e“ + Pim (Xe Zee ves 
kz kz 
a Fo —jkzz Jk2Z] p—ikxx 
Heyl z2 — Pp (Oo 
(6.7.5) 


E’ (r) = Tru Eo ( ka kx 2) @SKzZ @—Ikxx 
kz 
H (r) = ý DME? 9k, 2 kx 
NTM 
Equations (6.7.4) and (6.7.5) are dual to each other, as are Eqs. (6.7.1). They transform 
into each other under the duality transformation E > H, H — —E, € — p, and H > €. 
See Sec. 16.2 for more on the concept of duality. 
In all of our complex-wave examples, the transmitted wave will be complex with 
K = kgg +k,2 = B’ —jo’ = (By—ja,)&+ (Bi —ja,)z. This must satisfy the constraint 
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179 
k’- k = woe’. Thus, the space dependence of the transmitted fields will have the 
eSk2Z 9 —ikxx a eS (Bz27j&z)Z -J (Bx-J Xx) X = e7 (X2Z+ XxX) o7) (BzZ+ BxXx) 


(6.7.6) 
For the wave to attenuate at large distances into the right medium, it is required 
that &⁄, > 0. Except for the Zenneck-wave case, which has œx > 0, all other cases will 
have & = 0, corresponding to a real-valued angle of incidence 0, such that k} = kx = 


Px = W./Ho€ sin 0. Fig. 6.7.1 shows the constant-amplitude and constant-phase planes 
within the transmitted medium defined, respectively, by: 
XZ + XxX = const., 


Biz + Bxx = const. 
As shown in the figure, the corresponding angles @ and y that the vectors B’ and 
«’ form with the z-axis are given by: 


(6.7.7) 
x 
tang = Br tany = — (6.7.8) 
z Zz 
xA phase planes 
` \ A a’ 
\ r y 
a 
0 ee 
k 
amplitude planes 
€ EE 


Fig. 6.7.1 Constant-phase and constant-amplitude planes for the transmitted wave. 


Total Internal Reflection 


We already discussed this case in Sec. 6.5. Here, we look at it from the point of view of 


complex-waves. Both media are assumed to be lossless, but with € > €’. The angle of 
incidence 0 will be real, so that k, = kx = k sin 0 and kz = k cos 0, with k = w,/Ho€. 
Setting k, = $, — jo, we have the constraint equation: 


k? +k? =k° > w’uoesin? O + (B, —jo,)?= w uoe 
which separates into the real and imaginary parts: 
2 _ 12 


z a, = 


w° uo (e’ — esin? 0) = k? (sin? 0, — sin? 0) 
a,b, = 0 
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where we set sin? 0¢ = €’/€ and k? = woe. This has two solutions: (a) a, = 0 and 
Bi? = k? (sin? 0, — sin? @), valid when 0 < Oc, and (b) 8, = 0 and a? = k? (sin? 0 — 
sin? 0e), valid when 0 > 0e. 

Case (a) corresponds to ordinary refraction into the right medium, and case (b), to 
total internal reflection. In the latter case, the TE and TM reflection coefficients (6.7.2) 
are the unimodular complex numbers: 

kz-k, kz + ja, kze — kze’ kz€ + Jaye 
PTE= R tk, k,- jaz’ PIM~ creak €' Kk z€’— jase 
z z z—JQXz z z z JQXz 


The complete expressions for the fields are given by Eqs. (6.7.4) or (6.7.5). The prop- 
agation phase factor in the right medium will be in case (b): 


e SK2Z @—kxx = e7 822 9 —ikxx 
Thus, the constant-phase planes are the constant-x planes (@ = 90°), or, the yz- 


planes. The constant-amplitude planes are the constant-z planes (w = 0°), or, the xy- 
planes, as shown in Fig. 6.7.2. 


XA 
B phase planes 


ta 


BES >z 


amplitude planes 


€ Ea 


Fig. 6.7.2 Constant-phase and constant-amplitude planes for total internal reflection. 


Oblique Incidence on a Lossy Medium 


Here, we assume a lossless medium on the left side of the interface and a lossy one, such 
as a conductor, on the right. The effective dielectric constant €’ of the lossy medium is 
specified by its real and imaginary parts, as in Eq. (2.6.2): 


$ 1 . n Oo r wo 
E€ = €q i(es H z) =€Eg-JE (6.7.9) 


Equivalently, we may characterize the lossy medium by the real and imaginary parts 
of the wavenumber k’, using Eq. (2.6.12): 


k’ = B’ — jo’ = wy Moe’ = wyuolEr ~ jEr) (6.7.10) 


In the left medium, the wavenumber is real with components kx = ksin 0, kz = 
k cos 0, with k = w,/Ho€. In the lossy medium, the wavenumber is complex-valued with 
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components ki, = kx and k, = Bi, — jo’. Using Eq. (6.7.10) in the condition K - K = k’, 
we obtain: 


ke +k? =k° = k2 + (B,—jas)*= (p’ — ja’)? (6.7.11) 
which separates into its real and imaginary parts: 


,2 ,2 12 2 p2 
Z Qz ~ B a kx 


a a (6.7.12) 
BL a, = Ba 
The solutions of these two equations leading to a non-negative &/ are: 
1/2 1/2 
i D? + 4B’? a’? +D x D? + 4B’? x’? — D 
p= | og Dara 


where D = B’*— x’? — k? = p’? — a’? — k? sin? 0. These two equations define completely 
the reflection coefficients (6.7.2) and field solutions for both TE and TM waves given by 
Eqs. (6.7.4) and (6.7.5). For MATLAB implementation, it is simpler to solve Eq. (6.7.11) 
directly as a complex equation: 


k, = BL — jo, = Vk? kk = 2 poe’ — k = Jw?poler — jei) -kå (6.7.14) 
Within the lossy medium the transmitted fields will have space-dependence: 
e-IKZ g-jkxX = e822 e7) (BzZz+kxx) 
The fields attenuate exponentially with distance z. The constant phase and ampli- 
tude planes are shown in Fig. 6.7.3. 


XA phase planes 


z | amplitude planes 


€ ES 
Fig. 6.7.3 Constant-phase and constant-amplitude planes for refracted wave. 


For the reflected fields, the TE and TM reflection coefficients are given by Eqs. (6.7.2). 
If the incident wave is linearly polarized having both TE and TM components, the corre- 
sponding reflected wave will be elliptically polarized because the ratio Prm/ Preis now 
complex-valued. Indeed, using the relationships k? +k? = w?uoe and k? +k? = w? poe’ 
in prm of Eq. (6.7.2), it can be shown that (see Problem 6.5): 


Pr kk -k? k,-ksinĝtanð ß,-j&;,-— k sinð tan0 
Pre  kzk;+k% k,+ksinĝtanð 6, —ja,+ksin@ tand 


(6.7.15) 
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In the case of a lossless medium e€’, Eq. (6.7.13) gives Bi = w/po(e’ — € sin? 0) and 


ai, = 0, resulting in the usual expressions (6.4.2) for the reflection coefficients. For the 
case of a very good conductor, we find approximately: 


r 1 , 1 wHo0 A Oo 
Bp =a, = p =a = Vz 8 provided ae >1 (6.7.16) 


In this case, the angle of refraction œ for the phase vector $’ becomes almost zero 
so that, regardless of the incidence angle 0, the phase planes are almost parallel to the 
constant-z amplitude planes. Using Eq. (6.7.16), we have: 


kx w. /Ho€sin 0 2WE 
bz JWUoo/2 o 


tan œ 


which is very small regardless of 0. For example, for copper (o = 5.7X10’ S/m) at 10 
GHz, and air on the left side (€ = €o), we find /2we/o = 1.4x1074. 


Example 6.7.1: Fig. 6.7.4 shows the TM and TE reflection coefficients as functions of the inci- 
dent angle 0, for an air-sea water interface at 100 MHz and 1 GHz. For the air side we 
have € = €o and for the water side: €’ = 81€9 — ja/w, with o = 4 S/m, which gives 
€' = (81 — 71.9j)€o at 1 GHz and €’ = (81 — 719) €p at 100 MHz. 


Air-Water at 1 GHz Air-Water at 100 MHz 
Dp sy 2 oe on nate a) Mo a, Sarees 
0.8} 
S 06 — ™ 
£ --- TE 
~~ 0.4} 
0.2} 
0 0 
O 10 20 30 40 50 60 70 80 90 O 10 20 30 40 50 60 70 80 90 
0 0 


Fig. 6.7.4 TM and TE reflection coefficients for air-water interface. 


At 1 GHz, we calculate k’ = w./uoe’ = B’ — ja’ = 203.90 — 77.45j rad/m and k’ = 
B’ — joa’ = 42.04 — 37.57j rad/m at 100 MHz. The following MATLAB code was used to 
carry out the calculations, using the formulation of this section: 


ep0 = 8.854e-12; mu0 = 4*pi*le-7; 

sigma = 4; f = 1e9; w = 2*pi*f; 

ea = ep0; eb = 81*ep0 - j*sigma/w; 

ka = w*sqrt(mu0*ea); kb = w*sqrt(mu0*eb) ; % Eq. (6.7.10) 


th = linspace(0,90,901); thr = pi*th/180; 


kax = ka*sin(thr); kaz = ka*cos(thr); 
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kbz = sqrt(wA2*mu0*eb - kax.A2); % Eq. (6.7.14) 
rte = abs((kaz - kbz)./(kaz + kbz)); 


% Eq. (6.7.2) 
rtm = abs((kbz*ea - kaz*eb)./(kbz*ea + kaz*eb)); 


plot(th,rtm, th,rte); 
The TM reflection coefficient reaches a minimum at the pseudo-Brewster angles 84.5° and 


87.9°, respectively for 1 GHz and 100 MHz. 


The reflection coefficients prm and preg can just as well be calculated from Eq. (6.4.2), with 


n = l and n’ = Veé’/€o, where for 1 GHz we have n’ = 481 — 71.9j = 9.73 — 3.69), and for 
100 MHz, n’ = 81 — 719) = 20.06 — 17.92). 


Oo 


Zenneck Surface Wave 


For a lossy medium €’, the TM reflection coefficient cannot vanish for any real incident 
angle 0 because the Brewster angle is complex valued: tan 0g = VEE = 4| (Ek — je;) /E. 
However, p ry can vanish if we allow a complex-valued 0, or equivalently, a complex- 
valued incident wavevector k = B — ja, even though the left medium is lossless. This 
leads to the so-called Zenneck surface wave [33,451,457,622]. 
The corresponding constant phase and amplitude planes in both media are shown 


in Fig. 6.7.5. On the lossless side, the vectors B and & are necessarily orthogonal to each 
other, as discussed in Sec. 2.10. 
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Fig. 6.7.5 Constant-phase and constant-amplitude planes for the Zenneck wave. 


We note that the TE reflection coefficient can never vanish (unless u # pt’) because 
this would require that ki, = kz, which together with Snell’s law k = kx, would imply 
that k = k’, which is impossible for distinct media. 

For the TM case, the fields are given by Eq. (6.7.5) with pry = 0 and Tru = 1. The 
condition prm = 0 requires that k,e = kz’, which may be written in the equivalent form 
kk? = kzk'?. Together with k2 + k2 = k? and ki + k’? = k”, we have three equations 
in the three complex unknowns kx, kz, K. The solution is easily found to be: 


kk’ k? k2 
k2 + k’? i kz k2 + k’2 3 kz k2 +k? (6.7.17) 


X 
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where k = w./foé and K’ = B’ — ja’ = w./uoe’. These may be written in the form: 


Jee’ € r E 
kem aAA E Ovh ewe kam O E 


Using k} = kx, the space-dependence of the fields at the two sides are as follows: 


kz= 


(6.7.18) 


eT (kaxtkzz) — g~(OxX+ 022) o-)(Bxx+Bz2) for z < 0 
ed (Kkx+kzz) — o~ (OxX+a;Z) gj (Bxx+63Z) , for z=0 


Thus, in order for the fields not to grow exponentially with distance and to be con- 
fined near the interface surface, it is required that: 


&>0, & <0, &,>0 (6.7.19) 

These conditions are guaranteed with the sign choices of Eq. (6.7.18). This can be 
verified by writing 

e = |e |e? 


A 


e+e = |e + eje’: 


l 


eI (6-61) 


(a | E 
E+E E+E 


and noting that 62 = 6 — ôı > 0, as follows by inspecting the triangle formed by the 
three vectors €, €’, and € + €’. Then, the phase angles of kx, kz, k, are —62/2, 61/2, and 
—(62 + 61/2), respectively, thus, implying the condition (6.7.19). 

Although the Zenneck wave attenuates both along the x- and z-directions, the atten- 
uation constant along x tends to be much smaller than that along z. For example, in the 
weakly lossy approximation, we may write €’ = €R (1 — jT), where T = €;/€z < lis the 
loss tangent of €’. Then, we have the following first-order approximations in T: 


j T 1 1 T Ek 
Ve’ = /Ep (1 A = 1 7 
e( iz) VJE+ Ee’ aA oe, | 


These leads to the first-order approximations for kx and kz: 


€€; T € € T € 
ky = wy R- |1-j f kz = wy 14+ j Ro 
i Hoy R, ( io í Ho A io, | 


It follows that: 


1 1 
EER T € — E T ER Xx € 
Xx = W/o r 3 T» A= wHo 7 = 7 
E+E€R2ZE+ER le+ ep ZEtER RA ER 


Typically, ER > €, implying that &x < | z|. For example, for an air-water interface 
we have at microwave frequencies €p/€ = 81, and for an air-ground interface, €z/€ = 6. 

If both media are lossless, then both k and K are real and Eqs. (6.7.17) yield the 
usual Brewster angle formulas, that is, 


ke K VE , ky k ve 
tan Op = kz = k > JE ’ tan 0g ki, k’ € 
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Example 6.7.2: For the data of the air-water interface of Example 6.7.1, we calculate the follow- 
ing Zenneck wavenumbers at 1 GHz and 100 MHz using Eq. (6.7.18): 


f =1 GHz | f = 100 MHz 
kx = Bx — fx = 20.89 — 0.0647 | kx = Bx — j&x = 2.1 — 0.001j 
kz = Bz — jaz = 1.88 + 0.71j kz = Bz —j&z = 0.06 + 0.05) 


ki, = B, — ja}, = 202.97 — 77.80j | k, = Bi, — je’, = 42.01 — 37.597 


The units are in rads/m. As required, &, is negative. We observe that &x « | | and that 
the attenuations are much more severe within the lossy medium. (m 


6.8 Geometrical Optics 


Geometrical optics and the concepts of wavefronts and rays can be derived from Maxwell’s 
equations in the short-wavelength or high-frequency limit. 

We saw in Chap. 2 that a uniform plane wave propagating in a lossless isotropic 
dielectric in the direction of a wave vector k = kk = nkok is given by: 


. a . A m n a 
E(r)= ekr H(r)= Meer  k.Ep=0, H= m kx E (6.8.1) 
0 


where n is the refractive index of the medium n = /€/€o, Ko and no are the free-space 
wavenumber and impedance, and k, the unit-vector in the direction of propagation. 

The wavefronts are defined to be the constant-phase plane surfaces S(r) = const., 
where S(r) = nk - r. The perpendiculars to the wavefronts are the optical rays. 

In an inhomogeneous medium with a space-dependent refractive index n(r), the 
wavefronts and their perpendicular rays become curved, and can be derived by consid- 
ering the high-frequency limit of Maxwell’s equations. By analogy with Eqs. (6.8.1), we 
look for solutions of the form: 


E(r) = Eo (x) e S, H(r)= Ho (r) es 0 (6.8.2) 


where we will assume that kọ is large and that Ej, Hp are slowly-varying functions of r. 
This means that their space-derivatives are small compared to Ko or to 1/A. For example, 
IV x Eo] « ko. 

Inserting these expressions into Maxwell’s equations and assuming H = Uo and € = 
n2€o, we obtain: 


VxE= e SkoS (Y x Eo — jkoVS x Eo) = —JWUoHo ekos 
VxH= eJkoS (Y x Ho — jkoV S x Ho) = jn? wEgEo eskos 


Assuming |V x Eo| « |koVS x Eol, and similarly for Hp, and dropping the common 
phase factor eJ*oS | we obtain the high-frequency approximations: 


—jkoVS x Ey = —jWHoHo 
—jkoVS x Ho = jn? weoEo 
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a 1 
Replacing ko = w /Ho€o, and defining the vector k = PAGS we find: 


Hy = —- kx hy, Ey =~) k x Ho (6.8.3) 


These imply the transversality conditions k - Ey) = k - Hp = 0. The consistency of 
the equations (6.8.3) requires that k be a unit vector. Indeed, using the BAC-CAB rule, 
we have: 


k x (k x Eo) = k(k - Eo) -Eo (k - k) = —Ey(k- k) = =k x Ho = —Eo 
Thus, we obtain the unit-vector condition, known as the eikonal equation: 


k-k=1 > |VS|? =n? (eikonal equation) (6.8.4) 


This equation determines the wavefront phase function S(r). The rays are the per- 
pendiculars to the constant-phase surfaces S (r) = const., so that they are in the direction 
of VS or k. Fig. 6.8.1 depicts these wavefronts and rays. 


Sa Satas SB 


ray 


wavefronts 
Fig. 6.8.1 Wavefront surfaces and rays. 


The ray passing through a point r on the surface S(r)= S4, will move ahead by a 
distance dr in the direction of the gradient VS. The length of dr is dl = (dr - dr)’. 
The vector dr/dl is a unit vector in the direction of VS and, therefore, it must be equal 
to k. Thus, we obtain the defining equation for the rays: 


1 
=k =-—V =V 8. 
al > Ala S n di S (6.8.5) 
The eikonal equation determines S, which in turn determines the rays. The ray 
equation can be expressed directly in terms of the refractive index by eliminating S. 
Indeed, differentiating (6.8.5), we have: 


d dr d dr 1 
dl (n a = aver & v) vs = pe NS 


where, in differentiating along a ray, we used the expression for d/dl: 
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d dr 
dl dl 
But, V (VS - VS) = 2(VS - V)VS, which follows from the differential identity 
Eq. (C.12) of the Appendix. Therefore, 


V (6.8.6) 


d({ dr\ 1 Ae 1 aei 
S (nF) = vs V)VS= 53V (VS VS) =; Vn J= zn nyn, or, 
d dr . 
qi (n F) = Vn (ray equation) (6.8.7) 


The vectors Eo, Ho, k form a right-handed system as in the uniform plane-wave case. 
The energy density and flux are: 


1 1 1 
We = = Re[ +€ E - E*] = —€9n?|E|? 
e 2 el ] go |Eo| 


1 1 n? 1 
Wm = -Hol Ho]? = —Ho i |Eo|? = oor |Eol* = We 
0 


4 4 
(6.8.8) 
1 
W = We + Wm = 5 €0!*|Eol” 
ny 2 
P = —Re[Ex H*] = ——k|E| 
2No 
Thus, the energy transport velocity is: 
P cor 
i = SE (6.8.9) 
w n 
The velocity v depends on r, because n and k do. 


6.9 Fermat’s Principle 


An infinitesimal movement by dl along a ray will change the wavefront phase function 
by dS = ndl. Indeed, using Eq. (6.8.6) and the eikonal equation we find: 


dS ar 

dl dl 

Integrating along a ray path from a point A on wavefront S(r) = S4 to a point B on 
wavefront S(r) = Sg, as shown in Fig. 6.8.1, gives rise to the net phase change: 


S982 İys-yYS=İnr =n (6.9.1) 
n n 


B B 
Sg — S4 = Í dS = Í ndl (6.9.2) 
A A 


The right-hand side is recognized as the optical path length from A to B. Itis propor- 
tional to the travel time of moving from A to B with the ray velocity v given by Eq. (6.8.9). 
Indeed, we have dl = v - kdt = co dt/n, or, dS = ndl = codt. Thus, 


B tg 
Sp-Sa=| ndl = co dt = co (tg —ta) 
A 


ta 


(6.9.3) 
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Fermat’s Principle states that among all possible paths connecting the two points A 
and B, the geometrical optics ray path is the one the minimizes the optical path length 
(6.9.3), or equivalently, the travel time between the two points. The solution to this 
minimization problem is the ray equation (6.8.7). 

Any path connecting the points A and B may be specified parametrically by the curve 
r(T), where the parameter T varies over an interval TA < T < Tg. The length dl may be 


written as: 


dl = (dr - dr)? = (t-i)? dt, where t= a (6.9.4) 


Then, the functional to be minimized is: 


Ned 


B TB 
Í ndl = Í L(r,t) dt, where L(r,ï)=n(r) (t-i (6.9.5) 
A TA 


The minimization of Eq. (6.9.5) may be viewed as a problem in variational calculus 
with Lagrangian function L. Its solution is obtained from the Euler-Lagrange equations: 
d (ðL OL 
=—(3-) == 6.9.6 
dt ( or ) or ( 

See [408-410] for a review of such methods. The required partial derivatives are: 


OE a ctl OE ow oe gah ang Bh ae 
or or > Or dt 


The Euler-Lagrange equations are then: 
d d = 0 
a (ne e = (ti)? or, 


-1/2 d (n ae jd _ on 
dt \ dt ~ Or 


(i-i) (6.9.7) 


Using dl = (7 - i) dT, we may rewrite these in terms of the length variable dl, 
resulting in the same equations as (6.8.7), that is, 


d dr on 


A variation of Fermat’s principle states that the phase change between two wave- 
front surfaces is independent of the choice of the ray path taken between the surfaces. 
Following a different ray between points A’ and B’, as shown in Fig. 6.8.1, gives the same 
value for the net phase change as between the points A and B: 


(6.9.9) 


B B’ 
Sg — Sa -Í ndl = Í nd! 
A A’ 


This form is useful for deriving the shapes of parabolic reflector and hyperbolic lens 
antennas discussed in Chap. 17. 

It can also be used to derive Snell’s law of reflection and refraction. Fig. 6.9.1 shows 
the three families of incident, reflected, and refracted plane wavefronts on a horizontal 
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Fig. 6.9.1 Snell’s laws of reflection and refraction. 


interface between media ng and np, such that the incident, reflected, and refracted rays 
are perpendicular to their corresponding wavefronts. 

For the reflection problem, we consider the ray paths between the wavefront surfaces 
AoA, and AA}. Fermat’s principle implies that the optical path length of the rays 
AOA’, Ao Ag, and A2A» will be the same. This gives the condition: 


Na (la + ,)= Nal = nal’ L=L' 


where L and L’ are the lengths of the rays AoAo and A245. It follows that the two 
triangles ApA2A5 and AoAgA> will be congruent. and therefore, their angles at the 
vertices Ag and A; will be equal. Thus, 0, = 0}. 

For the refraction problem, we consider the ray paths AOB, AoBo, and A; Bı between 
the wavefronts AoA and BoB,. The equality of the optical lengths gives now: 


Nala + Nplp = NpLp = NaLa > — = — 
Lp Na 


But, the triangles AjA;B, and AgBoB,; have a common base AjB,. Therefore, 


La _ sina 
Lp sinp 


Thus, we obtain Snell’s law of refraction: 


La sin@g Np 
Lp sin Op Na 


> Nngsin@g = npsin Op 


6.10 Ray Tracing 


In this section, we apply Fermat’s principle of least optical path to derive the ray curves 
in several integrable examples of inhomogeneous media. 
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Fig. 6.10.1 Rays in an inhomogeneous medium. 


As a special case of Eq. (6.9.8), we consider a stratified half-space z > 0, shown in 
Fig. 6.10.1, in which the refractive index is a function of z, but not of x. 

Let 0 be the angle formed by the tangent on the ray at point (x, Z) and the vertical. 
Then, we have from the figure dx = dl sin 0 and dz = dl cos 0. Because 0n/ Ox = 0, the 
ray equation (6.9.8) applied to the x-coordinate reads: 


d dx dx F = 
dl (n =) =0 n dl const. > nsin@ = const. (6.10.1) 


This is the generalization of Snell’s law to an inhomogeneous medium. The constant 
may be determined by evaluating it at the entry point z = 0 and x = 0. We take the 
constant to be Ng sin 0a. Thus, we write (6.10.2) as: 


| n(z)sin 0(z)= ng sin 0a (generalized Snell’s law) (6.10.2) 


The z-component of the ray equation is, using dz = dl cos 0: 


d dz dn d dn 
dl (n=) <P > cos on (ncos 0) = Jz (6.10.3) 


This is a consequence of Eq. (6.10.2). To see this, we write: 


ncos 0 = Jn? - n? sin? 0 = Jn? — nā sin? ĝa (6.10.4) 


Differentiating it with respect to Z, we obtain Eq. (6.10.3). The ray in the left Fig. 6.10.1 
is bending away from the z-axis with an increasing angle 0 (z). This requires that n (z) 
be a decreasing function of z. Conversely, if n (z) is increasing as in the right figure, 
then 0 (z) will be decreasing and the ray will curve towards the z-axis. 

Thus, we obtain the rule that a ray always bends in the direction of increasing n (z) 
and away from the direction of decreasing n (z). 

The constants Ng and @g may be taken to be the launch values at the origin, that 
is, n (0) and 0 (0). Alternatively, if there is a discontinuous change between the lower 
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and upper half-spaces, we may take na, 0a to be the refractive index and incident angle 
from below. 

The ray curves can be determined by relating x and z. From Fig. 6.10.1, we have 
dx = dz tan 0, which in conjunction with Eqs. (6.10.2) and (6.10.4) gives: 


X ating nsin 0 Ng sin Og (6.10.5) 
dz ncos @ yn? (z)—n2 sin? 0a 
Integrating, we obtain: 
na sin Oa dz’ (ray curve) (6.10.6) 


x= |, Jn? (z') -n4 sin? Og 


An object at the point (x, Z) will appear to an observer sitting at the entry point O 
as though it is at the apparent location (x, Za), as shown in Fig. 6.10.1. The apparent or 
virtual height will be zg = x cot 0a, which can be combined with Eq. (6.10.6) to give: 


Ng cos Âa 


z= J, \n?(z') —n2 sin? 0a 


The length Za can be greater or less than zZ. For example, if the upper half-space is 
homogeneous with np < Ng, then Za > Z. If np > Ng, then Za < Z, as was the case in 
Example 6.5.4. 

Next, we discuss a number of examples in which the integral (6.10.6) can be done 
explicitly to derive the ray curves. 


dz’ (virtual height) (6.10.7) 


Example 6.10.1: Ionospheric Refraction. Radio waves of frequencies typically in the range of 
about 4-40 MHz can be propagated at large distances such as 2000-4000 km by bouncing 
off the ionosphere. Fig. 6.10.2 depicts the case of a flat ground. 


decreasing nof 


ionosphere 


ground }«—— skip distance >| 


Fig. 6.10.2 JIonospheric refraction. 


The atmosphere has a typical extent of 600 km and is divided in layers: the troposphere up 
to 10 km, the stratosphere at 10-50 km, and the ionosphere at 50-600 km. The ionosphere 
is further divided in sublayers, such as the D, E, F,, and Fp layers at 50-100 km, 100-150 
km, 150-250 km, and 250-400 km, respectively. 
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The ionosphere consists mostly of ionized nitrogen and oxygen at low pressure. The 
ionization is due to solar radiation and therefore it varies between night and day. We 
recall from Sec. 1.9 that a collisionless plasma has an effective refractive index: 


2 2 
n- EWL] oe a (6.10.8) 
Eo w Eom 


The electron density N varies with the time of day and with height. Typically, N increases 
through the D and E layers and reaches a maximum value in the F layer, and then decreases 
after that because, even though the solar radiation is more intense, there are fewer gas 
atoms to be ionized. 


Thus, the ionosphere acts as a stratified medium in which n (Z) first decreases with height 
from its vacuum value of unity and then it increases back up to unity. We will indicate the 
dependence on height by rewriting Eq. (6.10.8) in the form: 


N(z)e? 
ATT? Eom 


n? (z)=1-— f3 (z)= (6.10.9) 
If the wave is launched straight up and its frequency f is larger than the largest fp, then it 
will penetrate through the ionosphere be lost. But, if there is a height such that f = fp (Z), 


then at that height n (z) = 0 and the wave will be reflected back down. 


If the wave is launched at an angle 04, then it follows from Snell’s law that while the 
refractive index n (z) is decreasing, the angle of refraction 0 (z) will be increasing and the 
ray path will bend more and more away from Z-axis as shown on the left of Fig. 6.10.1. 
Below the ionosphere, we may assume that the atmosphere has refractive index na = 1. 
Then, the angle 0 (z) may be written as: 


2 sin? 0 sin? 0 
sin? 0 (z)= PSI Ya _ å (6.10.10) 
n? (z) fp (z) 
z r 
Because sin 0 (Z) is required to be less than unity, we obtain the restriction 
5 (Z) 
sin? 0, < 1 — i fp (Zz) < f cos Oa (6.10.11) 


If there is a height, say Zmax, at which this becomes an equality, fp (Zmax) = f cos Og, then 
Eq. (6.10.10) would imply that sin 0 (Zmax) = 1, or that @(Zmax) = 90°. At that height, the 
ray is horizontal and it will proceed to bend downwards, effectively getting reflected from 
the ionosphere. 


If f is so large that Eq. (6.10.11) is satisfied only as a strict inequality, then the wave will 
escape through all the layers of the ionosphere. Thus, there is a maximum frequency, the 
so called maximum usable frequency (MUF), that will guarantee a reflection. There is also a 
lowest usable frequency (LUF) below which there is too much absorption of the wave, such 
as in the D layer, to be reflected at sufficient strength for reception. 


As an oversimplified, but analytically tractable, model of the ionosphere we assume that 
the electron density increases linearly with height, up to a maximal height Zmax. Thus, the 
quantities fj (z) and n? (z) will also depend linearly on height: 
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fè(z)= fÈ Z n?(z)= 1 — fax 
4 Se Zmax f? Zmax 


, for 0< Z< Zmax (6.10.12) 


Over the assumed height range 0 < Z < Zmax, the condition (6.10.11) must also be satisfied. 
This restricts further the range of z. We have: 


Z — f? cos? Oa 


= 2 
Zmax max 


(6.10.13) 


fp (z)= maxz l < f? cos? Oa 


max 
If the right-hand side is greater than unity, so that f cos Oa > fmax, then there is no height 
z at which (6.10.11) achieves an equality, and the wave will escape. But, if f cos Oa < fmax, 
then there is height, say Zo, at which the ray bends horizontally, that is, 


Zo _ f%cos? 0a ee Zmaxf? cos? Oa 
yE a j= _ 
2 2 
Zmax max max 


(6.10.14) 


The condition f cos Oa < fmax can be written as f < fmur, where the MUF is in this case, 
fmur = fmax/ cos Oa. The integral (6.10.6) can be done explicitly resulting in: 


2Zmax sin? Og 
= 


cos Oa — , |cos? ĝa — a? Z | (6.10.15) 


Z max 


where we defined a = fmax/f. Solving for z in terms of x, we obtain: 


Z= z= -p (x= Xo)? (6.10.16) 


where 
Zmax sin’ Og 


a? 


2Zmax Sin Og COS Og 
a2 


Xo = $ F= 


Therefore, the ray follows a downward parabolic path with vertex at (xo, Zo) and focal 
length F, as shown in Fig. 6.10.3. o 


ZA 


Fig. 6.10.3 Parabolic ray. 


Example 6.10.2: Mirages. Temperature gradients can cause several types of mirage effects that 
are similar to ionospheric refraction. On a hot day, the ground is warmer than the air above 
it and therefore, the refractive index of the air is lower at the ground than a short distance 
above. (Normally, the air pressure causes the refractive index to be highest at the ground, 
decreasing with height.) 
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Because n(z) decreases downwards, a horizontal ray from an object near the ground will 
initially be refracted downwards, but then it will bend upwards again and may arrive at an 
observer as though it were coming from below the ground, causing a mirage. Fig. 6.10.4 
depicts a typical case. The ray path is like the ionospheric case, but inverted. 


Such mirages are seen in the desert and on highways, which appear wet at far distances. 
Various types of mirages are discussed in [53-55,737]. 


As a simple integrable model, we may assume that n (z) increases linearly with height z, 
that is, n(z)= No + KZ, where K is the rate of increase per meter. For heights near the 
ground, this implies that n? (z) will also increase linearly: 


n(z)=Not+Kz| = | n?(z)= n5 + 2noKkz (6.10.17) 


We consider a ray launched at a downward angle 0, from an object with (x, Z) coordinates 
(0,h), as shown. Let n2 = ne + 2nokh be the refractive index at the launch height. For 
convenience, we assume that the observer is also at height h. Because the ray will travel 
downward to points z < h, and then bend upwards, we integrate the ray equation over the 
limits [z,h] and find: 


h : : 
Ng sin 0 Ng sin 0 
x Í a a dz’ a a 
z ./n2(z’)—n3 sin? Og nok 


where we used the approximation n?(z) = ne + 2nokz in the integral. Solving for z in 
terms of x, we obtain the parabolic ray: 


[na cos Qa — Jn? cos? 0g + 2noK (Z — n) | 


x(x — 2X0) d nzsinOqcos 0g n? sin? 0a 
IF », X= , F= 


h +4 
2 NoK 2NoK 


where d is the distance to the observer and F is the focal length. The apex of the parabola 
is at x = Xo = d/2 at a height Zo given by: 


Xo 


1 2 
Zo=h 4F Z— Zo ap (% Xo) 


> observer 


Ve 


mirage V warm ground 


Fig. 6.10.4 Mirage due to a temperature gradient. 


The launch angle that results in the ray being tangential to ground is obtained by setting 
the apex height to zero, Zo = 0. This gives a condition that may be solved for 0a: 


Xo = V4Fh > and, = 2 > po 


(6.10.18) 
Na 2K 
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The corresponding d = 2xọ is the maximum distance of the observer from the object for 
which a ray can just touch the ground. o 


Example 6.10.3: Atmospheric Refraction [53-55]. Because of the compression of gravity, the 
density of the atmosphere? and its refractive index n are highest near the ground and 
decrease exponentially with height. A simplified model [261], which assumes a uniform 
temperature and constant acceleration of gravity, is as follows: 


n(z)= 1+ (no -— 1)e™7/*e (6.10.19) 


The refractive index on the ground is approximately no = 1.0003 (it also has some de- 
pendence on wavelength, which we ignore here.) The characteristic height he is given by 
h: = RT/Mg, where R,T,M,g are the universal gas constant, temperature in absolute 
units, molecular mass of the atmosphere and acceleration of gravity: 

J kg 


R= 8.31 K mole ’ M = 0.029 möl 


m 
; g= 38" 


For a temperature of T = 303K, or 30°C, we find a height of he = 8.86 km. At a height of 
a few he, the refractive index becomes unity. 


The bending of the light rays as they pass through the atmosphere cause the apparent 
displacement of a distant object, such as a star, the sun, or a geosynchronous satellite. 
Fig. 6.10.5 illustrates this effect. The object appears to be closer to the zenith. 


atmosphere 


i decreasing n(z) 


x 


ground | 


Fig. 6.10.5 Atmospheric refraction. 


The look-angle 09 at the ground and the true angle of the object 0, are related by Snell’s 
law nı sin 8; = no sin Oo. But at large distances (many multiples of he), we have n; = 1. 
Therefore, 

sin 0; = no sin Oo (6.10.20) 


The refraction angle is r = 0; — 0o. Assuming a small r, we may use the approximation 
sin(@9 + r) = sin ĝo + r cos 0o. Then, Eq. (6.10.20) gives the approximate expression: 


r = (no — 1) tan ĝo 


The maximum viewing angle in this model is such that no sin ĝo = sin 0; = 1, correspond- 
ing to 0, = 90° and ĝo = asin(1/ng) = 88.6°, for no = 1.0003. 


tThe troposphere and some of the stratosphere, consisting mostly of molecular nitrogen and oxygen. 
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The model assumes a flat Earth. When the curvature of the Earth is taken into account, the 
total atmospheric refraction near the horizon, that is, near 09 = 90°, is about 0.65° fora 
sea-level observer [53]. The setting sun subtends an angle of about 0.5°. Therefore, when 
it appears about to set and its lower edge is touching the horizon, it has already moved 
below the horizon. 


The model of Eq. (6.10.19) may be integrated exactly. The ray curves are obtained from 
Eq. (6.10.6). Setting Ng = No, Oa = 0o and using the definition (6.10.20), we obtain: 


s 5 ge) |= tenes [z+ he n( ae) 
x= hetan 0; | atanh (© ) atanh (3 = tan ı | Z+ he n A+B, (6.10.21) 


where the quantities A, B, Ao, Bo are defined as follows: 


A = n(z)- sin? 01, Ao = No — sin? 0; 
B = cos 01,/n2(z)— sin? 01, Bo = cos 01,/n3 — sin? 0; 


Thus, Ao, Bo are the values of A, B at z = 0. It can be shown that A > B and therefore, the 
hyperbolic arc-tangents will be complex-valued. However, the difference of the two atanh 
terms is real and can be transformed into the second expression in (6.10.21) with the help 
of the result A? — B? = (Aj — BÈ) e722/he, 


In the limit of z > he, the quantities A, B tend to A; = Bı = cos? 01. and the ray equation 
becomes the straight line with a slope of tan 01: 


ae (6.10.22) 


X= (z+zZ,)tan0,, Zz, =h¢ n(o 


This asymptotic line is depicted in Fig. 6.10.5, intercepting the z-axis at an angle of 0;. O 


Example 6.10.4: Bouguer’s Law. The previous example assumed a flat Earth. For a spherical 
Earth in which the refractive index is a function of the radial distance r only, that is, n (r), 
the ray tracing procedure must be modified. 


Snell’s law n(z) sin 0 (Zz) = no sin 0o must be replaced by Bouguer’s law [182], which states 
that the quantity rn(r) sin 0 remain constant: 


rn(r)sin @(r)= ron(Fro) sin ĝo (Bouguer’s law) (6.10.23) 


where 0(r) is the angle of the tangent to the ray and the radial vector. This law can be 
derived formally by considering the ray equations in spherical coordinates and assuming 
that n(r) depends only on r [409]. 


A simpler derivation is to divide the atmosphere in equal-width spherical layers and assume 
that the refractive index is homogeneous in each layer. In Fig. 6.10.6, the layers are defined 
by the radial distances and refractive indices r;, nj, i = 0,1, 2,.... 


For sufficiently small layer widths, the ray segments between the points Ao, Aj, A2,... 
are tangential to the radial circles. At the interface point A3, Snell’s law gives nọ sin p = 
n; sin 03. On the other hand, from the triangle OA2A3, we have the law of sines: 


r2 r3 r3 
sing: sin(m-0)  sin@ 


> F2 sin 0> = f3 sin 2 


Combining with Snell’s law, we obtain: 
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O 


Fig. 6.10.6 Ray tracing in spherically stratified medium. 


r2n2 sin 02 = F32 sin d2 = '3n3 sin 03 


Thus, the product rin; sin 0; is the same for all i = 0,1, 2,.... Defining an effective refrac- 
tive index by nep (r)= n (1) r/o, Bouguer’s law may be written as Snell’s law: 


Nee (YF) sin 0 (7) = No sin Oo 


where we have the initial value Neg (ro) = Noro/Yo = No. o 


Example 6.10.5: Standard Atmosphere over Flat Earth. For radiowave propagation over ground, 
the International Telecommunication Union (ITU) [417,418] defines a “standard” atmo- 
sphere with the values ng = 1.000315 and he = 7.35 km, in Eq. (6.10.19). 


For heights of about one kilometer, such that z « he, we may linearize the exponential, 
e=z/he = 1 — z/he, and obtain the refractive index for the standard atmosphere: 


no—1 315x107 ET 
= — = = = 4.2857 x 1 10.24 
n(Z)= No — KZ], K he 735x103 857 x 10° m (6.10.24) 


This is similar to Eq. (6.10.17), with the replacement k — —xK. Therefore, we expect the 
rays to be parabolic bending downwards as in the case of the ionosphere. A typical ray 
between two antennas at height h and distance d is shown in Fig. 6.10.7. 


Assuming an upward launch angle 0a and defining the refractive index ng at height h 
through n2 = nô — 2nokh, we obtain the ray equations by integrating over [h, z]: 


Na sin Og dz’ Na sin Og 


Z 
5 f 
h Jn? (z’)—n?, sin? 0a Nok 


[na cos ĝa — Jn cos? 0g — 2NoK (Z — n) | 


where we used n? (z) = ni — 2nokz. Solving for z, we obtain the parabola: 
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Fig. 6.10.7 Rays in standard atmosphere over a flat Earth. 


x(x — 2X0) d nesinOqcos0q n n? sin? Oa 
Xo 


z=h ; 5 
4F 2 NoK 2NoK 


where d is the distance to the observer and F is the focal length. The apex of the parabola 
is at x = Xọ = d/2 at a height Zo given by: 


x 1 
Z=h+— > Z ~ Zo = -7p (X Xo)? 


The minus sign in the right-hand side corresponds to a downward parabola with apex at 
the point (Xo, Zo). o 


Example 6.10.6: Standard Atmosphere over Spherical Earth. We saw in Example 6.10.4 that 
in Bouguer’s law the refractive index n (r) may be replaced by an effective index ne (r) = 
n(r)r/ro. Applying this to the case of the Earth with ro = R and r = R + z, where R is 
the Earth radius and z the height above the surface, we have ne (Zz) = n(z) (R + z)/R, or, 


ne(z)= n(z)(1 z) (no Kz)(1 R) 


Thus, the spherical Earth introduces the factor (1+ z/R), which increases with height and 
counteracts the decreasing n (Zz). Keeping only linear terms in zZ, we find: 


Ne(Z)= No + KeZ |, Ke = -K (6.10.25) 


For the average Earth radius R = 6370 km and the ITU values of no and «K given in 
Eq. (6.10.24), we find that the effective Ke is positive: 


Ke = 1.1418 x 1077 m (6.10.26) 
Making the approximation n° (z) = ne + 2NoKeZ will result in parabolic rays bending up- 
wards as in Example 6.10.2. 


Often, an equivalent Earth radius is defined by Ke = No/Re so that the effective refractive 
index may be assumed to arise only from the curvature of the equivalent Earth: 


Ne (Z)= No + KeZ = No (1 ) 
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In units of R, we have: 


Re no no 
R KeR no —KR 


= 1.3673 (6.10.27) 


which is usually replaced by Re = 4R/3. In this model, the refractive index is assumed to 
be uniform above the surface of the equivalent Earth, n(z)= no. 


The ray paths are determined by considering only the geometrical effect of the spherical 
surface. For example, to determine the maximum distance Xp at which a ray from a trans- 
mitter at height h just grazes the ground, we may either use the results of Eq. (6.10.18), or 
consider a straight path that is tangential to the equivalent Earth, as shown in Fig. 6.10.8. 


increasing n(z) 4 


m > >| 


O Xo ground equivalent Earth 


Fig. 6.10.8 Rays over a spherical Earth. 


Setting Ke = No/Re in Eq. (6.10.18), we obtain: 


{2noh oe 
Xo = a = 2hRe 


On the other hand, because h « Re the arc length xọ = (OB) may be taken to be a straight 
line in Fig. 6.10.8. Applying the Pythagorean theorem to the two orthogonal triangles OAB 
and CAB we find that: 


(6.10.28) 


xê + h? = d? = (h + Re)? -RÈ = h? + 2hRe > xê = 2hRe 


which is the same as Eq. (6.10.28). o 


Example 6.10.7: Graded-Index Optical Fibers. In Example 6.5.5, we considered a step-index 
optical fiber in which the rays propagate by undergoing total internal reflection bouncing 
off the cladding walls. Here, we consider a graded-index fiber in which the refractive index 
of the core varies radially from the center value np to the cladding value nc at the edge of 
the core. Fig. 6.10.9 shows the geometry. 


As a simple model, we assume a parabolic dependence on the radial distance. We may 
write in cylindrical coordinates, where a is the radius of the core: 


n; — ne 


2 
n?(p)= n? (: - 4? Z) , A= = (6.10.29) 
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Fig. 6.10.9 Graded-index optical fiber. 


Inserting this expression into Eq. (6.10.6), and changing variables from z,x to p, z, the 
integral can be done explicitly resulting in: 


asin ĝa in ( pa ) 


.10. 
A acos ĝa (6.10.30) 


Inverting the arc-sine, we may solve for p in terms of z obtaining the following sinusoidal 
variation of the radial coordinate, where we also changed from the incident angle 0, to 
the initial launch angle po = 90° — Oa: 


=P) said eee (6.10.31) 
K a cos do 


For small launch angles ġo, the oscillation frequency becomes independent of po, that is, 
K = A/ (acos do)= A/a. The rays described by Eq. (6.10.31) are meridional rays, that is, 
they lie on a plane through the fiber axis, such as the xz- or yz-plane. 


There exist more general ray paths that have nontrivial azimuthal dependence and prop- 
agate in a helical fashion down the guide [411-416]. o 


6.11 Problems 


6.1 The matching of the tangential components of the electric and magnetic fields resulted in 
Snell’s laws and the matching matrix Eq. (6.3.11). In both the TE and TM polarization cases, 
show that the remaining boundary conditions Bz = B, and Dz = D; are also satisfied. 


6.2 Show that the Fresnel coefficients (6.4.2) may be expressed in the forms: 


sin20' — sin20  tan(0@’ — 0) E sin(0’ — 0) 
sin20' +sin20  tan(0' +0)’ PTET sin (0 + 0) 


P™ = 


6.3 Show that the refractive index ratio n’/n can be expressed in terms of the ratio r = PrM/ Pre 
and the incident angle 0 by: 


n’ l+r\? bi 

— = sind |: + (=) tan? o] 

n 1-r 
This provides a convenient way of measuring the refractive index n’ from measurements of 
the Fresnel coefficients [259]. It is valid also for complex n’. 
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6.4 It is desired to design a Fresnel rhomb such that the exiting ray will be elliptically polarized 
with relative phase difference ¢ between its TE and TM components. Let sin ĝe = 1/n be 
the critical angle within the rhomb. Show that the rhomb angle replacing the 54.6° angle in 
Fig. 6.5.6 can be obtained from: 


cos? Oe + cost 0c — 4sin? 0, tan? (p/4) 
2 tan? (p/4) + cos? Oe + cost 0c — 4 sin? 0c tan? (p/4) 


sin? 0 = 


Show ¢ is required to satisfy tan (ġ/4)< (n — n7!) /2. 


6.5 Show the relationship (6.7.15) for the ratio Prm/pPre by first proving and then using the 
following identities in the notation of Eq. (6.7.4): 


(ki, + kz) (k? + kek), = KK, + k'?kz 


Using (6.7.15), show that when both media are lossless, the ratio Prm/ Preg can be expressed 
directly in terms of the angles of incidence and refraction, 0 and 0’: 


Pm  cos(0+ 0") 
Pre  cos(@- 0’) 


Using this result argue that |pry| < |prel at all angles 0. Argue also that Og + 0} = 90°, 
for the Brewster angles. Finally, show that for lossless media with € > €’, and angles of 
incidence 0 > 0e, where sin 0, = V/e’/€, we have: 


Pm isin? 0 — sin? 0, + sin@ tan 0 


PTE jysin? 6 — sin? 0, — sin O tan@ 


Explain how this leads to the design equation (6.5.8) of the Fresnel rhomb. 


6.6 Let the incident, reflected, and transmitted waves at an interface be: 
E; (x)= Eet, E (x)= Eet, E(r)= Ejek 


where k+ = kyX + kz2 and k’ = kx + k,2. Show that the reflection and transmission 
coefficients defined in Eqs. (6.7.1)-(6.7.5) can be summarized compactly by the following 
vectorial relationships, which are valid for both the TE and TM cases: 


k+ x (Eo X kz) 2k; f 
k2 k-k, * 


/ 


Multilayer Film Applications 


7.1 Multilayer Dielectric Structures at Oblique Incidence 


Using the matching and propagation matrices for transverse fields that we discussed 
in Sec. 6.3, we derive here the layer recursions for multiple dielectric slabs at oblique 


incidence. 
Fig. 7.1.1 shows such a multilayer structure. The layer recursions relate the various 
field quantities, such as the electric fields and the reflection responses, at the left of 


each interface. 


Na ny ng see nj see ny Nb 


ET M+,+ 


ETM+,4 


ET i++ 


Pri| PTH PTM=+ 
1 2 3 tee i i+] M M+1 


Fig. 7.1.1 Oblique incidence on multilayer dielectric structure. 


We assume that there are no incident fields from the right side of the structure. 
The reflection/refraction angles in each medium are related to each other by Snell’s law 
applied to each of the M + 1 interfaces: 


nasin ĝa = nisin ĝi; = npsind,|, i=1,2,...,M (7.1.1) 


It is convenient also to define by Eq. (6.3.8) the propagation phases or phase thick- 
nesses for each of the M layers, that is, the quantities 6; = kzili. Using kzi = Koni cos 0j, 
where Ko is the free-space wavenumber, ko = W/Co = 21tf/Co = 271/A, we have for 
i=1,2,...,M: 
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w 2T 2Tt n? sin? 0 
6; = — nili cos 0; = — nili cos 0; = lini |1 5 2 s (7.1.2) 
Co A A ni 


where we used Eq. (7.1.1) to write cos 0; = yl — sin? 0; = V1 — n? sin? Oaln?. The 
transverse reflection coefficients at the M + 1 interfaces are defined as in Eq. (5.1.1): 
NT, i-1 — Ti 


Ti= , 1=1,2,...,.M+1 (7.1.3) 
gi NT,i-1 + NTi 


where we set NTo = Mra, as in Sec. 5.1. and NT,M+1 = Nrp. The transverse refractive 
indices are defined in each medium by Eq. (6.2.13): 


n; 
1, TM polarization ; 
nri=4 cosd; ; i=a,1,2,...,M,b (7.1.4) 
n;cos0;, TE polarization 


To obtain the layer recursions for the electric fields, we apply the propagation matrix 
(6.3.5) to the fields at the left of interface i + 1 and propagate them to the right of the 
interface i, and then, apply a matching matrix (6.3.11) to pass to the left of that interface: 


Eris |_ 1 | 1 pri edi 0 ET i+1,+ 
Eriz Tri| Pri 1 0 ei ET i+1,- 


Multiplying the matrix factors, we obtain: 


Eri+ 1 eiði prie’: Er i+i,+ . 
= — iS, S aS , L=M,M -],...,1 7.1.5 
Es Tri | prie eò Er,i+1,- R 


This is identical to Eqs. (5.1.2) with the substitutions kili > 6; and pi > pri. The 
recursion is initialized at the left of the (M + 1) st interface by performing an additional 
matching to pass to the right of that interface: 


ET, M+1,+ = 1 1 PT,M+1 ET M++ 
= (7.1.6) 
ET M+1,- TT,M+1 | PT,M+1 1 0 
It follows now from Eq. (7.1.5) that the reflection responses, l'ri = Eri- /Eri+, will 
satisfy the identical recursions as Eq. (5.1.5): 


Pri + Irie% 
1+ pri is1e7 7% 


Ti , 1=M,M-1,...,1 (7.1.7) 


and initialized at lT, M+1 = Pr,m+1. Similarly, we obtain the following recursions for 
the total transverse electric and magnetic fields at each interface (they are continuous 
across each interface): 


Eri cosô; = jnri sind; Er,i+1 F 
=|. 1 , , L=M,M -1,...,1 7.1.8 
Fal e sind;  cosd; Hrist (7.1.8) 
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where nri are the transverse characteristic impedances defined by Eq. (6.2.12) and re- 
lated to the refractive indices by nri = no/nri. The wave impedances, Zr; = Eri/ Hi, 
satisfy the following recursions initialized by Z7,m+1 = rp: 


LZri+1 + Jnri tan ôi 


ZTi = Ti F 
nri + JZ7,i+1 tan 6; | 


i=M,M-1,...,1 (7.1.9) 


The MATLAB function multidiel that was introduced in Sec. 5.1 can also be used 
in the oblique case with two extra input arguments: the incidence angle from the left 
and the polarization type, TE or TM. Its full usage is as follows: 


[Gammal1,Z1] = multidiel(n,L, lambda, theta, pol); % multilayer dielectric structure 


where theta is the angle 0 = 0, and pol is one of the strings ’te’ or ’tm’. If the angle 
and polarization arguments are omitted, the function defaults to normal incidence for 
which TE and TM are the same. The other parameters have the same meaning as in 
Sec. 5.1. 

In using this function, it is convenient to normalize the wavelength A and the optical 
lengths nil; of the layers to some reference wavelength Ag. The frequency f will be 
normalized to the corresponding reference frequency fo = Co/Ao. 

Defining the normalized thicknesses L; = njlj/Ao, so that nili = Lido, and noting 
that Ao/A = f /fo, we may write the phase thicknesses (7.1.2) in the normalized form: 


5; = 2m Lj ¢08 0; = 2m È L,cos 6, j i=1,2,...,M (7.1.10) 
0 


Typically, but not necessarily, the L; are chosen to be quarter-wavelength long at 
Ao, that is, L; = 1/4. This way the same multilayer design can be applied equally well 
at microwave or at optical frequencies. Once the wavelength scale Ao is chosen, the 
physical lengths of the layers l; can be obtained from l; = LjAo/nj. 


7.2 Single Dielectric Slab 


Many features of oblique incidence on multilayer slabs can be clarified by studying the 
single-slab case, shown in Fig. 7.2.1. Assuming that the media to the left and right are 
the same, Ng = Np, it follows that 0p = 0a and also that pr; = —pr2. Moreover, Snell’s 
law implies ng sin 0g = n; sin 01. 

Because there are no incident fields from the right, the reflection response at the 
left of interface-2 is: [v2 = Ppr2 = —prı. It follows from Eq. (7.1.7) that the reflection 
response at the left of interface-1 will be: 


pst ee — pr (l-e) 
1+priprz07® 1- phe? 


Iri 


(7.2.1) 


This is analogous to Eq. (4.5.4). According to Eq. (7.1.10), the phase thickness can be 
written in the following normalized form, where Lı = nılı /Ào: 
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— l > 


Na n] Nb 


Pr PT2 


Fig. 7.2.1 Oblique incidence on single dielectric slab. 


61 som ts zarrei Sih (7.2.2) 
À fo fı 
E fo 
js 2L; cos 01 (7:2:3) 


At frequencies that are integral multiples of fı, f = mfa, the reflection response 
vanishes because 26, = 2m (mfı)/fı = 2mm and e~2/% = 1. Similarly, at the half- 
integral multiples, f = (m + 0.5)f1, the response is maximum because e~2/5: = —1. 

Because fı depends inversely on cos 04, then as the angle of incidence 04 increases, 
cos 0; will decrease and fı will shift towards higher frequencies. The maximum shift 
will occur when 0; reaches its maximum refraction value 0), = asin(Ng/n,) (assuming 
Ng < Ny.) 

Similar shifts occur for the 3-dB width of the reflection response notches. By the 
same calculation that led to Eq. (4.5.9), we find for the 3-dB width with respect to the 
variable 61: 


Að 1— pi 
wn (451) 10h 
2 1+ pry 


Setting Ad, = TAf/f1, we solve for the 3-dB width in frequency: 


-A2 
Af = ef atan ( l eh | (7.2.4) 


1+ p% 


The left/right bandedge frequencies are fı + Af/2. The dependence of Af on the 
incidence angle 0, is more complicated here because pr also depends on it. 

In fact, as 0, tends to its grazing value 0g — 90°, the reflection coefficients for 
either polarization have the limit |p7;| > 1, resulting in zero bandwidth Af. On the 
other hand, at the Brewster angle, 0gg = atan(n,/ng), the TM reflection coefficient 
vanishes, resulting in maximum bandwidth. Indeed, because atan(1)= 1r/4, we have 
Af max = 2fı atan(1)/tr = f1/2. 
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Fig. 7.2.2 illustrates some of these properties. The refractive indices were Ng = Np = 
1 and nı = 1.5. The optical length of the slab was taken to be half-wavelength at the 
reference wavelength Ao, so that nılı = 0.5Aọ, or, Lı = 0.5. 


0, =75° 0, =85° 


0.8) 


fag 
a 


| Tr (f)? 
| Tra (f)| ? 


> 
D 


0.2 


f/ fo 


Fig. 7.2.2 TE and TM reflectances of half-wavelength slab. 


The graphs show the TE and TM reflectances |I r; (f)|* as functions of frequency 
for the angles of incidence 0; = 75° and 0g = 85°. The normal incidence case is also 
included for comparison. 

The corresponding refracted angles were 0; = asin(ngasin(0q)/n,) = 40.09° and 
0, = 41.62°. Note that the maximum refracted angle is 01c = 41.81°, and the Brewster 
angle, Ogg = 56.31°. 

The notch frequencies were fı = fo/(2L, cos 01) = 1.31fo and fı = 1.34fo for the 
angles 0g = 75° and 85°. At normal incidence we have fı = fo/(2L1)= fo, because 
Lı = 0.5. 

The graphs also show the 3-dB widths of the notches, calculated from Eq. (7.2.4). 
The reflection responses were computed with the help of the function multidiel with 
the typical MATLAB code: 
na = 1; nb 

=1. 


= 15 
n1 5; Ll = 


0.5; 


f = linspace(0,3,401); 
theta = 75; 


GO abs(multidiel([na,n1,nb], L1, 1./)).A2; 
Ge abs(multidiel([na,n1,nb], L1, 1./f, theta, ’te’)).A2; 
Gm = abs(multidiel([na,n1,nb], L1, 1./f, theta, ’tm’)).A2; 


The shifting of the notch frequencies and the narrowing of the notch widths is evi- 
dent from the graphs. Had we chosen 0g = Oqag = 56.31°, the TM response would have 
been identically zero because of the factor prı in Eq. (7.2.1). 

The single-slab case is essentially a simplified version of a Fabry-Perot interferometer 
[182], used as a spectrum analyzer. At multiples of f1, there are narrow transmittance 
bands. Because fı depends on fo/ cos 01, the interferometer serves to separate different 
frequencies fo in the input by mapping them onto different angles 0}. 
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7.3 Antireflection Coatings at Oblique Incidence 


Antireflection coatings are typically designed for normal incidence and then used over 
a limited range of oblique incidence, such as up to about 30°. As the angle of incidence 
increases, the antireflection band shifts towards lower wavelengths or higher frequen- 
cies. Any designed reflection zeros at normal incidence are no longer zeros at oblique 
incidence. 

If a particular angle of incidence is preferred, it is possible to design the antireflection 
coating to match that angle. However, like the case of normal design, the effectiveness 
of this method will be over an angular width of approximately 30° about the preferred 
angle. 

To appreciate the effects of oblique incidence, we look at the angular behavior of 
our normal-incidence designs presented in Figs. 5.2.1 and 5.2.3. 

The first example was a two-layer design with refractive indices Ng = 1 (air), ny = 
1.38 (magnesium fluoride), n? = 2.45 (bismuth oxide), and np = 1.5 (glass). The de- 
signed normalized optical lengths of the layers were Lı = 0.3294 and Lo = 0.0453 at 
Ao = 550 nm. 


Fig. 7.3.1 shows the TE and TM reflectances |I'7; (A)|? as functions of A, for the 
incidence angles 0 = 0°, 20°, 30°, 40°. 
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TM polarization 
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Fig. 7.3.1 Two-layer antireflection coating at oblique incidence. 


We note the shifting of the responses towards lower wavelengths. The responses 


are fairly acceptable up to about 20°-30°. The typical MATLAB code used to generate 
these graphs was: 


n= [1, 1.38, 2.45, 1.5]; L = [0.3294, 0.0453]; 
1aO = 550; la = linspace(400,700,101); pol=’te’; 


GO = abs(multidiel(n, L, la/la0)).A2 * 100; 

G20 = abs(multidiel(n, L, la/laO, 20, pol)).A2 * 100; 
G30 = abs(multidiel(n, L, la/la0, 30, pol)).A2 * 100; 
G40 = abs(multidiel(n, L, la/la0, 40, pol)).A2 * 100; 


plot(la, [G0; G20; G30; G40]); 
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As we mentioned above, the design can be matched at a particular angle of incidence. 
As an example, we choose 0q = 30° and redesign the two-layer structure. 

The design equations are still (5.2.2) and (5.2.1), but with the replacement of nj, 
pi by their transverse values nri, pri, and the replacement of kılı, kəl by the phase 
thicknesses at A = Ag, that is, 6; = 2TTL; cos 0; and 62 = 2TrL2> cos 02. Moreover, we 
must choose to match the design either for TE or TM polarization. 

Fig. 7.3.2 illustrates such a design. The upper left graph shows the TE reflectance 
matched at 30°. The designed optical thicknesses are in this case, Lı = 0.3509 and 
L = 0.0528. The upper right graph shows the corresponding TM reflectance, which 
cannot be matched simultaneously with the TE case. 

The lower graphs show the same design, but now the TM reflectance is matched at 
30°. The designed lengths were Lı = 0.3554 and L2 = 0.0386. 
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Fig. 7.3.2 Two-layer antireflection coating matched at 30 degrees. 


The design steps are as follows. First, we calculate the refraction angles in all media 
from Eq. (7.1.1), 0; = asin (na sin@q/n;), for i = a,1,2,b. Then, assuming TE polariza- 
tion, we calculate the TE refractive indices for all media ny; = n; cos 0;, i = a, 1, 2, b. 

Then, we calculate the transverse reflection coefficients p7; from Eq. (7.1.3) and use 
them to solve Eq. (5.2.2) and (5.2.1) for the phase thicknesses 61, 62. Finally, we calcu- 
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late the normalized optical lengths from Li = 6;/ (21 cos 0;), i = 1,2. The following 
MATLAB code illustrates these steps: 


1.38, 2.45, 1.5]; 


n = [1, 
= 30; thi = asin(na*sin(pi*tha/180)./n); 


tha 


nt = n.*cos(thi); 
r = n2r(nt); 


% for TM use nt = n./cos(thi) 


c = sqrt((r(1)^2*(1-r(2)*r(3))A2 - Cr (2)-1(3))A2)/(4¥ rr (2) * (3) * (1-1) A2))) ; 


de2 = acos(c); 


G2 = (r(2)4+r(3)*exp(-2*j*de2))/(1 + r(2)*r(3)*exp(-2*j*de2)); 


del = (angle(G2) - pi - angle(r(1)))/2; 
if del <0, del = del + 2*pi; end 


L = [del,de2]/2/pi; 
L = L./cos(thi(2:3)); 


la0 = 550; la = linspace(400,700,401); 


G30 = abs(multidiel(n, L, 1la/la0, 30, ’te’)).A2 * 
G20 = abs(multidiel(n, L, 1la/la0, 20, ’te’)).A2 * 
G40 = abs(multidiel(n, L, la/laO, 40, ’te’)).A2 * 


GO = abs(multidiel(n, L, 1la/la0)).A2 * 100; 


plotCla, [G30; G20; G40; GO]); 


100; 
100; 
100; 


Our second example in Fig. 5.2.3 was a quarter-half-quarter 3-layer design with re- 


fractive indices nı = 1 (air), nı = 1.38 (magnesium fluoride), n? = 2.2 (zirconium oxide), 
n3 = 1.63 (cerium fluoride), and np = 1.5 (glass). The optical lengths of the layers were 
Ly = Ls = 0.25 and Lo = 0.5. 


incidence angles 0 = 0°, 20°, 30°, 40°. 
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Fig. 7.3.3 shows the TE and TM reflectances |Ir: (A)|? as functions of A, for the 
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Fig. 7.3.3 Three-layer antireflection coating at oblique incidence. 


The responses are fairly acceptable up to about 20°-30°, but are shifted towards 


lower wavelengths. The typical MATLAB code used to generate these graphs was: 


210 


n= [1, 1.38, 2.2, 1.63, 1.5]; 
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la0 = 550; la = linspace(400, 700,401); 


GO 

G20 
G30 
G40 


plot(la, 


[GO; G20; G30; G40]); 


’te’)).A2 * 
te’)).A2 * 100; 
te’)).A2 * 100; 


abs(multidiel(n, L, la/la0)).A2 * 100; 
abs(multidiel(n, L, la/la0, 20, 
abs(multidiel(n, L, la/la0, 30, 
abs(multidiel(n, L, la/la0, 40, 


7.4 Omnidirectional Dielectric Mirrors 


L = [0.25, 0.50, 0.25]; 


100; 


Until recently, it was generally thought that it was impossible to have an omnidirectional 
dielectric mirror, that is, a mirror that is perfectly reflecting at all angles of incidence 
and for both TE and TM polarizations. However, such mirrors are possible and have 
recently been manufactured [317,318] and the conditions for their existence clarified 


[317-321]. 


We consider the same dielectric mirror structure of Sec. 5.3, consisting of alternating 
layers of high and low index. Fig. 7.4.1 shows such a structure under oblique incidence. 
There are N bilayers and a total of M = 2N + 1 single layers, starting and ending with 
a high-index layer. 


Na 


Pr 


The incidence angles on each interface are related by Snell’s law: 
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Fig. 7.4.1 Dielectric mirror at oblique incidence. 


nasin ĝa = Ny sin Oy = ny sin O; = np sin Op 


(7.4.1) 


The phase thicknesses within the high- and low-index layers are in normalized form: 


OH = TEN 
fo 


ÔL = ar FL cos 0L 


0 


(7.4.2) 


where Ly = Nygly/Ao, Lr = nylz/Ao are the optical thicknesses normalized to some Ao, 


and fo = Co/Ao. Note also, cos 0; = 


ji - nisin? 0a/n?, i = H, L. 
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A necessary (but not sufficient) condition for omnidirectional reflectivity for both 
polarizations is that the maximum angle of refraction 0 H,max inside the first layer be 
less than the Brewster angle 0g of the second interface, that is, the high-low interface, 
so that the Brewster angle can never be accessed by a wave incident on the first interface. 
If this condition is not satisfied, a TM wave would not be reflected at the second and all 
subsequent interfaces and will transmit through the structure. 

Because sin OH max = Na/Ny and tang = n/ny, or, sin 0g = n/\\niy + ne, the 
condition 09Hmax < 0g, or the equivalent condition sin 0H, max < sin 0g, can be written 


as Ng/Ny < Nih Jnẹ + Nj, or 


NHN 
nz, +n? 

We note that the exact opposite of this condition is required in the design of multi- 
layer Brewster polarizing beam splitters, discussed in the next section. 

In addition to condition (7.4.3), in order to achieve omnidirectional reflectivity we 
must require that the high-reflectance bands have a common overlapping region for all 
incidence angles and for both polarizations. 

To determine these bands, we note that the entire discussion of Sec. 5.3 carries 
through unchanged, provided we use the transverse reflection coefficients and trans- 
verse refractive indices. For example, the transverse version of the bilayer transition 
matrix of Eq. (5.3.5) will be: 


Ng < (7.4.3) 


1 ef (OH+61) _ pyel (Ou—51) —2jpre Jou sin 61, 
a ees 2jpreið sin dy, e-(Su*51) — p2e-iÖn-ôr) (7.4.4) 
where pr = (Nur — NT)/ (Myr + NLT) and: 
NH SMe. (TM polarization) 
NHT = cos ÔH nir = cos 0; ae (7.4.5) 
ny cos Oy ny cos 0; (TE polarization) 
Explicitly, we have for the two polarizations: 
ny cos 0; — nz cos Oy ny cos Oy — Ng cos O; 
PT™ , PTE (7.4.6) 
ny cos O; + ng cos Oy ny cos Oy + ng cos 0L 
The trace of Fr is as in Eq. (5.3.13): 
_ 92 E 
ae cos(ÔH + 6,)—p7cos(6H — ÔL) (7.4.7) 


1 - pj 


The eigenvalues of the matrix Fr are A+ = e*l, where K = acos(a) /land1 = ly +lz. 
The condition a = —1 determines the bandedge frequencies of the high-reflectance 
bands. As in Eq. (5.3.16), this condition is equivalent to: 
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Oaer 


5 (7.4.8) 


) = p3-cos 


Defining the quantities L+ = Lycos 0y + Lz cos 0, and the normalized frequency 
F = f /fo, we may write: 


ou = OL = m (Ly cos Oy + Li cos01)= TFL (7.4.9) 
0 


Then, taking square roots of Eq. (7.4.8), we have: 


cos(TFL,)= +|pr| cos (1tFL_) 


The plus sign gives the left bandedge, Fı = f/f , and the minus sign, the right 
bandedge, Fo = f2/fo. Thus, F), Fo are the solutions of the equations: 


cos(TFiL+) = |pr| cos(1tF,L_) 
(7.4.10) 
cos(1F2L,) = —|pr| cos(1tF2L_) 
The bandwidth and center frequency of the reflecting band are: 
A Fı +F 
A ewpeien (apes (7.4.11) 
fo fo 2 


The corresponding bandwidth in wavelengths is defined in terms of the left and right 
bandedge wavelengths: 


Ao Co Ao Co 


= Sieg A2 = =S AA =A2-A 

Fy fz ? R fh T 

An approximate solution of Eq. (7.4.10) can be obtained by setting L- = O in the 
right-hand sides of Eq. (7.4.10): 


| At (7.4.12) 


cos(TFıL+)= |pr|, cos(ttF2L4)= —|pr| (7.4.13) 


with solutions: 


acos(|pr|) p, _ acos(—lprl) 
2 


F ; 
, TL TL 


(7.4.14) 


Using the trigonometric identities acos(+|pr|)= 1/2 ¥ asin(|pr|), we obtain the 
bandwidth and center frequency: 


Ap =}; f, = Clossmler)) paata fo 


? = 7.4.15 
TL, 2 2L, ( ) 


It follows that the center wavelength will be Ac = Co/fe = 2L+4Ao or, 


Ac = 2L, dọ = 2 (lyny cos Oy + ling cos 0L) (7.4.16) 
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At normal incidence, we have Ac = 2(/yny + ln). For quarter-wavelength designs 
at Ag at normal incidence, we have L, = 1/4 + 1/4 = 1/2, so that Ac = Ao. 

The accuracy of the approximate solution (7.4.14) depends on the ratio d = L_/L,. 
Even if at normal incidence the layers were quarter-wavelength with Ly = Ly = 0.25, 
the equality of Ly and L; will no longer be true at other angles of incidence. In fact, the 
quantity d is an increasing function of 0a. For larger values of d, the exact solution of 
(7.4.10) can be obtained by the following iteration: 


initialize with Fı = Fo = 0, 
for i = 0,1,..., Niter, do: 
1 


Fis a acos(|pr| cos (7tF\L_)) (7.4.17) 
1 
Fo = a acos(—|pr| cos (mF2L_)) 


Evidently, the i = 0 iteration gives the zeroth-order solution (7.4.14). The iteration 
converges extremely fast, requiring only 3-4 iterations Niter. The MATLAB function 
omniband implements this algorithm. It has usage: 


[F1,F2] omniband(na,nH,nL,LH,LL, theta, pol ,Niter) % bandedge frequencies 
[F1,F2] = omniband(na,nH,nL,LH,LL, theta, pol) % equivalent to Niter = 0 


where theta is the incidence angle in degrees, pol is one of the strings ’te’ or ’tm’ for 
TE or TM polarization, and Niter is the desired number of iterations. If this argument 
is omitted, only the i = 0 iteration is carried out. 

It is straightforward but tedious to verify the following facts about the above solu- 
tions. First, f4, fo are increasing functions of 0, for both TE and TM polarizations. Thus, 
the center frequency of the band fe = (fı + f2) /2 shifts towards higher frequencies with 
increasing angle 0g. The corresponding wavelength intervals will shift towards lower 
wavelengths. 

Second, the bandwidth Af = f2 — fı is an increasing function of 0a for TE, anda 
decreasing one for TM polarization. Thus, as 0, increases, the reflecting band for TE 
expands and that of TM shrinks, while their (slightly different) centers fe shift upwards. 

In order to achieve omnidirectional reflectivity, the TE and TM bands must have a 
common overlapping intersection for all angles of incidence. Because the TM band is 
always narrower than the TE band, it will determine the final common omnidirectional 
band. 

The worst case of overlap is for the TM band at 90° angle of incidence, which must 
overlap with the TM/TE band at 0°. The left bandedge of this TM band, f1,r (90°), must 
be less than the right bandedge of the 0° band, fə (0°). This is a sufficient condition for 
omnidirectional reflectivity. 

Thus, the minimum band shared by all angles of incidence and both polarizations 
will be [fi,rm (90°), f2 (0°) ], having width: 


Af min = f2 (0°) —f1,rm (90°) (minimum omnidirectional bandwidth) (7.4.18) 
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In a more restricted sense, the common reflecting band for both polarizations and 


for angles up to a given 0a will be [fi,rm(@a), f2,rm (0°) ] and the corresponding band- 
width: 


Af (0a) = f2(0°) -fi,rm (Oa) (7.4.19) 


In addition to computing the bandwidths of either the TM or the TE bands at any 
angle of incidence, the function omniband can also compute the above common band- 
widths. If the parameter pol is equal to ’tem’, then F1, Fọ are those of Eqs. (7.4.18) and 
(7.4.19). Its extended usage is as follows: 


[F1,F2] = omniband(na,nH,nL,LH,LL, theta, ’tem’) % Eq. (7.4.19) 
[F1,F2] = omniband(na,nH,nL,LH,LL,90, ’tem’) % Eq. (7.4.18) 
[F1,F2] = omniband(na,nH,nL,LH,LL) % Eq. (7.4.18) 


Next, we discuss some simulation examples that will help clarify the above remarks. 


Example 7.4.1: The first example is the angular dependence of Example 5.3.2. In order to flatten 
out and sharpen the edges of the reflecting bands, we use N = 30 bilayers. Fig. 7.4.2 shows 
the TE and TM reflectances |I7; (A)|? as functions of the free-space wavelength A, for the 
two angles of incidence 0, = 45° and 80°. 


Fig. 7.4.3 depicts the reflectances as functions of frequency f. The refractive indices were 
Nna = 1, Ny = 2.32, np = 1.38, np = 1.52, and the bilayers were quarter-wavelength 
Ly = L; = 0.25 at the normalization wavelength Ay = 500 nm. 


The necessary condition (7.4.3) is satisfied and we find for the maximum angle of refraction 
and the Brewster angle: 04 max = 25.53° and 0g = 30.75° Thus, we have 0H max < Op. 
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Fig. 7.4.2 TM and TE reflectances for ny = 2.32, n; = 1.38. 


On each graph, we have indicated the corresponding bandwidth intervals calculated with 
omniband. The indicated intervals are for 0° incidence, for TE and TM, and for the common 
band Eq. (7.4.19) at Oa. We observe the shifting of the bands towards higher frequencies, 
or lower wavelengths, and the shrinking of the TM and expanding of the TE bands, and the 
shrinking of the common band. 


At 45°, there is still sufficient overlap, but at 80°, the TM band has shifted almost to the 
end of the 0° band, resulting in an extremely narrow common band. 


7.4. 
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Fig. 7.4.3 TM and TE frequency responses for ny = 2.32, n; = 1.38. 


The arrows labeled fco and fe represent the (TM) band center frequencies at 0° and 45° or 
80°. The calculated bandedges corresponding to 90° incidence were A; = Ao/F2,rm (0°) = 
429.73 nm and Az = Ao/Fi,rm (90°) = 432.16 nm, with bandwidth AA = A2 — Ay = 2.43 
nm. Thus, this structure does exhibit omnidirectional reflectivity, albeit over a very narrow 
band. The MATLAB code used to generate these graphs was: 


na = 1; nb = 1.52; nH = 2.32; nL = 1,38; 
LH = 0.25; LL = 0.25; 


1a0 = 500; 
la = linspace(300, 800,501); 


th = 45; N = 30; 

n = [na, nH, repmat([nL,nH], 1, N), nb]; 

L = [LH, repmat([LL,LH], 1, N)]; 

Ge = 100*abs(multidiel(n,L,la/la0, th, ’te’)).A2; 
Gm = 100*abs(multidiel(n,L,la/la0, th, ’tm’)).A2; 
GO = 100*abs(multidiel(n,L,1a/1a0)) .A2; 


plot(la,Gm, la,Ge, 1a,GO0); 


[F10,F20] = omniband(na,nH,nL,LH,LL, 0, ’te’); 
[Fle,F2e] omniband(na,nH,nL,LH,LL, th,’te’); 
[Flm,F2m] = omniband(na,nH,nL,LH,LL, th,’tm’); 
[F1,F2] = omniband(na,nH,nL,LH,LL, th,’ tem’); 


Because the reflectivity bands shrink with decreasing ratio ny/n_, if we were to slightly 
decrease ny, then the TM band could be made to shift beyond the end of the 0° band and 
there would be no common overlapping reflecting band for all angles. We can observe this 
behavior in Fig. 7.4.4, which has ny = 2, with all the other parameters kept the same. 


At 45° there is acommon overlap, but at 80°, the TM band has already moved beyond the 0° 
band, while the TE band still overlaps with the latter. This example has no omnidirectional 
reflectivity, although the necessary condition (7.4.3) is still satisfied with 0 max = 30° and 
Oz = 34.61°. 
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Frequency Response at 45° 
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Fig. 7.4.4 TM and TE reflectances for ny = 2, ny = 1.38. 


On the other hand, if we were to increase ny, all the bands will widen, and so will the 
final common band, resulting in an omnidirectional mirror of wider bandwidth. Fig. 7.4.5 
shows the case of ny = 3, exhibiting a substantial overlap and omnidirectional behavior. 
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Fig. 7.4.5 TM and TE reflectances for ny = 3, ny = 1.38. 


The minimum band (7.4.18) was [F1, F2]= [1.0465, 1.2412] corresponding to the wave- 
length bandedges A, = Ao/F2 = 402.84 nm and A2 = Ao/F, = 477.79 nm with a width of 
AA = A2 — Ay = 74.95 nm, a substantial difference from that of Fig. 7.4.2. The bandedges 


were computed with Ni = 0 in Eq. (7.4.17); with Nit = 3, we obtain the more accurate 
values: [F,, F2]= [1.0505, 1.2412]. 


To illustrate the dependence of the TE and TM bandwidths on the incident angle 0a, we 
have calculated and plotted the normalized bandedge frequencies F; (0a), F2(@q) for the 
range of angles 0 < 0, < 90° for both polarizations. The left graph of Fig. 7.4.6 shows the 
case Ny = 3, ny = 1.38, and the right graph, the case ny = 2, n; = 1.38. 


We note that the TE band widens with increasing angle, whereas the TM band narrows. At 
the same time, the band centers move toward higher frequencies. In the left graph, there 
is a common band shared by both polarizations and all angles, that is, the band defined 
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Fig. 7.4.6 TM/TE bandgaps versus angle for ny = 3, ny = 1.38 and ny = 2, ny = 1.38. 


by F2 (0°), and Fı,rm (90°). For the right graph, the bandedge Fı;rm (0a) increases beyond 
F2(0°) for angles 0q greater than about 61.8°, and therefore, there is no omnidirectional 


band. The calculations of Fı (0a), F2 (0a) were done with omniband with Niter = 3. 


Oo 


Example 7.4.2: In Fig. 7.4.7, we study the effect of changing the optical lengths of the bilayers 
from quarter-wavelength to Ly = 0.3 and L; = 0.1. The main result is to narrow the 
bands. This example, also illustrates the use of the iteration (7.4.17). The approximate 
solution (7.4.15) and exact solutions for the 80° bandedge frequencies are obtained from 


the two MATLAB calls: 


[F1,F2] = 
[F1,F2] = 


omniband(na,nH,nL,LH,LL,80,’tem’ ,0); 
omniband(na,nH,nL,LH,LL,80, tem’ ,3); 


with results [F,,F2]= [1.0933,1.3891] and [F,,F2]= [1.1315,1.3266], respectively. 


Three iterations produce an excellent approximation to the exact solution. 
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Fig. 7.4.7 Unequal length layers Ly = 0.30, L; = 0.15. 
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Example 7.4.3: Here, we revisit Example 5.3.3, whose parameters correspond to the recently 
constructed omnidirectional infrared mirror [317]. Fig. 7.4.8 shows the reflectances as 
functions of wavelength and frequency at 0g = 45° and 80° for both TE and TM polar- 
izations. At both angles of incidence there is a wide overlap, essentially over the desired 
10-15 um band. 


The structure consisted of nine alternating layers of Tellurium (ny = 4.6) and Polystyrene 
(n; = 1.6) ona NaCl substrate (np = 1.48.) The physical lengths were ly = 0.8 and l; = 1.6 
pm. The normalizing wavelength was Ap = 12.5 um. The optical thicknesses in units of 
Ao were Ly = 0.2944 and Lz = 0.2112. 
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Fig. 7.4.8 Nine-layer Te/PS omnidirectional mirror over the infrared. 


The bandedges at 0° were [F , F2]= [0.6764, 1.2875] with center frequency Fco = 0.9819, 
corresponding to wavelength Aco = Ào/Fco = 12.73 um. Similarly, at 45°, the band centers 
for TE and TM polarizations were Ferg = 1.0272 and Ferm = 1.0313, resulting in the 
wavelengths Àc,rg = 12.17 and Ac,ry = 12.12 um (shown on the graphs are the TE centers 
only.) 


The final bandedges of the common reflecting band computed from Eq. (7.4.18) were 
[Fı, F2]= [0.8207, 1.2875], resulting in the wavelength bandedges A, = Ao/F2 = 9.71 
and Az = Ao/F, = 14.95 um, with a width of AA = A2 — A, = 5.24 um and band center 
(A, + A2)/2 = 12.33 um (the approximation (7.4.15) gives 5.67 and 12.4 um.) The graphs 
were generated by the following MATLAB code: 
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JaO = 12.5; la = linspace(5,25,401); 

na = 1; nb = 1.48; nH = 4.6; nL = 1.6; 

1H = 0.8; IL = 1.65; LH = nH*1H/1a0; LL = nL*1L/1a0; 
th = 45; 

N 4; 


n = [na, nH, repmat([nL,nH], 1, N), nb]; 

L = [LH, repmat([LL,LH], 1, N)]; 

Ge = 100*abs(multidiel(n,L,la/la0, th, ’te’)).A2; 
Gm = 100*abs(multidiel(n,L,la/la0, th, ’tm’)).A2; 
GO = 100*abs(multidiel(n,L,1la/1a0)).A2; 


plot(la,Gm, la,Ge, 1a,GO0); 


Ni = 5; 

[F10,F20] = omniband(na,nH,nL,LH,LL, 0, ’te’, Ni); band at 0° 
[Fle,F2e] = omniband(na,nH,nL,LH,LL, th,’te’, Ni); TE band 
[Flm,F2m] = omniband(na,nH,nL,LH,LL, th,’tm’, Ni); TM band 
[F1,F2] = omniband(na,nH,nL,LH,LL, th, ’tem’,Ni); Eq. (7.4.19) 
[F1,F2] = omniband(na,nH,nL,LH,LL, 90,’tem’,Ni); Eq. (7.4.18) 


Finally, Fig. 7.4.9 shows the same example with the number of bilayers doubled to N = 8. 
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Fig. 7.4.9 Omnidirectional mirror with N = 8. 


Example 7.4.4: The last example has parameters corresponding to the recently constructed 
omnidirectional reflector over the visible range [318]. The refractive indices were na = 1, 
ny = 2.6 (ZnSe), n; = 1.34 (Na3AlF¢ cryolite), and np = 1.5 (glass substrate.) The layer 
lengths were ly = l; = 90 nm. There were N = 9 bilayers or 2N + 1 = 19 layers, starting 
and ending with ny. 


With these values, the maximum angle of refraction is 0 H,max = 22.27° and is less than the 
Brewster angle 03 = 27.27°. 


The normalizing wavelength was taken to be Ag = 620 nm. Then, the corresponding optical 
lengths were L; = nzI,/Ao = 0.1945 and Ly = nyly/Ao = 0.3774. The overall minimum 
omnidirectional band is [A;,A2]= [605.42, 646.88] nm. It was computed by the MATLAB 
call to omniband with N; = 5 iterations: 
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[F1,F2] = omniband(na,nH,nL,LH,LL,90,’tem’ ,Ni); 
lal = 1a0/F2; la2 = 1a0/F1; 


(The values of A, A2 do not depend on the choice of Ag.) Fig. 7.4.10 shows the reflectance 
at 45° and 80°. The upper panel of graphs has N = 9 bilayers as in [318]. The lower panel 
has N = 18 bilayers or 38 layers, and has more well-defined band gaps. The two arrows in 
the figures correspond to the values of A, A2 of the minimum omnidirectional band. O 
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Fig. 7.4.10 Omnidirectional mirror over visible band. 


7.5 Polarizing Beam Splitters 


The objective of an omnidirectional mirror is to achieve high reflectivity for both polar- 
izations. However, in polarizers, we are interested in separating the TE and TM polariza- 
tions. This can be accomplished with a periodic bilayer structure of the type shown in 
Fig. 7.4.1, which is highly reflecting only for TE and highly transmitting for TM polariza- 
tions. This is the principle of the so-called MacNeille polarizers [184,188,191,210,213,228- 
234]. 

If the angle of incidence 0a is chosen such that the angle of refraction in the first 
high-index layer is equal to the Brewster angle of the high-low interface, then the TM 
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component will not be reflected at the bilayer interfaces and will transmit through. The 
design condition is 0y = 0g, or sin 0y = sin 0g, which gives: 


Ngn 
nz, +n? 


This condition can be solved either for the angle 0, or for the index ng of the incident 
medium: 


Ng sinO, = ny sin Oy = Ny sin Opg = (7.5.1) 


Ngn nyny 
Nang, + nz sin Qay ng + n? 


In either case, the feasibility of this approach requires the opposite of the condition 
(7.4.3), that is, 


sin ĝa = or, Na = (7.5.2) 


Ngn 
nz, + n? 


If the angle 0, is set equal to the convenient value of 45°, then, condition Eq. (7.5.2) 
fixes the value of the refractive index ng to be given by: 


Na > (7.5.3) 


_ V2nyny 
nz +n? 


Fig. 7.5.1 depicts such a multilayer structure sandwiched between two glass prisms 
with 45° angles. The thin films are deposited along the hypotenuse of each prism and 
the prisms are then cemented together. The incident, reflected, and transmitted beams 
are perpendicular to the prism sides. 


Na (7.5.4) 


TE polarized 


Glass L L 


unpolarized TM polarized 


45° 


459, 


Glass 


Fig. 7.5.1 Polarizing beam splitter. 


Not many combinations of available materials satisfy condition (7.5.4). One possible 
solution is Banning’s [191] with ny = 2.3 (zinc sulfide), nz = 1.25 (cryolite), and ng = 
1.5532. Another solution is given in Clapham, et al, [213], with ny = 2.04 (zirconium 
oxide), ny = 1.385 (magnesium fluoride), and ng = 1.6205 (a form of dense flint glass.) 
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Fig. 7.5.2 shows the TE and TM reflectances of the case ny = 2.3 and ny = 1.25. The 
incident and output media had ng = Np = 1.5532. The maximum reflectivity for the TE 
component is 99.99%, while that of the TM component is 3% (note the different vertical 
scales in the two graphs.) 

The number of bilayers was N = 5 and the center frequency of the TE band was 
chosen to correspond to a wavelength of Ac = 500 nm. To achieve this, the normal- 
izing wavelength was required to be Ag = 718.38 nm. The layer lengths were quarter- 
wavelengths at Ag. The TE bandwidth calculated with omniband is also shown. 

The Brewster angles inside the high- and low-index layers are Oy = 28.52° and 
0; = 61.48°. As expected, they satisfy Oy + 0; = 90°. 
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Fig. 7.5.2 Polarizer with ny = 2.3 and ny, = 1.25. 


Fig. 7.5.3 shows the second case having ny = 2.04, n; = 1.385, Ng = Np = 1.6205. 
The normalizing wavelength was Ap = 716.27 nm in order to give Ac = 500 nm. This 
case achieves a maximum TE reflectivity of 99.89% and TM reflectivity of only 0.53%. 
The typical MATLAB code generating these examples was: 


TE Reflectance TM Reflectance 
T T 4 T T 
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Fig. 7.5.3 Polarizer with ny = 2.04 and n, = 1.385. 
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nH 
LH 


na = nH*nL/sqrt(nHA2+nLA2)/sin(pi/4); nb=na; 


[fle,f2e] = omniband(na,nH,nL,LH,LL,th, ’te’,5); 
lac = 500; 
la0 = lac*(fle+f2e)/2; because Ac = Ag/Fe 


la = linspace(300, 800, 301); 


5; 

[na, nH, repmat([nL,nH], 1, N), nb]; 

[LH, repmat([LL,LH], 1, N)]; 
100*abs(multidiel(n,L,la/la0, th, ’te’)).A2; 
100*abs(multidiel(n,L,la/la0, th, ’tm’)).A2; 


N 
n 
L 
Ge 
Gm 


plot(la,Ge); 


7.6 Reflection and Refraction in Birefringent Media 


Uniform plane wave propagation in biaxial media was discussed in Sec. 3.6. We found 
that there is an effective refractive index N such that k = Nko = Nw/Co. The index N, 
given by Eq. (3.6.8), depends on the polarization of the fields and the direction of the 
wave vector. The expressions for the TE and TM fields were given in Eqs. (3.6.18) and 
(3.6.27). 

Here, we discuss how such fields get reflected and refracted at planar interfaces 
between biaxial media. Further discussion can be found in [182] and [241-259]. 

Fig. 6.1.1 depicts the TM and TE cases, with the understanding that the left and 
right biaxial media are described by the triplets of principal indices n = [n1, n2, n3] 
and n’ = [n}, n}, n3], and that the E-fields are not perpendicular to the corresponding 
wave vectors in the TM case. The principal indices are aligned along the xyz axes, the 
xy-plane is the interface plane, and the xz-plane is the plane of incidence. 

The boundary conditions require the matching of the electric field components that 
are tangential to the interface, that is, the components Ex in the TM case or Fy in TE. 
It proves convenient, therefore, to re-express Eq. (3.6.27) directly in terms of the Ex 
component and Eq. (3.6.18) in terms of Ey. 

For the TM case, we write E = XE, + ZE, = Ex (R — z tanQ), for the electric field of 
the left-incident field, where we used Ez = —E, tan Ô. Similarly, for the magnetic field 
we have from Eq. (3.6.26): 


H= N S(Excos0 — E; sin 0) = N SE coso (2 — = tang) 
no no E 


X 


N n? N n3 cos? 0 + nj sin? 0 
= N fe, cosg (1 + tanta) = X yx, coso ( Laa ma 
No n? no n3 cos? 0 


A o a Bothy 
= 3 = 
No 


N2ni cos? 0 no N coso Y 


where we replaced E,/E, = — tan 6=- (nî /n$)tan 0 and used Fq. (3.7.10). Thus, 
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n? ; 
E(r) = Ex (x- z+ tano) eI ET 


2 
n3 
. (TM) (7.6.1) 
Ex ny ~ ik: EX . _jk 
H(r) = —* jkr _ jkr 
©) no Ncos@ nm 
Similarly, we may rewrite the TE case of Eq. (3.6.18) in the form: 
E(r) = Eyye Jkt 

(TE) (7.6.2) 


E ‘ E f 
H(r) = n cos 0(—-% + Ztan@)e Jk? = — (-& + Ż2tan0)e Jkt 
No NTE 


The propagation phase factors are: 


e Jkt — @—JkoxN sin 0- jkozN cos 0 (TM and TE propagation factors) (7.6.3) 


Unlike the isotropic case, the phase factors are different in the TM and TE cases 
because the value of N is different, as given by Eq. (3.6.8), or, 


nın 
Le ; (TM or p-polarization) 
N= Jn? sin? 0 + n$ cos? 0 (7.6.4) 
No, (TE or s-polarization) 


In Eqs. (7.6.1) and (7.6.2), the effective transverse impedances are defined by nN ry = 
Ex/Hy and nrg = —Ey/Hx, and are given as follows: 


N 0 
Nt = No » NTES He (transverse impedances) (7.6.5) 
nî n2 cos 0 


Defining the TM and TE effective transverse refractive indices through n ry = No/ NTM 
and re = No/Nre, we have: 


Nicos g Jn? — N? sin? @ (transverse refractive indices) (7.6.6) 


NTE = N2 cos 0 


where we used Eq. (3.6.23) for the TM case, that is, 


Ncos@ = a /n3 — N? sin? 0 | (7.6.7) 


3 


In the isotropic case, N = nı = No = n3 = n, Eqs. (7.6.6) reduce to Eq. (6.2.13). Next, 
we discuss the TM and TE reflection and refraction problems of Fig. 6.1.1. 
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Assuming that the interface is at z = 0, the equality of the total tangential electric 
fields (Ex component for TM and Ey for TE), implies as in Sec. 6.1 that the propagation 
phase factors must match at all values of x: 


eSkx+X = eIkx-X = oe ky+X = eIkx-x 
which requires that ky, = kx- = kj, = k,_, or, because kx = ksin@ = Nko sin 8: 
Nsin@, =Nsin@_ = N' sind’, = N’ sind” 


This implies Snell’s law of reflection, that is, 0+ = 0- = 0 and 0’, = 0" = 0’, and 
Snell’s law of refraction, 


Nsin@ = N’ sin 0’ (Snell’s law for birefringent media) (7.6.8) 


Thus, Snell’s law is essentially the same as in the isotropic case, provided one uses 
the effective refractive index N. Because N depends on the polarization, there will be 
two different refraction angles! for the same angle of incidence. In particular, Eq. (7.6.8) 
can be written explicitly in the two polarization cases: 


` 0 A F . Q’ 
nın; sin nn} sin (TM) (7.6.9a) 
Jn? sin? 0 + n$ cos? 0 yn? sin? 0’ + n% cos? 6’ 
n sin = n; sin 0’ (TE) (7.6.9b) 


Both expressions reduce to Eq. (6.1.6) in the isotropic case. The explicit solutions of 
Eq. (7.6.9a) for sin 0’ and sin @ are: 


nınzn; sin 0 


sin 0’ 


Jinen? n — ng) —ning (n? — n?)] sin? 0 + n?n? ns 
(7.6.10) 
$ 1 . 1 
nnns sin 0 


sin 0 
Jinn (n? - n$)-nfn? (nz — n$) ] sin? 6’ + ningn? 


The MATLAB function sne11, solves Eqs. (7.6.9) for 0’ given the angle of incidence 
0 and the polarization type. It works for any type of medium, isotropic, uniaxial, or 
biaxial. It has usage: 


thb = snell(na,nb,tha,pol); % refraction angle from Snell’s law 


The refractive index inputs na, nb may be entered as 1-, 2-, or 3-dimensional column 
or row vectors, for example, ng = [ng] (isotropic), ng = [Ngo, Nae] (uniaxial), or ng = 
[nai Naz, Naz] (biaxial). 

Next, we discuss the propagation and matching of the transverse fields. All the 
results of Sec. 6.3 translate verbatim to the birefringent case, provided one uses the 
proper transverse refractive indices according to Eq. (7.6.6). 


tHence, the name birefringent. 
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In particular, the propagation equations (6.3.5)-(6.3.7) for the transverse fields, for 
the transverse reflection coefficients l'r, and for the transverse wave impedances Zr, 
remain unchanged. 

The phase thickness 6, for propagating along z by a distance l also remains the same 
as Eq. (6.3.8), except that the index N must be used in the optical length, and therefore, 
ôz depends on the polarization: 


5, = kl Seed = Nkol cos 0 = 2m IN cos 0 (7.6.11) 


Using Eq. (7.6.7), we have explicitly: 


6, = ÊT P S NESO, w (7.6.12a) 


3 


sald In cos 0, (TE) (7.6.12b) 


Oz 1 


The transverse matching matrix (6.3.11) and Fresnel reflection coefficients (6.3.12) 
remain the same. Explicitly, we have in the TM and TE cases: 


ni ny 
E 
Nt™—"t _ Ncos@  N’cos0’ 
PT = 7 = 2 12 
NTM + NTM ny i ny 76 13 
T 
Ncos@ N’cos0’ (7.6.13) 
NteE— Nrg  N2 cos 0 — n; cos 0’ 
TE = = 
P Nre + nyg nzcos® +n; cos 0’ 


Using Eq. (7.6.6) and the TM and TE Snell’s laws, Eqs. (7.6.9), we may rewrite the 
reflection coefficients in terms of the angle 0 only: 


nins n? — N? sin? 0 — nn',./n3 — N? sin? 0 
PTM 12 Due Post 2 2 ein2 
nNyN3,/nz; — N? sine 0 + n\N3,/n3 — N? sinf 0 
n cos 0 — n? — n5 sin? 0 
PTE = 
nz cos 0 +n? — n5 sin? 0 


The quantity N? sin? @ can be expressed directly in terms of @ and the refractive 
indices of the incident medium. Using Eq. (7.6.4), we have: 


(7.6.14) 


ning sin? 0 


N? sin? 0 = 
nî sin? 0 + n$ cos? 0 


(7.6.15) 


The TE reflection coefficient behaves like the TE isotropic case. The TM coefficient 
exhibits a much more complicated behavior. If nı = ni but n3 £+ n3, it behaves like the 
TM isotropic case. If n3 = n; but nı # nį, the square-root factors cancel and it becomes 
independent of 0: 
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(7.6.16) 


Another interesting case is when both media are uniaxial and n} = nı and nį = ns, 
that is, the refractive index vectors are n = [N,,1,,n3] and n’ = [n;3, n3, nı]. It is 
straightforward to show in this case that pry = prg at all angles of incidence. Multilayer 
films made from alternating such materials exhibit similar TM and TE optical properties 
[241]. 

The MATLAB function fresnel can evaluate Eqs. (7.6.14) at any range of incident 
angles 0. The function determines internally whether the media are isotropic, uniaxial, 
or biaxial. 


7.7 Brewster and Critical Angles in Birefringent Media 


The maximum angle of refraction, critical angle of incidence, and Brewster angle, have 
their counterparts in birefringent media. 

It is straightforward to verify that 0’ is an increasing function of 0 in Eq. (7.6.9). The 
maximum angle of refraction 0% is obtained by setting 9 = 90° in Eq. (7.6.9). 

For the TE case, we obtain sin 0% = n/n. As in the isotropic case of Eq. (6.5.2), this 
requires that nọ < n5, that is, the incident medium is less dense than the transmitted 
medium, with respect to the index np. For the TM case, we obtain from Eq. (7.6.9a): 


$ 
n3n3 


sin 0; - (maximum TM refraction angle) (7.7.1) 


2/2 2 (yl2 2 
(nn; + ny (nz — n5) 


This requires that n3 < n3. On the other hand, if n3 > n}, we obtain the critical 
angle of incidence 0e that corresponds to 0’ = 90° in Eq. (7.6.10): 


g 
n3n3 


sin e (critical TM angle) (7.7.2) 


Q2 2 2 12 
[nèni + ni (ng -ny ) 


whereas for the TE case, we have sin 0e = n/N, which requires n > n5. 

In the isotropic case, a Brewster angle always exists at which the TM reflection coeffi- 
cient vanishes, prm = 0. In the birefringent case, the Brewster angle does not necessarily 
exist, as is the case of Eq. (7.6.16), and it can also have the value zero, or even be imagi- 
nary. 

The Brewster angle condition prm = 0 is equivalent to the equality of the transverse 
refractive indices nrm = Nru- Using Eq. (7.6.6), we obtain: 


$ l 
nyn3 nız 
NE — N? sin? 0 yn? — N? sin? 6 


(7.7.3) 


1 
Nt = NTM 


where N? sin? 0 is given by Eq. (7.6.15). Solving for 0, we obtain the expression for the 
Brewster angle from the left medium: 
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(Brewster angle) (7.7.4) 


Working instead with N’ sin@’ = N sin 0, we obtain the Brewster angle from the 
right medium, interchanging the roles of the primed and unprimed quantities: 


(Brewster angle) (7.7.5) 


Eqs. (7.7.4) and (7.7.5) reduce to Eqs. (6.6.2) and (6.6.3) in the isotropic case. It is 
evident from Eq. (7.7.4) that Og is a real angle only if the quantity under the square 
root is non-negative, that is, only if nı > nį and nz > n}, or if nı < nį and ng < n3. 
Otherwise, 0g is imaginary. In the special case, nı = ni but n3 + n3, the Brewster 
angle vanishes. If n3 = ns, the Brewster angle does not exist, since then Pry is given by 
Eq. (7.6.16) and cannot vanish. 

The MATLAB function brewster computes the Brewster angle 0g, as well as the 
critical angles 0, and 0%. For birefringent media the critical angles depend on the po- 
larization. Its usage is as follows: 


[thB, thc] = brewster(na,nb) % isotropic case 
[thB, thcTE,thcTM] = brewster(na,nb) % birefringent case 


In multilayer systems, it is convenient to know if the Brewster angle of an internal 
interface is accessible from the incident medium. Using Snell’s law we have in this case 
Nasin ĝa = Nsin0, where 0a is the incident angle and Ng the effective index of the 
incident medium. It is simpler, then, to solve Eq. (7.7.3) directly for 0a: 


2722 12 
n3n3 (nj — ny) 
nin; —nyny 


NZ sin 02 = N° sin? 03 = (7.7.6) 


Example 7.7.1: To illustrate the variety of possible Brewster angle values, we consider the fol- 
lowing birefringent cases: 


(a) n= [1.63,1.63,1.5], n’ = [1.63, 1.63, 1.63] 
(b) n= [1.54, 1.54, 1.63], mn’ = [1.5,1.5,1.5] 
(c) n= [1.8,1.8,1.5], n’ = [1.5,1.5, 1.5] 

n’ 


(d) n= [1.8,1.8,1.5], = [1.56, 1.56, 1.56] 

These cases were discussed in [241]. The corresponding materials are: (a) birefringent 
polyester and isotropic polyester, (b) syndiotactic polystyrene and polymethylmethacrylate 
(PMMA), (c) birefringent polyester and PMMA, and (d) birefringent polyester and isotropic 
polyester. 


Because nı = nį in case (a), the Brewster angle will be zero, 0g = 0°. In case (b), we 
calculate 0g = 29.4°. Because n > n, and nz > n}, there will be both TE and TM critical 
angles of reflection: 0¢,r¢ = 76.9° and Oc,rm = 68.1°. 
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| Pru (4)| 


In case (c), the Brewster angle does not exist because n3 = n}, and in fact, the TM reflection 
coefficient is independent of the incident angle as in Eq. (7.6.16). The corresponding critical 
angles of reflection are: 0¢,r¢ = 56.4° and 0¢,1m = 90°. 

Finally, in case (d), because n? > n, but nz < n}, the Brewster angle will be imaginary, 
and there will be a TE critical angle of reflection and a TM maximum angle of refraction: 


Oc,re = 60.1° and 0% rm = 74.1°. 
Fig. 7.7.1 shows the TM and TE reflection coefficients |p7(@)| of Eq. (7.6.14) versus @ in 


the range 0 < 0 < 90°. 
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Fig. 7.7.1 TM and TE birefringent Fresnel reflection coefficients versus incident angle. 


The TE coefficient in case (a) is not plotted because it is identically zero. In order to expand 
the vertical scales, Fig. 7.7.2 shows the TM reflectances normalized by their values at 0 = 
0°, that is, it plots the quantities |P rm(0)/pPrm(0°)|?. Because in case (a) P7y(0°) = 0, we 


have plotted instead the scaled-up quantity |100p7,(@) |*. 


T7 


Normalized TM Reflectance 


Reflectance 
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Fig. 7.7.2 TM reflectances normalized at normal incidence. 


The typical MATLAB code used to compute the critical angles and generate these graphs 


was: 
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th = linspace(0,90, 361); % Q at 1/4° intervals 
na = [1.63,1.63,1.5]; nb = [1.63,1.63,1.63]; % note the variety of 
[rtel,rtm1] = fresnel(na,nb,th); % equivalent ways of 
[thb1,thcTE1,thcTM1] = brewster(na,nb); % entering na and nb 


na = [1.54,1.63]; 


nb = [1.5, 1.5]; % FRESNEL and BREWSTER 
[rte2,rtm2] = fresnel(na,nb,th); % internally extend 
[thb2,thcTE2,thcTM2] = brewster(na,nb); % na,nb into 3-d arrays 
na = [1.8, 1.5]; % same as na=[1.8,1.8,1.5] 
nb = 1.5; % and nb=[1.5,1.5,1.5] 
[rte3,rtm3] = fresnel(na,nb,th); 

[thb3, thcTE3,thcTM3] = brewster(na,nb); % in this case, g= [] 

na = [1.8,1.5]; 

nb = 1.56; 


[rte4,rtm4] = fresnel(na,nb,th); 
[thb4, thcTE4,thcTM4] = brewster(na,nb); 


plot(th, abs([rtm1; rtm2; rtm3; rtm4])); 


We note four striking properties of the birefringent cases that have no counterparts 
for isotropic materials: (i) The Brewster angle can be zero, (ii) the Brewster angle may not 
exist, (iii) the Brewster angle may be imaginary with the TE and TM reflection coefficients 
both increasing monotonically with the incident angle, and (iv) there may be total internal 
reflection in one polarization but not in the other. 


7.8 Multilayer Birefringent Structures 


With some redefinitions, all the results of Sec. 7.1 on multilayer dielectric structures 
translate essentially unchanged to the birefringent case. 

We assume the same M-layer configuration shown in Fig. 7.1.1, where now each layer 
is a biaxial material. The orthogonal optic axes of all the layers are assumed to be aligned 
with the xyz film axes. The xz-plane is the plane of incidence, the layer interfaces are 
parallel to the xy-plane, and the layers are arranged along the z-axis. 

The ith layer is described by the triplet of refractive indices nj = [ni, Niz, Niz], 
i = 1,2,...,M. The incident and exit media a,b may also be birefringent with ng = 
[Nai,Ng2,Ng3] and ny = [np], Np2, Np3], although in our examples, we will assume that 
they are isotropic. 

The reflection/refraction angles in each layer depend on the assumed polarization 
and are related to each other by the birefringent version of Snell’s law, Eq. (7.6.8): 


Nasin a = Nisin ĝi = NpsinOp|, i=1,2...,M (7.8.1) 


where Na, Ni, Np are the effective refractive indices given by Eq. (7.6.4). The phase 
thickness of the ith layer depends on the polarization: 
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2 N? sin? 0 
hina p- ™ 
2 i3 
Ôi = A liNi cos 0; = (7.8.2) 
2 N? sin? 0 
Tm -2 (TE) 
i2 


where we used Eq. (7.6.7) and Snell’s law to write in the TM and TE cases: 


2 di Dt Ba 
Ni, fo — ae oa NF sinf 0; N4 sinf Oa 
- nes - N? sin? 0; = nį |1 : > l> Nj |1 a. 7 
Ni3 c 2 
: N? sin? 0a 
niz cos Qi = Njoi/1 — sin? ĝi = Njo |1 a 


Nip 


Nicos ĝi = 


To use a unified notation for the TM and TE cases, we define the layer optical lengths 
at normal-incidence, normalized by a fixed free-space wavelength Ao: 


Be. AM 
1 ea ae 2 FS 1,2ucnM (7.8.3) 

EES i 

1? TE 


We define also the cosine coefficients c;, which represent cos 0; in the TE birefringent 
case and in the TM isotropic case: 


N? sin? 0 
y— Tae cM) 
Niz 
Cj = ; i=1,2,...,M (7.8.4) 
N? sin? 0 
eee ope ston (TÐ 
Nip 
At normal incidence the cosine factors are unity, c; = 1. With these definitions, 


Eq. (7.8.2) can be written compactly in the form: 


Sop eee. Teia M (7.8.5) 
A fo 
where A is the operating free-space wavelength and f = Co/A, fo = Co/Ao. This is 
the birefringent version of Eq. (7.1.10). A typical design might use quarter-wave layers, 
Li = 1/4, at Ag and at normal incidence. 
The reflection coefficients pri at the interfaces are given by Eq. (7.1.3), but now the 
transverse refractive indices are defined by the birefringent version of Eq. (7.1.4): 


2 
Nj Ni Nj3 


l ; 2 2 in2 
nri = Nj cos 0; Jn} — Ná sinf 0a 


ni cos 0; = 4n, — Nå sin? 0a, (TE) 


» (TM) 


, 1=a,1,2,...,M,b (7.8.6) 
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With the above redefinitions, the propagation and matching equations (7.1.5)-(7.1.9) 
remain unchanged. The MATLAB function multidiel can also be used in the birefrin- 
gent case to compute the frequency reflection response of a multilayer structure. Its 
usage is still: 


[Gamma1,Z1] = multidiel(n,L, lambda, theta, pol); % birefringent multilayer structure 


where the input n is a 1x (M + 2) vector of refractive indices in the isotropic case, or a 
3x (M + 2) matrix, where each column represents the triplet of birefringent indices of 
each medium. For uniaxial materials, n may be entered as a 2x (M + 2) matrix. 


7.9 Giant Birefringent Optics 


The results of Sec. 7.4 can be applied almost verbatim to the birefringent case. In 
Fig. 7.4.1, we assume that the high and low alternating layers are birefringent, described 
by the triplet indices ny = [Ny1,NH2,Ny3] and nz = [nz1, N12, N13]. The entry and exit 
media may also be assumed to be birefringent. Then, Snell’s laws give: 


Nasin 0a = Ny sin Oy = Nz sin O; = Np sin Op (7.9.1) 
The phase thicknesses 6y and 6, within the high and low index layers are: 


ae re ae bon ice (7.9.2) 
fo fo 


where Ly, Cy and Lz, cy, are defined by Eqs. (7.8.3) and (7.8.4) for i = H, L. The effective 
transverse refractive indices within the high and low index layers are given by Eq. (7.8.6), 
again with i = H,L. 

The alternating reflection coefficient pr between the high/low interfaces is given by 
Eq. (7.6.14), with the quantity N? sin? @ replaced by N 2 sin? 0a by Snell’s law: 


nyiny3\\N73 — N4 sin? Oa — N1iN13\/nz3 — N4 sin? Oa 
PTM 

nyınyynî; — N4 sin? Oa + ntng Nnig — Nå sin? Oa 

[nêr — Nisin? 0a — ni. — Nå sin? 0a 


TE 
Jnn — NŻ sin? 0a + nie — N32 sin? 0a 


(7.9.3) 


p 


The multilayer structure will exhibit reflection bands whose bandedges can be cal- 
culated from Eqs. (7.4.7)-(7.4.17), with the redefinition L+ = Lyc + LrCr. The MATLAB 
function omniband2 calculates the bandedges. It has usage: 


[F1,F2] = omniband2(na,nH,nL,LH,LL,th,pol,N); 


where pol is one of the strings ’te’ or ’tm’ for TE or TM polarization, and na, nH, nL 
are 1-d, 2-d, or 3-d row or column vectors of birefringent refractive indices. 

Next, we discuss some mirror design examples from [241] that illustrate some prop- 
erties that are specific to birefringent media. The resulting optical effects in such mirror 
structures are referred to as giant birefringent optics (GBO) in [241,746]. 
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Example 7.9.1: We consider a GBO mirror consisting of 50-bilayers of high and low index 


| T7 (X)| 2 (percent) 


quarter-wave layers with refractive indices ny = [1.8, 1.8, 1.5], nz = [1.5,1.5,1.5] (bire- 
fringent polyester and isotropic PMMA.) The surrounding media are air, Ng = Np = 1. 


The layers are quarter wavelength at the normalization wavelength Ag = 700 nm at normal 
incidence, so that for both polarizations we take Ly = Ly, = 1/4. 


Because the high/low index layers are matched along the z-direction, ny3 = nz3, the TM 
reflection coefficient at the high/low interface will be constant, independent of the incident 
angle 0a, as in Eq. (7.6.16). However, some dependence on ĝa is introduced through the 
cosine factors Cy, Cz, of Eq. (7.9.2). 


The left graph of Fig. 7.9.1 shows the reflectance |I'7 (A)|? as a function of A for an an- 
gle of incidence 0, = 60°. The TM and TE bandedge wavelengths were calculated from 
omniband2 to be: [A,, A2]= [540.24, 606.71] and [Aj, A2]= [548.55, 644.37] nm. 


Reflectance at 0° and 60° 25% thickness gradient 


100 
—™ —™ 
---TE a ---TE 
80 0° t o° 
Hh Z 
by 
HR ee hoe ht g BOR EE Sy 
60 kp Ennan na A A] = han a’ a 
rebel yh ay att pt gh ay tty hag tt 
Wet ay ett ey N tety hag FY 
meee etry yet ta = iyi 
t Ra? 1 PEKI mit ty 
40 ROE uun S PREE PAA 
i E O E 
Erg wt foe ty e a ‘hon ony à EERE Ep tig 
i een nipa M a — ETE ATN, 
20h Ce ten nae E e weanling: 
eet Mo At a ae SY we U2 ap oa 
tl Weer E EE wey i 
400 700 800 900 1000 900 1000 


Fig. 7.9.1 Reflectance of birefringent mirror. 


The typical MATLAB code used to generate the left graph and the bandedge wavelengths 
was as follows: 


LH 


na 
nH 
nL 
nb 


1a0 


0.25; LL = 0.25; 
(1; 1; 1]; 
[1.8; 1.8; 1.5]; 
[15-15]; 
[1; 1; 1]; 


= 700; 


linspace(400,1000, 601); 


60; 


= 50; 


[na, repmat([nH,nL], 1, N), nb]; 
[repmat([LH,LL], 1, N)]; 


100*abs(multidiel(n, 
100*abs (multidiel(n, 


= 100*abs(multidiel(n, 


L, la/la0, th, 
L, la/la0, th, 
L, 1a/1a0)).A2; 


% angle of incidence 


% number of bilayers 
% 3x (2N + 2) matrix 


*te’)).A2; 
*tm’)).A2; 
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Example 7.9.2: In this example, we design a 30-bilayer GBO mirror with ny = [1.8,1.8,1.5] 


| Tr (A)| 2 (percent) 
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plot(la,Gm,’-’, la,Ge,’--’, 1a,G0,’:’); 


[F1,F2]=omniband2(na,nH,nL,LH,LL,th, ’tm’,3); 
lal = 1a0/F2; a2 = 1a0/F1; % TM bandedge wavelengths 


The right graph shows the reflectance with a 25% thickness gradient (the layer thicknesses 
Ly, L; decrease linearly from quarter-wavelength to 25% less than that at the end.) This 
can be implemented in MATLAB by defining the thickness vector L by: 


I 


= [repmat({LH,LL], 1, ND]; 
L=L .* (1 - linspace(O, 0.25, 2*N)); % 25% thickness gradient 


The thickness gradient increases the effective bandwidth of the reflecting bands [240]. 
However, the bandwidth calculation can no longer be done with omniband2. The band 
centers can be shifted to higher wavelengths by choosing Ao higher. The reflecting bands 
can be made flatter by increasing the number of bilayers. o 


and n; = [1.5,1.5,1.8], so that ny, = Np? = z3 and Ny3 = Nz = Nz2. As we discussed 
in Sec. 7.6, it follows from Eq. (7.6.14) that pry = Pre for all angles of incidence. 


As in Ref. [241], the media a,b are taken to be isotropic with ng = np = 1.4. The 
normalization wavelength at which the high/low index layer are quarter-wavelength is 
Ao = 700 nm. 


The left graph of Fig. 7.9.2 shows the reflectance for a 45° angle of incidence. Because 
Pm = Pre; the reflection bands for the TM and TE cases are essentially the same. 


Reflectance at 0° and 45° TM and TE bandwidths 
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Fig. 7.9.2 Birefringent mirror with identical TM and TE reflection bands. 


The right graph depicts the asymptotic (for large number of bilayers) bandedges of the 
reflecting band versus incident angle. They were computed with omniband2. Unlike the 
isotropic case, the TM and TE bands are exactly identical. This is a consequence of the 
following relationships between the cosine factors in this example: Cy,rm = CL,re and 
CH,TE = CL,rm. Then, because we assume quarter-wave layers in both the TE and TM cases, 
Ly = Ly, = 1/4, we will have: 
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1 1 
L+ rm = LH,TMCH, TM + LL,TMCL,TM a (CH,1m + CL, M) a (Cire + Cu,TE) = L+,TE 
1 1 
L- rm = LH,TMCH,TM — LL,TMCL,TM 4 (CH,1m — CL, M) 3 (CL,TE — CH,TE) Ly TE 


Because the computational algorithm (7.4.17) for the bandwidth does not depend on the 
sign of L_, it follows that Eq. (7.4.17) will have the same solution for the TM and TE cases. 
The typical MATLAB code for this example was: 


LH = 0.25; LL = 0.25; 
na = [1.4; 1.4; 1.4]; 
nb = [1.4; 1.4; 1.4]; 
nH = [1.8; 1.8; 1.5]; 
nL = [1.5; 1.5; 1.8]; 
1la0 = 700; 


la = linspace(400, 1000, 601) ; 


tha = 45; 


N = 30; 


n [na, repmat([nH,nL], 1, N), nb]; 


L = [repmat([LH,LL], 1, N)]; 

Ge = 100*abs(multidiel(n, L, la/la0, tha, ’te’)).A2; 
Gm = 100*abs(multidiel(n, L, la/la0, tha, ’tm’)).A2; 
GO = 100*abs(multidiel(n, L, la/la0)).A2; 
plot(la,Gm,’-’, la,Ge,’--’, 1a,G0,’:’); 


In Fig. 7.9.3, the low-index material is changed slightly to nz = 


[1.5,1.5,1.9]. The main 


behavior of the structure remains the same, except now the TM and TE bands are slightly 


different. 


Reflectance at 0° and 45° 
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Fig. 7.9.3 Birefringent mirror with slightly different TM and TE reflection bands. 


The MATLAB code used to compute the right graph was: 


236 Electromagnetic Waves & Antennas - S. J. Orfanidis 


theta = linspace(0, 90,361); % incident angles 


7 
H 
M 
ll 


[]; F2e = []; 
Fim = []; F2m = []; 


Ni = 3; % refinement iterations 


for i=1:length(theta), 
[fle,f2e] = omniband2(na,nH,nL,LH,LL,theta(i),’te’,Ni); 
[fim,f2m] = omniband2(na,nH,nL,LH,LL,theta(i),’tm’,Ni); 
Fle = [Fle,fle]; F2e = [F2e,f2e]; 


Fim = [Flm,f1m]; F2m = [F2m,f2m]; % frequency bandedges 
end 
lale = la0 ./ F2e; la2e = 1a0 ./ Fle; % wavelength bandedges 
lalm = la0 ./ F2m; Ja2m = la0 ./ Flm; 


plot(theta,lalm,’-’, theta,la2m,’-’, theta,lale,’--’, theta,la2e,’--’); 


As the incident angle increases, not only does the TM band widen but it also becomes wider 
than the TE band—exactly the opposite behavior from the isotropic case. (m 


Example 7.9.3: GBO Reflective Polarizer. By choosing biaxial high/low layers whose refractive 


| Tr (A)| 2 (percent) 


indices are mismatched only in the x or the y direction, one can design a mirror structure 
that reflects only the TM or only the TE polarization. 


Fig. 7.9.4 shows the reflectance of an 80-bilayer mirror with ny = [1.86, 1.57, 1.57] for 
the left graph, and ny = [1.57, 1.86, 1.57] for the right one. In both graphs, the low index 


material is the same, with nz = [1.57,1.57,1.57]. 
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Fig. 7.9.4 TM and TE mirror polarizers. 


The angle of incidence was 0, = 0°. The typical MATLAB code was: 


LH = 0.25; LL = 0.25; 


na = [1; 1; 1]; 
nb = [1; 1; 1]; 
nH = [1.86; 1.57; 1.57]; 
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nL = [1.57; 1.57; 1.57]; 


1la0 = 700; 
la = linspace(400,1000,601); 


N = 80; 

n = [na, repmat([nH,nL], 1, N), nb]; 

L = [repmat([LH,LL], 1, N)]; 

L= L .* linspace(1,0.75,2*N); % 25% thickness gradient 
Ge = 100*abs(multidiel(n, L, la/la0, 0, ’te’)).A2; 


Gm = 100*abs(multidiel(n, L, la/la0, 0, ’tm’)).A2; 


plot(la,Gm,’-’, la,Ge,’--’); 


A 25% thickness gradient was assumed in both cases. In the first case, the x-direction 
indices are different and the structure will act as a mirror for the TM polarization. The TE 
polarization will be reflected only by the air-high interface. 


In the second case, the materials are matched in their y-direction indices and therefore, 
the structure becomes a mirror for the TE polarization, assuming as always that the plane 
of incidence is still the xz plane. o 


Giant birefringent optics is a new paradigm in the design of multilayer mirrors and 
polarizers [241], offering increased flexibility in the control of reflected light. The re- 
cently manufactured multilayer optical film by 3M Corp. [746] consists of hundreds to 
thousands of birefringent polymer layers with individual thicknesses of the order of a 
wavelength and total thickness of a sheet of paper. The optical working range of such 
films are between 400-2500 nm. 

Applications include the design of efficient waveguides for transporting visible light 
over long distances and piping sunlight into interior rooms, reflective polarizers for 
improving liquid crystal displays, and other products, such as various optoelectronic 
components, cosmetics, and ”hot” and ”cold” mirrors for architectural and automotive 
windows. 


7.10 Problems 


8 


Waveguides 


Waveguides are used to transfer electromagnetic power efficiently from one point in 
space to another. Some common guiding structures are shown in the figure below. 
These include the typical coaxial cable, the two-wire and mictrostrip transmission lines, 
hollow conducting waveguides, and optical fibers. 

In practice, the choice of structure is dictated by: (a) the desired operating frequency 
band, (b) the amount of power to be transferred, and (c) the amount of transmission 
losses that can be tolerated. 


y 
x 
O E a e 
G fr cewike ; ; dielectric 
— line microstrip rectangular waveguide 
coaxial line line waveguide 


Fig. 8.0.1 Typical waveguiding structures. 


Coaxial cables are widely used to connect RF components. Their operation is practi- 
cal for frequencies below 3 GHz. Above that the losses are too excessive. For example, 
the attenuation might be 3 dB per 100 m at 100 MHz, but 10 dB/100 m at 1 GHz, and 
50 dB/100 m at 10 GHz. Their power rating is typically of the order of one kilowatt at 
100 MHz, but only 200 W at 2 GHz, being limited primarily because of the heating of 
the coaxial conductors and of the dielectric between the conductors (dielectric voltage 
breakdown is usually a secondary factor.) 

Another issue is the single-mode operation of the line. At higher frequencies, in order 
to prevent higher modes from being launched, the diameters of the coaxial conductors 
must be reduced, diminishing the amount of power that can be transmitted. 

Two-wire lines are not used at microwave frequencies because they are not shielded 
and can radiate. One typical use is for connecting indoor antennas to TV sets. Microstrip 
lines are used widely in microwave integrated circuits. 
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Rectangular waveguides are used routinely to transfer large amounts of microwave 
power at frequencies greater than 3 GHz. For example at 5 GHz, the transmitted power 
might be one megawatt and the attenuation only 4 dB/100 m. 

Optical fibers operate at optical and infrared frequencies, allowing a very wide band- 
width. Their losses are very low, typically, 0.2 dB/km. The transmitted power is of the 
order of milliwatts. 


8.1 Longitudinal-Transverse Decompositions 


In a waveguiding system, we are looking for solutions of Maxwell’s equations that are 
propagating along the guiding direction (the z direction) and are confined in the near 
vicinity of the guiding structure. Thus, the electric and magnetic fields are assumed to 
have the form: 


E(x, y, Z, t)= E(x, y) eet -Jbz 


jwt-j 1.1 
H(x,y, Z, t)= H(x, y) e®t-JPz (8.1.1) 


where $ is the propagation wavenumber along the guide direction. The corresponding 
wavelength, called the guide wavelength, is denoted by Ag = 2Tr/f. 

The precise relationship between w and f depends on the type of waveguiding struc- 
ture and the particular propagating mode. Because the fields are confined in the trans- 
verse directions (the x,y directions,) they cannot be uniform (except in very simple 
structures) and will have a non-trivial dependence on the transverse coordinates x and 
y. Next, we derive the equations for the phasor amplitudes E(x, y) and H(x,y). 

Because of the preferential role played by the guiding direction z, it proves con- 
venient to decompose Maxwell’s equations into components that are longitudinal, that 
is, along the z-direction, and components that are transverse, along the x, y directions. 
Thus, we decompose: 


E(x, y) = REx (x,y) +y Ey (x,y) + ZEz (X,Y) = Er (X,Y) +ZEz (x,y) (8.1.2) 
-— mm —— 
transverse longitudinal 


In a similar fashion we may decompose the gradient operator: 


V =X0,+yoy+z0,=Vr+2z0,=Vr—jpz (8.1.3) 
— 
transverse 


where we made the replacement 0, — —jf because of the assumed z-dependence. In- 
troducing these decompositions into the source-free Maxwell’s equations we have: 


VX E=-—jwuH (Vr —jBz) x (Er + ZE,)= —jwu(Hr + 2Hz) 
V xX H=jweE (Vr —jBZ) x (Hy + 2Hz) = jwe (Er + 2Ez) 

4 (8.1.4) 
V-E=0 (Vr —jBz)-(Er + ZEz)=0 


V:-H=0 (Vr —jBbz)- (Hr + ZHz)=0 
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where €, u denote the permittivities of the medium in which the fields propagate, for 
example, the medium between the coaxial conductors in a coaxial cable, or the medium 
within the hollow rectangular waveguide. This medium is assumed to be lossless for 
now. 

We note thatz-z=1,z2xz=0,z-E;, = 0,z-VrE, = 0 and that z x Er and 
z x V rEz are transverse while Vr x Er is longitudinal. Indeed, we have: 


2x Ep = 2X (REx + VEy) = VEx — Ey 
Vr x Er = (ôx + ¥ Oy) X (REx + VEy) = 2(OxEy — OyEx) 


Using these properties and equating longitudinal and transverse parts in the two 
sides of Eq. (8.1.4), we obtain the equivalent set of Maxwell equations: 


VrEz x z—jBpzx Er = -jwuHr 
VrH, x 2- jf 2x Hr = jweEr 
VrxEr+jwuzH, =0 

Vr x Hr —jwezE, =0 

Vr: Er - jPEz = 0 

Vr: Hr -jPHz = 0 


(8.1.5) 


Depending on whether both, one, or none of the longitudinal components are zero, 
we may classify the solutions as transverse electric and magnetic (TEM), transverse elec- 
tric (TE), transverse magnetic (TM), or hybrid: 


Ez = 0, Hz = 0, TEM modes 

E, = 0, H, #0, TE or H modes 

Ez #0, Hz =0, TM or E modes 

Ez #0, Hz #0, hybrid or HE or EH modes 


In the case of TEM modes, which are the dominant modes in two-conductor trans- 
mission lines such as the coaxial cable, the fields are purely transverse and the solution 
of Eq. (8.1.5) reduces to an equivalent two-dimensional electrostatic problem. We will 
discuss this case later on. 

In all other cases, at least one of the longitudinal fields Ez, Hz is non-zero. It is then 
possible to express the transverse field components Er, Hr in terms of the longitudinal 
ones, Ez, Hz. 

Forming the cross-product of the second of equations (8.1.5) with z and using the 
BAC-CAB vector identity, 2 x (2 x Hr)= z(z- Hr)—Hr(z- z)= —Hr, and similarly, 
2 x (VrH; x Zz) = VrHz, we obtain: 


VrHz + jB Hr = jwe? x Er 


Thus, the first two of (8.1.5) may be thought of as a linear system of two equations 
in the two unknowns z x Er and Hr, that is, 


Bzx Er- wHHr = jz x VrEz 


—jVrHz 


(8.1.6) 
WE Z x Er -— BHr 
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The solution of this system is: 


see WE spe, <IOH Gay 
ké ké 
f j (8.1.7) 
Hy = TEE ZX VrEz E JB VrH, 
ké ké 
where we defined the so-called cutoff wavenumber ke by: 
w 
k2 = wey — B° z B? =k? — B? | (cutoff wavenumber) (8.1.8) 


The quantity k = w/c = w./ep is the wavenumber a uniform plane wave would 
have in the propagation medium e€, H. 

Although k2 stands for the difference wep — p?, it turns out that the boundary 
conditions for each waveguide type force k2 to take on certain values, which can be 
positive, negative, or zero, and characterize the propagating modes. For example, in a 
dielectric waveguide k2 is positive inside the guide and negative outside it; in a hollow 
conducting waveguide k2 takes on certain quantized positive values; in a TEM line, k2 
is zero. Some related definitions are the cutoff frequency and the cutoff wavelength 
defined as follows: 


27T 
We =CKe, Ac = —— 


k (cutoff frequency and wavelength) (8.1.9) 
E 


We can then express f in terms of w and we, or w in terms of 6 and we. Taking 
the positive square roots of Eq. (8.1.8), we have: 


1 w? 
B = yw? we S 1 ae and w =w? + B2c2 (8.1.10) 


Often, Eq. (8.1.10) is expressed in terms of the wavelengths A = 2mt/k = 211c/w, 
Ac = 2T /ke, and Ag = 27T/B. It follows from k? = k2 + B? that 


ee S A 
> ee Ag E (8.1.11) 
Aĉ 


Note that A is related to the free-space wavelength Ag = 2TīTCo/wW = Co/f by the 
refractive index of the dielectric material A = Ào/n. 

It is convenient at this point to introduce the transverse impedances for the TE and 
TM modes by the definitions: 


NTE = QE n aa NTM = E =n Pe | (TE and TM impedances) (8.1.12) 


where the medium impedance is n = ./u/e€, so that n/c = u and nc = 1/e. We note the 
properties: 
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2 
2 NTE w 
ren = NÎ, nm Bc? (8.1.13) 
Because c/w = 41 — w2/w?, we can write also: 
n we 
re = =>, 1 Nm=N/1-—, (8.1.14) 
w2 w 
Jie 
we 
With these definitions, we may rewrite Eq. (8.1.7) as follows: 
ax Bp = 8 (gx Gre, + nV THs) 
T= pA TEz + NTEV THz 
: (8.1.15) 
TE ER 
T= -73 ( zx VrEz + VrHz) 
ke ‘nm 
Using the result z x (2 x Er) = —Er, we solve for Er and Hr: 
See eee 
see: (VrEz -nre x VrHz) 
Cc 
f (transverse fields) (8.1.16) 
Hr = SB i + — 2x VrEz) 
Cc TM 


An alternative and useful way of writing these equations is to form the following 
linear combinations, which are equivalent to Eq. (8.1.6): 


Hr : 2 x Er = J VrHz 
NTM B 
(8.1.17) 


Er - nre Hr X z= A VTE; 
So far we only used the first two of Maxwell’s equations (8.1.5) and expressed Er, Hr 
in terms of Ez, Hz. Using (8.1.16), it is easily shown that the left-hand sides of the 
remaining four of Eqs. (8.1.5) take the forms: 


Vr x Ep + jwp 2H; = ae 2(V3H, + k2H,) 
C 
JWE 
ké 


Vr x Hr -jwe 2E; = — 2 (V}Ez + k2Ez) 


Vr . Er JBEz = I (VEZ t k2Ez) 
c 
; JB o2 g2 
Vr: Hr - jPHz = ke (V7H, + kcHz) 
c 


where V? is the two-dimensional Laplacian operator: 
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Vp =Vr-Vr= 0, + 05 (8.1.18) 


and we used the vectorial identities Vr x VrEz = 0, Vr x (2 x VrHz)=2z V4Hz, and 
Vr - (2 xX VrHz)= 0. 

It follows that in order to satisfy all of the last four of Maxwell’s equations (8.1.5), it 
is necessary that the longitudinal fields Fz (x,y), Hz (x,y) satisfy the two-dimensional 
Helmholtz equations: 


Vi-Ez + k2E, = 0 
(Helmholtz equations) (8.1.19) 
V?H, + k2H, = 0 


These equations are to be solved subject to the appropriate boundary conditions for 
each waveguide type. Once, the fields Ez, Hz are known, the transverse fields Er, Hr are 
computed from Eq. (8.1.16), resulting in a complete solution of Maxwell’s equations for 
the guiding structure. To get the full x, y, Z, t dependence of the propagating fields, the 
above solutions must be multiplied by the factor e/@! JB, 

The cross-sections of practical waveguiding systems have either cartesian or cylin- 
drical symmetry, such as the rectangular waveguide or the coaxial cable. Below, we 
summarize the form of the above solutions in the two types of coordinate systems. 


Cartesian Coordinates 


The cartesian component version of Eqs. (8.1.16) and (8.1.19) is straightforward. Using 
the identity z x VrHz = y 0xHz — X OyHz, we obtain for the longitudinal components: 


(02 + 02)E, + k2Ez = 0 
(8.1.20) 
(02 + 02)H, + k2H, = 0 
Eq. (8.1.16) becomes for the transverse components: 
JB JB 1 
Ex = Sie (OxEz + Ne Oy Hz) Ay = k2 (0xH, Nru OyEz) 
B F B : (8.1.21) 
Ey = -IÈ (Ez = nip ôxHz) Hy JÈ (OH: t OxEz) 
ké ke NTM 


Cylindrical Coordinates 


The relationship between cartesian and cylindrical coordinates is shown in Fig. 8.1.1. 
From the triangle in the figure, we have x = pcos œ and y = p sin œ. The transverse 
gradient and Laplace operator are in cylindrical coordinates: 


ð 4.10 1 ô d 1 2? 
Vr = Ê ' , V= H 8.1.22 
Pe pop Y ae p? ag? Bee 


The Helmholtz equations (8.1.19) now read: 
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>x 


Fig. 8.1.1 Cylindrical coordinates. 


13 / ðEz\ 1E, v 
AGA SEE + nee, = 0 
(8.1.23) 
10 / 0Hz\ 1 0°Hz , jo 
12 (oF) +558 + k-H, =0 


Noting that z x p = $ and z x $ = —Ô, we obtain: 
x 3 ad 
2x VrH: =  (0pHz) =P p (0gHz) 


The decomposition of a transverse vector is Er = pEp + Q Eç. The cylindrical 
coordinates version of (8.1.16) are: 


iB 1 JB 1 
E, = OE gH H, = 0 OgE 
p Ke | plz TE, p z) p Ke | ptiz NMP (o z) 
Ti ; B i (8.1.24) 
Eg = -15 ( OpEz + NreðpHz) Ag = p z (7 OpHz OpEz) 
kee ke pP 


For either coordinate system, the equations for Hr may be obtained from those of 
Er by a so-called duality transformation, that is, making the substitutions: 


E-H, H--E, €-wu, wre (duality transformation) (8.1.25) 


1 


These imply that n > n~* and nrg > NTH- Duality is discussed in greater detail in 


Sec. 16.2. 


8.2 Power Transfer and Attenuation 


With the field solutions at hand, one can determine the amount of power transmitted 
along the guide, as well as the transmission losses. The total power carried by the fields 
along the guide direction is obtained by integrating the z-component of the Poynting 
vector over the cross-sectional area of the guide: 
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Pr = Í P,dS|, where Pz = 5 Re(Ex H*)-2 (8.2.1) 
S 


It is easily verified that only the transverse components of the fields contribute to 
the power flow, that is, Pz can be written in the form: 


P, = + Re(Er x Hi) +2 (8.2.2) 


For waveguides with conducting walls, the transmission losses are due primarily to 
ohmic losses in (a) the conductors and (b) the dielectric medium filling the space between 
the conductors and in which the fields propagate. In dielectric waveguides the losses 
are due to absorption and scattering by imperfections. 

The transmission losses can be quantified by replacing the propagation wavenumber 
P by its complex-valued version $e = B — ja, where & is the attenuation constant. The 
z-dependence of all the field components is replaced by: 


e IBZ _, ep JBcZ = gp (O+IB)Z — p82 p—JBz (8.2.3) 


The quantity & is the sum of the attenuation constants arising from the various loss 
mechanisms. For example, if &q and &c are the attenuations due to the ohmic losses in 
the dielectric and in the conducting walls, then 

Q = Qd + Xe (8.2.4) 


The ohmic losses in the dielectric can be characterized either by its loss tangent, say 
tan ô, or by its conductivity og—the two being related by og = we tan ô. The effective 
dielectric constant of the medium is then €(w)= € — jog/w = e(l —jtand). The 
corresponding complex-valued wavenumber ße is obtained by the replacement: 


B= w2pe-ki > Be =\w2ye(w)-ké 


For weakly conducting dielectrics, we may make the approximation: 


es > .Od 2_ 34 £ OUOd _ wl wH 
Be Jonel Joe) ko = yB? —jwuoa = P, |1 -j B2 B J3 0a 


Recalling the definition nre = wu /f, we obtain for the attenuation constant: 


2 


w 
> tan ô 
c 


1 1 w tan ô 
2 2 B 


2cV1 — w/w? 


(dielectric losses) (8.2.5) 


which is similar to Eq. (2.7.2), but with the replacement ng > NT. 

The conductor losses are more complicated to calculate. In practice, the following 
approximate procedure is adequate. First, the fields are determined on the assumption 
that the conductors are perfect. 
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Second, the magnetic fields on the conductor surfaces are determined and the corre- 
sponding induced surface currents are calculated by Js = ñ x H, where ñ is the outward 
normal to the conductor. 

Third, the ohmic losses per unit conductor area are calculated by Eq. (2.8.7). Figure 
8.2.1 shows such an infinitesimal conductor area dA = dldz, where dl is along the 
cross-sectional periphery of the conductor. Applying Eq. (2.8.7) to this area, we have: 


AP oss = APioss 
dA dldz 
where R, is the surface resistance of the conductor given by Eq. (2.8.4), 


wH WE 1 2 . 
Ro = = = = , | ——— = skin depth PT 
s=5V20 ~ "V20 paak j wpo ` ISP ard 


Integrating Eq. (8.2.6) around the periphery of the conductor gives the power loss per 
unit z-length due to that conductor. Adding similar terms for all the other conductors 
gives the total power loss per unit z-length: 


1 
= z RslJsl? (8.2.6) 


=} SRsidleal + $ LR adl (8.2.8) 
Ca 2 Cp 2 


Fig. 8.2.1 Conductor surface absorbs power from the propagating fields. 


where Ca and Cp indicate the peripheries of the conductors. Finally, the corresponding 
attenuation coefficient is calculated from Eq. (2.6.22): 


= Pioss 
2Pr 
Equations (8.2.1)-(8.2.9) provide a systematic methodology by which to calculate the 
transmitted power and attenuation losses in waveguides. We will apply it to several 
examples later on. 


Qc (conductor losses) (8.2.9) 


8.3 TEM, TE, and TM modes 


The general solution described by Eqs. (8.1.16) and (8.1.19) is a hybrid solution with non- 
zero E, and H; components. Here, we look at the specialized forms of these equations 
in the cases of TEM, TE, and TM modes. 
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One common property of all three types of modes is that the transverse fields Er, Hr 
are related to each other in the same way as in the case of uniform plane waves propagat- 
ing in the z-direction, that is, they are perpendicular to each other, their cross-product 
points in the z-direction, and they satisfy: 


1 
Hr = — 2 x Er (8.3.1) 


nT 


where nr is the transverse impedance of the particular mode type, that is, n, NTE, N TM 
in the TEM, TE, and TM cases. 

Because of Eq. (8.3.1), the power flow per unit cross-sectional area described by the 
Poynting vector Pz of Eq. (8.2.2) takes the simple form in all three cases: 


1 A 1 1 
Pz = 5 Re(Er x Hp) -2 = 5 —lErl* = 5 nrl Hr (8.3.2) 


2nT 


TEM modes 


In TEM modes, both Ez and Hz vanish, and the fields are fully transverse. One can set 
E, = H; = 0 in Maxwell equations (8.1.5), or equivalently in (8.1.16), or in (8.1.17). 

From any point view, one obtains the condition k2 = 0, or w = Bc. For example, if 
the right-hand sides of Eq. (8.1.17) vanish, the consistency of the system requires that 
NTE = NTM, Which by virtue of Eq. (8.1.13) implies w = Bc. It also implies that nz, nN ry 
must both be equal to the medium impedance n. Thus, the electric and magnetic fields 
satisfy: 


1 
Hr = 7 2 x Er (8.3.3) 


These are the same as in the case of a uniform plane wave, except here the fields 
are not uniform and may have a non-trivial x,y dependence. The electric field Er is 
determined from the rest of Maxwell’s equations (8.1.5), which read: 


VrxEr=0 
(8.3.4) 
Vr:Er=0 


These are recognized as the field equations of an equivalent two-dimensional elec- 
trostatic problem. Once this electrostatic solution is found, Er (x, y), the magnetic field 
is constructed from Eq. (8.3.3). The time-varying propagating fields will be given by 
Eq. (8.1.1), with w = Bc. (For backward moving fields, replace B by —B.) 

We explore this electrostatic point of view further in Sec. 9.1 and discuss the cases 
of the coaxial, two-wire, and strip lines. Because of the relationship between Er and Hr, 
the Poynting vector Pz of Eq. (8.2.2) will be: 


1 1 1 
Pz = 5 Re(Er x Hf) 2 = 57 Erl? = 5 nlHrl? (8.3.5) 


248 Electromagnetic Waves & Antennas - S. J. Orfanidis 


TE modes 


TE modes are characterized by the conditions Ez = 0 and Hz + 0. It follows from the 
second of Eqs. (8.1.17) that Er is completely determined from Hr, thatis, Er = nreHr xz. 

The field Hr is determined from the second of (8.1.16). Thus, all field components 
for TE modes are obtained from the equations: 


Vi-H, + k2H, = 0 


Hr = — KZ VrHz (TE modes) (8.3.6) 


Er = nre Hr Xz 


The relationship of Er and Hr is identical to that of uniform plane waves propagating 
in the z-direction, except the wave impedance is replaced by nrg. The Poynting vector 
of Eq. (8.2.2) then takes the form: 


1 1 1 1 B° 
P, = = Re (Er x H*) -2 = — |Er|? = = Hr? = = = |VrH,|? 8.3.7 
2a e(Er T):2 TT T| 5 Tel T| z TE ga | THz2| ( ) 


The cartesian coordinate version of Eq. (8.3.6) is: 


(0% + 05)Hz + k¢Hz = 0 

_JB JB 
k2 ké 

Ex = nrey, Ey = -nre Hx 


Hy = OxHz, Hy = —~5 OyHz (8.3.8) 


And, the cylindrical coordinate version: 


10 OH, 1 °H; 

EA ae Og? ee: 

m jB OH, jB 13Hz (8.3.9) 
P= R 3p’? PT K p òp 

Ep=nreHo, Ep = —nteHp 


where we used Hr x 2 = (Ô Hp + pH g) xz = -$ H, + pHg¢. 


TM modes 


TM modes have H; = 0 and E; # O. It follows from the first of Eqs. (8.1.17) that Hr is 
completely determined from Er, that is, Hr = NTH x Er. The field Er is determined 
from the first of (8.1.16), so that all field components for TM modes are obtained from 
the following equations, which are dual to the TE equations (8.3.6): 
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VEz + k2E, = 0 
_ JÉ 
Ep Pye Vibe (TM modes) (8.3.10) 
1. 
Hy = —— 2 x Er 
NTM 


Again, the relationship of Er and Hr is identical to that of uniform plane waves 
propagating in the z-direction, but the wave impedance is now nrm. The Poynting vector 
takes the form: 

1 p? 
= |Er|? 7 |VrEz|? (8.3.11) 
2N TM 2Nrm kê E 


1 
Pz = z Re(Er x HP) -z 


8.4 Rectangular Waveguides 


Next, we discuss in detail the case of a rectangular hollow waveguide with conducting 
walls, as shown in Fig. 8.4.1. Without loss of generality, we may assume that the lengths 
a,b of the inner sides satisfy b < a. The guide is typically filled with air, but any other 
dielectric material €, y may be assumed. 


ya 


EH 


Fig. 8.4.1 Rectangular waveguide. 


The simplest and dominant propagation mode is the so-called TE;g mode and de- 
pends only on the x-coordinate (of the longest side.) Therefore, we begin by looking 
for solutions of Eq. (8.3.8) that depend only on x. In this case, the Helmholtz equation 
reduces to: 


02H, (x) +kĉHz (x)= 0 


The most general solution is a linear combination of cos kex and sin kex. However, 
only the former will satisfy the boundary conditions. Therefore, the solution is: 


Hz (x)= Ho cos kex (8.4.1) 
where Ho is a (complex-valued) constant. Because there is no y-dependence, it follows 


from Eq. (8.3.8) that 0)H, = 0, and hence Hy = 0 and Ex = 0. It also follows that: 


7 JB Pisin” ake ae sin kex 
ké ké ke 
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Then, the corresponding electric field will be: 
= E JB ee 
Ey (X) = —nreHx(X)= -NTE E: Ho sin kex = Eo sin kex 
E 


where we defined the constants: 


ke 
B (8.4.2) 
J . W 
Eo = Hı = Ho = H 
0 NEA, NTE k 0 Jn We 0 
where we used nre = nw/ Bc. In summary, the non-zero field components are: 
H; (x) = Ho cos kex Hz (x,y, Z, t) = Ho cos kex ef ®t Bz 
Hy (x) = H; sin kex > Hy (x,y, Z, t) = Hy sin kex ef t-Jbz (8.4.3) 
Ey (x) = Eo sinkex Ey (x,y, Z, t) = Eo sin kex el @t-Jbz 


Assuming perfectly conducting walls, the boundary conditions require that there be 
no tangential electric field at any of the wall sides. Because the electric field is in the 
y-direction, it is normal to the top and bottom sides. But, it is parallel to the left and 
right sides. On the left side, x = 0, Ey (x) vanishes because sin kex does. On the right 
side, X = a, the boundary condition requires: 


Ey(a)=Ejsinkea=0 > sinka =0 


This requires that kca be an integral multiple of tr: 


kea = nT ke = a (8.4.4) 


These are the so-called TEno modes. The corresponding cutoff frequency we = Cke, 
fe = wc/2T, and wavelength Àe = 2TT/ke = C/fe are: 


Wc = > fe= < Ne = (TEno modes) (8.4.5) 


The dominant mode is the one with the lowest cutoff frequency or the longest cutoff 
wavelength, that is, the mode TE;9 having n = 1. It has: 


ke=—, We= a fe ae Ac = 2a (TE;9 mode) (8.4.6) 


Fig. 8.4.2 depicts the electric field Ey (x)= Eo sinkcx = Eo sin(1tx/a) of this mode 
as a function of x. 
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ya 


i Ay. 
a 


Fig. 8.4.2 Electric field inside a rectangular waveguide. 


>x 


8.5 Higher TE and TM modes 


To construct higher modes, we look for solutions of the Helmholtz equation that are 
factorable in their x and y dependence: 


Hz(x,y)= F (x)G (y) 
Then, Eq. (8.3.8) becomes: 
F” (x) G” (y) 


r ” 2 | L k2 
F'(x)G(y) +F(x)G" (y) +kceF(x)G(y)=0 > Fa)” © tko=0 (8.5.1) 


Because these must be valid for all x, y (inside the guide), the F- and G-terms must 
be constants, independent of x and y. Thus, we write: 


F” (x) 2 G” (y) 2 
ma e pp aa 
F” (x) +kyF(x)=0, G”’(y)+kjG(y) = 0 (8.5.2) 


where the constants k? and k5, are constrained from Eq. (8.5.1) to satisfy: 


ke = kå + kô, (8.5.3) 


The most general solutions of (8.5.2) that will satisfy the TE boundary conditions are 
cos kxx and cos kyy. Thus, the longitudinal magnetic field will be: 


Hz (x,y) = Ho cos kxx cos kyy (TEnm modes) (8.5.4) 


It then follows from the rest of the equations (8.3.8) that: 


Hy (x,y) = H; sin kxx cos kyy Ex (x,y) = E; cos kxx sin kyy 
(8.5.5) 
Hy (x,y) = H? cos kxx sin kyy Ey (x,y) = E? sin kxx cos kyy 


where we defined the constants: 


‘ Bk 
e melem 
ké ké 
Wky wk 
E = nreH2 =j Y Ho, Ep = H, =-j XH 
1 = NTER? IN Cocke 05 2 rey JN oske 0 
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The boundary conditions are that Ey vanish on the right wall, x = a, and that Ex 
vanish on the top wall, y = b, that is, 


Ey (a,y) = Eoy sin kxa cos kyy = 0, Ex(x,b) = Eox cos kxx sinkyb = 0 


The conditions require that k,a and kyb be integral multiples of rr: 


nit mit 
kya =ntt, kyb= mt [kx Fat ky = -5 


(8.5.6) 


These correspond to the TEnm modes. Thus, the cutoff wavenumbers of these modes 
ke = ko + kg take on the quantized values: 


ke = C ea (TEnm modes) (8.5.7) 


The cutoff frequencies fnm = We/2Tt = cke/2Tt and wavelengths Anm = C/fnm are: 


AAG (m\’? 1 S 
fnm =c (3) (3B) A Ea (8.5.8) 


The TEom modes are similar to the TEno modes, but with x and a replaced by y and 
b. The family of TM modes can also be constructed in a similar fashion from Eq. (8.3.10). 

Assuming Ez(x,y)= F(x)G(y), we obtain the same equations (8.5.2). Because Ez 
is parallel to all walls, we must now choose the solutions sin kx and sin kyy. Thus, the 
longitudinal electric fields is: 


Ez (x,y) = Eo sin kxx sin kyy (TMnm modes) (8.5.9) 


The rest of the field components can be worked out from Eq. (8.3.10) and one finds 
that they are given by the same expressions as (8.5.5), except now the constants are 
determined in terms of Eo: 


IBkx JIBky 
Aare... ip, a Pee 
1 k2 0 2 k2 0 
ede 
Fp te sp I De | gE pe. ORT 
NTM Weke n NTM Weke n 


where we used nrm = nBc/w. The boundary conditions on Ex, Ey are the same as 
before, and in addition, we must require that E; vanish on all walls. 

These conditions imply that kx, ky will be given by Eq. (8.5.6), except both n and m 
must be non-zero (otherwise Ez would vanish identically.) Thus, the cutoff frequencies 
and wavelengths are the same as in Eq. (8.5.8). 

Waveguide modes can be excited by inserting small probes at the beginning of the 
waveguide. The probes are chosen to generate an electric field that resembles the field 
of the desired mode. 
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8.6 Operating Bandwidth 


All waveguiding systems are operated in a frequency range that ensures that only the 
lowest mode can propagate. If several modes can propagate simultaneously,’ one has 
no control over which modes will actually be carrying the transmitted signal. This may 
cause undue amounts of dispersion, distortion, and erratic operation. 

A mode with cutoff frequency we will propagate only if its frequency is w > We, 
or À < àc. If w < We, the wave will attenuate exponentially along the guide direction. 
This follows from the w, f relationship (8.1.10): 


w? — w? 
ee 


w? = w2 + Bc? B= 


If W > wc, the wavenumber f is real-valued and the wave will propagate. But if 
w < We, P becomes imaginary, say, B = —j&, and the wave will attenuate in the z- 
direction, with a penetration depth 6 = 1/a: 


e Jz =e %% 


If the frequency w is greater than the cutoff frequencies of several modes, then all 
of these modes can propagate. Conversely, if w is less than all cutoff frequencies, then 
none of the modes can propagate. 

If we arrange the cutoff frequencies in increasing order, We, < We < Weg <55, 
then, to ensure single-mode operation, the frequency must be restricted to the interval 
We, < W < We, SO that only the lowest mode will propagate. This interval defines the 
operating bandwidth of the guide. 

These remarks apply to all waveguiding systems, not just hollow conducting wave- 
guides. For example, in coaxial cables the lowest mode is the TEM mode having no cutoff 
frequency, wc = 0. However, TE and TM modes with non-zero cutoff frequencies do 
exist and place an upper limit on the usable bandwidth of the TEM mode. Similarly, in 
optical fibers, the lowest mode has no cutoff, and the single-mode bandwidth is deter- 
mined by the next cutoff frequency. 

In rectangular waveguides the smallest cutoff frequencies are fio = c/2a, foo = 
c/a = 2fio, and fo, = c/2b. Because we assumed that b < a, it follows that always 
fio < foi. If b < a/2, then 1/a < 1/2b and therefore, foo < fo1, so that the two lowest 
cutoff frequencies are fio and fo. 

On the other hand, if a/2 < b < a, then fo < fzo and the two smallest frequencies 
are fio and fo (except when b = a, in which case fo, = fio and the smallest frequencies 
are fio and f29.) The two cases b < a/2 and b = a/2 are depicted in Fig. 8.6.1. 

It is evident from this figure that in order to achieve the widest possible usable 
bandwidth for the TE1ọ mode, the guide dimensions must satisfy b < a/2 so that the 
bandwidth is the interval [fe, 2f-], where fe = fio = c/2a. In terms of the wavelength 
A = c/f, the operating bandwidth becomes: 0.5 < a/A < 1, or,a <A < 2a. 

We will see later that the total amount of transmitted power in this mode is propor- 
tional to the cross-sectional area of the guide, ab. Thus, if in addition to having the 


tMurphy’s law for waveguides states that “if a mode can propagate, it will.” 
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m— bandwidth —> 


> f (b < a/2) 
fio ho Joi 


+ bandwidth 


i ef (a/2<b<a) 
fio Ji Jo 


Fig. 8.6.1 Operating bandwidth in rectangular waveguides. 


widest bandwidth, we also require to have the maximum power transmitted, the dimen- 
sion b must be chosen to be as large as possible, that is, b = a/2. Most practical guides 
follow these side proportions. 

If there is a “canonical” guide, it will have b = a/2 and be operated at a frequency 
that lies in the middle of the operating band [fe, 2fe], that is, 


f = 1.5fe = 0.75 “ (8.6.1) 


Table 8.6.1 lists some standard air-filled rectangular waveguides with their naming 
designations, inner side dimensions a, b in inches, cutoff frequencies in GHz, minimum 
and maximum recommended operating frequencies in GHz, power ratings, and attenua- 
tions in dB/m (the power ratings and attenuations are representative over each operating 
band.) We have chosen one example from each microwave band. 


name a b fe fmin fmax band P a 


WR-510 | 5.10 2.55 1.16 1.45 2.20 L 9 MW | 0.007 
WR-284 | 2.84 1.34 2.08 2.60 3.95 S 2.7 MW | 0.019 
WR-159 | 1.59 0.795 3.71 4.64 7.05 Cc 0.9 MW | 0.043 
WR-90 0.90 0.40 6.56 8.20 12.50 X 250 kW | 0.110 
WR-62 0.622 | 0.311 9.49 | 11.90 18.00 Ku 140 kw | 0.176 
WR-42 0.42 0.17 14.05 | 17.60 26.70 K 50 kw | 0.370 
WR-28 0.28 0.14 21.08 | 26.40 40.00 Ka 27 kw | 0.583 
WR-15 0.148 | 0.074 | 39.87 | 49.80 75.80 V 7.5 kW | 1.52 
WR-10 0.10 0.05 59.01 | 73.80 | 112.00 W 3.5 kW | 2.74 


Table 8.6.1 Characteristics of some standard air-filled rectangular waveguides. 


8.7 Power Transfer, Energy Density, and Group Velocity 


Next, we calculate the time-averaged power transmitted in the TE1ọ mode. We also calcu- 
late the energy density of the fields and determine the velocity by which electromagnetic 
energy flows down the guide and show that it is equal to the group velocity. We recall 
that the non-zero field components are: 


Hz(x)= Hocoskex, Hx(x)= Hı sinkex, Ey(x)= Eo sin kex (8.7.1) 
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where 


f a 
Hı = IP ity, Eo nreHı Jn Ho (8.7.2) 
Ë We 


The Poynting vector is obtained from the general result of Eq. (8.3.7): 


1 
Pz = |Er|° = 
2 TE 


1 1 
|Ey (x) |? = —— |Eo|* sin? kex 
2N TE 2N TE 


The transmitted power is obtained by integrating Pz over the cross-sectional area 
of the guide: 


a b 1 
Baz Í Í |Eo|? sin? kex dxdy 
o Jo 2NTE 


Noting the definite integral, 


a a 
Í sin? kex dx = Í sin? (““)dx = 2 (8.7.3) 
0 0 a 2 


and using nre = nw/Bc = n/4/1 — w2/w2, we obtain: 


1 1 | 2 
Pr= |Eol?ab = —|Eo|*ab ee (transmitted power) (8.7.4) 
4n TE 4n w? 


We may also calculate the distribution of electromagnetic energy along the guide, as 
measured by the time-averaged energy density. The energy densities of the electric and 
magnetic fields are: 


1 1 1 

We = ~Re(=€E- E*) = —e|E,|" 

p= 5 Rel; y= geliy 

1,1 1 4 

Wm = ~Re(—uH: H*) = -u (Axl? + |H31?) 
2 2 4 

Inserting the expressions for the fields, we find: 
1 1 
Wey elEol? sin? kcx,  Wm= qe (a |? sin? kex + |Hol* cos? kex) 


Because these quantities represent the energy per unit volume, if we integrate them 
over the cross-sectional area of the guide, we will obtain the energy distributions per 
unit Z-length. Using the integral (8.7.3) and an identical one for the cosine case, we find: 


a çb a cb 1 1 
w= f Í We (x,y) dxdy = | Í — €|Eo|* sin? kex dxdy = — €|E|*ab 
o Jo o Jo 4 8 


a cb 
Wi, = I, f Tu (IHi? sin? kex + |Ho|? cos? kex)dxdy = SHEA + |Hol2)ab 
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Although these expressions look different, they are actually equal, W, = Wm. In- 
deed, using the property B*/k2 + 1 = (B? + k2)/k2 = k?/k2 = w/w and the relation- 
ships between the constants in (8.7.1), we find: 


2 2) _ 2 Be 2 2 w?* H 2 2 
H (IHF + |Holf) = u (|Hol" Zz + |Hol*) = lHo ~=; = -5 lEolf = €lEol 
ké We n 
The equality of the electric and magnetic energies is a general property of wavegui- 
ding systems. We also encountered it in Sec. 2.3 for uniform plane waves. The total 
energy density per unit length will be: 


F d 1 ta 1 
lw =We+Win = 2We = 3 €|Eo|°ab (8.7.5) 


According to the general relationship between flux, density, and transport velocity 
given in Eq. (1.5.2), the energy transport velocity will be the ratio Ven = Pr/W’. Using 
Eqs. (8.7.4) and (8.7.5) and noting that 1/né = 1/,/HE = c, we find: 


P w? 
ei c 
Ww’ w? 


Ven (energy transport velocity) (8.7.6) 


This is equal to the group velocity of the propagating mode. For any dispersion 
relationship between w and f, the group and phase velocities are defined by 


dw y w 
ap’ ™ B 


Vor | (group and phase velocities) (8.7.7) 


For uniform plane waves and TEM transmission lines, we have w = fc, so that Ver = 
Vph = C. For a rectangular waveguide, we have w? = w2 + B2c*. Taking differentials of 
both sides, we find 2wdw = 2c? BdB, which gives: 


dw Bc? i w? 


dp jo c w (8.7.8) 


Vor 


where we used Eq. (8.1.10). Thus, the energy transport velocity is equal to the group 
velocity, Ven = Vgr. We note that Vg, = Bc?/W = C?/Vpp, Or 


VgrVph = C? (8.7.9) 


The energy or group velocity satisfies Vgr < c, whereas Vph = C. Information trans- 
mission down the guide is by the group velocity and, consistent with the theory of 
relativity, it is less than c. 


8.8 Power Attenuation 
In this section, we calculate the attenuation coefficient due to the ohmic losses of the 


conducting walls following the procedure outlined in Sec. 8.2. The losses due to the 
filling dielectric can be determined from Eq. (8.2.5). 
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The field expressions (8.4.3) were derived assuming the boundary conditions for 
perfectly conducting wall surfaces. The induced surface currents on the inner walls of 
the waveguide are given by J; = fi x H, where the unit vector ñ is +X and +y on the 
left/right and bottom/top walls, respectively. 

The surface currents and tangential magnetic fields are shown in Fig. 8.8.1. In par- 
ticular, on the bottom and top walls, we have: 


>x 


Fig. 8.8.1 Currents on waveguide walls. 


Js = +x H = +x (Hx +2Hz)= +(—-2 Hx +XHz)= +(—2 H; sinkex +X Ho cos kex) 


Similarly, on the left and right walls: 


Js = +8 x H= +X x (KH, + 2Hz)= FY H; = FY Ho cos kex 


At X = 0 and x = a, this gives Js = +ŷ(+Ho)= ŷ Ho. Thus, the magnitudes of the 
surface currents are on the four walls: 


J = |Hol?, (left and right walls) 
s | |Hol? cos? kex + |H1|? sin? kex, (top and bottom walls) 


The power loss per unit z-length is obtained from Eq. (8.2.8) by integrating |Js|? 
around the four walls, that is, 


i 1, ffo ke fy cs 
Pioss = 2=Rs |Js|\ dx + 2=Rs |J; dy 
2 0 2 0 


a b 
= r| (|Ho|? cos? kex + |H1|? sin? kex) dx R| |Ho|* dy 
0 0 


Rsa 
2 


a 2b 
= Rez (U|? + IHi?) + Rsb|Hol? = (Hol? + [H11 4 7 |Ho|*) 


Using |Ho|*+|H1|* = |Eo|?/n? from Sec. 8.7, and |Hol? = ([Eo|?/n?) w2/w?, which 
follows from Eq. (8.4.2), we obtain: 


; Rsa\Eo|* 2b we? 
Pioss = sal ol (14 | 


2n? a w? 


The attenuation constant is computed from Eqs. (8.2.9) and (8.7.4): 
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RyalEo|? (: 2b 2e) 


Pross 2n? a w? 
c= = 
2Pr 1 2 
2 Rae 
4n w 
which gives: 
1 4 22 We 
Rs a w? l 
Qe = (attenuation of TE;g mode) (8.8.1) 
nb we 
— w? 


This is in units of nepers/m. Its value in dB/m is obtained by &ag = 8.686&c. For a 
given ratio a/b, Œc increases with decreasing b, thus the smaller the guide dimensions, 
the larger the attenuation. This trend is noted in Table 8.6.1. 

The main tradeoffs in a waveguiding system are that as the operating frequency f 
increases, the dimensions of the guide must decrease in order to maintain the operat- 
ing band fe < f < 2fc, but then the attenuation increases and the transmitted power 
decreases as it is proportional to the guide’s area. 


Example 8.8.1: Design a rectangular air-filled waveguide to be operated at 5 GHz, then, re- 
design it to be operated at 10 GHz. The operating frequency must lie in the middle of the 
operating band. Calculate the guide dimensions, the attenuation constant in dB/m, and 
the maximum transmitted power assuming the maximum electric field is one-half of the 
dielectric strength of air. Assume copper walls with conductivity o = 5.8107 S/m. 


Solution: If f is in the middle of the operating band, fe < f < 2fe, where fe = c/2a, then 
f = 1.5fc = 0.75c/a. Solving for a, we find 


0.75c = 0.7530 GHz cm 
aoe aie z 


= 4.5 cm 


For maximum power transfer, we require b = a/2 = 2.25 cm. Because w = 1.5Wc, we 
have wc/w = 2/3. Then, Eq. (8.8.1) gives &c = 0.037 dB/m. The dielectric strength of air 
is 3 MV/m. Thus, the maximum allowed electric field in the guide is Ey) = 1.5 MV/m. Then, 
Eq. (8.7.4) gives Pr = 1.12 MW. 


At 10 GHz, because f is doubled, the guide dimensions are halved, a = 2.25 and b = 1.125 
cm. Because R, depends on f like f/?, it will increase by a factor of v2. Then, the factor 
R;/b will increase by a factor of 2/2. Thus, the attenuation will increase to the value 
Xc = 0.037 - 2,/2 = 0.105 dB/m. Because the area ab is reduced by a factor of four, so 
will the power, Pr = 1.12/4 = 0.28 MW = 280 kW. 


The results of these two cases are consistent with the values quoted in Table 8.6.1 for the 
C-band and X-band waveguides, WR-159 and WR-90. o 


Example 8.8.2: WR-159 Waveguide. Consider the C-band WR-159 air-filled waveguide whose 
characteristics were listed in Table 8.6.1. Its inner dimensions are a = 1.59 and b = a/2 = 
0.795 inches, or, equivalently, a = 4.0386 and b = 2.0193 cm. 
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The cutoff frequency of the TE1ọ mode is fe = c/2a = 3.71 GHz. The maximum operating 
bandwidth is the interval [f,,2f.]= [3.71,7.42] GHz, and the recommended interval is 
[4.64, 7.05] GHz. 


Assuming copper walls with conductivity 0 = 5.8x10’ S/m, the calculated attenuation 
constant &, from Eq. (8.8.1) is plotted in dB/m versus frequency in Fig. 8.8.2. 


Attenuation Coefficient Power Transmitted 
0.1 15 
bandwidth 
0.08 
1 
€ 0.06 g 
S z 
sa <= 
x 0.04 a 
0.5 
bandwidth 
0.02 
Qe E ohin a a t i 
0 1 2 345 6 7 8 9 10 11 12 012 3 4 5 67 8 9 10 11 12 
f (GHz) f (GHz) 


Fig. 8.8.2 Attenuation constant and transmitted power in a WR-159 waveguide. 


The power transmitted Pr is calculated from Eq. (8.7.4) assuming a maximum breakdown 
voltage of Ey = 1.5 MV/m, which gives a safety factor of two over the dielectric breakdown 
of air of 3 MV/m. The power in megawatt scales is plotted in Fig. 8.8.2. 


Because of the factor 4/1 — w2/w2 in the denominator of &e and the numerator of Pr, 
the attenuation constant becomes very large near the cutoff frequency, while the power is 
almost zero. A physical explanation of this behavior is given in the next section. (m 


8.9 Reflection Model of Waveguide Propagation 


An intuitive model for the TE1ọ mode can be derived by considering a TE-polarized 
uniform plane wave propagating in the z-direction by obliquely bouncing back and forth 
between the left and right walls of the waveguide, as shown in Fig. 8.9.1. 

If 0 is the angle of incidence, then the incident and reflected (from the right wall) 
wavevectors will be: 


k= kx + zk, =xkcos0+zksin0 


K kx + Zk, = —-ĝkcos 0 + ĉksin0 


The electric and magnetic fields will be the sum of an incident and a reflected com- 
ponent of the form: 


E= $E eK 4 Eje JK T = Eye ee 4 p E eike = E + E 


1. Lar 
H=—kx&,+—k xE 


3 
3 
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Fig. 8.9.1 Reflection model of TEiọ mode. 


where the electric field was taken to be polarized in the y direction. These field expres- 
sions become component-wise: 


Ey = (Ere + ela tet 
_ +t. —jkyx 1 oJKxX\ 9 ~ik2Z 
ao, sin 0 (Eye eX + E eX )e (8.9.1) 
1 ik 1 ik -=j 
H, = z cos 0 (E1e77X = E,ekx*) @ jkzz 


The boundary condition on the left wall, x = 0, requires that E; + E} = 0. We may write 
therefore, Eı = —E| = jEo/2. Then, the above expressions simplify into: 


Ey = Eo sinkyx e~Jkz? 


1 f 
E. ; —jkzz 
Hy = a sin 0 Eo sin kxx e (8.9.2) 


H, = J cos OE cos kx e Sz” 
These are identical to Eq. (8.4.3) provided we identify 6 with kz and ke with kx, as 


shown in Fig. 8.9.1. It follows from the wavevector triangle in the figure that the angle 
of incidence @ will be given by cos 0 = kx/k = kc/k, or, 


2 
cost = 2, sind =,/1— (8.9.3) 
w 


The ratio of the transverse components, —Ey/Hx, is the transverse impedance, which 
is recognized to be nre. Indeed, we have: 


(8.9.4) 
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The boundary condition on the right wall requires sink,a = 0, which gives rise to 
the same condition as (8.4.4), that is, kea = nr. 

This model clarifies also the meaning of the group velocity. The plane wave is bounc- 
ing left and right with the speed of light c. However, the component of this velocity in 
the z-direction will be vz = c sin 0. This is equal to the group velocity. Indeed, it follows 
from Eq. (8.9.3) that: 


we 
vz =csin0d =c,/1 w2 Vor (8.9.5) 


Eq. (8.9.3) implies also that at w = wc, we have sin 0 = 0, or 0 = 0, that is, the wave 
is bouncing left and right at normal incidence, creating a standing wave, and does not 
propagate towards the z-direction. Thus, the transmitted power is zero and this also 
implies, through Eq. (8.2.9), that &e will be infinite. 

On the other hand, for very large frequencies, w > wç, the angle 0 will tend to 90°, 
causing the wave to zoom through guide almost at the speed of light. 


8.10 Resonant Cavities 


Cavity resonators are metallic enclosures that can trap electromagnetic fields. The 
boundary conditions on the cavity walls force the fields to exist only at certain quantized 
resonant frequencies. For highly conducting walls, the resonances are extremely sharp, 
having a very high Q of the order of 10,000. 

Because of their high Q, cavities can be used not only to efficiently store electro- 
magnetic energy at microwave frequencies, but also to act as precise oscillators and to 
perform precise frequency measurements. 

Fig. 8.10.1 shows a rectangular cavity with z-length equal to | formed by replacing 
the sending and receiving ends of a waveguide by metallic walls. A forward-moving wave 
will bounce back and forth from these walls, resulting in a standing-wave pattern along 
the z-direction. 


top 
y J sx “wn hi 
A E right 
Wg a oh is Jsz ' eo 
J. 
b l b Jy! Hy Y 1 
= X Xx 
Z g a ™front 


Fig. 8.10.1 Rectangular cavity resonator (and induced wall currents for the TEnop mode.) 


Because the tangential components of the electric field must vanish at the end-walls, 
these walls must coincide with zero crossings of the standing wave, or put differently, an 
integral multiple of half-wavelengths must fit along the z-direction, that is, l = pAg/2 = 
ptt/B, or B = pr/l, where p is a non-zero integer. For the same reason, the standing- 
wave patterns along the transverse directions require a = nA,/2 and b = mAy/2, or 
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kx = ntt/a and ky = mrmt/b. Thus, all three cartesian components of the wave vector 
are quantized, and therefore, so is the frequency of the wave w = c\/kg + k} + B2: 


2 2 2 
Wnmp = ay ( a) H (7) H (27) (resonant frequencies) (8.10.1) 


Such modes are designated as TEnmp Or TMnmp. For simplicity, we consider the case 
TEnop. Eqs. (8.3.6) also describe backward-moving waves if one replaces B by — f}, which 
also changes the sign of nre = nw/ßc. Starting with a linear combination of forward 
and backward waves in the TEno mode, we obtain the field components: 


Hz (x, z) = Ho cos kex (Ae? + BelB2) , 
Hy (x, Z) = jH; sinkex (Ae #? — Belb2), Hı = — Ho (8.10.2) 


Ey (x, Z) = —jEp sin kex (Ae~/82 + BeiB2), Eo = n nH 
Cc 


where we = Cke. By requiring that Ey (x, Z) have z-dependence of the form sin Bz, the 
coefficients A, B must be chosen as A = —B = j/2. Then, Eq. (8.10.2) specializes into: 


H,(x,Z) = Ho coskex sin Bz, 


Ay (x,Z) = —H, sinkex cos fz, Hy, = É m (8.10.3) 


Ey (x, Zz) = —jEo sinkex sinz, Eo = 2 nHo 
C 


As expected, the vanishing of Ey (x, Z) on the front/back walls, z = 0 and z = I, and 
on the left/right walls, x = 0 and x = a, requires the quantization conditions: B = prr/l 
and ke = ntt/a. The Q of the resonator can be calculated from its definition: 


W 
Pross 


where W is the total time-averaged energy stored within the cavity volume and Pigss is 
the total power loss due to the wall ohmic losses (plus other losses, such as dielectric 
losses, if present.) The ratio AW = Pioss/ W is usually identified as the 3-dB width of the 
resonance centered at frequency w. Therefore, we may write Q = wW/Aw. 

It is easily verified that the electric and magnetic energies are equal, therefore, W 
may be calculated by integrating the electric energy density over the cavity volume: 


Q=W 


(8.10.4) 


ab pl 
W = 2We = 2f clEy (x, z) |? dxdy dz = 5elEol? | Í Í sin? kex cos? Bz dx dy dz 
4 vol 2 0 0 0 


1 1 w? 1 k? + Bp? 
= g 6! Fol (abl) = g. Hol 2 (abl) = snio | Ee | (abl) 


C 


where we used the following definite integrals (valid because ke = ntt/a, B = ptt/l): 


a a l I 
Í sin? kex dx = Í cos? kexdxX = = Í sin? Bzdz = Í cos? Bzdz = l (8.10.5) 
0 0 2 0 0 2 
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The ohmic losses are calculated from Eq. (8.2.6), integrated over all six cavity sides. 
The surface currents induced on the walls are related to the tangential magnetic fields 
by Js =f X Man. The directions of these currents are shown in Fig. 8.10.1. Specifically, 
we find for the currents on the six sides: 


H3 sin? Bz (left & right) 
|Js|? = 4 Hő cos? kex sin? Bz + H? sin? kex cos? Bz (top & bottom) 
H? sin? kex (front & back) 


The power loss can be computed by integrating the loss per unit conductor area, 
Eq. (8.2.6), over the six wall sides, or doubling the answer for the left, top, and front 
sides. Using the integrals (8.10.5), we find: 


1 


Pioss = 5Rs | IJs? dA = Rs [i 
2 walls 


»bl 
09 


1 2 J 2 J 

T (Ho T Hy) 4 T Hi 2 
(8.10.6) 

1 5 p? 

—RsHo | I (2b + a)+75a(2b +1) 

4 ké 


where we substituted H? = H§p?/k2. It follows that the Q-factor will be: 


W _ wu (k? + B°) (abl) 
Pross g 2Rs k2l(2b + a)+B2a(2b +1) 


Q=Ww 
For the TEnop mode we have B = prr/l and ke = ntt/a. Using Eq. (8.2.7) to replace 


Rs in terms of the skin depth 6, we find: 
n? p 
1 a È 
eo 3 A 7 
a \a b 2 \L'b 
The lowest resonant frequency corresponds to n = p = 1. For a cubic cavity, a = 
b = l, the Q and the lowest resonant frequency are: 


Q (8.10.7) 


a CTTV/2 w 


c 
a 2 a ee 10. 
Q W101 g>? fioi on av? (8.10.8) 


For an air-filled cubic cavity with a = 3 cm, we find fio1 = 7.07 GHz, 6 = 7.86x1075 
cm, and Q = 12724. As in waveguides, cavities can be excited by inserting small probes 
that generate fields resembling a particular mode. 


8.11 Dielectric Slab Waveguides 


A dielectric slab waveguide is a planar dielectric sheet or thin film of some thickness, 
say 2a, as shown in Fig. 8.11.1. Wave propagation in the z-direction is by total internal 
reflection from the left and right walls of the slab. Such waveguides provide simple 
models for the confining mechanism of waves propagating in optical fibers. 
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Fig. 8.11.1 Dielectric slab waveguide. 


The propagating fields are confined primarily inside the slab, however, they also 
exist as evanescent waves outside it, decaying exponentially with distance from the slab. 
Fig. 8.11.1 shows a typical electric field pattern as a function of x. 

For simplicity, we assume that the media to the left and right of the slab are the 
same. To guarantee total internal reflection, the dielectric constants inside and outside 
the slab must satisfy €; > €2, and similarly for the refractive indices, nı > no. 

We look for TE solutions that depend only on the x coordinate. The cutoff wavenum- 
ber kc appearing in the Helmholtz equation for H; (x) depends on the dielectric constant 
of the propagation medium, k2? = w*eu—*. Therefore, k? takes different values inside 
and outside the guide: 


k2, = wei Mo — B? = w* eon? — P? = knit — P? (inside) 


F (8.11.1) 
k2, = w?°EzHo — P? 


w€ouons — B? = kng — B? (outside) 


where kop = W/Co is the free-space wavenumber. We note that w, p are the same inside 
and outside the guide. This follows from matching the tangential fields at all times t 
and all points z along the slab walls. The corresponding Helmholtz equations in the 
regions inside and outside the guide are: 


02H, (x) +k2,H,z(x)=0 for |x| <a 
(8.11.2) 


02H, (x) +k2,Hz(x)=0 for |x| >a 


Inside the slab, the solutions are sink,|X and cosk,)x, and outside, sin ke2x and 
cos Kcox, or equivalently, e*Jke2X Tn order for the waves to remain confined in the near 
vicinity of the slab, the quantity ke2 must be imaginary, for if it is real, the fields would 
propagate at large x distances from the slab (they would correspond to the rays refracted 
from the inside into the outside.) 

If we set ke2 = —j&Qc, the solutions outside will be e*%. If &e is positive, then only 
the solution e~ “x is physically acceptable to the right of the slab, x > a, and only e ®%°* 
to the left, x < —a. Thus, the fields attenuate exponentially with the transverse distance 
x, and exist effectively within a skin depth distance 1/«, from the slab. Setting ke1 = ke 
and ke2 = —j&¢, Eqs. (8.11.1) become in this new notation: 
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ki = kõni — B° k¿ = kõni — B? 
> (8.11.3) 
— 02 = = kõnni — p° Xe = p’ - kon5 


Similarly, Eqs. (8.11.2) read: 


02H, (x)+k2H,(x)=0 for |x| <a 
(8.11.4) 
02H, (x)-&2Hz(x)=0 for |x| =a 


The two solutions sin kex and cos kex inside the guide give rise to the so-called even 
and odd TE modes (referring to the even-ness or oddness of the resulting electric field.) 
For the even modes, the solutions of Eqs. (8.11.4) have the form: 

Hy, sink.x, if -a<x<a 
Hz (x)=4 Hoe %*, if xza (8.11.5) 
H3e%ex , if x<-a 


The corresponding x-components are obtained by applying Eq. (8.3.8) using the ap- 


propriate value for k2, that is, k2, = —«2 outside and k2, = k? inside: 
Bo IE AB castes. if -a<x<a 
ké Ke 
Hy (xX) = _ IB aH, (x)= -JË ay ezac, if xza (8.11.6) 
— QE Xe 
-J z Ox H, (x)= JB H3e%%, if x>a 
= Xe 


The electric fields are DE = —nreHx (x), where nre = wHo/P is the same inside 
and outside the slab. Thus, the electric field has the form: 


Ecoskex, if -a<x<a 
Ey (x)= 4 E2e7%*, if xza (even TE modes) (8.11.7) 
Eze%ex , if x<-a 


where we defined the constants: 


EF, = 7—nreh,, E2= JP irh, E; = _ nre H3 (8.11.8) 


ke a C 
The boundary conditions state that the tangential components of the magnetic and 
electric fields, that is, Hz, Hx, Ey, are continuous across the dielectric interfaces at x = 
—a and x = a. Because Ey = —n reHx and nregis the same in both media, the continuity 
of Ey follows from the continuity of Hx. The continuity of Hz atx = a and x = -a 
implies that: 


H; sink,a = He% and -— H; sinka = H3e “4 (8.11.9) 


Similarly, the continuity of Hx implies (after canceling a factor of — jf): 
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1 1 1 1 
— H; coskea = — Hoe *" and — H; coska = —— H3e %4 


ke Qc ke Xe 
Eqs. (8.11.9) and (8.11.10) imply: 


a 
H> = —H; = Hye“ sink.a = H,e®4 i cosk,a 
Cc 


Similarly, we find for the electric field constants: 


ke, 
E> = E; = Eye“ cosk-a = E\e*%4 — sink,a 
Cc 


The consistency of the last equations in (8.11.11) or (8.11.12) requires that: 


ke . 
coskca = aE sinkea > |&e = ketankca 


Cc 
For the odd TE modes, we have for the solutions of Eq. (8.11.4): 
Hı coskex, if -a<x<a 
Hz (x)=4 Hoe %%, if xza 
H3e%e% , if x<-a 
The resulting electric field is: 
Eysinkex, if -a<x<a 
Ey (x)= 4 Esev%%, if xza (odd TE modes) 
E3e%ex | if x<-a 


The boundary conditions imply in this case: 


Qe . 
H> = H; = Hie®® cosk,a = —H,e*4 a sinka 
cC 


and, for the electric field constants: 


: ke 
E = —E3 = E,e*" sinka = —E,e%*" — coskca 
Xe 


The consistency of the last equation requires: 


& = —ke cotk.a 


(8.11.10) 


(8.11.11) 


(8.11.12) 


(8.11.13) 


(8.11.14) 


(8.11.15) 


(8.11.16) 


(8.11.17) 


(8.11.18) 


We note that the electric fields Ey (x) given by Eqs. (8.11.7) and (8.11.15) are even or 
odd functions of x for the two families of modes. Expressing E> and E3 in terms of E1, 


we summarize the forms of the electric fields in the two cases: 
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E; cos kex, if -a<x<a 

Ey(x)=4 E,coskpae%"-% , if x>a (even TE modes) (8.11.19) 
E coskea e% %+a), jf x<-a 
E sinkex, if -a<x<a 

Ey (x)=4 E sink,ae OC") if x>a (odd TE modes) (8.11.20) 


—E, sink,ae%°t® | if x<-a 


Given the operating frequency w, Eqs. (8.11.3) and (8.11.13) or (8.11.18) provide three 
equations in the three unknowns ke, &-, P. To solve them, we add the two equations 
(8.11.3) to eliminate £: 


w 
a? + kè = kê (n? - nå) = qa (ni — nb) (8.11.21) 


Next, we discuss the numerical solutions of these equations. Defining the dimen- 
sionless quantities u = k-a and v = &c¿a, we may rewrite Eqs. (8.11.13), (8.11.18), and 
(8.11.21) in the equivalent forms: 


v = utanu ( des) v=-ucotu odides 641.39) 
even modes) |, odd modes 11. 
v? +u? =R? v? +u? = R? 
where R is the normalized frequency variable: 
2 2 
kei Oe ee = ee (8.11.23) 
Co Co A 


where N4 = nt — ns is the numerical aperture of the slab and A = Co/f, the free-space 
wavelength. 

Because the functions tanu and cotu have many branches, there may be several 
possible solution pairs u,v for each value of R. These solutions are obtained at the 
intersections of the curves v = utanu and v = —ucotu with the circle of radius R, 
that is, v? + u? = R®. Fig. 8.11.2 shows the solutions for various values of the radius R 
corresponding to various values of w. 

It is evident from the figure that for small enough R, that is, 0 < R < Tr/2, there 
is only one solution and it is even (for an optical fiber, the single-mode condition reads 
2TTaNa/A < 2.405, where a is the core radius.) For 1/2 < R < Tr, there are two 
solutions, one even and one odd. For mt < R < 37t/2, there are three solutions, two 
even and one odd, and so on. In general, there will be M + 1 solutions, alternating 
between even and odd, if R falls in the interval: 


Mr (M +1) 


<R< > (8.11.24) 
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Fig. 8.11.2 Even and odd TE modes at different frequencies. 


Given a value of R, we determine M as that integer satisfying Eq. (8.11.24), or, M < 
2R/tt < M +1, that is, the largest integer less than 2R/tTr: 


M = floor (2) (maximum mode number) (8.11.25) 


Then, there will be M +1 solutions indexed by m = 0, 1, ..., M, which will correspond 
to even modes if m is even and to odd modes if m is odd. The M + 1 branches of tan u 
and cotu being intersected by the R-circle are those contained in the u-ranges: 


Rm <U < Rm1, m=0,1,...,M (8.11.26) 
where 
Rm = | m=0,1,...,M (8.11.27) 


If m is even, the u-range (8.11.26) defines a branch of tan u, and if m is odd, a branch 
of cotu. We can combine the even and odd cases of Eq. (8.11.22) into a single case by 
noting the identity: 


tanu, if m is even 


tan(u — Rm) = 8.11.28 
( m) eee if mis odd ( ) 


This follows from the trigonometric identity: 


sin u cos (MTT/2)— cos u sin (mT /2) 
cos U cos (MTT /2) + sin u sin (mT /2) 


tan(u — mMT/2)= 


Therefore, to find the mth mode, whether even or odd, we must find the unique 
solution of the following system in the u-range Rm < U < Rm41: 
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v = utan(u — Rm) Giitieds (8.11.29) 
mth mode ae 
v? +u’? = R° 


If one had an approximate solution u, v for the mth mode, one could refine it by using 
Newton’s method, which converges very fast provided itis close to the true solution. Just 
such an approximate solution, accurate to within one percent of the true solution, was 
given by Lotspeich [439]. Without going into the detailed justification of this method, 
the approximation is as follows: 


u = Rm +wi(m)u,(m)+We(m)u2(m), m=0,1,...,M (8.11.30) 


where u (m), u2 (m) are approximate solutions near and far from the cutoff Rm, and 
wı (m), w2 (m) are weighting factors: 


w V1+2R(R-Rm)-1 ( j T Rom 
RENTET R r HAM D REA 
wı(m)= exp(—(R — Rm)? /V3), w:(m)= 1- wı(m) (8.11.31) 


Vm = 1 (aa m) 


vln 1.25 \ cos(1r/4) 
This solution serves as the starting point to Newton’s iteration for solving the equa- 
tion F (u) = 0, where F (u) is defined by 
F(u)= utan(u — Rm) —v = utan(u — Rm) —-VR?2 — u2 (8.11.32) 


Newton’s iteration is: 


fori =1,2..., Ni do: 
_ F(u) (8.11.33) 


u=u Gu) 


where G (u) is the derivative F’ (u), correct to order O (F): 


v 


2 
G(u)= * KSA 


tas (8.11.34) 
v u 


The solution steps defined in Eqs. (8.11.29)-(8.11.34) have been implemented in the 
MATLAB function dslab.m, with usage: 


+ 


[u,v,err] = dslab(R,Nit); % TE-mode cutoff wavenumbers in a dielectric slab 


where Nir is the desired number of Newton iterations (8.11.33), err is the value of F (u) 
at the end of the iterations, and u,v are the (M + 1)-dimensional vectors of solutions. 
The number of iterations is typically very small, Nit = 2-3. 

The related MATLAB function dguide.m uses dslab to calculate the solution param- 
eters B, ke, &, given the frequency f, the half-length a, and the refractive indices n4, no 
of the slab. It has usage: 
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[be,kc,ac,fc,err] = dguide(f,a,n1,n2,Nit); 


% dielectric slab guide 


where f is in GHz, a in cm, and £,k., &c in cm™!. The quantity fe is the vector of 


the M + 1 cutoff frequencies defined by the branch edges Rm = mmr/2, that is, Rm = 
WmaNa/Co = 2TtfmaNa/Co = mrtt/2, or, 


f _ MmCo 
Mm 4aN 4 |’ 


(8.11.35) 


The meaning of fm is that there are m + 1 propagating modes for each f is in the 
interval fm < f < fm+1.- 


Example 8.11.1: Dielectric Slab Waveguide. Determine the propagating TE modes of a dielectric 
slab of half-length a = 0.5 cm at frequency f = 30 GHz. The refractive indices of the slab 
and the surrounding dielectric are nı = 2 and nọ = 1. 


Solution: The solution is obtained by the MATLAB call: 


2; n2 = 1; Nit = 3; 


f = 30; a = 0.5; nl = 
= dguide(f,a,n1,n2,Nit) 


[be,kc,ac,fc,err] 


The frequency radius is R = 5.4414, which gives 2R/tr = 3.4641, and therefore, M = 3. 
The resulting solutions, depicted in Fig. 8.11.3, are as follows: 


TE Modes for R =5.44 Electric Fields 

6 
0 

5 1 

4 2 

> 

3 

2 3 

1 

0 f 

0 1 2 3 4 5 6 7 3 2 = (0) 1 2 3 

u x a 


Fig. 8.11.3 TE modes and corresponding E-field patterns. 


m u v B Ke Xe fm 

0 1.3248 5.2777 12.2838 2.6497 10.5553 0.0000 
1 2.6359 4.7603 11.4071 5.2718 9.5207 8.6603 
2 3.9105 3.7837 9.8359 7.8210 7.5675 17.3205 
3 5.0793 1.9519 7.3971 10.1585 3.9037 | 25.9808 


The cutoff frequencies fm are in GHz. We note that as the mode number m increases, 
the quantity «, decreases and the effective skin depth 1/&e increases, causing the fields 
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outside the slab to be less confined. The electric field patterns are also shown in the figure 
as functions of x. 


The approximation error, err, is found to be 4.885107) using only three Newton itera- 
tions. Using two, one, and no (the Lotspeich approximation) iterations would result in the 
errors 2.381x1078, 4.029x10-4, and 0.058. 


The lowest non-zero cutoff frequency is fı = 8.6603 GHz, implying that there will be a 
single solution if f is in the interval 0 < f < fı. For example, if f = 5 GHz, the solution is 
B = 1.5649 rad/cm, ke = 1.3920 rad/cm, and &ec = 1.1629 nepers/cm. 


The frequency range over which there are only four solutions is [25.9808, 34.6410] GHz, 
where the upper limit is 4/f;. o 


In terms of the ray picture of the propagating wave, the angles of total internal 
reflection are quantized according to the values of the propagation wavenumber f for 
the various modes. 

If we denote by kı = kon, the wavenumber within the slab, then the wavenumbers 
P, Kc are the z- and x-components kz, kx of kı with an angle of incidence 0. (The vectorial 


relationships are the same as those in Fig. 8.9.1.) Thus, we have: 
B =k, sin 0 = kon, sin@ 
(8.11.36) 
ke = kı cos 0 = kon, cos 0 


The value of 6 for each mode will generate a corresponding value for 0. The at- 
tenuation wavenumber &e outside the slab can also be expressed in terms of the total 
internal reflection angles: 


Kos JB? — king = kon? sin? 0 — n3 


Since the critical angle is sin 0c = n2/n 1, we may also express (¢ as: 


OX = koniıysin? 0 — sin 02 (8.11.37) 


Example 8.11.2: For the Example 8.11.1, we calculate kọ = 6.2832 and kı = 12.5664 rad/cm. 
The critical and total internal reflection angles of the four modes are found to be: 


0e = asin (22) = 30° 


nı 


0 = asin (£) = {77.8275°, 65.1960°, 51.5100°, 36.0609°} 
1 


As required, all Os are greater than 0c. o 


8.12 Problems 


8.1 An air-filled 1.5 cmx3 cm waveguide is operated at a frequency that lies in the middle of its 
TEio mode band. Determine this operating frequency in GHz and calculate the maximum 
power in Watts that can be transmitted without causing dielectric breakdown of air. The 
dielectric strength of air is 3 MV/m. 
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8.2 It is desired to design an air-filled rectangular waveguide such that (a) it operates only in the 
TE,9 mode with the widest possible bandwidth, (b) it can transmit the maximum possible 
power, and (c) the operating frequency is 12 GHz and it lies in the middle of the operating 
band. What are the dimensions of the guide in cm? 


8.3 An air-filled rectangular waveguide is used to transfer power to a radar antenna. The guide 
must meet the following specifications: The two lowest modes are TEj9 and TE29. The op- 
erating frequency is 3 GHz and must lie exactly halfway between the cutoff frequencies of 
these two modes. The maximum electric field within the guide may not exceed, by a safety 
margin of 3, the breakdown field of air 3 MV/m. 


a. Determine the smallest dimensions a, b for such a waveguide, if the transmitted power 
is required to be 1 MW. 


b. What are the dimensions a, b if the transmitted power is required to be maximum? 
What is that maximum power in MW? 


8.4 It is desired to design an air-filled rectangular waveguide operating at 5 GHz, whose group 
velocity is 0.8c. What are the dimensions a, b of the guide (in cm) if it is also required to carry 
maximum power and have the widest possible bandwidth? What is the cutoff frequency of 
the guide in GHz and the operating bandwidth? 


8.5 Show the following relationship between guide wavelength and group velocity in an arbitrary 
air-filled waveguide: VgAg = cA, where Ag = 27r/B and À is the free-space wavelength. 
Moreover, show that the A and Ag are related to the cutoff wavelength Ac by: 


8.6 Determine the four lowest modes that can propagate in a WR-159 and a WR-90 waveguide. 
Calculate the cutoff frequencies (in GHz) and cutoff wavelengths (in cm) of these modes. 


8.7 An air-filled WR-90 waveguide is operated at 9 GHz. Calculate the maximum power that 
can be transmitted without causing dielectric breakdown of air. Calculate the attenuation 
constant in dB/m due to wall ohmic losses. Assume copper walls. 


8.8 A rectangular waveguide has sides a, b such that b < a/2. Determine the cutoff wavelength 
Ac of this guide. Show that the operating wavelength band of the lowest mode is 0.5A¢ < 
A < Ac. Moreover, show that the allowed range of the guide wavelength is Ag = Ac/V3. 


8.9 The TEio mode operating bandwidth of an air-filled waveguide is required to be 4-7 GHz. 
What are the dimensions of the guide? 


8.10 Computer Experiment: WR-159 Waveguide. Reproduce the two graphs of Fig. 8.8.2. 


8.11 Computer Experiment: Dielectric Slab Waveguide. Using the MATLAB functions dslab and 
dguide, write a program that reproduces all the results and graphs of Examples 8.11.1 and 
8.11.2. 


8.12 ATM mode is propagated along a waveguide of arbitrary but uniform cross section. Assume 
perfectly conducting walls. 


a. Show that the E; (x,y) component satisfies: 
Í |VE,|? dS = | |E,|? dS 
Ss sS 


b. Using the above result, show that the energy velocity is equal to the group velocity. 


9 


Transmission Lines 


9.1 General Properties of TEM Transmission Lines 


We saw in Sec. 8.3 that TEM modes are described by Eqs. (8.3.3) and (8.3.4), the latter 
being equivalent to a two-dimensional electrostatic problem: 


1 
Hr = — 2 x Er 

n 
VrxEr=0 (TEM modes) (9.1.1) 
Vr-Er=0 


The second of (9.1.1) implies that Er can be expressed as the (two-dimensional) 
gradient of a scalar electrostatic potential. Then, the third equation becomes Laplace’s 
equation for the potential. Thus, the electric field can be obtained from: 


Vip =0 
(equivalent electrostatic problem) (9.1.2) 
Er = -Vrp 


Because in electrostatic problems the electric field lines must start at positively 
charged conductors and end at negatively charged ones, a TEM mode can be supported 
only in multi-conductor guides, such as the coaxial cable or the two-wire line. Hollow 
conducting waveguides cannot support TEM modes. 

Fig. 9.1.1 depicts the transverse cross-sectional area of a two-conductor transmission 
line. The cross-section shapes are arbitrary. 

The conductors are equipotentials of the electrostatic solution. Let Pa, My be the 
constant potentials on the two conductors. The voltage difference between the conduc- 
tors will be V = Qa — Mp. The electric field lines start perpendicularly on conductor (a) 
and end perpendicularly on conductor (b). 

The magnetic field lines, being perpendicular to the electric lines according to Eq. (9.1.1), 
are recognized to be the equipotential lines. As such, they close upon themselves sur- 
rounding the two conductors. 
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V= Pa — Ph 


electric field lines 


magnetic field lines 


Fig. 9.1.1 Two-conductor transmission line. 


In particular, on the conductor surfaces the magnetic field is tangential. According 
to Ampère’s law, the line integrals of the magnetic field around each conductor will 
result into total currents J and —I flowing on the conductors in the z-direction. These 
currents are equal and opposite. 


Impedance, Inductance, and Capacitance 


Because the fields are propagating along the z-direction with frequency w and wavenum- 
ber $ = w/c, the z, t dependence of the voltage V and current I will be: 


V (z, t) = Velwt-sbz 


I(z, t) = Iei@t-Jbz ene) 


For backward-moving voltage and current waves, we must replace $ by —f. The ratio 
V (z,t)/I(z,t)= V/I remains constant and independent of z. It is called the character- 
istic impedance of the line: 


Z= T (line impedance) (9.1.4) 


In addition to the impedance Z, a TEM line is characterized by its inductance per unit 
length L’ and its capacitance per unit length C’. For lossless lines, the three quantities 
Z,L’,C’ are related as follows: 


i Z 1 . . . 
L =u—, C =€ 3 (inductance and capacitance per unit length) (9.1.5) 


n 


where 7) = yņH/€ is the characteristic impedance of the dielectric medium between the 
conductors.? By multiplying and dividing L’ and C’, we also obtain: 


Z= c= = (9.1.6) 


t These expressions explain why p and € are sometimes given in units of henry/m and farad/m. 
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The velocity factor of the line is the ratio c/co = 1/n, where n = y€/€o = \/E is the 
refractive index of the dielectric, which is assumed to be non-magnetic. 

Because w = Bc, the guide wavelength will be A = 211/B = c/f = Co/fn = Ao/n, 
where Aq is the free-space wavelength. For a finite length / of the transmission line, the 
quantity 1/A = nl/Ao is referred to as the electrical length of the line and plays the same 
role as the optical length in thin-film layers. 

Eqs. (9.1.5) and (9.1.6) are general results that are valid for any TEM line. They can 
be derived with the help of Fig. 9.1.2. 


Fig. 9.1.2 Surface charge and magnetic flux linkage. 


The voltage V is obtained by integrating Er - dl along any path from (a) to (b). How- 
ever, if that path is chosen to be an E-field line, then Er - dl = |Er|dl, giving: 


b 
V= Í |Er|dl (9.1.7) 
a 


Similarly, the current J can be obtained by the integral of Hr - dl along any closed 
path around conductor (a). If that path is chosen to be an H-field line, such as the 
periphery Ca of the conductor, we will obtain: 


I =} |Hr|dl (9.1.8) 


The surface charge accumulated on an infinitesimal area dldz of conductor (a) is 
dQ = psdldz, where ps; is the surface charge density. Because the conductors are 
assumed to be perfect, the boundary conditions require that ps be equal to the normal 
component of the D-field, that is, ps = €|Er|. Thus, dQ = €|Er|dldz. 

If we integrate over the periphery Ca of conductor (a), we will obtain the total surface 
charge per unit z-length: 


dQ 


Q = ae = f, elerial 


But because of the relationship | Er| = n|Hr|, which follows from the first of Eqs. (9.1.1), 
we have: 


Q’= f c|Er|dl = enf |Hr|dl = en! (9.1.9) 
Ca Ca 


where we used Eq. (9.1.8). Because Q’ is related to the capacitance per unit length and 
the voltage by Q’ = C’V, we obtain 
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Q’=C'V=enl C =en € 


Next, we consider an E-field line between points A and B on the two conductors. The 
magnetic flux through the infinitesimal area dl dz will be dẹ = |Br|dl dz = p|Hr|dl dz 
because the vector Hr is perpendicular to the area. 

If we integrate from (a) to (b), we will obtain the total magnetic flux linking the two 
conductors per unit z-length: 


de /? 
Qe = — = Hr |dl 
dz ib H|HrT| 
replacing |Hr| = |Er|/n and using Eq. (9.1.7), we find: 
b b 
p -Í ulHridl = É Í lErldl = Ë V 
a n Ja n 


The magnetic flux is related to the inductance via ®’ = L'I. Therefore, we get: 


,_ HV Z 
V L H 
n n I n 


Transmitted Power 


The relationships among Z, L’, C’ can also be derived using energy considerations. The 
power transmitted along the line is obtained by integrating the z-component of the 
Poynting vector over the cross-section S of the line. For TEM modes we have P, = 
|Er|*/2n, therefore, 


1 1 
P -=Í Er|°dxd - || Vropl?dxd 9.1.10 
TAn ig ea y on p rol y ( ) 


It can be shown in general that Eq. (9.1.10) can be rewritten as: 


1 1 1 
Pr = =Re(V*I)= =Z|I/* = —|V]? .1.11 
PEG e(V*I) > |Z| 57 | | (9 ) 


We will verify this in the various examples below. It can be proved using the following 
Green’s identity: 


Vro]? + p*Vep = Vr: (p* Vr) 
Writing Er = -V ro and noting that Vip = 0, we obtain: 
|Er|* = -Vr - (p* Er) 


Then, the two-dimensional Gauss’ theorem implies: 
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1 1 
P = || Er|?dx dy = -> || Vr- (p*Er)dxd 
ee A T| y on JJs YT (p* Er) y 


=<) x 4 L4 x A 
a= Er - (-f)dl — — Er - (—f)dl 
On a” T: (—n) On ae T: (—n) 


1 a R = . ` 
— Er - tt) dl + — Er -n) dl 
On fo (Er - ñ) on re (Er - ñ) 


where ñ are the outward normals to the conductors (the quantity —n is the normal 
outward from the region S.) Because the conductors are equipotential surfaces, we have 
p* = px on conductor (a) and g@* = mF on conductor (b). Using Eq. (9.1.9) and noting 
that Er - nh = +|Er| on conductors (a) and (b), we obtain: 


1 1 OF ıı Q 
Pr = — z$ Er|dl — — sf Er|dl = 5 - 
T on PA ES T| an PP N Tl on V4 7 dn PP z 
Toug aO o kogen ly 1 7 
= = V =—-—VW*J=—Z|I 
> (Pa Pn) er a ae =o 3 |Z| 


The distribution of electromagnetic energy along the line is described by the time- 
averaged electric and magnetic energy densities per unit length, which are given by: 


w oE ? 1 
W, = mall |Er|?dxdy, W 
4 S 


m= GH II, |Hr |°dx dy 


Using Eq. (9.1.10), we may rewrite: 


pe it 1 , ly 1 
W = =enPr==—Pr, W,==—Pr==P 
e= gS ge T et ok eT 
Thus, W, = W,,, and the total energy density is W’ = Wg + Wm = Pr/c, which 
implies that the energy velocity will be Ven = Pr/W’ = c. We may also express the 
energy densities in terms of the capacitance and inductance of the line: 


E : 1, 
We=3C IVI, Wm= zl |I? (9.1.12) 


Power Losses, Resistance, and Conductance 


Transmission line losses can be handled in the manner discussed in Sec. 8.2. The field 
patterns and characteristic impedance are determined assuming the conductors are per- 
fectly conducting. Then, the losses due to the ohmic heating of the dielectric and the 
conductors can be calculated by Eqs. (8.2.5) and (8.2.9). 

These losses can be quantified by two more characteristic parameters of the line, the 
resistance and conductance per unit length, R’ and G’. The attenuation coefficients due 
to conductor and dielectric losses are then expressible in terms R’, G’ and Z by: 


&q=-GZ (9.1.13) 
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They can be derived in general terms as follows. The induced surface currents on 
the conductor walls are J; = ñ x Hr = ñ x (2 x Ey) /n, where nis the outward normal 
to the wall. 

Using the BAC-CAB rule, we find J; = z(n- Er)/n. But, Nis parallel to Er on the 
surface of conductor (a), and anti parallel on (b). Therefore, ñ - Er = +|E;|. It follows 
that J; = +z|Er|/n = +2z|Hr|, pointing in the +z direction on (a) and —z direction on 
(b). Inserting these expressions into Eq. (8.2.8), we find for the conductor power loss per 
unit z-length: 


7 dP 1 1 
Piggs = ross = asf IMI? dl + 5 Rs f |Hr|? dl (9.1.14) 
Ca Cp 


dz 2 


Because Hy is related to the total current I via Eq. (9.1.8), we may define the resistance 
per unit length R’ through the relationship: 


ra 1 $ . 
Pioss = oR |I| (conductor ohmic losses) (9.1.15) 


Using Eq. (9.1.11), we find for the attenuation coefficient: 


(9.1.16) 


If the dielectric between the conductors is slightly conducting with conductivity og 
or loss tangent tanéd = og/ew, then there will be some current flow between the two 
conductors. 

The induced shunt current per unit z-length is related to the conductance by I 7 = 
G'V. The shunt current density within the dielectric is J4 = OgEr. The total shunt 
current flowing out of conductor (a) towards conductor (b) is obtained by integrating Jg 
around the periphery of conductor (a): 


a= Ja- dl = oaf |Erldl 
Ca Ca 


Using Eq. (9.1.9), we find: 


tog egy je Taenga 
E E Z 


It follows that the dielectric loss constant (8.2.5) will þe: 
1 Ty 
Qa = =Ogn==GZ 
d 5 an 2 


Alternatively, the power loss per unit length due to the shunt current will be P; = 
Re(I}V*)/2 = G'|V|?/2, and therefore, xq can be computed from: 


i eee 
Pica, Doe all als 
2Pr ~ 2 


Qq = = T 3 
2— |V 
zz V! 
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It is common practice to express the dielectric losses and shunt conductance in terms 
of the loss tangent tan ô and the wavenumber f = w/c = Wen: 


1 1 1 , 
Qd = 5 oan = 9 wen tan d = > Btanod and |G = 


ae =wC'tané| (9.1.17) 


Next, we discuss four examples: the parallel plate line, the microstrip line, the coaxial 
cable, and the two-wire line. In each case, we discuss the nature of the electrostatic 
problem and determine the characteristic impedance Z and the attenuation coefficients 
Q& and Qq. 


9.2 Parallel Plate Lines 


The parallel plate line shown in Fig. 9.2.1 consists of two parallel conducting plates of 
width w separated by height h by a dielectric material €. Examples of such lines are 
microstrip lines used in microwave integrated circuits. 

For arbitrary values of w and h, the fringing effects at the ends of the plates cannot 
be ignored. In fact, fringing requires the fields to have longitudinal components, and 
therefore TEM modes are not strictly-speaking supported. 


ya 
[e Ww > 
i +V 
tw piepte | fa 
h (3 ` a >x 
>x 7 E-lines — 
z conducting plates H-lines--— 


Fig. 9.2.1 Parallel plate transmission line. 


However, assuming the width is much larger than the height, w > h, we may ignore 
the fringing effects and assume that the fields have no dependence on the x-coordinate. 

The electrostatic problem is equivalent to that of a parallel plate capacitor. Thus, 
the electric field will have only a y component and will be constant between the plates. 
Similarly, the magnetic field will have only an x component. It follows from Eqs. (9.1.7) 
and (9.1.8) that: 


V=-Eyh, I=Hxw 
Therefore, the characteristic impedance of the line will be: 
I Hw w 


where we used Ey = -nHx. The transmitted power is obtained from Eq. (9.1.10): 


Z= 


(9.2.1) 


1 V? lw 1 1 
= V? =— V? =- 9.2.2 
2n h? w 2n h 2Z 2 ( ) 


1 
Pr = 3n Eyl (wh) = 
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The inductance and capacitance per unit length are obtained from Eq. (9.1.5): 


h w 


L =p C =e (9.2.3) 


The surface current on the top conductor is Js = h x H = (—-Ẹ)xH = z Hx. On the 
bottom conductor, it will be J; = —2Hx. Therefore, the power loss per unit z-length is 
obtained from Eq. (8.2.8): 


; 1 1 
Pi 25 Rs|Hxl'w = JRT 


Comparing with Eq. (9.1.15), we identify the resistance per unit length R’ = 2R;/w. 
Then, the attenuation constant due to conductor losses will be: 


Pioss R’ Rs Rs (9.2.4) 


9.3 Microstrip Lines 


Practical microstrip lines, shown in Fig. 9.3.1, have width-to-height ratios w/h that are 
not necessarily much greater than unity, and can vary over the interval 0.1 < w/h < 10. 
Typical heights h are of the order of millimeters. 


ya igs oye fringing 
y4 +V t 
w T i 
h| substrate € ar = = > xX 
px E-lines — 
z H-lines ---- 


Fig. 9.3.1 A microstrip transmission line. 


Fringing effects cannot be ignored completely and the simple assumptions about the 
fields of the parallel plate line are not valid. For example, assuming a propagating wave 
in the z-direction with z, t dependence of ej®t-JPz with a common £ in the dielectric 
and air, the longitudinal-transverse decomposition (8.1.5) gives: 


VrEz x2- jp2x Er=-jwuHr => 2x (WrE, + jBEr)= jwuHry 
In particular, we have for the y-component: 
OxEz + jBEx = jwuHy 


The boundary conditions require that the components By = Hy and Dx = €E, be 
continuous across the dielectric-air interface. This gives the conditions: 


OnE + {BER = OES" + j BEG" 


CoE? = ept 
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Combining the two conditions, we obtain: 


Oy (EM! — Bat) = jpÉ =e (9.3.1) 


Inspecting the fringing patterns of Fig. 9.2.1, we note that the electric field has a 
non-zero X-component on the air side, Eat # 0. Thus, the left-hand side of Eq. (9.3.1) 
cannot be zero and the wave cannot be assumed to be strictly TEM. 

However, Ex can be assumed to be small in both the air and the dielectric because 
the dominant direction of the transverse electric field is in the y-direction. This gives 
rise to the so-called quasi-TEM approximation in which the fields are assumed to be 
approximately TEM and the effect of the deviation from TEM is taken into account by 
empirical formulas for the line impedance and velocity factor. 

In particular, the air-dielectric interface is replaced by an effective dielectric, filling 
uniformly the entire space, and in which there would be a TEM propagating mode. If 
we denote by Eeff the relative permittivity of the effective dielectric, the wavelength and 
velocity factor of the line will be given in terms of their free-space values Ao, Co: 


Ào č Co 
JEett /E ett 
There exist many empirical formulas for the characteristic impedance of the line 


and the effective dielectric constant. Hammerstad and Jensen’s are some of the most 
accurate ones [444,450]: 


(9.3.2) 


€-+1 €-1 10\ 7% w 
Eeft = G i F (1+ 2) Cun, (9.3.3) 


where €r = €/€ is the relative permittivity of the dielectric and the quantities a, b are 


defined by: 
1 ut + (u/52)? 1 ( u ) 
oa | apoa | 187 i I 


Er — 0.9) 0093 
E€& +3 ) 
The accuracy of these formulas is better than 0.01% for u < 1 and 0.03% for u < 1000. 
Similarly, the characteristic impedance is given by the empirical formula: 


Ho in| E bela 5 (9.3.5) 


(9.3.4) 
b = 0.564 ( 


2M /Eert u u? 


where no = yHo/€o and the function f (u) is defined by: 


0.7528 
we | TETS 


u 


f(u)= 6 + (2m — 6) exp |-( 


The accuracy is better than 0.2% for 0.1 < u < 100 and €r < 128. In the limit of 
large ratio w/h, or, u > ©, Eqs. (9.3.3) and (9.3.5) tend to those of the parallel plate line 
of the previous section: 
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Some typical substrate dielectric materials used in microstrip lines are alumina, a 
ceramic form of Al2O4 with e, = 9.8, and RT-Duroid, a teflon composite material with 
€r = 2.2. Practical values of the width-to-height ratio are in the range 0.1 < u < 10 and 
practical values of characteristic impedances are between 10-200 ohm. Fig. 9.3.2 shows 
the dependence of Z and Eeff on u for the two cases of €; = 2.2 and €r = 9.8. 


Eef > Er, Z 


Characteristic Impedance Effective Permittivity 


p 
oO 


Eeff 
N W Py u a N © Ke] 
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i 
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Fig. 9.3.2 Characteristic impedance and effective permittivity of microstrip line. 


The synthesis of a microstrip line requires that we determine the ratio w/h that will 
achieve a given characteristic impedance Z. The inverse of Eq. (9.3.5)—solving for u in 
terms of Z—is not practical. Direct synthesis empirical equations exist [445,450], but 
are not as accurate as (9.3.5). Given a desired Z, the ratio u = w/h is calculated as 
follows. If u < 2, 


= 37, 
U= 4 — 2e-A 9 
and, if u > 2, 
guess [ine 1) +0.39 “et peata] (9.3.8) 
TTEr Er TT 
where A, B are given by: 
Z =I 11 
ASG 4 (0.23 ae ) 
no €r + 1 Er (9 3 9) 
g- T m a 
2E Z 


The accuracy of these formulas is about 1%. The method can be improved iteratively 
by a process of refinement to achieve essentially the same accuracy as Eq. (9.3.5). Start- 
ing with u computed from Eqs. (9.3.7) and (9.3.8), a value of Z is computed through 
Eq. (9.3.5). If that Z is more than, say, 0.2% off from the desired value of the line 
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impedance, then u is slightly changed, and so on, until the desired level of accuracy 
is reached [450]. Because Z is monotonically decreasing with u, if Z is less than the de- 
sired value, then u is decreased by a small percentage, else, u is increased by the same 
percentage. 

The three MATLAB functions mstripa, mstrips, and mstripr implement the anal- 
ysis, synthesis, and refinement procedures. They have usage: 


[eff,Z] = mstripaCer,u); % analysis equations (9.3.3) and (9.3.5) 
u = mstrips(er,Z); % synthesis equations (9.3.7) and (9.3.8) 
[u,N] = mstriprCer,ZO,per); % refinement 


The function mstripa accepts also a vector of several u’s, returning the correspond- 
ing vector of values of €erp and Z. In mstripr, the output N is the number of iterations 
required for convergence, and per is the desired percentage error, which defaults to 
0.2% if this parameter is omitted. 


Example 9.3.1: Given €, = 2.2 andu = w/h = 2,4, 6, the effective permittivities and impedances 
are computed from the MATLAB call: 


u = [2; 4; 6]; 
Leff, Z] = mstripaCer,u); 


The resulting output vectors are: 


2 1.8347 65.7273 
u=|4 > €ep =| 1.9111 |, Z= | 41.7537 | ohm 
6 1.9585 30.8728 


Example 9.3.2: To compare the outputs of mstrips and mstripr, we design a microstrip line 
with €, = 2.2 and characteristic impedance Z = 50 ohm. We find: 


u = mstrips(2.2,50)= 3.0779 =  [é€ere, Z]= mstripa(2.2, u) = [1.8811, 50.0534] 
u = mstripr(2.2,50)= 3.0829 =>  [éerr, Z]= mstripa(2.2, u)= [1.8813, 49.9990] 


The first solution has an error of 0.107% from the desired 50 ohm impedance, and the 
second, a 0.002% error. 


As another example, if Z = 100 Q, the function mstrips results in u = 0.8949, Z = 
99.9495 Q, and a 0.050% error, whereas mstripr gives u = 0.8939, Z = 99.9980 Q, anda 
0.002% error. m 


In using microstrip lines several other effects must be considered, such as finite strip 
thickness, frequency dispersion, dielectric and conductor losses, radiation, and surface 
waves. Guidelines for such effects can be found in [444-450]. 

The dielectric losses are obtained from Eq. (9.1.17) by multiplying it by an effective 
dielectric filling factor q: 


w f 1 — 1 — Ez} 
Qd = 56 tanô = aoe tand = Ag av eet tanô, q= Iei (9.3.10) 
— €r 
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Typical values of the loss tangent are of the order of 0.001 for alumina and duroid 
substrates. The conductor losses are approximately computed from Eq. (9.2.4): 


Bei 


= 3.11 
WZ (9.3.11) 


Xe 


9.4 Coaxial Lines 


The coaxial cable, depicted in Fig. 9.4.1, is the most widely used TEM transmission line. 
It consists of two concentric conductors of inner and outer radii of a and b, with the 
space between them filled with a dielectric €, such as polyethylene or teflon. 

The equivalent electrostatic problem can be solved conveniently in cylindrical coor- 
dinates p, $. The potential ~(p, @) satisfies Laplace’s equation: 


> 10 op) , 1 0’ 
VIP = ap (Pop) * pad 


Because of the cylindrical symmetry, the potential does not depend on the azimuthal 
angle d. Therefore, 


0 


1 0 22) ap 
p =0 > Pp =B g(p)=A+Blnp 
pop ( op op 

where A, B are constants of integration. Assuming the outer conductor is grounded, 
@(p)= Oat p = b, and the inner conductor is held at voltage V, o (a) = V, the constants 
A, B are determined to be B = —V ln (b/a) and A = -B lnb, resulting in the potential: 


P(p)= In(b/p) (9.4.1) 


v 
In(b/a) 

It follows that the electric field will have only a radial component, Ep = —0p)q, and 
the magnetic field only an azimuthal component Hg = Ep/n: 


V 1 V 1 


E =, Se 
P“ In(b/a) p t? nin(b/a) p 


Integrating Hy around the inner conductor we obtain the current: 


(9.4.2) 


Fig. 9.4.1 Coaxial transmission line. 
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aie a V 1 27V 
i=.) Hapd = ibe 
I, CRAP I ina on. Albee) 


It follows that the characteristic impedance of the line Z = V/I, and hence the 
inductance and capacitance per unit length, will be: 


(9.4.3) 


on , Hh ,_  2TTE 
Z= aa In(b/a), L = sy P/A, C = bid) (9.4.4) 


Using Eq. (9.4.3) into (9.4.2), we may express the magnetic field in the form: 


I 


aA n A. 
2TTp (9:4:5) 


Ho 
This is also obtainable by the direct application of Ampère’s law around the loop of 
radius p encircling the inner conductor, that is, I = (2mp)Họ. 
The transmitted power can be expressed either in terms of the voltage V or in terms 
of the maximum value of the electric field inside the line, which occurs at p = a, that is, 
Ea = V/(aln(b/a)): 


1 TIVI? 
Pr= V|? = 
T TA | nln(b/a) 


= p lEal?(rra®)In(b/a) (9.4.6) 


Example 9.4.1: A commercially available polyethylene-filled RG-58/U cable is quoted to have 
impedance of 53.5 Q, velocity factor of 66 percent, inner conductor radius a = 0.406 mm 
(AWG 20-gauge wire), and maximum operating RMS voltage of 1900 volts. Determine the 
outer-conductor radius b, the capacitance per unit length C’, the maximum power Pr that 
can be transmitted, and the maximum electric field inside the cable. What should be the 
outer radius b if the impedance were required to be exactly 50 Q? 


Solution: Polyethylene has a relative dielectric constant of €y 
The velocity factor is c/co = 1/n = 0.667. Given that n 
Q, we have: 


2.25, so that n = \/€y = 1.5. 
No/n = 376.73/1.5 = 251.15 


Z= sx In(b/a) > b=ae®2!n = 0.406e27535/251.15 — 1,548 mm 


Therefore, b/a = 3.81. If Z = 50, the above calculation would give b = 1.418 mm and 
b/a = 3.49. The capacitance per unit length is found from: 


n 1 n 1.5 
Z CZ CoZ  3xX10853.5 


C'=eE = 93.46 pF/m 


For Z = 50 Q, we find C’ = 100 pF/m. The peak voltage is related to its RMS value by 
|V| = /2Vims. It follows that the maximum power transmitted is: 


1 v2. 19002 
P v]? me 67.5 kW 
T= zz! Z 53.5 


The peak value of the electric field occurring at the inner conductor will be: 
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IV] V2 Vms 21900 
aln(b/a) aln(b/a)  0.406x10-?1n(3.096/0.406) 


|Eal = = 0.5 MV/m 

This is to be compared with the dielectric breakdown of air of 3 MV/m. For a 73-Q RG- 
59/U cable with a = 0.322 mm (AWG 22-gauge wire), we find b = 2 mm, C’ = 68.5 pF/m, 
Pr = 49.5 kW, and Emax = 0.46 MV/m. o 


Example 9.4.2: Most cables have a nominal impedance of either 50 or 75 Q. The precise value 
depends on the manufacturer and the cable. For example, a 50-Q cable might actually have 
an impedance of 52 Q and a 75-Q cable might actually be a 73-Q cable. 


The table below lists some commonly used cables with their AWG-gauge number of the 
inner conductor, the inner conductor radius a in mm, and their nominal impedance. Their 
dielectric filling is polyethylene with €, = 2.25 orn = /€; = 1.5. 


type AWG a Z 
RG-6/U 18 0.512 | 75 
RG-8/U 11 1.150 | 50 
RG-11/U 14 0.815 | 75 


RG-58/U 20 0.406 | 50 
RG-59/U 22 0.322 | 75 
RG-174/U 26 0.203 | 50 
RG-213/U 13 0.915 | 50 


The most commonly used cables are 50-O ones, such as the RG-58/U. Home cable-TV uses 
75-Q cables, such as the RG-59/U or RG-6/U. 


The thin ethernet computer network, known as 10base-2, uses RG-58/U or RG-58A/U, 
which is similar to the RG-58/U but has a stranded inner copper core. Thick ethernet 
(1Obase-5) uses the thicker RG-8/U cable. 


Because a dipole antenna has an input impedance of about 73 Q, the RG-11, RG-6, and 
RG-59 75-O cables can be used to feed the antenna. oO 


Next, we determine the attenuation coefficient due to conductor losses. The power 
loss per unit length is given by Eq. (9.1.14). The magnetic fields at the surfaces of 
conductors (a) and (b) are obtained from Eq. (9.4.5) by setting p = a and p = b: 


Because these are independent of the azimuthal angle, the integrations around the 
peripheries dl = ad¢ or dl = bd¢ will contribute a factor of (2Tra) or (2Trb). Thus, 


Pross = > RL (21a) |Hal° + (2b) |Hp|*] = sill" (= + 5) (9.4.7) 
It follows that: 
RII? (1 1 
_ Ploss _ 4T C a a 
© 2Pr ot zr? 
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Using Eq. (9.4.4), we finally obtain: 


Ge 
_Rs\a_b 
2n ln ( a 
a 
The ohmic losses in the dielectric are described by Eq. (9.1.17). The total attenuation 
constant will be the sum of the conductor and dielectric attenuations: 


Qc (9.4.8) 


ey tan ô (attenuation) (9.4.9) 


The attenuation in dB/m will be &ag = 8.686 a. This expression tends to somewhat 
underestimate the actual losses, but it is generally a good approximation. The «, term 
grows in frequency like ./f and the term «a, like f. 

The smaller the dimensions a, b, the larger the attenuation. The loss tangent tan ô 
of a typical polyethylene or teflon dielectric is of the order of 0.0004-0.0009 up to about 
3 GHz. 

The ohmic losses and the resulting heating of the dielectric and conductors also 
limits the power rating of the line. For example, if the maximum supported voltage is 
1900 volts as in Example 9.4.2, the RMS value of the current for an RG-58/U line would 
be Ims = 1900/53.5 = 35.5 amps, which would melt the conductors. Thus, the actual 
power rating is much smaller than that suggested by the maximum voltage rating. The 
typical power rating of an RG-58/U cable is 1 kW, 200 W, and 80 W at 10 MHz, 200 MHz, 
and 1 GHz. 


Example 9.4.3: The table below lists the nominal attenuations in dB per 100 feet of the RG-8/U 
and RG-213/U cables. The data are from [739]. 


| f (MHz) | 50 | 100 | 200 | 400 | 900 | 1000 | 3000 | 5000 
| œ (dB/100ft) 1.3 | 1.9| 2.7) 4.1 | 7.5 8.0 | 16.0 | 27.0 


Both are 50-ohm cables and their radii a are 1.15 mm and 0.915 mm for RG-8/U and RG- 
213/U. In order to compare these ratings with Eq. (9.4.9), we took a to be the average of 
these two values, that is, a = 1.03 mm. The required value of b to give a 50-ohm impedance 
is b = 3.60 mm. 


Fig. 9.4.2 shows the attenuations calculated from Eq. (9.4.9) and the nominal ones from the 
table. We assumed copper conductors with o = 5.8x107 S/m and polyethylene dielectric 
with n = 1.5, so that n = no/n = 376.73/1.5 = 251.15 Q and c = Co/n = 2x108 m/sec. 
The loss tangent was taken to be tan ô = 0.0007. 


The conductor and dielectric attenuations %, and &q become equal around 2.3 GHz, and 
&q dominates after that. 


It is evident that the useful operation of the cable is restricted to frequencies up to 1 GHz. 
Beyond that, the attenuations are too excessive and the cable may be used only for short 
lengths. o 
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Fig. 9.4.2 Attenuation coefficient & versus frequency. 


Optimum Coaxial Cables 


Given a fixed outer-conductor radius b, one may ask three optimization questions: What 
is the optimum value of a, or equivalently, the ratio b/a that (a) minimizes the electric 
field Ea inside the guide, (b) maximizes the power transfer Pr, and (c) minimizes the 
conductor attenuation &¢. 

The three quantities Ez, Pr, &c can be thought of as functions of the ratio x = b/a 
and take the following forms: 


V x 
~ blnx’ 


Setting the derivatives of the three functions of x to zero, we obtain the three 
conditions: (a) nx = 1, (b) Inx = 1/2, and (c) Inx = 1 + 1/x, with solutions (a) 
b/a = e! = 2.7183, (b) b/a = e!/* = 1.6487 and (c) b/a = 3.5911. 

Unfortunately, the three optimization problems have three different answers, and 
it is not possible to satisfy them simultaneously. The corresponding impedances Z for 
the three values of b/a are 60 Q, 30 Q, and 76.7 Q for an air-filled line and 40 Q, 20 Q, 
and 51 Q for a polyethylene-filled line. 

The value of 50 Q is considered to be a compromise between 30 and 76.7 Q corre- 
sponding to maximum power and minimum attenuation. Actually, the minimum of &e 
is very broad and any neighboring value to b/a = 3.5911 will result in an &c very near 
its minimum. 


Rs x+1 
~ 2nb Inx 


1 l 
Ea Pr = EaP rb 2>, ae (9.4.10) 
n x 


Higher Modes 


The TEM propagation mode is the dominant one and has no cutoff frequency. However, 

TE and TM modes with higher cutoff frequencies also exist in coaxial lines [419], with 

the lowest being a TE,;; mode with cutoff wavelength and frequency: 
C Co 


TT 
Ae = 1.8735 (a+b), fem = Fy. 


(9.4.11) 
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This is usually approximated by A; = Tr(a + b). Thus, the operation of the TEM 
mode is restricted to frequencies that are less than fe. 


Example 9.4.4: For the RG-58/U line of Example 9.4.2, we have a = 0.406 mm and b = 1.548 
mm, resulting in A; = 1.87371 (a+b)/2 = 5.749 mm, which gives for the cutoff frequency 
fc = 20/0.5749 = 34.79 GHz, where we used c = Co/n = 20 GHz cm. 

For the RG-8/U and RG-213/U cables, we may use a = 1.03 mm and b = 3.60 as in Example 
9.4.3, resulting in A; = 13.622 mm, and cutoff frequency of fe = 14.68 GHz. 

The above cutoff frequencies are far above the useful operating range over which the 
attenuation of the line is acceptable. o 


9.5 Two-Wire Lines 


The two-wire transmission line consists of two parallel cylindrical conductors of radius 
a separated by distance d from each other, as shown in Fig. 9.5.1. 


ya E; 
PE 
/ Ey 
Pd | pa 
+V/2 / P1 N —V/2 
/ Py 
Hg A X N, D~ 
y € O 5 oe. > Xx 
x a +O) € =0) 4 
Z 
=y bi <— 
i bz > 
a d > 


Fig. 9.5.1 Two-wire transmission line. 


We assume that the conductors are held at potentials +V/2 with charge per unit 
length +Q’. The electrostatic problem can be solved by the standard technique of re- 
placing the finite-radius conductors by two thin line-charges +Q’. 

The locations b, and b> of the line-charges are determined by the requirement that 
the cylindrical surfaces of the original conductors be equipotential surfaces, the idea 
being that if these equipotential surfaces were to be replaced by the conductors, the 
field patterns will not be disturbed. 

The electrostatic problem of the two lines is solved by invoking superposition and 
adding the potentials due to the two lines, so that the potential at the field point P will 
be: 


Q -Q' Q’ p2 
pg(p,$)= zc "P re ee = in( ) (9.5.1) 


where the p1, p2 are the distances from the line charges to P. From the triangles 
OP(+Q') and OP(—Q’), we may express these distances in terms of the polar co- 
ordinates p, œ of the point P: 
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pi= Ve? ~2pb, cos} + bi, p2 = Ve? — 2pb2 cos $ + bs (9.5.2) 


Therefore, the potential function becomes: 


$ å Dae KA 2 
pp, p)= a m(2)- Q n( 2 ppt p z) (9.5.3) 


2TT pı 2TTE p? — 2pb, cos p + b? 


In order that the surface of the left conductor at p = a be an equipotential surface, 
that is, p (a, $) = V/2, the ratio p2/pı must be a constant independent of p. Thus, we 
require that for some constant k and all angles œ: 


p2 
pı 


a? — 2ab2 cos p + b5 7 
PE a? — 2ab, cos p + bî 
which can be rewritten as: 

a? — 2ab2 cos œ + b$ = k* (a? — 2ab; cos p + bî) 
This will be satisfied for all @ provided we have: 
a? + b5 = k? (a? + b?), bo = k*b, 

These may be solved for bj, b2 in terms of k: 
bo = ka, bı A (9.5.4) 


The quantity k can be expressed in terms of a, d by noting that because of symmetry, 
the charge —Q’ is located also at distance bı from the center of the right conductor. 
Therefore, bı + b2 = d. This gives the condition: 


bi +bo=d a(k+k7)=d kak =f 
with solution for k: 
d d \? 
k A (=) 1 (9.5.5) 


An alternative expression is obtained by setting k = eX. Then, we have the condition: 


bi+bo=d > a(eX+e*%)=2acoshxy=d > x = acosh (2) (9.5.6) 


Because xX = Ink, we obtain for the potential value of the left conductor: 


Q Ink = Q X= ly 
2TTE 2TTE 2 


pla, h)= 


This gives for the capacitance per unit length: 
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Gok sO. me (9.5.7) 


V X acosh (=) 
2a 


The corresponding line impedance and inductance are obtained from C’ = €n/Z 
and L’ = uZ/n. We find: 


npn =) r H,HE (=) 
Z= AAS 7 acosh ( £ L= rr, 7 acosh z4 (9.5.8) 


In the common case when d > a, we have approximately k ~ d/a, and therefore, 
X = Ink = In (d/a). Then, Z can be written approximately as: 


Z=  m(d/a) (9.5.9) 
TTU 


To complete the electrostatic problem and determine the electric and magnetic fields 
of the TEM mode, we replace bọ = ak and b; = a/k in Fq. (9.5.3) and write it as: 


4 Te 2L2 
ppp © n(x? URP LISP EAK ) (9.5.10) 


2TTE p?k? — 2akpcos¢ + a? 
The electric and magnetic field components are obtained from: 


dp op 


E, = nH E nH (9.5.11) 
P p op p P pod 
Performing the differentiations, we find: 
F Q’ p — ak cos pk? — ak cos 
x 2Tre | p? — 2akp cos p +a?k? p?k?-— 2akpcos¢ + a? 
(9.5.12) 
E Q’ ak sing akp sin 
P= re | p2— 2akcos@ +a?k? p?k?-— 2akpcos +a? 


The resistance per unit length and corresponding attenuation constant due to con- 
ductor losses are calculated in Problem 9.3: 


gp- Rs d R! Rs d 


= ——, Q- = = 
TA |d? — 4a? © 2Z 2na acosh(d/2a).,/d2 — 4a? 


9.6 Distributed Circuit Model of a Transmission Line 


(9.5.13) 


We saw that a transmission line has associated with it the parameters L’, C’ describing 
its lossless operation, and in addition, the parameters R’, G’ which describe the losses. 
It is possible then to define a series impedance Z’ and a shunt admittance Y’ per unit 
length by combining R’ with L’ and G’ with C’: 
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Z =R +jol' 


(9.6.1) 
Y'= @ +jwC' 


This leads to a so-called distributed-parameter circuit, which means that every in- 
finitesimal segment Az of the line can be replaced by a series impedance Z’Az and a 
shunt admittance Y’ Az, as shown in Fig. 9.6.1. The voltage and current at location z 
will be V (z), I (z) and at location z + Az, V (z + Az), I (z + Az). 


[e Az >| 
ee ee a i 
I(z) ri > T o > I(z+Az) 

Z'Az | 

Wi) | Y'Az | V(z+4z) 

a! [= 
See b | 
Z zt+Az 


Fig. 9.6.1 Distributed parameter model of a transmission line. 


The voltage across the branch a-b is Vap = V (Z + Az) and the current through it, 
Iap = (Y'AZ)Vap = Y'AZV (z + Az). Applying Kirchhoff’s voltage and current laws, 
we obtain: 


V(z) = (Z'Az)I(zZ)+Vap = Z’AZI(z)4+V(z+ Az) 
(9.6.2) 


T(z) = Iap +I (z+ Az) = Y'AZV (z+ Az)4+I(z + Az) 


Using a Taylor series expansion, we may expand I(z + Az) and V(z + Az) to first 
order in Az: 


I(z + Az) =I(z)+I' (z) Az 


V(z+Az) =V(z)4+V' (z)Az and Y'AzV(z+Az)= Y’AzV(z) 


Inserting these expressions in Eq. (9.6.2) and matching the zeroth- and first-order 
terms in the two sides, we obtain the equivalent differential equations: 


V' (z)= -Z'I(z)= —(R’ + jwL’)I(z) 


F (9.6.3) 
I'(z)= -Y'V(z)= - (C + jwC’')V(z) 


It is easily verified that the most general solution of this coupled system is express- 
ible as a sum of a forward and a backward moving wave: 


V(z) = Vie Bez + V_ el Bez 


1 : . (9.6.4) 
I(z) = ae — V_elBc2) 
€ 
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where Bc, Zc are the complex wavenumber and complex impedance: 


E L P egles Z’ R'+jol’ 
Bo = gesag tuee ta Bn a 


The real and imaginary parts of B; = P — jo define the propagation and attenuation 
constants. In the case of a lossless line, R’ = G’ = 0, we obtain using Eq. (9.1.6): 


w L’ 

=f, Zena anaE 9.6.5 

z B c C ( ) 
In practice, we always assume a lossless line and then take into account the losses by 

assuming that R’ and G’ are small quantities, which can be evaluated by the appropriate 

expressions that can be derived for each type of line, as we did for the parallel-plate, 


coaxial, and two-wire lines. The lossless solution (9.6.4) takes the form: 


Pe = WVL'C’ = WE = 


V (z) = Vie S62 4 V_elP2 = V, (z)+V_(z) 
(9.6.6) 


I(Z) = 5 (View — V_e/8?) = (Vs (z) -V_(z)) 


This solution is identical to that of uniform plane waves of Chap. 4, provided we 
make the identifications: 


V(z) — E(z) 


Vi (z) — E, (z) 
I(z) — H(z) | and 
V_(z) — E_(z) 


Z—N 


9.7 Wave Impedance and Reflection Response 


All the concepts of Chap. 4 translate verbatim to the transmission line case. For example, 
we may define the wave impedance and reflection response at location Z: 


2 V(z) = Vi (z)+V_(z) r(z)= V_(z) 
Iz) 0V (z)-V- (z) ’ V4 (z) 


To avoid ambiguity in notation, we will denote the characteristic impedance of the 
line by Zo. It follows from Eq. (9.7.1) that Z (z) and T (z) are related by: 


Z(z) 


(9.7.1) 


14+ (z) Z(Z)—-Zo 


BA are |e ie ya 


(9.7.2) 


For a forward-moving wave, the conditions l (z)= 0 and Z(z)= Zo are equivalent. 
The propagation equations of Z(z) and T (Zz) between two points Z1, Z> along the line 
separated by distance l = Z) — z, are given by: 


Z2+jZo tan Bl 
Zo +JjZi tan Bl 


Tı =I e7 2B! (9.7.3) 
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where we have the relationships between Z1, Z2 and I‘), I2: 


1+r igs 
Z= žo L =o ; (9.7.4) 
17) 


We may also express Z, in terms of Ip: 


= , 9.7.5 
1-I, 0 1- Te-?bl ( ) 


147, 1+T2e72bl 


The relationship between the voltage and current waves at points Zı and Z2 is ob- 
tained by the propagation matrix: 


Vif cos Bl JjZo sin Bl V2 ; . 
| h | 7 E ‘sin Bl cos Bl b (propagation matrix) (9.7.6) 


Similarly, we may relate the forward/backward voltages at the points Zı and Z9: 


Vie _ eB! 0 Vo4 P P 
| Vi. | = | 0 o-iBl Vo (propagation matrix) (9.7.7) 
It follows from Eq. (9.6.6) that Vj, V2+ are related to V1, Iı and V3, I> by: 


1 1 
Vi+ = > (Vi £ Zol), V= = z (V2 + Zol2) (9.7.8) 


Fig. 9.7.1 depicts these various quantities. We note that the behavior of the line 
remains unchanged if the line is cut at the point z2 and the entire right portion of the 
line is replaced by an impedance equal to Z2, as shown in the figure. 


Z Ti Z T3 
4 = = D- 
+! l +11 
Zo Vi | V, | 
È a = 7 
zy Z2 
k— 1 ——» 
~ See h 
+! ly +i Y 
Zo vii v | |Z 
E al a 
Z T) Z T, 


Fig. 9.7.1 Length segment on infinite line and equivalent terminated line. 


This is so because in both cases, all the points Zı to the left of Z2 see the same 
voltage-current relationship at Z2, that is, V2 = Z2Io. 
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Sometimes, as in the case of designing stub tuners for matching a line to a load, 
it is more convenient to work with the wave admittances. Defining Yo = 1/Zo, Yı = 
1/Z,, and Y2 = 1/Z,, it is easily verified that the admittances satisfy exactly the same 
propagation relationship as the impedances: 


Yo+JYo tan Bl 
Yo + jY2 tan Bl 


Ýi= Yo (9.7.9) 


As in the case of dielectric slabs, the half- and quarter-wavelength separations are 
of special interest. For a half-wave distance, we have Bl = 2Tt/2 = Tr, which translates 
to l = A/2, where A = 2rTr/ß is the wavelength along the line. For a quarter-wave, we 
have $l = 21r/4 = Tr/2 or l = A/4. Setting $l = tr or Tr/2 in Eq. (9.7.3), we obtain: 


1=4 > Z,=2), Tr, =T 

x z2 (9.7.10) 
l= Zi = Ti = -T 

4 1 Fa. 1 2 


The MATLAB functions z2g.m and g2z.m compute I from Z and conversely, by 
implementing Eq. (9.7.2). The functions gprop.m, zprop.m and vprop.m implement the 
propagation equations (9.7.3) and (9.7.6). The usage of these functions is: 


G = z2g(Z,Z0); % Z tor 
Z = g2z(G,Z0); %T toZ 
G1 = gprop(G2,b1); % propagates Ip toy 
Z1 = zprop(Z2,Z0,b1); % propagates Z2 to Z1 


[V1,I1] = vprop(v2,12,Z0,b1); % propagates V2,I2 to V1, I1 


The parameter b1 is Bl. The propagation equations and these MATLAB functions 
also work for lossy lines. In this case, $ must be replaced by the complex wavenumber 
Pe = B — ja. The propagation phase factors become now: 


etiBl =a ejb! = etal o+ipl (9.7.11) 


9.8 Two-Port Equivalent Circuit 


Any length-! segment of a transmission line may be represented as a two-port equivalent 
circuit. Rearranging the terms in Eq. (9.7.6), we may write it in impedance-matrix form: 


V Z Z I 
| ‘| = | a 4 | J (impedance matrix) (9.8.1) 
12 
where the impedance elements are: 

Zil = Z2 = —jZo cot Bl 


1 (9.8.2) 


Z Z iZ 
12 21 JZ0 sin Bl 
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The negative sign, —I2, conforms to the usual convention of having the currents 
coming into the two-port from either side. This impedance matrix can also be realized 
in a T-section configuration as shown in Fig. 9.8.1. 


Zi Ti Z, D 
4 == =P r 
+1 0; +h 
E ~i ~i 5 
m [1 
L a Z HH Z H? 
i y Hai 
two-port circuit V} | Ze | Vo 
= ie 


Fig. 9.8.1 Length-l segment of a transmission line and its equivalent T-section. 


Using Eq. (9.8.1) and some trigonometry, the impedances Za, Zp, Zc of the T-section 
are found to be: 


Za = 21, -Z12 = jZo tan(Bl/2) 
Zp = Z2 — Z12 = jZo tan (61/2) 


1 
sin Bl 


The MATLAB function tsection.m implements Eq. (9.8.3). Its usage is: 


(9.8.3) 
Ze = Ziz = —jZo 


[Za,Zc] = tsection(Z0,b1); 


9.9 Terminated Transmission Lines 


We can use the results of the previous section to analyze the behavior of a transmission 
line connected between a generator and a load. For example in a transmitting antenna 
system, the transmitter is the generator and the antenna, the load. In a receiving system, 
the antenna is the generator and the receiver, the load. 

Fig. 9.9.1 shows a generator of voltage Vg and internal impedance Zg connected 
to the load impedance Zz through a length d of a transmission line of characteristic 
impedance Zp. We wish to determine the voltage and current at the load in terms of the 
generator voltage. 

We assume that the line is lossless and hence Zo is real. The generator impedance 
is also assumed to be real but it does not have to be. The load impedance will have in 
general both a resistive and a reactive part, Z; = Rg + JXL. 
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Za T4 a Zr Ty 
Vg S Va Zo v | vı (Zr 
= | 
a d > 
7 Ij a— | — 
G + a 


Fig. 9.9.1 Terminated line and equivalent circuit. 


At the load location, the voltage, current, and impedance are Vz, Iz, Z; and play 
the same role as the quantities V2, I2, Z2 of the previous section. They are related by 
VL = Z,I,. The reflection coefficient at the load will be: 


Zi = Zo (9.9.1) 


The quantities Zz, I", can be propagated now by a distance d to the generator at the 
input to the line. The corresponding voltage, current, and impedance V4, Ig, Zq play 
the role of V1, I1, Z, of the previous section, and are related by Vg = ZgIg. We have the 
propagation relationships: 


Zt + jZo tan Bd -2ißd 
Za=Z Ta = Tre ”P 9.9.2 
4= 407 4 47; tanBd a=Tre (9.9.2) 
where 
Za — Zo 1+Ta 1 + Tze~?iba 
Fre Za=Z = - 9. 
a= ZZ gg ON eerie a 


At the line input, the entire length-d line segment and load can be replaced by the 
impedance Zą, as shown in Fig. 9.9.1. We have now a simple voltage divider circuit. 
Thus, 


Vola = VG 
Foug | Feu, 


ve = Vg —-laZeg = (9.9.4) 


Once we have V4, Iq in terms of Vg, we can invert the propagation matrix (9.7.6) to 
obtain the voltage and current at the load: 


Vi | cos Bd —j Zo sin Bd Va (9.9.5) 
I, | | —jZp'sinBd cos Bd Iq os 
It is more convenient to express V4, Iq in terms of the reflection coefficients T4 and 
Ig, the latter being defined by: 
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ZG — Zo 14+I¢ 


r Zo=Z 9. 
OS Lig Zo EESTE aD 
It is easy to verify using Eqs. (9.9.3) and (9.9.6) that: 
1-IcGlq 1 
Zo+Zq=2Z , 2Z6o4+2Zo= 22 
ONES SO elegy re. Fo Peale 


From these, it follows that: 


Vezi Tey Ve. 1-T4 
“Zotz erga Lot Ly ted ela 


Va (9.9.7) 


where Ig may be replaced by Ig = Tred. If the line and load are matched so that 
Zr, = Zo, then T; = 0 and Ig = O and Z4 = Zp for any distance d. Eq. (9.9.7) then 
reduces to: 


VGZo VG 
= Techy Co. Gees 


d (matched load) (9.9.8) 


In this case, there is only a forward-moving wave along the line. The voltage and 
current at the load will correspond to the propagation of these quantities to location 
l = 0, which introduces a propagation phase factor e~/44: 


VeZo_ ,—jBd Ve y-ipd 


= Io = tched load 9. 
Zeck Zi , Io ZZ (matched load) (9.9.9) 


0 


where Vo, Io denote Vz, Ir when Zz = Zo. Itis convenient also to express Vz directly in 
terms of Vg and the reflection coefficients [g and lz. We note that: 


_j Va 
Vt =V (1 +11), Vr = Vare 84, Vay = 
L L+ ( L) L+ d+ d+ l+ Ta 
It follows that the voltage Vz and current I; = V,/Z_, are: 
gg LHT: _ipg 1-Tr 
Vr = Vae Pt ———= | I, = Ige IPA — —~ 9.9.10 
L=Va i E5 I-T ( ) 
Expressing V; and also Ir = V,/Z, directly in terms of Vg, we have: 
VGZ 1+r ‘ V 1-T A 
L ceo L e-iPd, T g L -ipd (9.9.11) 


~ Zg+Zo 1-Tľ6ľ4 ~ Ze+Zo1-Icla 


It should be emphasized that d refers to the fixed distance between the generator 
and the load. For any other distance, say l, from the load (or, distance z = d — l from 
the generator,) the voltage and current can be expressed in terms of the load voltage 
and current as follows: 


opil +t l = eB E 


Tı = Tre Zbl .9.12 
14T’ tere Done (9.9.12) 


Vi= VL 
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9.10 Power Transfer from Generator to Load 


The total power delivered by the generator is dissipated partly in its internal resistance 
and partly in the load. The power delivered to the load is equal (for a lossless line) to 
the net power traveling to the right at any point along the line. Thus, we have: 


Pro = Pa + Pg = PL + Pg (9.10.1) 
This follows from Vg = Va + IaZc¢, which implies 


Voli = Vali + Zg lal? (9.10.2) 


Eq. (9.10.1) is a consequence of (9.10.2) and the definitions: 
1 x 1 * 
Prot = z Re(Vela)= z Rel (Va + Zala) Ia] 
1 1 
Pg = 5 Re(Zelalg) = z Re(Ze) Tal? (9.10.3) 


1 1 
Pa = 5 Re(V§jla)= 5 Re(VPIL)= Pr 


The last equality follows from Eq. (9.9.5) or from Vqg+ = Vy setsPa; 


zt 


1 
= Re(V*Iq)= = 
z Re(WVala) 2Zo 


1 
|Va+ l? — |Va-1°) (IVr+1° — IVr-1°) = = Re(VŽ IL) 
2 


1 
aza 
In the special case when the generator and the load are matched to the line, so that 
ZG = ZL = Zo, then we find the standard result that half of the generated power is 
delivered to the load and half is lost in the internal impedance. Using Eq. (9.9.8) with 
ZG = Zo, we obtain Vg = IgZg = Vg/2, which gives: 


Vel? = Val? 


Vel? 
P = as = = 
- d 8Zo 


8Zo 


1 1 
= a P tots Pa = P = 5 Prot (9.10.4) 


Example 9.10.1: A load Zz = 50 + j10 Q is connected to a generator Vg = 10.20° volts with a 
100-ft (30.48 m) cable of a 50-ohm transmission line. The generator’s internal impedance 
is 20 ohm, the operating frequency is 10 MHz, and the velocity factor of the line, 2/3. 


Determine the voltage across the load, the total power delivered by the generator, the 
power dissipated in the generator’s internal impedance and in the load. 


Solution: The propagation speed is c = 2co/3 = 2X108 m/sec. The line wavelength A = c/f = 
20 m and the propagation wavenumber f} = 27r/A = 0.3142 rads/m. The electrical length 
is d/A = 30.48/20 = 1.524 and the phase length Bd = 9.5756 radians. 


Next, we calculate the reflection coefficients: 


Z-Z ZG-Z 
LT “0 _ 9.0995 284.29, Tg = 402 


= Z+ Z Zc + Zo = —0.4286 


Ti 


and T4 = [Treba = 0.0995 467.01°. It follows that: 
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14+TIq : VcoZa ! 
.11 + j9. V 7.31 + j0. 7.32 22.83° 
-T4 53 J9.83, d Zc + Z4 31 + j0.36 3 83 


The voltage across the load will be: 


g TAr 
Vi = Vae #84 = -7.09 + j0.65 = 7.122174.75° V 
14+TJIq 


The current through the generator is: 


Va 


I 
a= z 


0.13 + j0.02 = 0.142-7.66° A 
It follows that the generated and dissipated powers will be: 


1 
Prot = > Re(VčIaąa)= 0.6718 W 

1 
Pg= 3 Re(Zg)|Ial? = 0.1388 W 


1 
P, = Pa = 3 Re(Vjla) = 0.4880 W 


We note that Piot = PG + PL. o 


If the line is lossy, with a complex wavenumber fe = fP — jo, the power Pz at the 
output of the line is less than the power Pg at the input of the line. Writing Vg = 
Vy set @4etsPd we find: 


1 1 
P4 = — (|V 2_ly,_|?) = V 2e2ad _ jy, |29-2ad 
a 27, || a+l° — |Va_I*) 37, | 1+|"e |Vz-|“e ) 
1 
Picee Iae 
L 22, || 1+1- |Vr_I*) 


We note that Pg > P; for all Tz. In terms of the incident forward power at the load, 
Pinc = |Vzi+|*/2Zo, we have: 
Pa = Pinc (0? 4 = [Ty [22-0 2) = Pince? (=F gi?) 


(9.10.5) 
PL = Pinc (1 > Irz?) 


where |I'g| = |[',|e~2%4. The total attenuation or loss of the line is P4/Pņ, (the inverse 
P,/Pq is the total gain, which is less than one.) In decibels, the loss is: 


2ad _ IT, |2e72%4 
1-|I,|* 


L = 10logig (2) = 10log;o ( ) (total loss) (9.10.6) 
L 


If the load is matched to the line, Z; = Zo, so that I’, = 0, the loss is referred to as 
the matched-line loss and is due only to the transmission losses along the line: 
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Lm = 10 logy (e*%“) = 8.686ad (matched-line loss) (9.10.7) 


Denoting the matched-line loss in absolute units by a = 10£”/10 = ¢204 we may 
write Eq. (9.10.6) in the equivalent form: 


Euri rT 2 
a] ) (total loss) (9.10.8) 


a(1 — |Iz|*) 


L= 10 logio ( 


The additional loss due to the mismatched load is the difference: 


1- |Izl?e740%4 1- [Ta]? 
L-—Ly =101 = 101 ——> 9.10.9 
M ono ( 1-012 0810 1—|r,/2 ( ) 


Example 9.10.2: A 150 ft long RG-58 coax is connected to a load Z; = 25 + 50j ohm. At the 
operating frequency of 10 MHz, the cable is rated to have 1.2 dB/100 ft of matched-line 
loss. Determine the total loss of the line and the excess loss due to the mismatched load. 


Solution: The matched-line loss of the 150 ft cable is Ly = 150X1.2/100 = 1.8 dB or in absolute 
units, a = 1018/10 = 1.51. The reflection coefficient has magnitude computed with the 
help of the MATLAB function z2g: 


|I| = abs(z2g (25 + 507,50) = 0.62 


It follows that the total loss will be: 


aire? 1.51? — 0.62? 
0 ogo ( 010810 1.51 (1 — 0.622) 3 


The excess loss due to the mismatched load is 3.1 — 1.8 = 1.3 dB. At the line input, we 
have |Ial = |[,|e~?®4 = |[,|/a = 0.62/1.51 = 0.41. Therefore, from the point of view of 
the input the line appears to be more matched. oO 


9.11 Open- and Short-Circuited Transmission Lines 


Open- and short-circuited transmission lines are widely used to construct resonant cir- 
cuits as well as matching stubs. They correspond to the special cases for the load 
impedance: Zr, = œ for an open-circuited line and Zz = O for a short-circuited one. 
Fig. 9.11.1 shows these two cases. 

Knowing the open-circuit voltage and the short-circuit current at the end terminals 
a, b, allows us also to replace the entire left segment of the line, including the generator, 
with a Thévenin-equivalent circuit. Connected to a load impedance Zz, the equivalent 
circuit will produce the same load voltage and current Vz, Izr as the original line and 
generator. 

Setting Zz, = œ and Z; = 0 in Eq. (9.9.2), we obtain the following expressions for the 
wave impedance Z; at distance l from the open- or short-circuited termination: 
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Za Ta Z, Tı 
Z, > + b a Zh ea 
os la +1 J; + ge 
VG S Va! Zo V. Vin | Va ©) 
= =e = Ey 
. d > 
<— | —+ 
+ + Iq +i +! + y 
VG © Va! Zo Vi | Msc Vin © Vz ZL 
a = = ° 
Fig. 9.11.1 Open- and short-circuited line and Thévenin-equivalent circuit. 
Zı = —jZo cot Bl (open-circuited) 
: (9.11.1) 
Zı = jZo tan Bl (short-circuited) 
The corresponding admittances Y; = 1/Z, will be: 
Yı = jYo tan Bl (open-circuited) 
J (9.11.2) 
Yı = —jYo cot Bl (short-circuited) 


To determine the Thévenin-equivalent circuit that replaces everything to the left of 
the terminals a,b, we must find the open-circuit voltage Vm, the short-circuit current 
Isc, and the Thévenin impedance Zip. 

The impedance Z can be determined either by Zi, = Vtn/Isc, or by disconnecting 
the generator and finding the equivalent impedance looking to the left of the terminals 
a,b. It is obtained by propagating the generator impedance Zg by a distance d: 


Zg +jZo tan Bd 14+/th 
Zo+jZctanßĝd 1 =Ta 


Zin = Zo Tn = ge Ba (9.11.3) 


The open-circuit voltage can be determined from Eq. (9.9.11) by setting Z; = œ, 
which implies that T; = 1, fg = e 84, and rora = Igea = Ty. The short- 
circuit current is also obtained from (9.9.11) by setting Z; = 0, which gives F; = —1, 
Ta = —e~784, and gla = —I'ge-*/4 = —Fy. Then, we find: 


VGZo 2e Jha Vg 2e JBa 
~ ZetZo1—-lm’ ®© Zet+tZo1+lin 


th (9.11.4) 


It follows that Vin/Is- = Zm, as given by Eq. (9.11.3). A more convenient way of 
writing Eq. (9.11.4) is by noting the relationships: 
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2Zo 2Zth 
1-Ih= , 14+ln= 
á Zth F Zo T Zth + Zo 
Then, Eq. (9.11.4) becomes: 
Zh+zZ Zh+zZ 
Vin = Vo T, Ise = I (9.11.5) 
Zo Zith 


where Vo, Io are the load voltage and currents in the matched case, given by Eq. (9.9.9). 
The intuitive meaning of these expressions can be understood by writing them as: 


Zo Zth 
’ Io = Isc 
Zth + Zo Zth + Zo 
These are recognized to be the ordinary voltage and current dividers obtained by 
connecting the Thévenin and Norton equivalent circuits to the matched load impedance 
Zo, as Shown in Fig. 9.11.2. 


Vo = Vh 


(9.11.6) 


Za Ta Z Ti 
i i a a 
Z, = = T Zih e 
+ s +! Ty +! I +! yo Ẹ . = “yo 
Veo) Wi Zo v Vo |Zo) Vin) — Vo [Zo 
w =. “e 
'b b 
je d >| ä 
— |] — r F lo 
he) al Vo Zol 
°% 


Fig. 9.11.2 Thévenin and Norton equivalent circuits connected to a matched load. 


The quantities Vo, Io are the same as those obtained by connecting the actual line to 
the matched load, as was done in Eq. (9.9.9). 

An alternative way of determining the quantities Vi, and Zm is by replacing the 
length-d transmission line segment by its T-section equivalent circuit, as shown in 
Fig. 9.11.3. 


Ty | i a a 
: ZG + al Za | Zp Td yL 4. Zin ae yt 
A | l 
Ve = Va! Ze 2AE: Vin G Vz |Z 
= = =. 
TEE b b 


Fig. 9.11.3 T-section and Thévenin equivalent circuits. 
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The Thévenin equivalent circuit to the left of the terminals a, b is easily determined 
by shorting the generator and finding the Thévenin impedance and then finding the 
open-circuit voltage. We have: 


Ze (La + ZG) VGZe 


Zh = Zp 4 > Vin = 9.11.7 
woer Zanr e A en gag ( ) 
where Za, Zp, Zc for a length-d segment are given by Eq. (9.8.3): 
; fa) 2 1 
Za = Zp =jZot n Ze = -j Zo ——— 
a b JZo tan (Ë , c J20 mgd 


It is straightforward to verify that the expressions in Eq. (9.11.7) are equivalent to 
those in Eq. (9.11.3) and (9.11.4). 


Example 9.11.1: For the generator, line, and load of Example 9.10.1, determine the Thévenin 
equivalent circuit. Using this circuit determine the load voltage. 


Solution: We work with the T-section approach. The following MATLAB call gives Za and Ze, 
with Zo = 50 and Bd = 9.5756: 


[Za, Zc]= tsection (50, 9.5756)= [-661.89j, 332.83j] 


Then, Eq. (9.11.7) gives with Zp = Za: 


i Ze(Za T ZG) va a 
Zin = Zp 4 ee ae ie 20.39 + j6.36 Q 
VGZe 


~ Zo+Zqa+ Ze 


Vin 10.08 + j0.61 = 10.102176.52° V 


Alternatively, Zm can be computed by propagating Zç = 20 by a distance d: 


Zin = zprop (20, 50, 9.5756) = 20.39 + j6.36 Q 


The load voltage is found from the Thévenin circuit: 


VhZL ; 
V 7.09 + j0.65 = 7.12 2174.75° V 
E Za J 
which agrees with that found in Example 9.10.1. o 


9.12 Standing Wave Ratio 


The line voltage at a distance l from the load is given by Eq. (9.9.12), which can be written 
as follows in terms of the forward wave V+ = Vz,/(1+TI 1): 


Vi = VP! (1 +T) (9.12.1) 


The magnitude of V; will be: 
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Vil = |Vr+||1 + Til = |Vr+l11 + Tre] (9.12.2) 


It follows that |V;| will vary sinusoidally as a function of I. Its limits of variation are 
determined by noting that the quantity |1 + F| varies between: 


1- [i =1- |n| +r] 1+ |r] = 1 + |r] 


where we used |J7| = |I|. Thus, |V;| will vary over the limits: 


Vmin < |V| < Vmax (9.12.3) 


where 


Vmin = |Vr+| — IV-I = |Vz+| (1 — IILI) 
Vmax lVi+| t lVr-| = |Vz+| (1 + IPI) 


(9.12.4) 


We note that the reflection coefficient at a load Z; = Rz; +jXņ has always magnitude 
less than unity, |’, | < 1. Indeed, this follows from the positivity of Ry and the following 
property: 

2 
Z=Z 1 > Ri =Re(Zi)= Zo 

The voltage standing wave ratio (SWR) of a terminated transmission line is a measure 
of the degree of matching of the line to the load and is defined as the ratio of the 
maximum to minimum voltage along the line: 


(9.12.5) 


S= 


Vmax 1+|Izl | S-1 (9.12.6) 


= II] = —— 
Vmin 1-11! $ 


Because |z| < 1, the SWR will always be S > 1. A matched load, Fz = 0, has S = 1. 
The more unmatched the load is, the larger the SWR. Indeed, S > œ as |F| > 1. A 
matched line has Vmin = |Vı| = Vmax at all points 1, and is sometimes referred to as a 
flat line. The MATLAB function swr .m calculates the SWR from Eq. (9.12.6): 


S = swr(Gamma) ; % calculates SWR from reflection coefficient T 


The SWR can be used to quantify the amount of power delivered to the load. The 
percentage of reflected power from the load is |I; |?. Therefore, the percentage of the 
power delivered to the load relative to the incident power will be: 


P 4S 
+ =1- |I]? = > 
Pinc (S+1) 
The larger the SWR, the smaller the percentage of delivered power. For example, if 
S = 9, the reflection coefficient will have magnitude |I| = 0.8, resulting in 1 — |", |* = 
0.36, that is, only 36 percent of the incident power gets transferred to the load. 


(9.12.7) 


Example 9.12.1: If the reflected wave at the load of a transmission line is 6 dB below the incident 
wave, what is the SWR at the load? What percentage of the incident power gets transferred 
to the load? 
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Solution: The relative power levels of the reflected and incident waves will be: 


IV-I? z 1 1 1+0.5 
T|? = = 1076/10 T S =3 
Pe V4]? 4 Il = 5 1-0.5 
The fraction of power transferred to the load is 1 — |I",|* = 0.75, or 75 percent. Oo 


If both the line and load impedances are real-valued, then the standing wave ratio is 
S=Z,/Zo if ZL = Zo, and S = Zo/Z_, if Zr < Zo. This follows from the identity: 


14/0 ZL + Zol +|ZL-Z ZL, Z 
= ITz] =| L+ Zol + |Z: — Zol SMa L» Zo) (9.12.8) 
1- |r]  |Zt+ Zol- |Z: -Zol = min(Zz, Zo) 
or, explicitly: 
ZL 
—, if Z,=Z 
1410 Ze MEE AN 
L SD af eo 
ZL 


9.13 Determining an Unknown Load Impedance 


Often a transmission line is connected to an unknown impedance, and we wish to de- 
termine that impedance by making appropriate measurements of the voltage along the 
line. 

The SWR can be readily determined by measuring |V;| and finding its maximum and 
minimum values Vmax and Vmin. From the SWR, we then determine the magnitude of 
the reflection coefficient |I; |. 

The phase of I’, can be determined by finding the locations along the line at which 
a voltage maximum or a voltage minimum is measured. If 0; is the required phase, so 
that ry, = |[,|e/°2, then we have: 


Vil = [Vrs ll1 + Til = |Vr4 |1 + Pen "| = [Va] 1 + (Pp let4- 280 | 


At all locations | for which 0; — 2B] = +21rn, where n is an integer, we will have 
Tı = || and |V;| will be equal to Vmax. Similarly, at all locations for which 0; — 261 = 
+(2n + 1), we will have T; = -|I| and |V;| will be equal to Vmin- 

We note that two successive maxima, or two successive minima, are separated by a 
distance A/2 and a maximum is separated by the next minimum by a distance A/4, so 
that [Imax — lmin| = A/4. 

Once such distances Imax, lmin have been determined, the full reflection coefficient 
can be constructed from Tr, = I'e2/8!, where T; = + |r] depending on using a maximum- 
or minimum-voltage distance l. From Tz and the knowledge of the line impedance Zo, 
the load impedance Zz can be computed. Thus, we have: 


Ty = |Py lei = |T; |e? = — |T; |e2/Plmin Z.= Zo (9.13.1) 
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If 0 < OL < Tr, the locations for the closest maxima and minima to the load are 
determined from the conditions: 


OL z 2Blmax =0, OL 3 2Bl min = m 


resulting in the distances: 


0 OL + 
Ta eS ana E Nh sare ae) (9.13.2) 
41 41 
Similarly, if -mt < Oz; < 0, we must solve 0; — 2Blmax = -2 and 0z — 2Bl yin = —TT: 
0L +2 Or + 
Depot. pe ren eae) (9.13.3) 
41 41 


Of course, one wants to solve for 0; in terms of the measured Imax Or Imin. Using lmin 
is more convenient than using Ima, because 0; is given by the same expression in both 
cases. The lengths Imax, Imin may be assumed to be less than A/2 (if not, we may subtract 
enough multiples of A/2 until they are.) Expressing 0; in terms of the measured lmin, 
we have: 


OL T = 2Bl min — T (9.13.4) 


Alternatively, we have in terms of Imax: 


AT mmx = 2Blmax if 0< Imax < 
0L = ia n A (9.13.5) 
QT 2 = 2Blmax — 270 if 7 xin 55 


Example 9.13.1: A50-ohm line is connected to an unknown impedance. Voltage measurements 
along the line reveal that the maximum and minimum voltage values are 1.75 V and 0.25 
V. Moreover, the closest distance to the load at which a voltage maximum is observed is 
0.125A. 


Determine the reflection coefficient Tz, the load impedance Zz, and the closest distance 
to the load at which a voltage minimum is observed. 


For another load, the same maxima and minima are observed, but now the closest distance 


to the load at which a minimum is observed is 0.125A. Determine Tz and Zz. 


Solution: The SWR is determined to be S = Vmax/ Vmin = 1.75/0.25 = 7. Then, the magnitude 
of the reflection coefficient is found to be |, | = (S—1)/(S+1)= (7-1)/(74+1)= 0.75. 


Given that at Imax = A/8 we observe a voltage maximum, we compute the phase from 
Eq. (9.13.5), OL = 2Blmax = 4711/8 = Tr/2. Then, the reflection coefficient will be: 


Tı = |I]? = 0.752"? = 0.75; 


It follows that the load impedance will be: 
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1+T; 1 +0.75j 
1-T; 1- 0.75) 


14+48jQ 


The closest voltage minimum will occur at lmn = Imax + A/4 = 0.375A = 3A/8. Al- 
ternatively, we could have determined the phase from Eq. (9.13.4), OL = 2Blmin — T = 
4tr (3/8) —Tr = Tr/2. The left graph of Fig. 9.13.1 shows a plot of |V| versus I. 


Standing Wave Pattern Standing Wave Pattern 


Fig. 9.13.1 Standing wave patterns. 


Note the locations of the closest voltage maxima and minima to the load, that is A/8 and 
3A/8. In the second case, we are given Imin = A/8. It follows that Or = 2Blmin — TT = 
1/2 — Tt = —Tr/2. Alternatively, we may work with Imax = Imin + A/4 = 3A/8. Because 
Imax > A/4, Eq. (9.13.5) will give Or = 2Blmax— 27 = 410 (3/8) —277 = —T11/2. The reflection 
coefficient and load impedance will be: 


Ty, = [Cle = 0.75e9"? = —0.75j Z, = 14-4872 


The right graph of Fig. 9.13.1 depicts the standing wave pattern in this case. o 


It is interesting also to determine the wave impedances at the locations along the 
line at which we have voltage maxima or minima, that is, at l = Imax or Imin. The answers 
are expressed in terms of the SWR. Indeed, at 1] = Imax, we have I) = |I| which gives: 


1+Tı 1+ |Tzl 
Zma EZ =Z =SZ 13. 
max i= 01|] S 0 (9 3.6) 
Similarly, at l = lmin, we have T; = -|I| and find: 
1+T] 1- |I| 1 
Y Ef = =_—7 .13.7 
min = Zo TIF, IFT Ss” (9.13.7) 


We note that ZmaxZmin = Ze: as is expected because the points Imax and Imin are 
separated by a quarter-wavelength distance A/4. 

Because at Imax and [min the wave impedances are real-valued, these points can be 
used as convenient locations at which to insert a quarter-wave transformer to match a 
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line with real Zo to a complex load Zz. Given 0z, the required locations are determined 
from Eq. (9.13.2) or (9.13.3). We discuss this matching method later on. 

The MATLAB function Imin.m calculates the locations lmin and Imax from Eqs. (9.13.2) 
and (9.13.3), and the corresponding impedances Zmin and Zmax. It has usage: 


[1m,Zm] = Imin(ZL,Z0,’min’); % locations of voltage minima 
[1m,Zm] = Imin(ZL,ZO,’max’); % locations of voltage maxima 


For a lossless line the power delivered to the load can be measured at any point l 
along the line, and in particular, at Imax and min. Then, Eq. (9.12.7) can be written in the 
alternative forms: 


AG 


= V max Vmin Venti Viat Vai 
2Zo 


(IVr+1? — IV-l?) = = = 


P = 
$ 2Zo 2Zmin 2Zmas 2SZo 


(9.13.8) 


The last expression shows that for a given maximum voltage that can be supported 
along a line, the power transmitted to the load is S times smaller than it could be if the 
load were matched. 

Conversely, for a given amount Pz of transmitted power, the maximum voltage will 
be Vmax = V2SPLZo. One must ensure that for a highly unmatched load, Vmax remain 
less than the breakdown voltage of the line. 

If the line is lossy, measurements of the SWR along its length will give misleading 
results. Because the reflected power attenuates as it propagates backwards away from 
the load, the SWR will be smaller at the line input than at the load. 

For a lossy line with B, = B — jæ, the reflection coefficient at the line input will be: 
Ta =Tye7?'%+J8)4, which gives for the input SWR: 


14+\Fal 1+]ļIzle7?%i e?ii a+lrl 
= l-al 1-l|Izle-2% e284 |r| a- || 


where we expressed it in terms of the matched-line loss of Eq. (9.10.7). 


Sa (9.13.9) 


Example 9.13.2: For the RG-58 coax cable of Example 9.10.2, we find the SWRs: 


1+ |z| 1 + 0.62 1+ |Fq| 1 +0.41 
S 4.26, S 
L= Eat 10.62 OIF als 10.41 


2.39 


If one does not know that the line is lossy, and measures the SWR at the line input, one 
would think that the load is more matched than it actually is. o 


Example 9.13.3: The SWR at the load of a line is 9. If the matched-line loss is 10 dB, what is 
the SWR at the line input? 


Solution: We calculate the reflection coefficient at the load: 


S-1 9-1 
el ee oa 


The matched-line loss is a = 10/”/19 = 109!9/10 = 10. Thus, the reflection coefficient 
at the input will be |['g| = |[,|/a = 0.8/10 = 0.08. The corresponding SWR will be 
S = (1 + 0.08) /(1 — 0.08) = 1.17. o 
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Example 9.13.4: A 50-ohm line feeds a half-wave dipole antenna with impedance of 73 + j42.5 
ohms. The line has matched-line loss of 3 dB. What is the total loss of the line? What is 
the SWR at the load and at the line input? 


If the line length is doubled, what is the matched-line loss, the total loss, the input and 
load SWRs? 


Solution: The matched-line loss in absolute units is a = 10°/1° = 2. Using the MATLAB functions 
z2g and swr, we compute the reflection coefficient at the load and its SWR: 


Zi — Zo 
ZL + Zo 


Irz] 


73 + J42.5 — 50 
bs (22g (73 + 42. = 0.371 
E Se abs (z2g (73 + 42.57, 50))= 0.3713 
The SWR will be S = swr(0.3713) = 2.1814. The reflection coefficient at the line input will 
be |a| = Crle-?*4 = |, |/a = 0.1857, and its SWR, S = swr(0.1857) = 1.4560. 


If the line length is doubled, the matched-line loss in dB will double to 6 dB, since it is 
given by Ly = 8.686ad. In absolute units, it is a = 2? = 4. 


The corresponding reflection coefficient at the line input will be |['g| = |[',|/a = 0.0928, 
and its SWR, S = swr(0.0928) = 1.2047. o 


9.14 Smith Chart 


The relationship between the wave impedance Z and the corresponding reflection re- 
sponse T along a transmission line Zp can be stated in terms the normalized impedance 
Z = ZI Zo as follows: 


z-1 l1+r 
“741 ae ee 

It represents a mapping between the complex impedance z-plane and the complex 
reflection coefficient [-plane, as shown in Fig. 9.14.1. The mapping is similar to the 
bilinear transformation mapping in linear system theory between the s-plane (playing 
the role of the impedance plane) and the z-plane of the z-transform (playing the role of 
the I’-plane.) 

A complex impedance z = r + jx with positive resistive part, r > 0, gets mapped 
onto a point F that lies inside the unit-circle in the I’-plane, that is, satisfying |I| < 1. 

An entire resistance line z = r (a vertical line on the z-plane) gets mapped onto 
a circle on the T-plane that lies entirely inside the unit-circle, if r > 0. Similarly, a 
reactance line z = jx (a horizontal line on the z-plane) gets mapped onto a circle on the 
I-plane, a portion of which lies inside the unit-circle. 

The Smith chart is a graphical representation of the [-plane with a curvilinear grid 
of constant resistance and constant reactance circles drawn inside the unit-circle. In 
effect, the Smith chart is a curvilinear graph paper. 

Any reflection coefficient point I falls at the intersection of a resistance and a reac- 
tance circle, r, x, from which the corresponding impedance can be read off immediately 
as Z = r + jx. Conversely, given z = r + jx and finding the intersection of the r,x 
circles, the complex point I can be located and its value read off in polar or cartesian 
coordinates. 


(9.14.1) 
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z-plane <> 
Imz4 
z=rt+jx 
x reactance 
circles 
T=-1 
> 
=0 
0 É Rez z 
resistance 
circles 


Fig. 9.14.1 Mapping between z-plane and T-plane. 


To determine the centers and radii of the resistance and reactance circles, we use 
the result that a circle with center C and radius R on the T-plane has the following two 
equivalent representations: 


|T|? -C*r - CT* = B |IIT-C|=R,  whereB = R°- |C]? (9.14.2) 


Setting z = r + jx in Eq. (9.14.1) and extracting the real and imaginary parts, we can 
write r and x in terms of I, as follows: 
1- |r|? gt -T) 
r= Rez = , xXx=Imz= 9.14.3 
Tere 1—-re oe 
In particular, the expression for the resistive part implies that the condition r > 0 is 
equivalent to || < 1. The r,x circles are obtained by putting Eqs. (9.14.3) in the form 
of Eq. (9.14.2). We have: 


rr -1|?=1- |r? > r(|r?-T-T*+1)=1- |r? 


and rearranging terms: 


2 l-r r 


Ir]? 2 T al = 
l+r (14+r)2 1+r 


r Eo. bar z | r 
r+1 l+r è  l+r l+r 


Similarly, we have 


x|C —1|* = j(* -T) x(Ir|? -rT -T* +1) =jT* -T) 


which can be rearranged as: 


re-(1-})r-(1+4)r -1 > |r-(r+4) 


312 Electromagnetic Waves & Antennas - S. J. Orfanidis 


To summarize, the constant resistance and reactance circles are: 


r 1 : : 
Ir cs | ETE (resistance circles) 
i i (9.14.4) 
Ir (1 H 2) | = (reactance circles) 
x |x| 


The centers of the resistance circles are on the positive half of the real axis on the T- 
plane, lying between 0 < I’ < 1. Whenr = 0, the impedance circle is the entire unit-circle 
with center at [ = 0. As r increases, the radii become smaller and the centers move 
towards I = 1. The centers of the reactance circles lie on the tangent of the unit-circle 
atl =1. 


Example 9.14.1: Fig. 9.14.2 depicts the resistance and reactance circles for the following values 
of r,x: 


r = (0.2, 0.5, 1, 2,5], x= (0.2, 0.5, 1, 2, 5] 
Because the point A is at the intersection of the r = 0.2 and x = 0.5 circles, the corre- 
sponding impedance will be z4 = 0.2 + 0.57. We list below the impedances and reflection 


coefficients at the points A, B,C, D,E,S,P, O: 


za =0.2+0.5j, TA 0.420 + 0.592j = 0.726.2125.37° 


Zg =0.5-j, Ig = 0.077 — 0.615j = 0.620 2—82.88° 
Zc =2- 2), Tc = 0.539 — 0.308) = 0.620 2—29.74° 
Zp=J); Tp = j= 1290° 
ZeE=—J, Tg = -j = 12Z-90° 

(short circuit) Zs = 0, I's = -1=12180° 

(open circuit) Zp = œ, Ip =1=120° 

(matched) Zo = 1, To =0=020° 


The points S and P correspond to a short-circuited and an open-circuited impedance. The 
center of the Smith chart at point O corresponds to z = 1, that is, an impedance matched 
to the line. o 


The Smith chart helps one visualize the wave impedance as one moves away from 
or towards a load. Assuming a lossless line, the wave impedance and corresponding 
reflection response at a distance | from the load are given by: 


Z; +jtanBl 
~ 14 jz, tan pl 


Tı =e lp, (9.14.5) 


The magnitude of I remains constant as l varies, indeed, |I7| = ||. On the Smith 
chart, this represents a circle centered at the origin T = 0 of radius |I,|. Such circles 
are called constant SWR circles because the SWR is related to the circle radius by 


_1+|Izrl 


Su 
1-|Iz\ 


The relative phase angle between I and Tz is negative, —21, and therefore, the point 
Tı moves clockwise along the constant SWR circle, as shown in Fig. 9.14.3. Conversely, 
if l is decreasing towards the load, the point T; will be moving counter-clockwise. 
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<— towards generator 


Fig. 9.14.3 Moving towards the generator along a constant SWR circle. 


The rotation angle ¢@; = 261 can be read off in degrees from the outer periphery of 
the Smith chart. The corresponding length l can also be read off in units of wavelengths 
towards the generator (WTG) or wavelengths towards the load (WTL). Moving towards 
the generator by a distance ! = A/8 corresponds to a clockwise rotation by an angle of 
gd) = 2(27r/8)= Tr/2, that is, 90°. Moving by l = A/4 corresponds to a 180° rotation, 
and by l = A/2, to a full 360° rotation. 

Smith charts provide an intuitive geometrical representation of a load in terms of 
its reflection coefficient and help one design matching circuits—where matching means 
moving towards the center of the chart. However, the computational accuracy of the 
Smith chart is not very high, about 5-10%, because one must visually interpolate between 
the grid circles of the chart. 
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Smith charts are used widely to display S-parameters of microwave amplifiers and 
help with the design of matching circuits. Some of the tools used in such designs are the 
stability circles, gain circles, and noise figure circles of an amplifier, which are intuitively 
represented on a Smith chart. We discuss them in Chap. 12. 

Various resources, including a history of the Smith chart and high-quality download- 
able charts in Postscript format can be found on the web site [734]. 

Laursen’s Smith chart MATLAB toolbox can be used to draw Smith charts. It is avail- 
able from the Mathworks web site [745]. Our MATLAB function smith.m can be used to 
draw simple Smith charts. 


9.15 Time-Domain Response of Transmission Lines 


So far we discussed only the sinusoidal response of transmission lines. The response to 
arbitrary time-domain inputs can be obtained by writing Eq. (9.6.3) in the time domain 
by replacing jw — 0/dt. We will assume a lossless line and set R’ = G’ = 0.t We obtain 
then the system of coupled equations: 

OV , ol or , OV 


Oz L ot’ Oz G ot 


(9.15.1) 


The are called telegrapher’s equations. By differentiating again with respect to Z, it 
is easily verified that V and I satisfy the uncoupled one-dimensional wave equations: 
vy o Lov 0 071 1 ðI 
oz? eo dz? cet 


where c = 1//L’C’. Asin Sec. 2.1, itis better to deal directly with the first-order coupled 
system (9.15.1). This system can be uncoupled by defining the forward and backward 
wave components: 


V(t, Z)+Zol (t, z) L’ 


Vi(t,Z)= 5 , Where Zo = Cc (9.15.2) 


They satisfy the uncoupled equations: 


OV. 1 OV 
E = 15. 
Oz te at yaa) 
with general solutions given in terms of two arbitrary functions f(t), g(t): 
Vi(t,z)=f(t-z/c), V_(t,z)=g(t+Z/c) (9.15.4) 
They satisfy the basic forward and backward propagation property: 
Vi(t,z+Az) =Vi(t—At,z) Az 
j where At = — (9.15.5) 
V_(t,z+Az) =V_(t+At,z) c 


TAtRE, R’, G’ may be small but cannot be assumed to be frequency-independent, for example, R’ depends 
on the surface impedance Rs, which grows like f!/2. 
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In particular, we have: 


Vi (t,Z) = Vilt av Z/c,0) 
(9.15.6) 
V_(t,z) =V_(t+2Z/c,0) 


These allow the determination of the line voltages at any point z along the line from 
the knowledge of the voltages at z = 0. Next, we consider a terminated line, shown in 
Fig. 9.15.1, driven by a generator voltage Vg (t), which is typically turned on at t = 0 as 
indicated by the closing of the switch. 


ZG 


JLO 


+ 
Ve ©) Va) 


. d : 
le 


Fig. 9.15.1 Transient response of terminated line. 


In general, Zg and Zz; may have inductive or capacitive parts. To begin with, we will 
assume that they are purely resistive. Let the length of the line be d, so that the one- 
and two-way travel-time delays will be T = d/c and 2T = 2d/c. 

When the switch closes, an initial waveform is launched forward along the line. When 
it reaches the load T seconds later, it gets reflected, picking up a factor of Tz, and begins 
to travel backward. It reaches the generator T seconds later, or 2T seconds after the 
initial launch, and gets reflected there traveling forward again, and so on. The total 
forward- and backward-moving components V + (t, Z) include all the multiple reflections. 

Before we sum up the multiple reflections, we can express V+ (t, Z) in terms of the 
total forward-moving component V+ (t)= V+(t,0) at the generator end, with the help 
of (9.15.6). In fact, we have V+ (t, Z)= V(t- z/c). Applying this at the load end z = d, 
we have V} (t) = V, (t,d)= Vs (t-—d/c) = V,(t—T). Because of Ohm’s law at the load, 
V_, (t) = ZI; (t), we have for the forward/backward components: 


+ Vi (t) +ZoIL(t) = Zp + Zo 7 Zit =Z 
V7 (t)= = I(t V7 (t)= Vi (t)=TLV+(t-T 
z(t) > 7 L(t) Lt) Zii 7 t)=TLV+( ) 
Therefore, we find the total voltage at the load end: 
Vi (t)= VE (+V; (= (1 +T1)V+(t-T) (9.15.7) 


Using (9.15.6), the backward component at z = 0 is: 


V_-(t+T)=V_(t+d/c,0)=V-(t,d)= V; (t)=I:V+(t-T), or, 


V-(t)=T1LV+(t-2T) 
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Thus, the total line voltage at the generator end will be: 


ValQ= V+ (t)4+V_ (OH = Vz (t)+ILV+(t-— 2T) (9.15.8) 


More generally, the voltage at any point z along the line will be: 
V(t, z)= V.(t,z) +V_ (t, Z) = Va (t-— z/c) +P, Vs (t + z/c — 2T) (9.15.9) 


It remains to determine the total forward component V+ (t) in terms of the multiple 
reflections of the initially launched wave along the line. We see below that: 


V+ (t) 


$ (eli) ™ V(t- 2mT) 
m=0 (9.15.10) 


V(t)+((¢I) V(t- 2T) +(f¢T1)?*V (t — 4T) + °°: 


where V (t) is the initially launched waveform: 


V(t)= Zag, Vow (9.15.11) 

Thus, initially the transmission line can be replaced by a voltage divider with Zo in 
series with Zz. For a right-sided signal V (t), such as that generated after closing the 
switch, the number of terms in (9.15.10) is finite, but growing with time. Indeed, the 
requirement that the argument of V(t — 2mT) be non-negative, t — 2mT > 0, may be 
solved for the limits on m: 


t 
Oo<m<M(t), where M(t)= floor (=>) (9.15.12) 
To justify (9.15.10) and (9.15.11), we may start with the single-frequency case dis- 
cussed in Sec. 9.9 and perform an inverse Fourier transform. Defining the z-transform 
variable Ç = e/#T = jPa t we may rewrite Eq. (9.9.7) in the form: 


14+7,C~* 1-Iyc~? VGZo 
Va=V , Lola =V : h Vi eS 
A ep eee eee grg VTS Zg Zo 
The forward and backward waves at z = 0 will be: 
v Va + Zola V 
irc 2 l1- Ior? 

Va — Zolą VIG? -2 (9.15.13) 

V- = T V .15. 
2 1— Tg, C-2 LG t 


Va=V +V- =V +I °V; > Valw)= V; (w)+rre FTV, (w) 


where in the last equation we indicated explicitly the dependence on w. Using the delay 
theorem of Fourier transforms, it follows that the equation for Va(%w) is the Fourier 
transform of (9.15.8). Similarly, we have at the load end: 


tWe use Ç instead of z to avoid confusion with the position variable z. 
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VcGZo 1+ 
ZG + Zo 1- IGILO? 


L= G = (1 +T) GV} 


which is recognized as the Fourier transform of Eq. (9.15.7). Next, we expand V+ using 
the geometric series noting that |[¢I',T~?| = |I GT] < 1: 


V 
1-I¢I,t-2 


V, = V + (Iel) G °V + (TGr) PCV +- (9.15.14) 


which is equivalent to the Fourier transform of Eq. (9.15.10). The same results can be 
obtained using a lattice timing diagram, shown in Fig. 9.15.2, like that of Fig. 4.6.1. 
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Fig. 9.15.2 Lattice timing diagram. 


Each propagation segment introduces a delay factor C~!, forward or backward, and 
each reflection at the load and generator ends introduces a factor lz or Tg. Summing 
up all the forward-moving waves at the generator end gives Eq. (9.15.14). Similarly, the 
summation of the backward terms at the generator, and the summation of the forward 
and backward terms at the load, generate: 


V- = VIG? [1 + Terr) G? + (Terr) G + +++] = Tro RVs 
Vi = VG [1 + (TGT) G? + err)? G +++] = GV 


Vi =TiVG [1 + (TGT) G? + (GTL)? G4 +--+) = TLG Vs = TiVi 


Replacing V, (t) in terms of (9.15.10), we obtain from (9.15.7) and (9.15.8): 


Valt) =V(t)4 (1+7 ' >) (TGTL)” V(t- 2mT) 
. = (9.15.15) 
V(t) = (14+T;) oad (6I',) "V(t — (2m + 1)T) 
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The line voltage at an arbitrary location z along the line, can be determined from 
(9.15.9). The substitution of the series expansion of V+ leads to the expression: 


Vit,z)= >) Grr)” V(t - z/c — 2mT) +I, X Grr) V(t + z/c — 2kT - 2T) 
m=0 k=0 
For a causal input V (t), the allowed ranges for the summation indices m, k are: 


t—z/c 
2T 


0 < m < floor ( 


E 0 < k < floor ( S1) 


2T 


Example 9.15.1: A terminated line has Zo = 50, Z = 450, Z, = 150 Q. The corresponding 
reflection coefficients are calculated to be: Ig = 0.8 and IT; = 0.5. For simplicity, we 
take c 1, d 1,T = d/c 1. First, we consider the transient response of the line 
to a step generator voltage Vg (t)= 10u(t). The initial voltage input to the line will be: 
V(t) = Vg(t)Zo/ (ZG + Zo) = 10 u(t) -50/ (4504 50) = u(t). It follows from (9.15.15) that: 


maa (0.4) u 


Va(t)= u(t)+2.25 X (0.4)™u(t-2mT), Vı(t - (2m+1)T) 
m=1 


Step Response Pulse Response, width t =T/ 10 


Lar 1.50 — generator 
n --- load 
2.5 PE EDELA E. i 
2.26 534 244 h 
2 1.90 210 îi 
2 ey: 
n 0.90 
> 1.5F iš > h 
g ` 2 '! 
> > i -0.60 
1 osh u " 
i i 0.36 
0.5; t Y ~0.24 
— generator i! i n p“ 
load " i " a010. aoe ona 
o i f 1 1 1 1 r r r 0 1 u io ue fil 0: 
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10 


Fig. 9.15.3 Transient step and pulse responses of a terminated line. 


These functions are plotted in Fig. 9.15.3. The successive step levels are calculated by: 


Va(t) | Vi(t) 
I 0 
1 + 2.25[0.4!]= 1.90 1.5 


1 + 2.25[0.4! + 0.47]= 2.26 
1+ 2.25[0.4! + 0.4? + 0.43] = 2.40 
1 + 2.25[0.4! + 0.4? 


1.5[1 + 0.4!]= 2.10 
1.5([1 + 0.4! + 0.42]= 2.34 


+ 0.43 + 0.44]= 2.46 | 1.5([1 + 0.41 + 0.4? + 0.43] = 2.44 
Both V4 and Vz converge to the same asymptotic value: 
2 3 4 1 2 3 1.5 
0.44 + 0.4? +0.44+- -- ]= 1.5[1+0.4 +0.4°4+0.4° +--+ ] 2.5 


14+2.25[0.4' 4 
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More generally, the asymptotic level for a step input Vg (t)= Vgu (t) is found to be: 


1+: VGZo 14+TI, VGZL 
1-Ilol, Zet+Z1-lel, Zo+Z, 


Vo=V (9.15.16) 


Thus, the line behaves asymptotically like a lumped circuit voltage divider with Zz in series 
with Zg. We consider next, the response to a pulse input Vg (t) = 10[u(t)—u(t — T) |, so 
that V (t)= u(t) —u(t — T), where T is the pulse duration. Fig. 9.15.3 shows the generator 
and load line voltages for the case T = T/10 = 1/10. The pulse levels are: 


[1, 2.25(0.4)™] = [1.00, 0.90, 0.36, 0.14, 0.06, ... ] (at generator) 
1.5(0.4)™ = [1.50, 0.60, 0.24, 0.10, 0.04, ... ] (at load) 


The following MATLAB code illustrates the computation of Va (t): 


d = 1; c=1; T = d/c; tau = T/10; VG = 10; 

ZO = 50; ZG = 450; ZL = 150; 

V = VG * ZO / (ZG+Z0); 

gG = z2g(ZG,Z0); gL = z2g(ZL,Z0); % reflection coefficients TG, TL 


t = 0 : T/1500 : 10*T; 


for i=1:length(t), 
M = floor(t(i)/2/T); 
VdCi) = V * upulse(t(i), tau); 
if M >= 1, 
m= 1:M; 
VdCi) = VdCi) + (1+1/gG)*V*sumC(gG*gL).Am .* upulse(t(i)-2*m*T, tau)); 
end 
end 


plot(t, Vd, ’r’); 


where upulse(t,T) generates the unit-pulse function u(t)—u(t — T). The code can be 
adapted for any other input function V (t). 


The MATLAB file pulsemovie.m generates a movie of the step or pulse input as it propa- 
gates back and forth between generator and load. It plots the voltage V (t, z) as a function 
of z at successive time instants t. Oo 


Next, we discuss briefly the case of reactive terminations. These are best han- 
dled using Laplace transforms. Introducing the s-domain variable s = jw, we write 
Ç! = e J“T = esT, The terminating impedances, and hence the reflection coeffi- 
cients, become functions of s. For example, if the load is a resistor in series with an 
inductor, we have Zz (s)= R + sL. Indicating explicitly the dependence on s, we have: 


V(s) _ Ve(s)Zo 
Eroro aTe VETS Yes Gaz, 


In principle, we may perform an inverse Laplace transform on V+ (s) to find V+ (t). 
However, this is very tedious and we will illustrate the method only in the case of a 
matched generator, that is, when Zg = Zo, or, lg = 0. Then, V;(s)= V(s), where 


V.(s)= (9.15.17) 
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V(s)= Vg(s)Zo/2Zo = Veg (s)/2. The line voltages at the generator and load ends will 
be from (9.15.13) and (9.15.7): 
Va(s) = V(s) +I (s)e-*7V(s) 
(9.15.18) 
Vi(s) = [14+ Iz (s) Jes? V(s) 

We consider the four typical cases of series and parallel R-L and series and parallel 
R-C loads. The corresponding Zz (s) and Tz (s) are shown below, where in all cases 
Ir = (R — Zo)/ (R + Zo) and the parameter a gives the effective time constant of the 
termination, T = 1/a: 


series R-L parallel R-L series R-C parallel R-C 
E — 
R R 
“> R= 3L foc 
A La 
i a tJ 
RsL 1 
Ziu(s)=R+Ss8L Zu(S)= Bop ZL=R+ o Z1 (s)= FRCS 
S+ar STpR-a SIrt+a -s + al 
Tis)= —— | r,(s)= — Ti(s)= I, (s)= ——* 
Sta S+a Sta Sta 
R+ Zo A ZoR He 1 qa- kth 
L ~ (R+Zo)L ~ (R+ Zo)C ~ RZoC 


We note that in all cases Tz (s) has the form: Tz (s)= (bos + b,)/(s +a). Assuming 
a step-input Vg (t) = 2Vo u(t), we have V (t)= Vo u(t), so that V(s) = Vo/s. Then, 
1 , bos + bı a 


1 i 1 —2sT 
Va(s)= Vo | * +I, (s) ve ]=vo[- s(s+a)~ 


(9.15.19) 


Using partial-fraction expansions and the delay theorem of Laplace transforms, we 
find the inverse Laplace transform: 


Va(t)= Vou(t) evo | 2! (bo 21) eae”) | w(t — 2T) (9.15.20) 
Applying this result to the four cases, we find: 
Va(t)= Vou(t)+Vo[Ir + (1-Ir)e***) Ju(t—2T) (series R-L) 
Va(t)= Vou(t)+Vo[—-1 + (1+Ip)e@"-22) Ju(t—2T) (parallel R-L) 


(9.15.21) 
Va(t)= Vou(t)+Vo[1 — (1 -Ir)e~4"2 Ju(t — 2T) (series R-C) 
Va(t)= Vou(t)+Vo[PrR - (1+Tp)e-42") Ju(t-2T) (parallel R-C) 
In a similar fashion, we determine the load voltage: 
Vzi(t)= Vo[(1+Ir)+(1—-Irje@" Ju(t-T) (series R-L) 
Vi (t)= Vo(1+Irye 4" u(t — T) (parallel R-L) 
(9.15.22) 
Vi(t)= Vo[2 — (1 —Ir)e-8—? Ju(t — T) (series R-C) 
Vz (t)= Vo(1 +I) [1 -e- 8" Ju(t - T) (parallel R-C) 
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Example 9.15.2: We take Vo = 1, Zo = 50, R = 150 Q, and, as before, d = 1,c = 1, T = 1. We 


find Fr = 0.5. Fig. 9.15.4 shows the voltages V4 (t) and V; (t) in the four cases. 


In all cases, we adjusted L and C such that a = 1. This gives L = 200 and C = 1/200, and 
L = 37.5 and C = 1/37.5, for the series and parallel cases. 


Asymptotically, the series R-L and the parallel R-C cases look like a voltage divider V4 = 
Vt = VGR/(R + Zo)= 1.5, the parallel R-L case looks like a short-circuited load Vg = 
Vı = 0, and the series R-C looks like and open circuit so that Vg = Vr = Vg = 2. 


Using the expressions for V(t, Zz) of Problem 9.30, the MATLAB file RLCmovie.m makes a 
movie of the step input as it propagates to and gets reflected from the reactive load. O 


Series R-L Parallel R- 


2H $ — generator 
--- load 


valt), v(t) 
valt), V(t) 


0.5) 


0 i 2 3 5 
tT 


Series R-C Parallel R-C 


valt), V(t) 
valt), V (6) 


0.5) 


i 
H — generator 
i --- load 


tT 


Fig. 9.15.4 Transient response of reactive terminations. 


9.16 Problems 


9.1 Design a two-wire line made of two AWG 20-gauge (diameter 0.812 mm) copper wires that 


9.2 


has a 300-ohm impedance. Calculate its capacitance per unit length. 


For the two-wire line shown in Fig. 9.5.1, show that the tangential component of the electric 
field vanishes on both cylindrical conductor surfaces. Show that the surface charge and 
current densities on the positively charged conductor are given in terms of the azimuthal 
angle ¢ as follows: 


Q' k? -1 I k? -1 
7 ; Jsz ($) 7 
2ra k? — 2kcosp@+1 2ra k? — 2kcosp@@+1 


ps($) 


Show and interpret the following: 
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2T 27 


ps(p) adp=Q', K Jsz(h) ad =I 


9.3 For the two-wire line of the previous problem, show that the power loss per unit length due 
to ohmic conductor losses is given by: 


Rs|I|/* k? +1 
2ra k?-1 


27 
Pics = Rs I, lIsz(b) Pad = 


From this result, derive Eq. (9.5.13) for R’ and &e. 


9.4 A polyethylene-filled RG-59 coaxial cable has impedance of 75 ohm and velocity factor of 
2/3. If the radius of the inner conductor is 0.322 mm, determine the radius of the outer 
conductor in mm. Determine the capacitance and inductance per unit length. Assuming 
copper conductors and a loss tangent of 7x10~+ for the polyethylene dielectric, calculate 
the attenuation of the cable in dB/100-ft at 50 MHz and at 1 GHz. Finally, calculate the cutoff 
frequency of higher propagating modes. 


9.5 Computer Experiment: Coaxial Cable Attenuation. Consider the attenuation data of an RG- 
8/U cable given in Example 9.4.3. 


a. Reproduce the graph of that Example. Show that with the assumed characteristics of 
the cable, the total attenuation may be written as a function of frequency in the form, 
where « is in dB per 100 ft and f is in GHz: 


a (f) = 4.3412 f1? + 2.9131f 


b. Carry out a least-squares fit of the attenuation data given in the table of that Exam- 
ple by fitting them to a function of the form «(f)= Af!/* + Bf, and determine the 
fitted coefficients A,B. This requires that you find A, B by minimizing the weighted 
performance index: 


T= > wila- Af}? - Bfi)’ = min 


where you may take the weights w; = 1. Show that the minimization problem gives 
rise to a 2x2 linear system of equations in the unknowns A, B, and solve this system 
with MATLAB. 

Plot the resulting function of & (f) on the same graph as that of part (a). How do the 
fitted coefficients compare with those of part (a)? 

Given the fitted coefficients A, B, extract from them the estimated values of the loss 
tangent tan ô and the refractive index n of the dielectric filling (assuming the cable 
radii a,b and conductivity o are as given.) 


c. Because it appears that the 5-GHz data point is not as accurate as the others, redo part 
(b) by assigning only 1/2 weight to that point in the least-squares fit. Finally, redo part 
(b) by assigning zero weight to that point (i.e., not using it in the fit.) 


9.6 Computer Experiment: Optimum Coaxial Cables. Plot the three quantities Ea, Pr, and &e 
given in Eq. (9.4.10) versus the ratio b/a over the range 1.5 < b/a < 4. Indicate on the 
graphs the positions of the optimum ratios that correspond to the minima of Eg and Qc, 
and the maximum of Pr. 

Moreover, write a MATLAB function that solves iteratively (for example, using Newton’s 
method) the equation for minimizing «,, that is, nx = 1 + 1/x. 


9.16. Problems 323 


9.7 


9.8 


9.9 


9.10 


9.12 


9.13 


9.14 


Let Z; = Rı + jX; be the wave impedance on a lossless line at a distance | from a purely 
resistive load Zz. Derive explicit expressions for R; and X; in terms of Zz and the charac- 
teristic impedance Zp of the line for the distances 1 = nA/8, where n = 1, 2,3,4,5, 6, 7, 8. 
Discuss the signs of X; (inductive or capacitive) for the two cases Z; > Zo and Z; < Zo. 
What happens to the above expressions when Z; = Zo? 


A dipole antenna operating in the 30-meter band is connected to a transmitter by a 20-meter 
long lossless coaxial cable having velocity factor of 0.66 and characteristic impedance of 50 
ohm. The wave impedance at the transmitter end of the cable is measured and found to be 
39.9 + 34.27 ohm. Determine the input impedance of the antenna. 


It is desired to measure the characteristic impedance Zo and propagation constant y = «+jB 
of a lossy line. To this end, a length l of the line is short-circuited and its input impedance Zse 
is measured. Then, the segment is open-circuited and its input impedance Zoc is measured. 
Explain how to extract the two unknown quantities Zo and y from Zs. and Zoc. 

The wave impedances of a 100-meter long short- and open-circuited segment of a lossy 
transmission line were measured to be Zs: = 68.45 + 128.137 ohm and Zoc = 4.99 — 16.65) 
ohm at 10 MHz. Using the results of the previous problem, determine the characteristic 
impedance of the line Zo, the attenuation constant « in dB/100-m, and the velocity factor 
of the cable noting that the cable length is at least two wavelengths long. 


For a lossless line, show the inequality: 


2 1+ |I7z| 
1-|Iz| 


1-|I,| 7 14+Tye72bl 
1+ IIL] ~ 1—TI,e-2bl 


where I; is the load reflection coefficient. Then, show that the magnitude of the wave 
impedance Z; along the line varies between the limits: 


1 
Zmin £ |Zi| = Zmax, Zmin = S Zo, Zmax = S Zo 
where Zo is the characteristic impedance of the line and S, the voltage SWR. 
For a lossless line, show that the current I; at a distance / from a load varies between the 
limits: 


Imin < M| < Imax, where Imin = 5 Vmin, Ima = 5 Vmax 


where Vmin and Vmax are the minimum and maximum voltage along the line. Then, show 
that the minimum and maximum wave impedances of the previous problem can be written 
in the alternative forms: 


Zmax = ’ Zmin = 


Imin 
Recall from Sec. 9.13 that Zmax, Zmin correspond to the distances Imax and Imin. However, 
show that Imin and Imax correspond to Imax and lmin, respectively. 


If 500 W of power are delivered to a load by a 50-ohm lossless line and the SWR on the line is 
5, determine the maximum voltage Vmax along the line. Determine also the quantities Vmin, 
Tints Tiin; Z max and Zimin: 

A transmitter is connected to an antenna by an 80-ft length of coaxial cable of characteristic 
impedance of 50 ohm and matched-line loss of 0.6 dB/100-ft. The antenna impedance is 
30 + 40j ohm. The transmitter delivers 1 kW of power into the line. Calculate the amount of 
power delivered to the load and the power lost in the line. Calculate the SWR at the antenna 
and transmitter ends of the line. 
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9.15 Let S; and Sq be the SWRs at the load and at distance d from the load on a lossy and 
mismatched line. Let a = e2“4 be the matched-line loss for the length-d segment. Show that 
the SWRs are related by: 


(a-1)(Si-V) ag Si = S4- (a-1)(S}-1) 


Sa = SL a(S, +1)-(SL-1) (Sa+1)-a(Sa—1) 


Show that 1 < Sg < Sı. When are the equalities valid? Show also that Sg > 1 as d > œ. 


9.16 A 100-Q lossless transmission line is terminated at an unknown load impedance. The line 
is operated at a frequency corresponding to a wavelength A = 40 cm. The standing wave 
ratio along this line is measured to be S = 3. The distance from the load where there is a 
voltage minimum is measured to be 5 cm. Based on these two measurements, determine the 
unknown load impedance. 


9.17 The wavelength on a 50 © transmission line is 80 cm. Determine the load impedance if the 
SWR on the line is 3 and the location of the first voltage minimum is 10 cm from the load. 
At what other distances from the load would one measure a voltage minimum? A voltage 
maximum? 


9.18 A 75-ohm line is connected to an unknown load. Voltage measurements along the line reveal 
that the maximum and minimum voltage values are 6 V and 2 V. It is observed that a voltage 
maximum occurs at the distance from the load: 


1=0.5A — A stan(0.75)= 0.44879A 
4m 


Determine the reflection coefficient I, (in cartesian form) and the load impedance Zz. 


9.19 A load is connected to a generator by a 30-ft long 75-ohm RG-59/U coaxial cable. The SWR 
is measured at the load and the generator and is found to be equal to 3 and 2, respectively. 
Determine the attenuation of the cable in dB/ft. Assuming the load is resistive, what are all 
possible values of the load impedance in ohm? 


9.20 A lossless 50-ohm line with velocity factor of 0.8 is connected to an unknown load. The 
operating frequency is 1 GHz. Voltage measurements along the line reveal that the maximum 
and minimum voltage values are 6 V and 2 V. It is observed that a voltage minimum occurs 
at a distance of 3 cm from the load. Determine the load reflection coefficient I, and the 
load impedance Zz. 


9.21 The next four problems are based on Ref. [506]. A lossless transmission line with real 


characteristic impedance Zo is connected to a series RLC circuit. 


a. Show that the corresponding load impedance may be written as a function of frequency 
in the form (with f, fo in Hz): 


ZL=R -rof t f) 


where fo and Q are the frequency and Q-factor at resonance. Such a load impedance 
provides a simplified model for the input impedance of a resonant dipole antenna. 
Show that the corresponding SWR Sz satisfies S > So for all f, where So is the SWR 
at resonance, that is, corresponding to Z; = R. 
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b. The SWR bandwidth is defined by Af = fz — fi, where f1,fo are the left and right 
bandedge frequencies at which the SWR S; reaches a certain level, say S; = Sg, such 
that Sg > So. Often the choice Sg = 2 is made. Assuming that Zo > R, show that the 
bandedge frequencies satisfy the conditions: 

So + 1)°T3 — (So — 1)? Sp-1 


Q2(1 T?) , where Lo sea 


Af=f, f+ = +R! 


c. Show that the normalized bandwidth is given by: 


Q 


ith To= 
Gmn a= AT yk 


R ER 4S) 


4T} - TŻ) So- 1 
fo 


Show that the left and right bandedge frequencies are given by: 


2 
n= E-F, hef 


(AÐ? Af 
OE he VD 


d. Show that the maximum bandwidth is realized for a mismatched load that has the 
following optimum SWR at resonance: 


Sg + Sa 
2 , 


Afmax  S%—-1 20 
fo 2SB t=T; 


So To =T% Q 
For example, if Sg = 2, we have Ig = 1/3, So = 1.25, and Af /fo = 0.75/Q, whereas 
for a matched load we have Sọ = 1 and Af /fo = 0.50/Q. 


9.22 We assume now that the transmission line of the previous problem is lossy and that the 
RLC load is connected to a generator by a length-d segment of the line. Let a = e?®%4 be the 
matched-line loss. For such lossy line, we may define the bandwidth in terms of the SWR Sq 
at the generator end. 

Show that the normalized bandwidth is given by the same expression as in the previous 
problem, but with the replacement Ip > lg, where lig = alg: 


Af 
fo 


4 (It, — T3) 14+I Bp 
: h Sig = ———— 
(anise ee aes 


Q 4] (Sip So) (So - STH) | 


Show that Trg, Stg are the quantities Tg, Sg referred to the load end of the line. Show 
that the meaningful range of the bandwidth formula is 1 < So < Sz, in the lossy case, and 
1 < So < Sz for the lossless case. Show that for the same Sọ the bandwidth for the lossy 
case is always greater than the bandwidth of the lossless case. 

Show that this definition of bandwidth makes sense as long as the matched line loss satisfies 
alg < 1. Show that the bandwidth vanishes at the Sọ that has [9 = alg. Show that the 
maximum bandwidth is realized for the optimum So: 

Af max S?p -1 20 1B 2alz 


oS Fe = = = 
o-Tip > Que 2S5 1- 1-a? 


SLB + Sih 
2 


So = 


Show that the optimum So is given at the load and generator ends of the line by: 


LERT 
1- ary’ 


_l+ali 


S 
X 1- ar 


Sao 
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9.23 Assume now that Zo < R in the previous problem. Show that the normalized bandwidth is 
given by: 


4 (Ti, — 1%) 
(1 +To)? (1 — Tz) 


QF = Sin 551) (55' Sih) 


Show that the maximum always occurs at So = 1. Show that the conditions alg < 1 and 
0 < So < Srg are still required. 

Show that, for the same So, the bandwidth of the case Zp < R is always smaller than that of 
the case Zo = R. 


9.24 Computer Experiment: Antenna Bandwidth. An 80-meter dipole antenna is resonant at fp = 
3.75 MHz. Its input impedance is modeled as a series RLC circuit as in Problem 9.21. Its 
Q-factor is Q = 13 and its resistance R at resonance will be varied to achieve various values 
of the SWR So. The antenna is connected to a transmitter with a length of 75-ohm coaxial 
cable with matched-line loss of a = e2%4, 


a. For a lossless line (a = 0 GB), plot the normalized bandwidths Q (Af) /fo versus the 
SWR at the antenna at resonance Sg. Do two such plots corresponding to SWR band- 
width levels of Sg = 2 and Sg = 1.75. On the same graphs, add the normalized 
bandwidth plots for the case of a lossy line with a = 2 dB. Identify on each graph the 
optimum bandwidth points and the maximum range of So (for convenience, use the 
same vertical and horizontal scales in all graphs.) 


b. Assume now that Sp = 1.25. What are the two possible values of R? For these two 
cases and assuming a lossy line with a = 2 dB, plot the SWR at the antenna end of 
the line versus frequency in the interval 3.5 < f < 4 MHz. Then, plot the SWRs at 
the transmitter end of the line. Using common scales on all four graphs, add on each 
graph the left and right bandedge frequencies corresponding to the two SWR levels of 
Sg = 2 and Sg = 1.75. Note the wider bandwidth in the lossy case and for the case 
having Zo = R. 


9.25 For the special case of a matched generator having Z; = Zo, or, 'g = 0, show that Eq. (9.15.15) 
reduces to: 


Va(t)=V(t)+ILV(t-2T) and V,(t)= (1+T:)V(t-T) 


9.26 A terminated transmission line may be thought of as a sampled-data linear system. Show 
that Eq. (9.15.15) can be written in the convolutional form: 


vaw= |" ha(t')V(t—t’) dt’, vitt)= | hy (t')V(t—t') dt’ 


so that V(t) may be considered to be the input and Vqg(t) and Vz (t), the outputs. Show 
that the corresponding impulse responses have the sampled-data forms: 


hg (t) = 6(t)+ (1 + F) S CeT)” 6(t — 2mT) 
m=1 


hit) = (+I) Wel1)™ 6(t- (2m + 1)T) 


m=0 


What are the corresponding frequency responses? Show that the effective time constant of 
the system may be defined as: 
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9.27 


9.28 


Ine 
= 2T ——_ 
esr? WlfeFil 


where € is a small number, such as € = 107°. Provide an interpretation of T. 


Computer Experiment: Rise Time and Propagation Effects. In digital systems where pulses 
are transmitted along various interconnects, a rule of thumb is used according to which if 
the rise time-constant of a pulse is t, < 2.5T, where T = d/c is the propagation delay along 
the interconnect, then propagation effects must be taken into account. If tp > 5T, then a 
lumped circuit approach may be used. 


Consider the transmission line of Example 9.15.1. Using the MATLAB function upulse.m, 
generate four triangular pulses of duration tg = 20T and rise times t, = 0, 2.5T, 5T, 10T. 
You may take the fall-times to be equal to the rise-times. 


For each pulse, calculate and plot the line voltages Va (t), Vz (t) at the generator and load 
ends for the time period 0 < t < 80T. Superimpose on these graphs the initial triangular 
waveform that is launched along the line. Discuss the above rule of thumb in the light of 
your results. 


Two coaxial transmission lines of lengths d,,d2, impedances Zoi, Zo2, and propagation 
speeds C1, C2 are connected in cascade as shown below. Define the one-way travel times 
and z-transform variables by Tı = d,/c,, T2 = do/C2, Çı = ef", and Tz = e/®72, 


Zg Vi. d, Vis | Viz d, VL 
T H 
Vee } Zor Tit Zo TLZ; 
P 


v Vv 


Show that the reflection response at the left of the junction is given by: 


p+T,G>° _ Ty. 2) C3? 
1+ pT? 1+ pl'itz° 


Ti 


where p = (Zo2 — Zo1)/(Zo2 + Zo1) and I; is the load reflection coefficient. Show that the 
forward and backward voltages at the generator end and to the right of the junction are: 


V z VeZo 
V 5, V-=T 2V, hi V = =. 
+> {Sree rea Ves where Zet Za 
‘ 1+p)C; , (1+ p)I.C7!Gs* 
v= ( P ci Vi, V= p) LEI & V, 
1+ prL; 1+ pris 


Assume a matched generator, that is, having Zg = Zo, or, fg = 0, and a purely resistive 
load. Show that the time-domain forward and backward transient voltages are given by: 


Vi (t= V(t)= Zve 


V- (= pV(t— 271) +L- p°) X, (-pT1)" V(t- 2mT2 — 2T: — 271) 


3 
1l 
© 


V= (1+ p) X Cpr)” V(t- 2mT2 — T1) 
=0 


V (t)=TL(1 +p) 5 (—pI',)™ V(t — 2mT>2 — 2T2 — Tı) 


m=0 
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9.29 


9.30 
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Show that the line voltage V (t, Z) is given in terms of the above quantities by: 


vaz) V(t- z/c&)+V-(t+z/c), for 0<z<d, 
,z)= 
Vi.(t -— (z-dı)/c2) +Vi-(t+(z-dı)/c2), for dı < Z< dı +d 


Computer Experiment: Transient Response of Cascaded Lines. For the previous problem, 
assume the numerical values dı = 8, do = 2, Cı = Co = 1, Zo, = 50, Zo2 = 200, Zg = 50, 
and Zz = 600 Q. 

Plot the line voltage Vqg(t)= V,(t)+V-_(t) at the generator end for 0 < t < 57}, in the 
two cases of (a) a step input Vg (t)= 3.25 u(t), and (b) a pulse input of width T = Tı/20 
defined by Vg (t)= 3.25[u(t) -u(t— T) ]. You may use the MATLAB functions ustep.m and 
upulse.m. 


For case (a), explain also the initial and final voltage levels. In both cases, explain the reasons 
for the time variations of Vq(t). 

The MATLAB file pulse2movie.m generates a movie of the pulse or step signal V (t, Z) as it 
propagates through this structure. 


Equations (9.15.21) and (9.15.22) represent the line voltages at the generator and load ends 
of a line terminated by a reactive load. Using inverse Laplace transforms, show that the line 
voltage at any point z along such a line is given by: 


V(t, Z)= Vou(t — z/c)+Vo[Irp + (1 —Ir)e-4*?/<-27) u(t + z/c—2T) (series R-L) 
+ ( 


V(t, Zz) = Vo u(t — z/c)+Vo|-1 


1+Tp)e 42/27) y(t +z/c—2T) (parallel R-L) 


[ 
)+Vol 
V(t, z)= Vo u(t z/c)+Vo[1 (1 Taye 442/27) u(t + z/c- 2T) (series R-C) 
)+Vo[ 


V(t,z)= Vo u(t — z/c)+Vo[Pr — (1 +I) e74#?/¢27) ]u(t+z/c-2T) (parallel R-C) 


The MATLAB file RLCmovie.m generates a movie of these waves as they propagate to and get 
reflected from the reactive load. 


Time-domain reflectometry (TDR) is used in a number of applications, such as determining 
fault locations in buried transmission lines, or probing parts of circuit that would otherwise 
be inaccessible. As a fault-location example, consider a transmission line of impedance Zo 
matched at both the generator and load ends, having a fault at a distance dı from the source, 
or distance d» from the load, as shown below. 


Z Vu dad Ve. Z Vu d nVa 
~m — — m — — 
A) Zo C= Zo Z Ve Zo C Zo Zo 


The fault is shown as a shunt or series capacitor C. But C can equally well be replaced by 
an inductor L, or a resistor R. Assuming a unit-step input Vg (t)= 2Vo u(t), show that the 
TDR voltage V4 (t) measured at the generator end will be given by: 


Va (t) = Vou(t)-Vo e722) u(t — 2T)) (shunt C) 
Va(t)= Vo u(t)—Vo[1 — e-740-2T)]u(t-2Tı) (shunt L) 
Va(t) = Vo u(t) +Vo[1 — e447) ]u(t— 2T)) (series C) 
Vq(t) = Vo u(t) +Vo ett- u(t — 2T)) (series L) 


Va(t)= Vou(t)+Vol, u(t — 2T) (shunt or series R) 
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where Tı = d,/c is the one-way travel time to the fault. Show that the corresponding time 
constant T = 1/a is in the four cases: 


ZoC 2L L 
ma =27 Sie =e 
T , oC, T Zo’ T A 


For a resistive fault, show that Ty = —Zp/(2R + Zo), or, Ti = R/(2R + Zo), for a shunt 
or series R. For a series C, show that the voltage wave along the two segments is given as 
follows, and also derive similar expressions for all the other cases: 


TE a — z/c)+Vo e71- y(t + z/c- 2T), for 0<z<dı 
i Vo e7429 u(t- z/c), for dı <Zz<dı +d 
Make a plot of Va (t) for 0 < t < 57), assuming a = 1 for the C and L faults, and Tı = ¥1 
corresponding to a shorted shunt or an opened series fault. 
The MATLAB file TDRmovie.m generates a movie of the step input as it propagates and gets 
reflected from the fault. The lengths were dı = 6, d2 = 4 (in units such that c = 1), and the 
input was Vo = 1. 


10 
Coupled Lines 


10.1 Coupled Transmission Lines 


Coupling between two transmission lines is introduced by their proximity to each other. 
Coupling effects may be undesirable, such as crosstalk in printed circuits, or they may 
be desirable, as in directional couplers where the objective is to transfer power from one 
line to the other. 

In Sections 10.1-10.3, we discuss the equations, and their solutions, describing cou- 
pled lines and crosstalk [458-475]. In Sec. 10.4, we discuss directional couplers, as well 
as fiber Bragg gratings, based on coupled-mode theory [476-497]. Fig. 10.1.1 shows an 
example of two coupled microstrip lines over a common ground plane, and also shows 
a generic circuit model for coupled lines. 


Yor Zg Zi Zi 
(sly | 
pW 
£ Vn Zaz a Zi 
v e l >| 


Fig. 10.1.1 Coupled Transmission Lines. 


For simplicity, we assume that the lines are lossless. Let L;i, Ci, i = 1,2 be the 
distributed inductances and capacitances per unit length when the lines are isolated from 
each other. The corresponding propagation velocities and characteristic impedances 
are: v; = 1/VLiCj, Zi = VLj/Cj, i = 1,2. The coupling between the lines is modeled 
by introducing a mutual inductance and capacitance per unit length, Lm, Cm. Then, the 
coupled versions of telegrapher’s equations (9.15.1) become:! 


tC, is related to the capacitance to ground Cig via Cı = Cig + Cm, so that the total charge per unit 
length on line-1 is Q1 = C1V1 — CmV2 = Cig (V1 — Vg) +Cm (V1 — V2), where Vg = 0. 
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OV oh dI on OV dV>2 

Oz Lig, TEn gg’ Bg hoe T 

OV ol ðI ðI OV. OV wee 
2 2 1 2 2 1 

az oe ae az a o™ Bt 


When Lm = Cm = 0, they reduce to the uncoupled equations describing the isolated 
individual lines. Eqs. (10.1.1) may be written in the 2x2 matrix forms: 


ov_ [ti Lm] ar 
Oz 

(10.1.2) 
ar__[ G -Cm]av 
OZ 


where V, I are the column vectors: 


Vi i 
v= a , I= A (10.1.3) 


dv E d 
= -jw I 


dz Lm L2 

(10.1.4) 
dI _ jw Cı —-Cm v 
dz 5J -Cm C2 


It proves convenient to recast these equations in terms of the forward and backward 
waves that are normalized with respect to the uncoupled impedances Z1, Z2: 


geavi +Zıh aai 
V2Z1 i V2Z1 ay bı 
> a= , b= b (10.1.5) 
Vo + Zolo Və — ZoI> a2 2 
d? = bo = 


J2Z. ” J2Z2 
The a, b waves are similar to the power waves defined in Sec. 12.7. The total average 
power on the line can be expressed conveniently in terms of these: 


1 1 1 
P z Rel Vi = 5 RelVii]+5 Re[V2I2]= Pi +P» 


= (laı|? — |bil?) + (la2|? — |b2l*) = (lal? + la21°) — (b11? + |b2|?) (0-1.6) 
=ata—b'b 


where the dagger operator denotes the conjugate-transpose, for example, at = [a¥, aš]. 
Thus, the a-waves carry power forward, and the b-waves, backward. After some algebra, 
it can be shown that Eqs. (10.1.4) are equivalent to the system: 


J F -G a 
T li (10.1.7) 


a 
— =—jFa+jGb 
= jFa+jG 


— =-jGa+jFb 
= jGatj 
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with the matrices F, G given by: 


Les By K si 0 X 
rofe fg]. efe 2) nii 


where fi, 2 are the uncoupled wavenumbers fj = w/vi = œyLiCi, i = 1,2 and the 
coupling parameters «K, x are: 


1 Lim 1 Lm Cm 
K==W —CmvVZ1Z =—,/ = 
2 ( Ome :) 2 Bibs (7 JCC 


(10.1.9) 


2” (JZZ: 


A consequence of the structure of the matrices F, G is that the total power P defined 
in (10.1.6) is conserved along Z. This follows by writing the power in the following form, 
where I is the 2x2 identity matrix: 


I 0 a 
Sata: = KiKi t pt 
P=a'a bib = fab) 4 la 


Using (10.1.7), we find: 


dP, Ft G&||I o0 I O||F -G]|\ļa 

gonf a ello llo alle =le] 
the latter following from the conditions Ft = F and Gt = G. Eqs. (10.1.6) and (10.1.7) 
form the basis of coupled-mode theory. 

Next, we specialize to the case of two identical lines that have Lı = Lz = Lo and 
Cı = Co = Co, so that By = Bo = wyLoCo = B and Z; = Z = VLo/Co = Zo, and speed 
Vo = 1/VLoCo. Then, the a, b waves and the matrices F, G take the simpler forms: 


1 L 1 L C 
x= w( a CmvZiZ2) = SAA a 


V+Zol V-Zol V+ Zol V-Zol 
, a , b = 
JZ J2Zo 2 2 


_|B K _|0 xX 
ra o c=|? d (10.1.11) 


where, for simplicity, we removed the common scale factor ./2Z 9 from the denominator 
of a,b. The parameters «K, x are obtained by setting Z; = Z2 = Zo in (10.1.9): 


less Cm) 1 (Ln 4 Cm) 
-367 ce). x= 5B(GE +). (10.1.12) 


(10.1.10) 


The matrices F, G commute with each other. In fact, they are both examples of 
matrices of the form: 


_ | Go 41 | _ _|1 0 {0 1 
aa[ %]earsos rfi 9], se[2 8] aoas 
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where do, a; are real such that |ao| # |a1|. Such matrices form a commutative subgroup 
of the group of nonsingular 2x2 matrices. Their eigenvalues are A+ = do + a, and they 
can all be diagonalized by a common unitary matrix: 


1 1 1 1 1 1 1 
a= 5| 3 |= tenet. a= {tI =| ai] (10.1.14) 


so that we have QQt = QtQ =I and Aes = Axes. 

The eigenvectors e+ are referred to as the even and odd modes. To simplify sub- 
sequent expressions, we will denote the eigenvalues of A by A+ = dp + a, and the 
diagonalized matrix by A. Thus, 


E = A 0 aot+a 0 
d t oe + t 0 1 
A=QAQ', A | 0 a | 0 eel (10.1.15) 


Such matrices, as well as any matrix-valued function thereof, may be diagonalized 
simultaneously. Three examples of such functions appear in the solution of Eqs. (10.1.7): 


B = \(F +G)(F-G) = Q\(F+G)(F-G)Qt 


Z = Zo\ (F + G) (F-G)-! = Z2Qy(F + G) (F - G)-1Q¢ (10.1.16) 


T =(Z-Zo1)(Z+ ZolI) = Q(Ž - ZoI) (Z+Zo1)'Q! 


Using the property FG = GF, and differentiating (10.1.7) one more time, we obtain 
the decoupled second-order equations, with B as defined in (10.1.16): 


da p, db 


— _ 2 
Gg Oe gy Tb 


However, it is better to work with (10.1.7) directly. This system can be decoupled by 
forming the following linear combinations of the a, b waves: 


A=a-Ib A EEr È 
abaia PoE Ii (10.1.17) 


The A, B can be written in terms of V, I and the impedance matrix Z as follows: 


A= (2D)! (V+ ZI) V=D(A+ B) 
pc eo (10.1.18) 
B= (2D)7!(V—-ZD ZI=D(A-B) 2Zo 


Using (10.1.17), we find that A, B satisfy the decoupled first-order system: 


d |A |B 0 A dA i dB 
£14 --(3 lie = qyz oo gz “12B (10.1.19) 


with solutions expressed in terms of the matrix exponentials e*/27: 


A(z) = eJ82A(0), B(z)= e/87B(0) (10.1.20) 
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Using (10.1.18), we obtain the solutions for V, I: 


V(z) = Die /?2A(0) +e/22B(0) | 
; (10.1.21) 
ZI(z) = Die /22A(0) —e/?2B(0) | 


To complete the solution, we assume that both lines are terminated at common 
generator and load impedances, that is, Zgı = ZG2 = Zg and Zrı = Zr? = Z,. The 


generator voltages VG1, VG2 are assumed to be different. We define the generator voltage 
vector and source and load matrix reflection coefficients: 


= = -1 
— be l O MZA- DdD- omen 
The terminal conditions for the line are at z = 0 and z = l: 
Vg = V(0)+ZGI(0), V(D= Z, 1) (10.1.23) 
They may be re-expressed in terms of A, B with the help of (10.1.18): 
A(0)-I'gB(0)= D"'Z(Z+Z¢1) Ve, B()=T1A(D) (10.1.24) 


But from (10.1.19), we have:t 
e/?'B(0) = BU) =T, AW =Tye//A(0) = B(0)=T,e 7?! A(0) (10.1.25) 
Inserting this into (10.1.24), we may solve for A(O) in terms of the generator voltage: 
A(0) = D7 [I - rere?! "2 (Z + ZI)! VG (10.1.26) 


Using (10.1.26) into (10.1.21), we finally obtain the voltage and current at an arbitrary 
position z along the lines: 


Viz) = [e782 + FpeW VB le/B2] [I — rerre™%?!] T Z(Z + ZI)! Ve 
(10.1.27) 


I(z) = [e482 — Fy e~ VF leiBz) [I — rorre 7%?! (Z + ZI)! Vg 


These are the coupled-line generalizations of Eqs. (9.9.7). Resolving Vg and V(z) 
into their even and odd modes, that is, expressing them as linear combinations of the 
eigenvectors e+, we have: 


A 
Vo = Vg+e4 + Vg-e-, where Vos = rae 

verbe (10.1.28) 
V(z)= V4 (z)e, +V_(z)e-, Va (z)= n aa 


In this basis, the matrices in (10.1.27) are diagonal resulting in the equivalent solution: 
e IBZ + Tye P+lejP+z Z, 

1 — I'g+[r+e72ib-l Z+ + ZG 
eJB-2 + T,_e-2B-leiB-2 Z_ 


Vee 
[=f ele ee. Z +z ®® 


V(z)= V (z)e, + V-(z)e- = 


VG+e+ 
(10.1.29) 


tThe matrices D, Z, IG, I1, T, B all commute with each other. 
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where f+ are the eigenvalues of B, Z+ the eigenvalues of Z, and l'G+, l z+ are: 


ZG a Ze ZL = Ze 

—— ys. = > 10.1. 

Teh tI Gk Te eee 
The voltages V;(z),V2(z) are obtained by extracting the top and bottom compo- 

nents of (10.1.29), that is, Vi,2(z) = [V+ (z) +V_(z) ]/v2: 


TGs = 


v (z) oe IB+Z ae Tye UB +l QIB+z . e-jB-z B Ti _e-?B-lejB-z 
1 1 — l'l r+e7?B+ +4 1-—IG_I_e-2ib-! = eer 
V2(z) ge ge els eJB-2 4 Ty _e@~2iB-leJB-2 om 
BNR TS Gagal ppe alba Ire T, e BT V- 
where we defined: 
Z+ VG+ 1 
Mae (5 x) vA = g - Tes) Ver + Ver) (10.1.32) 


The parameters B., Z+ are obtained using the rules of Eq. (10.1.15). From Eq. (10.1.12), 
we find the eigenvalues of the matrices F + G: 


(F+G).= B+ (k+x)=B(1+ 7 ) = o7; (Lo + Li) 


(E-G)s =B (K -x)= B (17 S") = wZo(CoF Cm) 


Then, it follows that: 


B+ = 4 (F + G)4 (F - G), = wy (Lo + Lm) (Co - Cm) 
(10.1.33) 
B- = \ (F +G)- (F - G)- = wy (Lo — Lm) (Co + Cm) 
(F + G)+ Lo+ Lm 
EEN Ete o ietin 
(10.1.34) 
(F+G)-_ [Lo-Lm 
Ana T10- ie 


Thus, the coupled system acts as two uncoupled lines with wavenumbers and char- 
acteristic impedances B., Z+, propagation speeds v+ = 1/4 (Lo + Lm) (Co F Cm), and 
propagation delays T+ = l/v+. The even mode is energized when Vg2 = Vg, or, 
Vg, + 0, VG- = 0, and the odd mode, when Vg2 = —Vai, or, Ve+ = 0, Vg- # 0. 

When the coupled lines are immersed in a homogeneous medium, such as two parallel 
wires in air over a ground plane, then the propagation speeds must be equal to the speed 
of light within this medium [468], that is, v, = v- = 1/,/ue. This requires: 


HECo 


(Lo + Lm) (Co - Cm) = He E A 
> (10.1.35) 
(Lo — Lm) (Co + Cm) = HE Taz HECm 
Ci — Cha 


Therefore, Lm/Lo = Cm/Co, or, equivalently, k = 0. On the other hand, in an 
inhomogeneous medium, such as for the case of the microstrip lines shown in Fig. 10.1.1, 
the propagation speeds may be different, v} + v_, and hence T} + T_. 
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10.2 Crosstalk Between Lines 


When only line-1 is energized, that is, Vg: # 0, V2 = 0, the coupling between the lines 
induces a propagating wave in line-2, referred to as crosstalk, which also has some minor 
influence back on line-1. The near-end and far-end crosstalk are the values of V2(z) at 
z = 0 and Z = l, respectively. Setting Vg2 = 0 in (10.1.32), we have from (10.1.31): 


1(1-T¢+) +I1+67?) 1 (1 -ITg-) 0 +Ty-T2!) 
VANES Tareas Or Aree 
(10.2.1) 
vo) = 2S OTe) 14 Tis) 1 61 =Te-) (1 +Ti-) 4 
: a 1-Tur et Oe eae 


where we defined V = Vgı/2 and introduced the z-transform delay variables C. = 
eJ“Ts — eiB=!_ Assuming purely resistive termination impedances Zc, ZŁ, we may use 
Eq. (9.15.15) to obtain the corresponding time-domain responses: 


Vo2(t,0) = a-reo|vo+ (1+ z 
+ 


) $ Melt)” V(t- am.) 
m=1 


1 1\ g m 
E sl =F) [vos (1 + E) 2 Tei) V(t- amt) 
(10.2.2) 


V2(t,1) = Za -Tc) (1 +Tr+) 2 (Te+Tr+)" V(t- 2mT+ - T4) 


1 foe) 
—=(1-Tg_-)(1+Iy-) > e-Tp-)™ V(t — 2mT_ - T_) 
2 m=0 
where V(t) = Voi (t)/2.1 Because Z+ # Zo, there will be multiple reflections even when 
the lines are matched to Zo at both ends. Setting Zg = ZL = Zo, gives for the reflection 


coefficients (10.1.30): 
Zo — Z+ 
Tost =T ps = es ae 10.2.3 
G+ = 7 az, + ( ) 


In this case, we find for the crosstalk signals: 


Vo(t,0) = 50. +T») [vo-a -T4) > Pe" (t - amt.) 


- za +T-_) [vo-a -T_) $ r?™ V(t- amt) 


(10.2.4) 


loo} 


1 
Va(t.D = M -I$) X rem V(t-2mT+-T+) 


a > re" V(t — 2mT_ - T-) 


TV (t) is the signal that would exist on a matched line-1 in the absence of line-2, V = ZopVG1/(Zo0+ ZG) = 
Voi/2, provided ZG = Zo. 
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Similarly, the near-end and far-end signals on the driven line are found by adding, 
instead of subtracting, the even- and odd-mode terms: 


Vi(t,0) = za +T4) [vo-a -T4) > ree vie- amt.) 
m=1 


+ za +T_) [vo-a -T_) y(t = amt) 


Me: 


i (10.2.5) 


Vit, D = a -72) X re" V(t — 2mT, - T+) 
m=0 


1 o 
+5 (beats), T™V(t-2mT--T-_) 
2 = 
m=0 
These expressions simplify drastically if we assume weak coupling. It is straightfor- 
ward to verify that to first-order in the parameters Lm/Lo, Cm/Co, or equivalently, to 
first-order in K, xX, we have the approximations: 


BA BEAR SBE, Z=% +4AZ=Z+Zo%Š, v =v Fv% 
B B 40.2.6) 
ACs Pee -TETS K 
rs =O+AT=+-,, Peed ga =T+T— 
: 2B B 


where T = l/vọ. Because the Iss are already first-order, the multiple reflection terms 
in the above summations are a second-order effect, and only the lowest terms will con- 
tribute, that is, the term m = 1 for the near-end, and m = 0 for the far end. Then, 


V2(0,t) = $T; -TVO TV- 2T4)-T-V (t = 2T-)] 


1 
VD = 5 [V(t-T,)-V(t-T_)] 
Using a Taylor series expansion and (10.2.6), we have to first-order: 
V(t — 2T1)= V(t — 2T = AT) = V(t — 2T)#(AT)V(t—2T), V= av 


V(t-—Ts)=V(t -T FAT)= V(t — T) (AT) V(t — T) 


Therefore, T+V (t — 2T+)= I's[V(t — 2T)¥(AT)V] = I'.V(t — 2T), where we 
ignored the second-order terms I's (AT)V. It follows that: 


¥2(0,t) = 5 (04 -T [V-V t- 27)] = (AP) [V(t)-V(t = 27)] 


dv (t-T) 
dt 


Vo(1,t) = sIVit=T)-(AT)V -V(t-T)-(AT)V] = —(AT) 


These can be written in the commonly used form: 


V2 (0, t) = Ky[V(t) -V(t — 2T) | 
dV (t —T) (near- and far-end crosstalk) (10.2.7) 
r — 


V2(1,t)= K dt 
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where Kp, Kf are known as the backward and forward crosstalk coefficients: 


_ x = Y (on 
267 4 (Zo 


Kp 


' CmZo) s See eee (2 


B 2 \Zo 


where we may replace! = vg T. The same approximations give for line-1, V; (0, t)= V (t) 
and V; (1,t) = V(t — T). Thus, to first-order, line-2 does not act back to disturb line-1. 


CmZo) (10.2.8) 


Example 10.2.1: Fig. 10.2.1 shows the signals V: (0, t), Vi (I,t), V2(0,t), V2 (1, t) for a pair of 
coupled lines matched at both ends. The uncoupled line impedance was Zo = 50 Q. 


Lip Lo =0.4, Cm Co =0.3 Lip Lo =0.8, Cm/ Co =0.7 


Fig. 10.2.1 Near- and far-end crosstalk signals on lines 1 and 2. 


For the left graph, we chose Lm/Lo = 0.4, Cm/Co = 0.3, which results in the even and odd 
mode parameters (using the exact formulas): 


Z+ = 70.710, Z- = 33.970, vi =1.0lv9, v- =1.13Vo 
T, = -—0.17, F_=0.19, T,=0.99T, T_=0.88T, Kp= 0.175, Kp = 0.05 


The right graph corresponds to Lm/Lo = 0.8, Cm/Co = 0.7, with parameters: 


Z+, = 122.47 Q, Z- =17.15 Q, v, =1.36V9, v- = 1.71vọ 
T, = —0.42, T- =0.49, T,=0.73T, T- =0.58T, Kp= 0.375, Kf = 0.05 


The generator input to line-1 was a rising step with rise-time t, = T/4, that is, 


Vit)= Va (D= uO -ult- tr)] + ult- tr) 


r 


The weak-coupling approximations are more closely satisfied for the left case. Eqs. (10.2.7) 
predict for V2(0,t) a trapezoidal pulse of duration 2T and height Ky, and for V2 (I,t), a 
rectangular pulse of width t, and height Ky/t, = —0.2 starting at t = T: 


V: (1, t) = Kf 


VUD L Kiut T)-u(t-T-t,)] 


dt r 


These predictions are approximately correct as can be seen in the figure. The approxima- 
tion predicts also that V; (0, t)= V(t) and V, (1,t)= V (t — T), which are not quite true— 
the effect of line-2 on line-1 cannot be ignored completely. 
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The interaction between the two lines is seen better in the MATLAB movie xtalkmovie.m, 
which plots the waves V; (z,t) and V2(z,t) as they propagate to and get reflected from 
their respective loads, and compares them to the uncoupled case Vo (z, t)= V(t — Z/vo). 
The waves V;2(Z,t) are computed by the same method as for the movie pulsemovie. 

of Example 9.15.1, applied separately to the even and odd modes. (m 


10.3 Weakly Coupled Lines with Arbitrary Terminations 


The even-odd mode decomposition can be carried out only in the case of identical lines 
both of which have the same load and generator impedances. The case of arbitrary 
terminations has been solved in closed form only for homogeneous media [465,468]. It 
has also been solved for arbitrary media under the weak coupling assumption [475]. 

Following [475], we solve the general equations (10.1.7)-(10.1.9) for weakly coupled 
lines assuming arbitrary terminating impedances Z,;, ZGi, with reflection coefficients: 
_ Lui Zi Zai — Zi 
p Ziyi t+ Zi , 

Working with the forward and backward waves, we write Eq. (10.1.7) as the 4x4 
matrix equation: 


Tri i=1,2 (10.3.1) 


ay Bi K 0 ZA 
dc x a2 K Bo DFN: (0) 
— = -jM = M= 
Ag Wee SS bı |? 0 x -b -Kā 
bz x 0 -k -f 


The weak coupling assumption consists of ignoring the coupling of a1, bı on az, bo. 
This amounts to approximating the above linear system by: 


Bi 0 0 0 
k Bo -x 0 
0 0 -RA 0 
x 0 -Kk -f 


Bee. ME 


Ag (10.3.2) 


Its solution is given by c(Z) = e-iMze(0), where the transition matrix e~/2 can be 
expressed in closed form as follows: 


eure 0 0 0 i A 
ana R(e-JBiız — e-jb:z) e-JB2 9 (eibiz — e-JB:z) Q K= B-B 
7 0 0 ejbız b ee eet 
Q(e-iBız — eib:z) Q  R(eiBiz— eib:z) ejz Pi + Be 


The transition matrix e~“! may be written in terms of the z-domain delay variables 
Çi = e/Bil = eiTi, į = 1,2, where T; are the one-way travel times along the lines, that is, 
Ti = l/vi. Then, we find: 


ay (l) Ge 0 0 0 ai (0) 
axl) |_| R@T -6 G R-E) 0 | | ap (0) 
a |7 0 0 a o || b0) MOa 
b2 (1) RGI- G) 0 RG -G) G2 | | be (0) 
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These must be appended by the appropriate terminating conditions. Assuming that 
only line-1 is driven, we have: 


V¥i(0)+Zeq11(0)=Ve1, Vit) = Zul (D 
V2(0)+ZG2l2(0)= 0, V2 (1) = Zr2I2 (D) 


which can be written in terms of the a, b waves: 


aı(0)-Iľgıbı (0)= U1, by (D=T 11a, (l) 2 Va 
a(OVaFab (020; Warped Boag beg O08! 


Eqs. (10.3.3) and (10.3.4) provide a set of eight equations in eight unknowns. Once 
these are solved, the near- and far-end voltages may be determined. For line-1, we find: 


a3 
V1(0)= | [a (0) +h (0)] = Gis oy 


1-TeWluty* 


=t 
vo- Elan] Gr Q +I) y 


= 1-leW tz? 


where V = (1 —I'g1) Vg1/2 = ZıVgı/(Zı + ZG1). For line-2, we have: 


(10.3.5) 


kG- Co") nG +T +R -GGH A + Fail 1207 G) 


V2(0) = V. 
240) a =Tar ng) (A —Terets”) gi 
kG- GHA + Tul G2t GARA -GtG Mungi! + TGG) 
Vo (1) =e —2 2 Va 
(1 -rcl tnis) A — Tee 122°) 
(10.3.6) 


where Voo = (1+IG2)V = (1 +T6g2)(1 -— 61) VeG1/2 and V2; = (1 + Fy2)V, and we 
defined k, X by: 


f Zo ʻ„ Zo K w (2 ) 
k=,| {k= CmZ 
Zı Zı Bi- Bo Bi-Bb22\% nee 


ia Zo. Zo X w 5 (= ) 
= + CmZ 
a VZ * Zı Bit Bo Bit B22\2, oe 


In the case of identical lines with Z; = Z2 = Zo and B, = Bo = B = W/Vo, we must 
use the limit: 


(10.3.7) 


—jBil _ 9 —jB2l 
cc gles E jle~i6l 
Bo-pi Bi Bo dBi 


Then, we obtain: 


geese i : ; >. I/L a 

k (GI! -%3 1)— jwKpe JP! = Jos (= — CmZo) eB! 
(10.3.8) 

Lm 


Zo 


a Vo 
> Kp = ( 
X b 4 


t CmZo) 


where Kf, Kp were defined in (10.2.8). Setting Ọı = T2 = Ç = e/B! = ej%T, we find the 
crosstalk signals: 
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JwKe Tr + T12)67? + Ky (1 — G°?) (1 + Fil 125) 
(1 -Teln 6?) (1 — Teel 126-2) 


jwK; (1+ lint go *)C 1 + Kp (1 -—¢-*) i +0 g2)C 
(1 -Tel n6?) (1 — Teel 126-7) 


The corresponding time-domain signals will involve the double multiple reflections 
arising from the denominators. However, if we assume the each line is matched in at 
least one of its ends, so that ['g,f,1 = ['g2ft2 = O, then the denominators can be 
eliminated. Replacing jw by the time-derivative d/dt and each factor €~! by a delay by 
T, we obtain: 


V2(0) = V20 
(10.3.9) 


V2(D = 


Va 


V2(t,0) = Kf (Tr +Tr2 + Til) V(t — 2T) 


rE iire- r-a] Ra aV TAAT] 
; ; (10.3.10) 
Və (t, l= Kr[Q +Ip2)V(t —T) +I pT GV (t = 3T) | 


+ Ky (Tri +02 +T) [V(t - T)-V(t - 3T)] 


where V (t)= (1 —Ig1) Vgi (t) /2, and we used the property I'g2I,2 = 0 to simplify the 
expressions. Eqs. (10.3.10) reduce to (10.2.7) when the lines are matched at both ends. 


10.4 Coupled-Mode Theory 


In its simplest form, coupled-mode or coupled-wave theory provides a paradigm for the 
interaction between two waves and the exchange of energy from one to the other as 
they propagate. Reviews and earlier literature may be found in Refs. [476-497], see also 
[328-347] for the relationship to fiber Bragg gratings and distributed feedback lasers. 
There are several mechanical and electrical analogs of coupled-mode theory, such as 
a pair of coupled pendula, or two masses at the ends of two springs with a third spring 
connecting the two, or two LC circuits with a coupling capacitor between them. In these 
examples, the exchange of energy is taking place over time instead of over space. 
Coupled-wave theory is inherently directional. If two forward-moving waves are 
strongly coupled, then their interactions with the corresponding backward waves may 
be ignored. Similarly, if a forward- and a backward-moving wave are strongly coupled, 
then their interactions with the corresponding oppositely moving waves may be ignored. 
Fig. 10.4.1 depicts these two cases of co-directional and contra-directional coupling. 


<— |] —* 


A oe ait) ss aa —— a ai!) 
a,(0) wa Se (1) (0) «#$_ a= hll) 


co-directional contra-directional 
Fig. 10.4.1 Directional Couplers. 


Eqs. (10.1.7) form the basis of coupled-mode theory. In the co-directional case, if 
we assume that there are only forward waves at z = 0, that is, a(0)# 0 and b(0)= 0, 
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then it may shown that the effect of the backward waves on the forward ones becomes 
a second-order effect in the coupling constants, and therefore, it may be ignored. To 
see this, we solve the second of Eqs. (10.1.7) for b in terms of a, assuming zero initial 
conditions, and substitute it in the first: 


da 
dz 


The second term is second-order in G, or in the coupling constant x. Ignoring this 
term, we obtain the standard equations describing a co-directional coupler: 


da . d | a, .| Bi K ay 
= —jF == 10.4.1 
az~ a dz | az | J | k B2 || ae ( 
For the contra-directional case, a similar argument that assumes the initial conditions 
az (0)= bı (0) = 0 gives the following approximation that couples the a; and bz waves: 


djaj |B -x ||“ 
ajal- iy eae VO) 


The conserved powers are in the two cases: 


Z FA 
b(z)= -i| eF2-29 G a(z’) dz’ = —jFa4 Í GelF 2-2) Ga(z') dz’ 
0 0 


P=|a,|* + lal’, P = |a,|* — |bo|? (10.4.3) 


The solution of Eq. (10.4.1) is obtained with the help of the transition matrix e~/?2 : 


ô 
; ; cos oZ — j — sinoz -j £ sinoz 
eJFZ — e-jBz P on Oo (10.4.4) 
-j —sinoz cosoz + j — sinoz 
Oo o 
where 
+ = 
pa Pit he, p= Fin o =V824+K2 (10.4.5) 
Thus, the solution of (10.4.1) is: 
cos oz —J g sinoz J K sin oZ 
; E= gor 0 
a1(Z) | _ g gfe o o 4110) | 40.4.6) 
a(z) K Ô az (0) 
-j g sinoz cos oZ — j; SOZ 


Starting with initial conditions a; (0)= 1 and az (0)= 0, the total initial power will 
be P = |aı (0)|? + [a2 (0) |? = 1. As the waves propagate along the z-direction, power is 
exchanged between lines 1 and 2 according to: 

8? 
Pi (z)= |a (z) |? = cos? oz + = sin? oz 
; á (10.4.7) 
P>(z) = |a (z)|? = 5 sin? oz = 1 — Pı (z) 

Fig. 10.4.2 shows the two cases for which 6/k = 0 and 6/k = 0.5. In both cases, 
maximum exchange of power occurs periodically at distances that are odd multiples of 
Z = 1/20. Complete power exchange occurs only in the case 6 = 0, or equivalently, 
when £ı = fo. In this case, we have o = K and P; (z) = cos? Kz, P»(z) = sin? kz. 


10.5. Fiber Bragg Gratings 343 


Co-directional coupler, 6/«=0 Co-directional coupler, 6/« =0.5 
1 aa 7 


oz/x ozin 


Fig. 10.4.2 Power exchange in co-directional couplers. 


10.5 Fiber Bragg Gratings 


As an example of contra-directional coupling, we consider the case of a fiber Bragg 
grating (FBG), that is, a fiber with a segment that has a periodically varying refractive 
index, as shown in Fig. 10.5.1. 


— A |< one period 
— ] — 


Fig. 10.5.1 Fiber Bragg grating. 


The backward wave is generated by the reflection of a forward-moving wave incident 
on the interface from the left. The grating behaves very similarly to a periodic multilayer 
structure, such as a dielectric mirror at normal incidence, exhibiting high-reflectance 
bands. A simple model for an FBG is as follows [328-347]: 


dja(z)]_. B ke-ÍKz a(z) 
dz Ee | =J | —K* ejKz -B b(z) (10.5.1) 
where K = 27r/A is the Bloch wavenumber, A is the period, and a (z), b (z) represent the 


forward and backward waves. The following transformation removes the phase factor 
e J&Z from the coupling constant: 


A(z) ge 0 a(z) eiKz!2q(z) 
Ee | = | 0 tere | E | = eo | (10.5.2) 


d | A(z) | 6 k |[ A(z) 
dz Ee | 53 | —K* =| Be | (10.5.3) 
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where ô = f — K/2 is referred to as a detuning parameter. The conserved power is given 
by P(z)= |a(z)|* — |b(z)|*. The fields at z = 0 are related to those at z = l by: 


A(0) _ „jFl A(l) . z ô K 
eaa Fol: wita E E] (10.5.4) 


The transfer matrix e! is given by: 


asoka mol j£ sinal 
: = a U U 
oiFl _ oo Cae: = | a A (10.5.5) 
-j —sinol cosol — j — sin ol 12 At 
o o 
where o0 = 02 — |k|2. If |6| < |K|, then o becomes imaginary. In this case, it is more 


convenient to express the transfer matrix in terms of the quantity y = /|K|* — 62: 


cosh yl + j a sinh yl j K sinh yl 
jF! — y yY (10.5.6) 


RE „Ô 
-j ap sinh yl cosh yl — j r sinh yl 


The transfer matrix has unit determinant, which implies that |U11|? — |Uj2|? = 1. 
Using this property, we may rearrange (10.5.4) into its scattering matrix form that relates 
the outgoing fields to the incoming ones: 


B(O) | [T T || AW) SH . es Up 1 
hae Play le Bae gee ies e0 


where I’, I” are the reflection coefficients from the left and right, respectively, and T is 
the transmission coefficient. We have explicitly, 
K* 
-j —sinol 1 
T= a 5 , T= 5 (10.5.8) 
cosol +j T sin ol cosol +j T sin ol 


If there is only an incident wave from the left, that is, A(0)# 0 and B (1) = 0, then 
(10.5.7) implies that B (0)= TA (0) and A (1)= TA (0). 

A consequence of power conservation, |A (0)|? — |B(0)|? = |A (D|? — |B (1) |?, is 
the unitarity of the scattering matrix, which implies the property |I|? + |T|? = 1. The 
reflectance |I|? may be expressed in the following two forms, the first being appropriate 
when |6| > |K|, and the second when |ô] < |x|: 


|k|? sin? ol |x|? sinh? yl 
o? cos? ol + 6? sin? ol y2 cosh* yl + 62 sinh? yl 


rl? =1-|T/P = (10.5.9) 


Fig. 10.5.2 shows |I|? as a function of ô. The high-reflectance band corresponds to 
the range |6| < |k|. The left graph has xl = 3 and the right one Kl = 6. 

As Kl increases, the reflection band becomes sharper. The asymptotic width of the 
band is —|k| < ô < |k|. For any finite value of kl, the maximum reflectance achieved 
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Fiber Bragg Grating, xl =3 Fiber Bragg Grating, xl =6 


1 


3 


1 2 3 4 4 3 2 a 


0 
6/K 


Fig. 10.5.2 Reflectance of fiber Bragg gratings. 


at the center of the band, ô = 0, is given by |I |2ax = tanh? |kl|. The reflectance at the 
asymptotic band edges is given by: 


fet 


= 1+ [kl]? at ô = |k] 


The zeros of the reflectance correspond to sinol = 0, or, © = mrt/I, which gives 
6 = +4 |k|? + (mrTr/1)?, where m is a non-zero integer. 

The Bragg wavelength Ax is the wavelength at the center of the reflecting band, that 
is, corresponding to 6 = 0, or, B = K/2, or Ag = 2T /P = 4r/K = 2A. 

By concatenating two identical FBGs separated by a “spacer” of length d = Ag/4 = 
A/2, we obtain a quarter-wave phase-shifted FBG, which has a narrow transmission 
window centered at 6 = 0. Fig. 10.5.3 depicts such a compound grating. Within the 
spacer, the A, B waves propagate with wavenumber £ as though they are uncoupled. 


Fig. 10.5.3 Quarter-wave phase-shifted fiber Bragg grating. 


The compound transfer matrix is obtained by multiplying the transfer matrices of 
the two FBGs and the spacer: V = UggcUspacerU rpc, or, explicitly: 


Vu Viz |_| Ui Ure || o Ui U2 
E AH i o eba || uU% U% (10.5.10) 


where the U;j are given in Eq. (10.5.5). It follows that the matrix elements of V are: 
Vu = U? e/ba + |U12|2e84 | Vi: = U12 (Ui, e/84 + Ute J64) (10.5.11) 
The reflection coefficient of the compound grating will be: 


Tasa Vi _ U (Unet? + Uje.) Fates Tes”) 
mP Vit U%, e/B4 + |Uj2|2e-JBa T*ejbd + |T|2?Te-jba 


(10.5.12) 
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where we replaced Uj, = I'/T and U11 = 1/T. Assuming a quarter-wavelength spacing 

d = àg/4 = A/2, we have Bd = (6+7t/A)d = 6d + Tr/2. Replacing ejb? = ejðd+jT/2 — 
jes°4, we obtain: 

r I (T*ei4 — Ted) 

comp  T*ej6d — IT |2Te-sod 


(10.5.13) 


At ô = 0, we have T = T* = 1/cosh|k|l, and therefore, comp = 0. Fig. 10.5.4 depicts 
the reflectance, comp |*; and transmittance, 1 — [Vcomp |*; for the case kl = 2. 


Compound Grating, xl =2 Compound Grating, «l =2 
1 (= a ib 
0.8} : 0.8 
m g 
oO = 
£ S 
© 0.6} # 0.67 
E 5 
cS 
2 oat © 0.4: 
H 
0.2 | 0.2 
i. T U NS S SA D O 
4 3 2 24 0 1 2 3 4 4 3 2 a4 0 1 2 3 4 
ôlk é/k 


Fig. 10.5.4 Quarter-wave phase-shifted Bragg grating. 


Quarter-wave phase-shifted FBGs are similar to the Fabry-Perot resonators discussed 
in Sec. 5.5. Improved designs having narrow and flat transmission bands can be obtained 
by cascading several quarter-wave FBGs with different lengths [328-348]. Some appli- 
cations of FBGs in DWDM systems were pointed out in Sec. 5.7. 


10.6 Problems 


10.1 Consider the practical case in which two lines are coupled only over a middle portion of 
length /, with their beginning and ending segments being uncoupled, as shown below: 


Vsi Zc Zi 
z A B 
v = N Zi A v 
a S Z, Ne 
v je l >| v 


Assuming weakly coupled lines, how should Eqs. (10.3.6) and (10.3.9) be modified in this 
case? [Hint: Replace the segments to the left of the reference plane A and to the right of 
plane B by their Thévenin equivalents.] 


11 


Impedance Matching 


11.1 Conjugate and Reflectionless Matching 


The Thévenin equivalent circuits depicted in Figs. 9.11.1 and 9.11.3 also allow us to 
answer the question of maximum power transfer. Given a generator and a length-d 
transmission line, maximum transfer of power from the generator to the load takes 
place when the load is conjugate matched to the generator, that is, 


Zi =Zh (conjugate match) (11.1.1) 


The proof of this result is postponed until Sec. 14.4. Writing Zh = Rin + jXt and 
Zr, = R; +jX_z, the condition is equivalent to Rz; = Ry, and Xz; = —Xp. In this case, half 
of the generated power is delivered to the load and half is dissipated in the generator’s 
Thévenin resistance. From the Thévenin circuit shown in Fig. 9.11.1, we find for the 
current through the load: 


= Vin 2 Vin 2 Vin 
Zn+Zp (Rw +Rr)t+j(Xnt+X1) 2R 


Ir 


Thus, the total reactance of the circuit is canceled. It follows then that the power de- 
livered by the Thévenin generator and the powers dissipated in the generator’s Thévenin 
resistance and the load will be: 


1 Vl? 
ER T E 
2 4Rih 
1 Wale 4 1 Val? 1 ee 
Pa = =Rullzl? = = =Po, Pr = RLL? = —— = =P 
h= 5 thir] Ren z Prot L=s LiL! 8R, 5 Prot 


Assuming a lossless line (real-valued Zp and £), the conjugate match condition can 
also be written in terms of the reflection coefficients corresponding to Zz, and Zw: 


fel = rete (conjugate match) (11.1.3) 


Moving the phase exponential to the left, we note that the conjugate match condition 
can be written in terms of the same quantities at the input side of the transmission line: 


347 
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Ta = Tre? = Z= ee (conjugate match) (11.1.4) 


Thus, the conjugate match condition can be phrased in terms of the input quantities 
and the equivalent circuit of Fig. 9.9.1. More generally, there is a conjugate match at 
every point along the line. 

Indeed, the line can be cut at any distance / from the load and its entire left segment 
including the generator can be replaced by a Thévenin-equivalent circuit. The conjugate 
matching condition is obtained by propagating Eq. (11.1.3) to the left by a distance l, or 
equivalently, Eq. (11.1.4) to the right by distance d — l: 


Tı = Tre”! = r% e?jBl(d-) (conjugate match) (11.1.5) 


Conjugate matching is not the same as reflectionless matching, which refers to match- 
ing the load to the line impedance, Z; = Zo, in order to prevent reflections from the 
load. 

In practice, we must use matching networks at one or both ends of the transmission 
line to achieve the desired type of matching. Fig. 11.1.1 shows the two typical situations 
that arise. 


flat line 
Zg D op o E 
+ Ei SH A 
Ve(~) Ze $Z Zo 8 2 > Z 
= so sO 
eS gS 
m 
conjugate match 
Zg oD y 0. 
ra a y 
y ae * Z 
a) Ze) g E> 4=2Z¢ Zo L 
> zg 
T 
[a d >| 


Fig. 11.1.1 Reflectionless and conjugate matching of a transmission line. 


In the first, referred to as a flat line, both the generator and the load are matched 
so that effectively, Zg = Zr = Zo. There are no reflected waves and the generator 
(which is typically designed to operate into Zo) transmits maximum power to the load, 
as compared to the case when Zg = Zo but Zz; # Zo. 

In the second case, the load is connected to the line without a matching circuit 
and the generator is conjugate-matched to the input impedance of the line, that is, 
Za = Zé. As we mentioned above, the line remains conjugate matched everywhere 
along its length, and therefore, the matching network can be inserted at any convenient 
point, not necessarily at the line input. 

Because the value of Zq depends on Zz and the frequency w (through tan Bd), the 
conjugate match will work as designed only at a single frequency. On the other hand, if 
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the load and generator are purely resistive and are matched individually to the line, the 
matching will remain reflectionless over a larger frequency bandwidth. 

Conjugate matching is usually accomplished using L-section reactive networks. Re- 
flectionless matching is achieved by essentially the same methods as antireflection coat- 
ing. In the next few sections, we discuss several methods for reflectionless and conju- 
gate matching, such as (a) quarter-wavelength single- and multi-section transformers; 
(b) two-section series impedance transformers; (c) single, double, and triple stub tuners; 
and (d) L-section lumped-parameter reactive matching networks. 


11.2 Multisection Transmission Lines 


Multisection transmission lines are used primarily in the construction of broadband 
matching terminations. A typical multisection line is shown in Fig. 11.2.1. 


pe i ee | 
H CH C H 

main line Zo i Zo Zi | Za | ae | Ži | Zi 
mH 5 PH : 
Fi p2 P3 Pm PM+H 
Zi Z2 Z3 Zm Zm+1 


Fig. 11.2.1 Multi-section transmission line. 


It consists of M segments between the main line and the load. The ith segment 
is characterized by its characteristic impedance Z;, length l;, and velocity factor, or 
equivalently, refractive index n;. The speed in the ith segment is Ci = Co/n;. The phase 
thicknesses are defined by: 

w w 


Ôi Bili li Nili, i= 1,2,...,M (11.2.1) 
Ci Co 


We may define the electrical lengths (playing the same role as the optical lengths of 
dielectric slabs) in units of some reference free-space wavelength Ag or corresponding 
frequency fo = Co/Ao as follows: 

= hili li 


(electrical lengths) L= = , 1=1,2,...,M (11.2.2) 
ào Aj 


where A; = Ao/n; is the wavelength within the ith segment. Typically, the electrical 
lengths are quarter-wavelengths, L; = 1/4. It follows that the phase thicknesses can be 
expressed in terms of L; as 6; = wnili/Co = 2Ttf nil;/ (fodo), or, 


f Ao 
fo = 2T Li 1 |? 


where f is the operating frequency and A = co/f the corresponding free-space wave- 
length. The wave impedances, Z;, are continuous across the M + 1 interfaces and are 
related by the recursions: 


(phase thicknesses) Ôi = Pili = 2TTL; i=1,2,...,M (11.2.3) 
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Zi+1 + jZ; tan ði 
Zi + jZi+1 tan 6; ’ 


Lp Zi =M,...,1 (11.2.4) 


and initialized by Zm+1 = Zz. The corresponding reflection responses at the left of each 
interface, Ij = (Zi — Zj-1)/(Z; + Zj-1), are obtained from the recursions: 


Pi + Tie H 
1+ pilie | 


i= M,...,1 (11.2.5) 


i 


and initialized at [y+,; = [L = (Zp — Zm)/ (ZL + Zm), where pi are the elementary 
reflection coefficients at the interfaces: 


i=1,2,...,.M+1 (11.2.6) 


where Zy+1 = Zr. The MATLAB function multiline calculates the reflection response 
I, (f) at interface-1 as a function of frequency. Its usage is: 


Gammal = multiline(Z,L,ZL,f); % reflection response of multisection line 


where Z = [Zo, Zi,..., Zm] and L = [Lj,L2,...,Ly] are the main line and segment 
impedances and the segment electrical lengths. 

The function mu1ti1ine implements Eq. (11.2.6) and is similar to multidiel, except 
here the load impedance Zz is a separate input in order to allow it to be a function of 
frequency. We will see examples of its usage below. 


11.3 Quarter-Wavelength Impedance Transformers 


Quarter-wavelength Chebyshev impedance transformers allow the matching of real- 
valued load impedances Zz to real-valued line impedances Zo and can be designed to 
achieve desired attenuation and bandwidth specifications. 

The design method has already been discussed in Sec. 5.8. The results of that sec- 
tion translate verbatim to the present case by replacing refractive indices n; by line 
admittances Y; = 1/Z;. Typical design specifications are shown in Fig. 5.8.1. 

In an M-section transformer, all segments have equal electrical lengths, Li = 1j/A; = 
nili/ ào = 1/4 at some operating wavelength Ay. The phase thicknesses of the segments 
are all equal and are given by 6; = 27tLif'/fo, or, because Lj = 1/4: 


ô= => (11.3.1) 


The reflection response |I; (f)|? at the left of interface-1 is expressed in terms of 
the order-M Chebyshev polynomials Tm (x), where x is related to the phase thickness 
by X = Xo cos ô: 

e? Ts, (Xo cos ô) 
-1+ ef Ti, (xo cos ô) 


IT (f)1? (11.3.2) 


where e1 = @o/Tm (Xo) and eo is given in terms of the load and main line impedances: 
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2_ (Zp —Zo)? Leni? ZL- Zo 
ez = = ; = 11.3.3 
4Z1Zo 1— |F]? E 21+ Zo i 
The parameter xo is related to the desired reflectionless bandwidth Af by: 
= 1 (11.3.4) 
Xo bi (7 cT) De 
sin| — —- 
4 fo 


and the number of sections is related to the attenuation A in the reflectionless band: 


acosh (Ja + eĝ) 104/10 — e) 


M = ceil 
acosh (xo) 


(11.3.5) 


where A is in dB and is measured from dc, or equivalently, with respect to the reflec- 
tion response |I,| of the unmatched line. The maximum equiripple level within the 
reflectionless band is given by 


T 
[Tilmax = [Fr] 10740 = A= 20]ogyo (+) (11.3.6) 
ly | max 
This condition can also be expressed in terms of the maximum SWR within the 
desired bandwidth. Indeed, setting Smax = (1 + |Pilmax)/(1 — ilmax) and S; = 
(1 + |r1|)/(1-— |I|), we may rewrite (11.3.6) as follows: 


Smax + 1 
A = 20logig (ir e 


SA Sma T) (11.3.7) 


SL +1 Smax -1 


) = 20 log)9 ( 


max — 1 


where we must demand Smax < Sz or |lilmax < [I]. The MATLAB functions chebtr, 
chebtr2, and chebtr3 implement the design steps. In the present context, they have 
usage: 


LY,a,b] = chebtr(Y0,YL,A,DF); Chebyshev multisection transformer design 
[LY,a,b,A] = chebtr2(Y0,YL,M,DF); specify order and bandwidth 
[LY,a,b,DF] = chebtr3(Y0,YL,M,A); specify order and attenuation 


The outputs are the admittances Y= [Yo, Y1, Yo,..., YM, YL] and the reflection and 
transmission polynomials b and a. In chebtr2 and chebtr3, the order M is given. The 
designed segment impedances Z;, i = 1, 2,...,M satisfy the symmetry properties: 


ZiZM+1-i = ZoZ_, i=1,2,...,M (11.3.8) 


Fig. 11.3.1 depicts the three cases of M = 1,2,3 segments. The case M = 1 is 
used widely and we discuss it in more detail. According to Eq. (11.3.8), the segment 


impedance satisfies zí = ZoZz, OF, 
Z, =\4 ZoZL (11.3.9) 
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A/4 

tH o— 

mainline Zo n+ Zi | ZL 
i 
O AM , AM, 
ii 6 

mainline Zo pp Zi | Z2 | Zr 
OO AM O AM, AM : 
i 

main line Zo ha Z| | Z2 i Z3 | ZL 


Fig. 11.3.1 One, two, and three-section quarter-wavelength transformers. 


This implies that the reflection coefficients at interfaces 1 and 2 are equal: 


Zi-Z ZL-Z 
= Zi+Zo Ze+Zi 


Pl p2 (11.3.10) 


Because the Chebyshev polynomial of order-1 is Tı (x)= x, the reflection response 
(11.3.2) takes the form: 


eĉ cos? ô 

T Po 11.3.11 
BAD ot ( ) 
Using Eq. (11.3.10), we can easily verify that eọ is related to pı by 
2 
a- pî)? 

Then, Eq. (11.3.11) can be cast in the following equivalent form, which is recognized 
as the propagation of the load reflection response l = p2 = pı by a phase thickness 6 
to interface-1: 


en = 


2 
pı(1 +z!) 
T 2 |= 11.3.12 
Iri (f)| | o ( ) 
where z = e¥/°, The reflection response has a zero at z = —1 or 6 = Tr/2, which occurs 
at f = fo. The corresponding wave impedance at interface-1 will be: 
Zt +JZ, tan ô 
Z,=Z 11.3.13 
1 el Zo+jZLtanð i ) 
Using Eq. (11.3.9), we obtain the matching condition at f = fo or 6 = Tr/2: 
Z2 
Zı = ©% = Zo (11.3.14) 


ZL 
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Example 11.3.1: Single-section quarter wavelength transformer. Design a single-section trans- 


former that will match a 200-ohm load to a 50-ohm line at 100 MHz. Determine the band- 
width over which the SWR on the line remains less than 1.5. 


Solution: The quarter-wavelength section has impedance Z, = /Z,Zo = 200 - 50 = 100 ohm. 


|r (f)| 


The reflection response |I; (f) | and the SWR S (f)= (1+ |r: (f)|)/(1- |I: (f) |) are plotted 
in Fig. 11.3.1 versus frequency. 


Reflection Response Standing Wave Ratio 


0.6 4 

0.4; 3h 
E 
N 

0.2} 2 

0 i i 1 i i 
0 50 100 150 200 0 50 100 150 200 
f (MHz) f (MHz) 


Fig. 11.3.2 Reflection response and line SWR of single-section transformer. 


The reflection coefficient of the unmatched line and the maximum tolerable reflection 
response over the desired bandwidth are: 
Zr — Zo 200 — 50 Simt s dS 1 
= = = 0.6, (ilmax = = = 
Zt + Zo) 200 + 50 Smax + 1 1.541 


I, 0.2 


It follows from Eq. (11.3.6) that the attenuation in dB over the desired band will be: 


Irr] 
[I1 |max 


A = 2010815 ( ) = 201logig (53) = 9.54 dB 


Because the number of sections and the attenuation are fixed, we may use the MATLAB 
function chebtr3. The following code segment calculates the various design parameters: 


ZO = 50; ZL = 200; 

GL = z2g(ZL,Z0); Smax = 1.5; 

f0 = 100; f = linspace(0,2*f0, 401); plot over [0,200] MHz 

A = 20*1o0g10(GL* (Smax+1) /(Smax-1)); Eq. (11.3.7) 

[Y,a,b,DF] = chebtr3(1/Z0, 1/ZL, 1, A); note, M = 1 

Z = 1./Y; Df = fO*DF; L = 1/4; note, Z = [Zo, Z1, ZL] 

G1 = abs(multiline(Z(1:2), L, ZL, f/f0)); reflection response |I: (f) | 

S = swr(G1); calculate SWR versus frequency 


plot(f,G1); figure; plot(f,S); 
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The reflection response |I; (f)| is computed by multiline with frequencies normalized 
to the desired operating frequency of fy) = 100 MHz. The impedance inputs to multiline 
were [Zo, Zı] and Zz and the electrical length of the segment was L = 1/4. The resulting 
bandwidth is Af = 35.1 MHz. The reflection polynomials are: 

Zı-Zo 1 


b = [bo,bı]= [1,01], a= [ao,aiJ= [1, pi], PILF EEA = 3 


An alternative way to compute the reflection response is by Eq. (11.3.12), which can be 
implemented with MATLAB’s freqz function, that is, 


delta = pi * f/f0/2; 
G1 = abs(freqz(b,a,2*delta)); 


where 26 = Ttf /fo is the digital frequency, such that z = e2/°, o 


Example 11.3.2: Three- and four-section quarter-wavelength Chebyshev transformers. Design 
a Chebyshev transformer that will match a 200-ohm load to a 50-ohm line. The line SWR 
is required to remain less than 1.25 over the frequency band [50, 150] MHz. 


Repeat the design if the SWR is required to remain less than 1.1 over the same bandwidth. 


Solution: Here, we let the design specifications determine the number of sections and their 
characteristic impedances. In both cases, the unmatched reflection coefficient is the same 
as in the previous example, I’; = 0.6. Using Smax = 1.25, the required attenuation in dB is 
for the first case: 


1.2541 


Smax + 1 eT 
1.25-1 


A = 20logig (iru 2 r) = 201ogi9 (0.6 


) = 14.65 dB 


max 


The reflection coefficient corresponding to Smax is |li |max = (1.25-1)/(1.25+1)= 1/9 = 
0.1111. In the second case, we use Smax = 1.1 to find A = 22.0074 dB and |I\|max = 
(1.1 — 1)/(1.1 + 1)= 1/21 = 0.0476. 


In both cases, the operating frequency is at the middle of the given bandwidth, that is, 
fo = 100 MHz. The normalized bandwidth is AF = Af/fo = (150 — 50)/100 = 1. With 
these values of A, AF, the function chebtr calculates the required number of sections and 
their impedances. The typical code is as follows: 


ZO = 50; ZL = 200; 
GL = z2g(ZL,Z0); Smax = 1.25; 


f1 = 50; f2 = 150; given bandedge frequencies 

Df = f2-f1; fO = (f2+f1)/2; DF = Df/f0; operating frequency and bandwidth 

A = 20*10g10(GL* (Smax+1) /(Smax-1)) ; attenuation of reflectionless band 
[Y,a,b] = chebtr(1/Z0O, 1/ZL, A, DF); Chebyshev transformer design 

Z = 1./Y; rho = n2rcy); impedances and reflection coefficients 


For the first case, the resulting number of sections is M = 3, and the corresponding output 
vector of impedances Z, reflection coefficients at the interfaces, and reflection polynomials 
a, b are: 
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Z= [Zo, Zi, Z2, Z3, ZL |= [50, 66.4185, 100, 150.5604, 200] 
p = [P1, P2, P3, P4l= [0.1410, 0.2018, 0.2018, 0.1410] 

b = [bo, bi, b2,b3]= [0.1410, 0.2115, 0.2115, 0.1410] 

a = [d0, 41, 42,a3]= [1, 0.0976, 0.0577, 0.0199] 


In the second case, we find M = 4 sections with design parameters: 
Z= [Zo, Zi, Z2, Z3, Z4, ZL] = [50, 59.1294, 81.7978, 122.2527, 169.1206, 200] 
P = [P1, P2, P3, P4, Ps |= [0.0837, 0.1609, 0.1983, 0.1609, 0.0837] 
b = [bo, bi, b2, b3, b4]= [0.0837, 0.1673, 0.2091, 0.1673, 0.0837] 
a = [do0, 41, 42, 43,a4]= [1, 0.0907, 0.0601, 0.0274, 0.0070] 


The reflection responses and SWRs are plotted versus frequency in Fig. 11.3.3. The upper 
two graphs corresponds to the case, Smax = 1.25, and the bottom two graphs, to the case 


Smax = 1.1. 
Reflection Response Standing Wave Ratio 
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Fig. 11.3.3 Three and four section transformers. 
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The reflection responses |I; (f)| can be computed either with the help of the function 
multiline, or as the ratio of the reflection polynomials: 


bo + biz) +++++byz™ 
ao + a,z1+++++ayz™’ 


Tı (z)= z= §= 


The typical MATLAB code for producing these graphs uses the outputs of chebtr: 


f = linspace(0,2*f0,401); plot over [0, 200] MHz 

M = length(Z)-2; number of sections 

L = ones(1,M)/4; quarter-wave lengths 

G1 = abs(multiline(Z(1:M+1), L, ZL, f/f0)); Zr is a separate input 

G1 = abs(freqz(b, a, pi*f/f0)); alternative way of computing G1 
S = swr(G1); SWR on the line 


plot(f,G1); figure; plot(f,S); 


In both cases, the section impedances satisfy the symmetry properties (11.3.8) and the 
reflection coefficients p are symmetric about their middle, as discussed in Sec. 5.8. 


We note that the reflection coefficients p; at the interfaces agree fairly closely with the 
reflection polynomial b—equating the two is equivalent to the so-called small-reflection 
approximation that is usually made in designing quarter-wavelength transformers [362]. 
The above values are exact and do not depend an any approximation. (m 


11.4 Quarter-Wavelength Transformer With Series Section 


One limitation of the Chebyshev quarter-wavelength transformer is that it requires the 
load to be real-valued. The method can be modified to handle complex loads, but gen- 
erally the wide bandwidth property is lost. The modification is to insert the quarter- 
wavelength transformer not at the load, but at a distance from the load corresponding 
to a voltage minimum or maximum. 

For example, Fig. 11.4.1 shows the case of a single quarter-wavelength section in- 
serted at a distance Lmin from the load. At that point, the wave impedance seen by the 
quarter-wave transformer will be real-valued and given by Zmin = Zo/Sz, where Sz is the 
SWR of the unmatched load. Alternatively, one can choose a point of voltage maximum 
Lmax at which the wave impedance will be Zmax = Zosu. 


A/4 


main line Zo 


Fig. 11.4.1 Quarter-wavelength transformer for matching a complex load. 
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As we Saw in Sec. 9.13, the electrical lengths Lmin or Lmax are related to the phase 
angle 0; of the load reflection coefficient Tz by Eqs. (9.13.2) and (9.13.3). The MAT- 
LAB function Imin can be called to calculate these distances and corresponding wave 
impedances. 

The calculation of the segment length, Lmin or Lmax, depends on the desired match- 
ing frequency fo. Because a complex impedance can vary rapidly with frequency, the 
segment will have the wrong length at other frequencies. 

Even if the segment is followed by a multisection transformer, the presence of the 
segment will tend to restrict the overall operating bandwidth to essentially that of a 
single quarter-wavelength section. In the case of a single section, its impedance can be 
calculated simply as: 


ees 1 ge 
Z = ZoZmin = J7 Z0 and Z= ZoZmax = SL Zo (11.4.1) 


Example 11.4.1: Quarter-wavelength matching of a complex load impedance. Design a quarter- 
wavelength transformer of length M = 1,3,5 that will match the complex impedance 
Z, = 200 + j100 ohm to a 50-ohm line at fo = 100 MHz. Perform the design assuming the 
maximum reflection coefficient level of |I; |max = 0.1. 


Assuming that the inductive part of Z; arises from an inductance, replace the complex load 
by Z; = 200 + j100f /fo at other frequencies. Plot the corresponding reflection response 
|r: (f) | versus frequency. 


Solution: At fo, the load is Z; = 200 + j100 and its reflection coefficient and SWR are found to 
be |F| = 0.6695 and Sz; = 5.0521. It follows that the line segments corresponding to a 
voltage minimum and maximum will have parameters: 


A 


Lmin = 0.2665, Zmin = 
SL 


Zo = 9.897, Lmax = 0.0165, Zmax = SL Zo = 252.603 


For either of these cases, the effective load reflection coefficient seen by the transformer 
will be |F| = (Sr—1)/(SŁ+1)= 0.6695. It follows that the design attenuation specification 
for the transformer will be: 


IT 
A= 20l0g;0 (e 
max 


) = 20108 (2885) = 16.5155 as 


With the given number of sections M and this value of the attenuation A, the following 
MATLAB code will design the transformer and calculate the reflection response of the 
overall structure: 


ZO = 50; ZLO = 200 + 100j; load impedance at fo 
[Lmin, Zmin] = Imin(ZLO,ZO,’min’); calculate Lmin 
Gmin = abs(z2g(Zmin,Z0)); Glmax = 0.1; design based on Zmin 


A = 20*10g10(Gmin/G1max) ; 


M = 3; three-section transformer 
Z = 1./chebtr3(1/Z0, 1/Zmin, M, A); 
Ztot = [Z(1:M+1), Z0]; concatenate all sections 


Ltot = [ones(1,M)/4, Lmin]; electrical lengths of all sections 
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f0 = 100; f = linspace(0,2*f0, 801); 
ZL = 200 + j*100*f/f0; assume inductive load 


G1 = abs(multiline(Ztot, Ltot, ZL, f/f0)); overall reflection response 


where the designed impedances and quarter-wavelength segments are concatenated with 
the last segment of impedance Zp and length Lyin or Lmax. The corresponding frequency 
reflection responses are shown in Fig. 11.4.2. 


Lmin =0.2665, Zmin =9.897 L max =0:0165, Z nax = 252.603 


0.8F 


0.2F 


0 50 100 150 200 0 50 10 150 200 
f (MHz) f (MHz) 


Fig. 11.4.2 Matching a complex impedance. 


The calculated vector outputs of the transformer impedances are in the Lmin case: 


Z= [50, 50/S}'?, 50/S,]= [50, 22.2452, 9.897] 
Z= [50, 36.5577, 22.2452, 13.5361, 9.897] 
Z= [50, 40.5325, 31.0371, 22.2452, 15.9437, 12.2087, 9.897] 


and in the Lmax case: 


Z= [50, 50S}, 50S,]= [50, 112.3840, 252.603] 
Z = [50, 68.3850, 112.3840, 184.6919, 252.603] 
Z= [50, 61.6789, 80.5486, 112.3840, 156.8015, 204.7727, 252.603] 


We note that there is essentially no difference in bandwidth over the desired design level 
of |, |max = 0.1 in the Lmin case, and very little difference in the Lmax case. o 


The MATLAB function qwt1 implements this matching method. Its inputs are the 
complex load and line impedances Zz, Zo and its outputs are the quarter-wavelength 
section impedance Z, and the electrical length Lm of the Zo-section. It has usage: 


[Z1,Lm] = qwt1(ZL,Z0,type); % A /4-transformer with series section 


where type is one of the strings ’min’ or ’max’, depending on whether the first section 
gives a voltage minimum or maximum. 
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11.5 Quarter-Wavelength Transformer With Shunt Stub 


Two other possible methods of matching a complex load are to use a shorted or opened 
stub connected in parallel with the load and adjusting its length or its line impedance 
so that its susceptance cancels the load susceptance, resulting in a real load that can 
then be matched by the quarter-wave section. 

In the first method, the stub length is chosen to be either A/8 or 3A/8 and its 
impedance is determined in order to provide the required cancellation of susceptance. 

In the second method, the stub’s characteristic impedance is chosen to have a conve- 
nient value and its length is determined in order to provide the susceptance cancellation. 

These methods are shown in Fig. 11.5.1. In practice, they are mostly used with 
microstrip lines that have easily adjustable impedances. The methods are similar to the 
stub matching methods discussed in Sec. 11.7 in which the stub is not connected at the 
load but rather after the series segment. 


A/4 A/4 


com poe cm ee 
main line Zo Z\ ZL main line Zo Z| ZL 
G4 r G r 
VL2 VZ 
LEN: fa 


/ 
v 


short/open | or, 3A/8 short/open 


Fig. 11.5.1 Matching with a quarter-wavelength section and a shunt stub. 


Let Y; = 1/Z, = Gz + jB, be the load admittance. The admittance of a shorted stub 
of characteristic admittance Y> = 1/Z> and length d is Ystub = —jY2 cot Bd and that of 
an opened stub, Ystup = jY¥2 tan Bd. 

The total admittance at point a in Fig. 11.5.1 is required to be real-valued, resulting 
in the susceptance cancellation condition: 


Ya = Yı + Ystub = Gr+j(Br — Y2 cotBd)=G, > Ycotßd = B; (11.5.1) 


For an opened stub the condition becomes Y» tan d = —B,. In the first method, 
the stub length is d = A/8 or 3A/8 with phase thicknesses Bd = 1r/4 or 37t/4. The 
corresponding values of the cotangents and tangents are cothd = tanfd = 1 or 


cot Bd = tanBd = —1. 

Then, the susceptance cancellation condition becomes Y2 = By, for a shorted A/8- 
stub or an opened 3A/8-stub, and Yọ = —B, for a shorted 3A/8-stub or an opened 
A/8-stub. The case Y> = By must be chosen when Bz > 0 and Y>» = —B,, when Bz < 0. 

In the second method, Z> is chosen and the length d is determined from the condition 
(11.5.1), cot Bd = Br /Y2 = ZB, for a shorted stub, and tan Bd = — ZB, for an opened 
one. The resulting d must be reduced modulo A/2 to a positive value. 
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With the cancellation of the load susceptance, the impedance looking to the right 
of point a will be real-valued, Za = 1/Yq = 1/Gz. Therefore, the quarter-wavelength 


section will have impedance: 
Zo 
Z, = 4| ZoZ, = , | — 11.5.2 
1=1Z0Za Vā ( ) 


The MATLAB functions qwt2 and qwt3 implement these matching methods. Their 
usage is as follows: 


[Z1,Zz2] 
[Z1,d] 


qwt2(ZL,Z0); % \/4-transformer with A/8 shunt stub 
qwt3(ZL,Z0,Z2,type) % X/4-transformer with shunt stub of given impedance 


where type takes on the string values ’s’ or ’o’ for shorted or opened stubs. 


Example 11.5.1: Design quarter-wavelength matching circuits to match the load impedance 
Zr = 15 + 20j Q to a 50-ohm generator at 5 GHz using series sections and shunt stubs. 
Use microstrip circuits with a Duroid substrate (€, = 2.2) of height h = 1 mm. Determine 
the lengths and widths of all required microstrip sections, choosing always the shortest 
possible lengths. 


Solution: For the quarter-wavelength transformer with a series section, it turns out that the 
shortest length corresponds to a voltage maximum. The impedance Z; and section length 
Lmax are computed with the MATLAB function qwt1: 


[Z1, Lmax] = qwtl (Zz, Zo,’max’) => Z, = 98.8809 Q, Lmax = 0.1849 


The widths and lengths of the microstrip sections are designed with the help of the func- 
tions mstripr and mstripa. For the quarter-wavelength section Z,, the corresponding 
width-to-height ratio u = w,/h is calculated from mstripr and then used in mstripa to 
get the effective permittivity, from which the wavelength and length of the segment can 
be calculated: 


u, = mstripr (€r, Z;)= 0.9164, wı = uh = 0.9164 mm 


. A À 
€eff = mstripa (€, U1) = 1.7659, A, = Teen = 4.5151 cm, h = | = 1.1288 cm 


where the free-space wavelength is Aj = 6 cm. Similarly, we find for the series segment 
with impedance Z = Zo and length L = Lmax: 
U2 = mstripr (€r, Z2)= 3.0829, w = uzh = 3.0829 mm 


Ao _ 43745 cm, l= LoA> = 0.8090 cm 
Eeff 


Eeff = Mstripa(€;, U2) = 1.8813, A2 = 


For the case of the A/8 shunt stub, we find from qwt2: 


[Z1, Z2]= qwt2 (ZL, Zo) = [45.6435, —31.2500] Q 


where the negative Z means that we should use either a shorted 3A/8 stub or an opened 
A/8 one. Choosing the latter and setting Z2 = 31.25 Q, we can go on to calculate the 
microstrip widths and lengths: 
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u = mstripr (€r, Z,) = 3.5241, wı = uih = 3.5241 mm 


A A 
€ere = mstripa(€,,U,)= 1.8965, A; = = = 4.3569cm, h = ms = 1.0892 cm 
eff 
U2 = mstripr (€r, Z2)= 5.9067, We = uzh = 5.9067 mm 
Eere = mstripa(€,, U2) = 1.9567, Ao = 2o = 4.2894 cm, h = m = 0.5362 cm 
eff 


For the third matching method, we use a shunt stub of impedance Z = 30 Q. It turns out 
that the short-circuited version has the shorter length. We find with the help of qwt3: 


[Z1,d]= qwt3 (Z1, Zo, Z2,’s’) => Z, = 45.6435 Q, d= 0.3718 
The microstrip width and length of the quarter-wavelength section Z, are the same as in 
the previous case, because the two cases differ only in the way the load susceptance is 


canceled. The microstrip parameters of the shunt stub are: 


U2 = mstripr (€r, Z2)= 6.2258, We = uzh = 6.2258 mm 


Eeft = mstripa (€r, U2) = 1.9628, Az = Ao _ 4.9896 cm, [Ip = dà = 1.5921 cm 
\/ Eeff 


Had we used a 50 Q shunt segment, its width and length would be w2 = 3.0829 mm and 


l2 = 1.7983 cm. Fig. 11.5.2 depicts the microstrip matching circuits. o 
je l ete lh — wi Zi 
ae a | —] — 
Wi Zi w, 22 i l l > Zo 
2 ZL 2 ZL 
1 w 


Fig. 11.5.2 Microstrip matching circuits. 


11.6 Two-Section Series Impedance Transformer 


One disadvantage of the quarter-wavelength transformer is that the required impedan- 
ces of the line segments are not always easily realized. In certain applications, such 
as microwave integrated circuits, the segments are realized by microstrip lines whose 
impedances can be adjusted easily by changing the strip widths. In other applications, 
however, such as matching antennas to transmitters, we typically use standard 50- and 
75-ohm coaxial cables and it is not possible to re-adjust their impedances. 

The two-section series impedance transformer, shown in Fig. 11.6.1, addresses this 
problem [503,504]. It employs two line segments of known impedances Z, and Z> that 
have convenient values and adjusts their (electrical) lengths Lı and L to match a com- 
plex load Zz to a main line of impedance Zo. Fig. 11.6.1 depicts this kind of transformer. 
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Fig. 11.6.1 Two-section series impedance transformer. 


The design method is identical to that of designing two-layer antireflection coatings 
discussed in Sec. 5.2. Here, we modify that method slightly in order to handle complex 
load impedances. We assume that Zo, Z1, and Z2 are real and the load complex, Z; = 
R +jXı. 

Defining the phase thicknesses of two segments by 6, = 2mTnılı/Ào = 27tL, and 
Ô2 = 2TN2l2/ Ào = 2TtLo, the reflection responses Tı and T, at interfaces 1 and 2 are: 


= bette _ pet pe 
1+ pil2e72I51 f £ 1+ P2p3e7 28 


I, 


where the elementary reflection coefficients are: 


Zı — Zo Z2- Zı ZL- Zo 
“Z+ aaa EN a P3 


i Op pZ 
The coefficients p1, p2 are real, but p3 is complex, and we may represent it in polar 
form p3 = |p3|e/?. The reflectionless matching condition is Tı = 0 (at the operating 
free-space wavelength Ag). This requires that pı + [2e~%/! = 0, which implies: 
; T? 
eiði = = (11.6.1) 
Pl 
Because the left-hand side has unit magnitude, we must have the condition |I| = 
|p1l, or, |T2|? = pî, which is written as: 


: . 2 
p2 + |p3 1e}? e7302 = ps + |p3l* + 2p2/p3| cos(262 — 03) 2 
1 + P2|p3\e/93e- 2/52 1 + p5lp3l2 + 2P2|p3|cos(282 — 03) 


Using the identity cos (282 — 03) = 2 cos? (62 — 03/2) —1, we find: 


cos? (ô2 93) = pi (1 — pe2lpsl)?—(p2 — |p31)* 
2 4p2|p3|(1 — pî) 
A P (11.6.2) 
sin? (6, 93) = (p2 + |psl)*-p{ (1 + p21p31) 


2 4p2|p3\| (1 — pi) 


Not every combination of p1, 02, p3 will result into a solution for 62 because the 
left-hand sides must be positive and less than unity. If a solution for 62 exists, then 6; 
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is determined from Eq. (11.6.1). Actually, there are two solutions for 62 corresponding 
to the + signs of the square root of Eq. (11.6.2), that is, we have: 


1/2 
1 pia geite lent) 
02 = —03 + acos | + (11.6.3) 
ee f 4p2|p3|(1 — pi) 


If the resulting value of 62 is negative, it may be shifted by 7 or 271 to make it 
positive, and then solve for the electrical length L? = 62/27. An alternative way of 
writing Eqs. (11.6.2) is in terms of the segment impedances (see also Problem 5.3): 


0 Z? — Z3Zo) (Z3Z¢ — Zoz3 
cos? (62 3 2 2— 43 out aed 2) 
2 Zo(Z5 — Z5) (Zi — Z5) 
7 3 PEN (11.6.4) 
f 0 Z5 (Zo — Z3) (Zí - 
sin?(8s 3) = 5 ( 0: A L we 
2 Zo0(Z5 — 23) (Zi — Z5) 


where Z3 is an equivalent “resistive” termination defined in terms of the load impedance 
through the relationship: 
Z3 — Lo 
Z3 + Z2 


ZL— Z2 
ZL + Z2 


lp3| = | (11.6.5) 


Clearly, if Zz is real and greater than Z>, then Z3 = Zz, whereas if it is less that 
Z2, then, Z3 = Zo Zi. Eq. (11.6.4) shows more clearly the conditions for existence 
of solutions. In the special case when section-2 is a section of the main line, so that 
Z2 = Zo, then (11.6.4) simplifies to: 


03 Z3Z* - Z3 
2 ô = 1 0 
cos (02) = (4 Zo) (EE = 
(11.6.6) 
sin? (5 93 ) z Zo(Zî — ZoZ3) 
eee ema ee ZAA) 


It is easily verified from these expressions that the condition for the existence of 
solutions is that the equivalent load impedance Z3 lie within the intervals: 


ZB z2 
EL < Z3 < SE, if Zı > Zo 
Zi Zo 
p 3 (11.6.7) 
Sie aera if Zı < Zo 
Zo STe 
They may be combined into the single condition: 
Zo max (Z1, Zo) 
=" < Z3 < ZS? |, S= = Z, Z 11.6.8 
| g2 $ 43 $ Zo min(Z,, Zo) swr (Z1, Zo) ( ) 


Example 11.6.1: Matching range with 50- and 75-ohm lines. If Zọ = 50 and Zı = 75 ohm, then 
the following loads can be matched by this method: 


503 75° 
= < 23 < — 22.22 < Z3 < 112.500 
anes ae : = 
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And, if Zo = 75 and Z: = 50, the following loads can be matched: 


50? 
< 


50? la 
75? 


= 502 => 33.33 < Z3 < 168.750 

In general, the farther Z, is from Zo, the wider the range of loads that can be matched. 
For example, with Zo = 75 and Z, = 300 ohm, all loads in the range from 4.5 to 1200 ohm 
can be matched. (m 


The MATLAB function twosect implements the above design procedure. Its inputs 
are the impedances Zo, Z1, Z2, and the complex Zz, and its outputs are the two solutions 
for Lı and Lv, if they exist. Its usage is as follows, where Lj2 is a 2x2 matrix whose 
rows are the two possible sets of values of L1, L2: 


L12 = twosect(Z0,Z1,Z2,ZL); % two-section series impedance transformer 


The essential code in this function is as follows: 


r1 = (Z1-Z0)/(Z1+Z0) ; 

r2 (Z2-Z1)/(Z2+Z1) ; 

r3 = abs((ZL-Z2)/(ZL+Z2)); 
th3 = angle((ZL-Z2)/(ZL+Z2)); 


s = (Cr24+r3)A2 - r1A2*(14+r2*r3)A2) / (4*r2*r3*(1l-r1^2)); 
if (s<0)|(s>1), fprintfC’no solution exists’); return; end 


de2 = th3/2 + asin(sqrt(s)) * [13-1]; % construct two solutions 
G2 = (r2 + r3*exp(j*th3-2*j*de2)) ./ (1 + r2*r3*exp(j*th3-2*j*de2)); 
del = angle(-G2/rl1)/2; 

L1 = del/2/pi; L2 = de2/2/pi; 

L12 = mod([L1,L2], 0.5); % reduce modulo A/2 


Example 11.6.2: Matching an antenna with coaxial cables. A 29-MHz amateur radio antenna 
with input impedance of 38 ohm is to be fed by a 50-ohm RG-58/U cable. Design a two- 
section series impedance transformer consisting of a length of RG-59/U 75-ohm cable 
inserted into the main line at an appropriate distance from the antenna [504]. The velocity 
factor of both cables is 0.79. 


Solution: Here, we have Zp = 50, Z, = 75, Z2 = Zo, and Z; = 38 ohm. The call to the function 
twosect results in the MATLAB output for the electrical lengths of the segments: 


R= 0.0536 0.3462 Lı = 0.0536, Lz = 0.3462 
| 0.4464 0.1538 Lı = 0.4464, L2 = 0.1538 


Using the given velocity factor, the operating wavelength is A = 0.79A9 = 0.79Co0/fo = 
8.1724 m, where fo = 29 MHz. Therefore, the actual physical lengths for the segments are, 
for the first possible solution: 


lı = 0.0536A = 0.4379 m = 1.4367 ft, l = 0.3462A = 2.8290 m = 9.2813 ft 


and for the second solution: 
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lı = 0.4464A = 3.6483 m = 11.9695 ft, l = 0.1538A = 1.2573 m = 4.1248 ft 


Fig. 11.6.2 depicts the corresponding reflection responses at interface-1, |I; (f) |, as a func- 
tion of frequency. The standing wave ratio on the main line is also shown, that is, the 
quantity Sı (f)= (1+ Ir (f)I)/G - Wi (f) 1). 


Reflection Response Standing Wave Ratio 
1 4 
0.8} — solution 1 3.57 — solution 1 
--- solution 2 --- solution 2 


0 0.5 15 2 0 0.5 15 2 


1 1 
f/ fo f/ fo 
Fig. 11.6.2 Reflection response of two-section series transformer. 


The reflection response was computed with the help of multiline. The typical MATLAB 
code for this example was: 


ZO 50; Z1 = 75; ZL = 38; 
c0 = 3e8; f0 = 29e6; vf = 0.79; 
la0 = c0/f0; la = la0*vf; 


L12 = twosect(Z0,Z1,Z0,ZL); 


f = linspace(0,2,401); % in units of fo 
G1 = abs(multiline([Z0,Z1,Z0],L12(1,:),ZL,f)); % reflection response 1 
G2 = abs(multiline([Z0,Z1,Z0],L12(2,:),ZL,f)); % reflection response 2 
S1=(1+G1) ./(1-G1); S2=(1+G2)./(1-G2); % SWRS 

We note that the two solutions have unequal bandwidths. (m 


Example 11.6.3: Matching a complex load. Design a 75-ohm series section to be inserted into 
a 300-ohm line that feeds the load 600 + 900j ohm [504]. 


Solution: The MATLAB call 


L12 = twosect(300, 75, 300, 600+900j); 


produces the solutions: Lı = [0.3983, 0.1017] and L = [0.2420, 0.3318]. o 
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One-section series impedance transformer 


We mention briefly also the case of the one-section series impedance transformer, shown 
in Fig. 11.6.3. This is one of the earliest impedance transformers [498-502]. It has 
limited use in that not all complex loads can be matched, although its applicability can 
be extended somewhat [502]. 


<L 


G G 
main line Zo nai Z| | ZL 

$ ` 

Pi P2 


Fig. 11.6.3 One-section series impedance transformer. 


Both the section impedance Zı and length Lı are treated as unknowns to be fixed 
by requiring the matching condition I; = 0 at the operating frequency. It is left as an 
exercise (see Problem 11.7) to show that the solution is given by: 


4 ZoXí 1 a) 
Z, =4/ZoRL Zo- Rı E aT atan ZX (11.6.9) 


provided that either of the following conditions is satisfied: 


X? 
Zo<R;, or Zo> R+ = (11.6.10) 
L 
In particular, there is always a solution if Z; is real. The MATLAB function onesect 
implements this method. It has usage: 


[Z1,L1] = onesect(ZL,Z0O); % one-section series impedance transformer 


where Lı is the normalized length Lı = 1,/A,, with lı and A, the physical length and 
wavelength of the Z; section. The routine outputs the smallest positive Lı. 


11.7 Single Stub Matching 


Stub tuners are widely used to match any complex load! to a main line. They consist of 
shorted or opened segments of the line, connected in parallel or in series with the line 
at a appropriate distances from the load. 

In coaxial cable or two-wire line applications, the stubs are obtained by cutting ap- 
propriate lengths of the main line. Shorted stubs are usually preferred because opened 
stubs may radiate from their opened ends. However, in microwave integrated circuits 


t The resistive part of the load must be non-zero. Purely reactive loads cannot be matched to a real line 
impedance by this method nor by any of the other methods discussed in this chapter. This so because the 
transformation of a reactive load through the matching circuits remains reactive. 
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employing microstrip lines, radiation is not as a major concern because of their smaller 
size, and either opened or shorted stubs may be used. 

The single stub tuner is perhaps the most widely used matching circuit and can 
match any load. However, it is sometimes inconvenient to connect to the main line if 
different loads are to be matched. In such cases, double stubs may be used, but they 
cannot match all loads. Triple stubs can match any load. A single stub tuner is shown 
in Figs. 11.7.1 and 11.7.2, connected in parallel and in series. 


main line Zo Zag > ZL 


/ 
/ 


short/open 


/ 
Vv 


Fig. 11.7.1 Parallel connection of single stub tuner. 


go 1 
D 0— 
main line Zo Za > ZL 
z 5 
Zo d 


short/open 


Fig. 11.7.2 Series connection of single stub tuner. 


In the parallel case, the admittance Ya = 1/Za at the stub location a is the sum of 
the admittances of the length-d stub and the wave admittance at distance | from the 
load, that is, 


1-TI) 
Ya = Yı t Y stub = Yo T+ Tı t Y stub 
where I) = I’,e~7/8!. The admittance of a short-circuited stub is Ystup = —jYo cot Bd, 


and of an open-circuited one, Ystub = JYo tan Bd. The matching condition is that Ya = 
Yo. Assuming a short-circuited stub, we have: 


0 apr JY ocot Ba = Yo > aie jcotBd = 1 


Y 
14+T) 


which can be rearranged into the form: 
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2jtangd=1+ Ł (11.7.1) 
Tı 


Inserting l; = e728! = |T; |ej?:-23Pl, where T; = |I; |e/®: is the polar form of the 
load reflection coefficient, we may write (11.7.1) as: 


ei(2Bl-1) 


Equating real and imaginary parts, we obtain the equivalent conditions: 


sin(2Bl — 01) 
2|rz] E 


cos(26l — 0Ł)= -|r:|, tanBd = 5 tan(26l — 01) (11.7.3) 


The first of (11.7.3) may be solved resulting in two solutions for l; then, the second 
equation may be solved for the corresponding values of d: 


Bl = to, + soe HELI) Baz atan(—5 tan(2Bl — 01)) (11.7.4) 


The resulting values of 1,d must be made positive by reducing them modulo A/2. 
In the case of an open-circuited shunt stub, the first equation in (11.7.3) remains the 
same, and in the second we must replace tan Bd by — cot Bd. In the series connection 
of a shorted stub, the impedances are additive at point a, resulting in the condition: 


Ty, 14+I) 
+ jZot d=Z 
Tı JZo tan f 0 1-T; 


tan Bd = 1 


1+ 
Za = Z1 + Zsub = 207 


This may be solved in a similar fashion as Eq. (11.7.1). We summarize below the 
solutions in the four cases of parallel or series connections with shorted or opened 
stubs: 


pl= Zlo: + acos(—|rz1)], d= atan(—5 tan(2B1—@,)), parallel/shorted 

pl= AC +acos(-|I'r|)], d= acot( 5 tan(2B1 — 01)), parallel/opened 
1 1 ; 

pl = 5 [01 +acos(II1|)],  Bd= acot (| tan(2B1— 0 ,)),  series/shorted 

pis (61 +acos(|Iz|)], d= atan(—5 tan(2Bl—@,)), series/opened 


The MATLAB function stub1 implements these equations. Its input is the normal- 
ized load impedance, Z; = Z;,/Zo, and the desired type of stub. Its outputs are the dual 
solutions for the lengths d,l, arranged in the rows of a 2x2 matrix d1. Its usage is as 
follows: 


dl = stub1(zL,type); % single stub tuner 


The parameter type takes on the string values ’ps’, ’po’, ’ss’, ’so’, for parallel/short, 
parallel/open, series/short, series/open stubs. 
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Example 11.7.1: The load impedance Zz = 10 -— 5j ohm is to be matched to a 50-ohm line. The 
normalized load is Z; = Z,/Zp = 0.2 — 0.1j. The MATLAB calls, dl=stub1(zL, type), re- 
sult into the following solutions for the cases of parallel/short, parallel/open, series/short, 
series/open stubs: 


0.0806 0.4499 0.3306 0.4499 0.1694 0.3331 0.4194 0.3331 
0.4194 0.0831 |’ | 0.1694 0.0831 |’ | 0.3306 0.1999 |’ | 0.0806 0.1999 


Each row represents a possible solution for the electrical lengths d/A and 1/A. We illustrate 
below the solution details for the parallel/short case. 


Given the load impedance zz; = 0.2 — 0.1), we calculate the reflection coefficient and put 
it in polar form: 

ZiT 
Z +1 


L 0.6552 — 0.1379j = |I| = 0.6695, @, = —2.9341 rad 


Then, the solution of Eq. (11.7.4) is: 


Bl a + acos(—|I;|) | ; [-2.9341 + acos (—0.6695)] = = [-2.9341 + 2.3044) | 


N| = 


which gives the two solutions: 
gi = 27! _ | -0:3149 rad p- A [ -0.3149 | _ [ -0.0501A 
= A | -2.6192rad | ? ©” 2m | -2.6192 |7 | —0.4169A 
These may be brought into the interval [0,A/2] by adding enough multiples of A/2. The 


built-in MATLAB function mod does just that. In this case, a single multiple of A/2 suffices, 
resulting in: 


j _ [ ~0:0501A + 0.54] _ [ 0.4499A j | 28267 rad 
=| _0.4169 +0.54 |~| 0.08310 | > $15] 0.5224 rad 


With these values of BI, we calculate the stub length d: 
1 0.5064 rad 0.0806A 
Bg alan 5 earn) | -0.5064 >] d= | —0.0806A | 


Shifting the second d by A/2, we finally find: 


g- | 00806A _ [ 0.0806a q — | 05064 rad 
=| -0.0806 +0.54 |7| o.4194a |> 845| 2.6351 rad 


Next, we verify the matching condition. The load admittance is y, = 1/z, = 4 + 2j. 
Propagating it to the left of the load by a distance I, we find for the two values of | and for 
the corresponding values of d: 


yl = 


Yı +jtanBl _ [ 1.0000 + 1.8028; ~ 1.8028; 
~ 14+jy_tanpl 


1.0000 — 1.8028) | > Ystub = -j cot Bd = | 1.8028; 


For both solutions, the susceptance of yı is canceled by the susceptance of the stub, re- 
sulting in the matched total normalized admittance Ya = Yı + Ystub = 1. o 
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Example 11.7.2: Match the antenna and feed line of Example 11.6.2 using a single shorted or 
opened stub. Plot the corresponding matched reflection responses. 


Solution: The normalized load impedance is z, = 38/50 = 0.76. The MATLAB function to 


stub1 yields the following solutions for the lengths d,l, in the cases of parallel/short, 
parallel/open, series/short, series/open stubs: 


0.2072 0.3859 0.4572 0.3859 0.0428 0.3641 0.2928 0.3641 
0.2928 0.1141 |’ | 0.0428 0.1141 |’ | 0.4572 0.1359 |’ | 0.2072 0.1359 |’ 


These numbers must be multiplied by Ao, the free-space wavelength corresponding to 


the operating frequency of fo = 29 MHz. The resulting reflection responses |Ig(f)| at 


the connection point a of the stub, corresponding to all the pairs of d,l are shown in 
Fig. 11.7.3. For example, in the parallel/short case, la is calculated by 


l- Ya a ee an 
Pe Eya Ya = 747, e-2iBl Jcot Bd, Bl = ne z 


We note that different solutions can have very different bandwidths. 
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Fig. 11.7.3 Reflection response of single stub matching solutions. 


11.8 Balanced Stubs 


In microstrip realizations of single-stub tuners, balanced stubs are often used to reduce 
the transitions between the series and shunt segments. Fig. 11.8.1 depicts two identical 
balanced stubs connected at opposite sides of the main line. 

Because of the parallel connection, the total admittance of the stubs will be dou- 
ble that of each leg, that is, Ypa = 2Y stub. A single unbalanced stub of length d can 
be converted into an equivalent balanced stub of length dp by requiring that the two 
configurations provide the same admittance. Depending on whether shorted or opened 
stubs are used, we obtain the relationships between dp and d: 


11.9. Double and Triple Stub Matching 


iy 
\ 


hort/ 
short/open d; 
Z 
0 l 
D 
a 
main line Zo Za * ZL 
€ 
Zo 
| fa 
short/open | 
Fig. 11.8.1 Balanced stubs. 
À 
2cotßdp = cotfd => dp= = acot(0.5 cot Bd) (shorted) 
A 
2tanBd,=tanBd > dp= an atan(0.5 tan Bd) (opened) 
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(11.8.1) 


The microstrip realization of such a balanced stub is shown in Fig. 11.8.2. The figure 
also shows the use of balanced stubs for quarter-wavelength transformers with a shunt 


stub as discussed in Sec. 11.5. 


Z2 


$ $ 
Zol dp dp 
t t 
Zo — Zi 
<— |] —"! +—— A/4—_> 
Zo ZL 


Z2 


Fig. 11.8.2 Balanced microstrip single-stub and quarter-wavelength transformers. 


If the shunt stub has length A/8 or 3A/8, then the impedance Z> of each leg must 
be double that of the single-stub case. On the other hand, if the impedance Z; is fixed, 


then the stub length dp of each leg may be calculated by Eq. (11.8.1). 


11.9 Double and Triple Stub Matching 


Because the stub distance / from the load depends on the load impedance to be matched, 
the single-stub tuner is inconvenient if several different load impedances are to be 


matched, each requiring a different value for I. 
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The double-stub tuner, shown in Fig. 11.9.1, provides an alternative matching method 
in which two stubs are used, one at the load and another at a fixed distance | from the 
load, where typically, 1 = A/8. Only the stub lengths dı, dọ need to be adjusted to match 
the load impedance. 


main line Zo Za > A 


/ 7 


dı dz 


short/open 


/ 
v 


Fig. 11.9.1 Double stub tuner. 


The two stubs are connected in parallel to the main line and can be short- or open- 
circuited. We discuss the matching conditions for the case of shorted stubs. 

Let Y; = 1/Z, = G; + jB; be the load admittance, and define its normalized ver- 
sion y, = Y;/Yo = g; + jb, where gr, by are the normalized load conductance and 
susceptance. At the connection points a, b, the total admittance is the sum of the wave 
admittance of the line and the stub admittance: 


Yp + jtan pl 
1 + jyp tan Bl 


Ya = YI + Ystub,1 = jcot Bd, 


Yb = YL + Ystub,2 = JL + j (br — cot Bdz) 


The matching condition is yg = 1, which gives rise to two equations that can be 
solved for the unknown lengths d,,d>. It is left as an exercise (see Problem 11.8) to 
show that the solutions are given by: 


1 — btan fl - gL 


cot fd =b; -b, cotBd, = miaf 


(11.9.1) 


where 


1 
b = cot Bl + 4/91 (Jmax — JL), Qmax = 1 + cot? Bl = sin? Bl (11.9.2) 


Evidently, the condition for the existence of a real-valued b is that the load conduc- 
tance gz be less than gmax, that is, gL < Jmax. If this condition is not satisfied, the 
load cannot be matched with any stub lengths d,,d 2. Stub separations near A/2, or 
near zero, result in gmax = ©, but are not recommended because they have very narrow 
bandwidths [427]. 

Assuming | < A/4, the condition gy < gmax can be turned around into a condition 
for the maximum length 1 that will admit a matching solution for the given load: 
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A, 1 . : 
| ie Beer = asin ( Ja (maximum stub separation) (11.9.3) 

If the existence condition is satisfied, then Eq. (11.9.2) results in two solutions for b 
and, hence for, d,,d2. The lengths dı, dz must be reduced modulo A/2 to bring them 
within the minimum interval [0,A/2]. 

If any of the stubs are open-circuited, the corresponding quantity cot Bd; must be 
replaced by — tan Bd; = cot(Bd; — 1/2). 

The MATLAB function stub2 implements the above design procedure. Its inputs are 
the normalized load impedance Z; = Z,/Zo, the stub separation 1, and the stub types, 
and its outputs are the two possible solutions for the dı, dp. Its usage is as follows: 


d12 = stub2(zL,1,type); % double stub tuner 
d12 = stub2(zL,1); % equivalent to type=’ss’ 
d12 = stub2(zL); % equivalent to 1 = 1/8 and type=’ss’ 


The parameter type takes on the strings values: ’ss’, ’so’, ’os’, 00’, for short/short, 
short/open, open/short, open/open stubs. If the existence condition fails, the function 
outputs the maximum separation lmax that will admit a solution. 

A triple stub tuner, shown in Fig. 11.9.2, can match any load. The distances lı, 12 
between the stubs are fixed and only the stub lengths dı, d2,d3 are adjustable. 

The first two stubs (from the left) can be thought of as a double-stub tuner. The 
purpose of the third stub at the load is to ensure that the wave impedance seen by the 
double-stub tuner satisfies the existence condition gL < Jmax. 
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short/open 
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Fig. 11.9.2 Triple stub tuner. 


The total admittance at the load point c, and its propagated version by distance l2 
to point b are given by: 


Yc + j tan fl? 
~ 14+ jyc tan Blo’ 


yı Yc = YL + Yswb,3 = JL + jbr — jcot pdz = g +jb (11.9.4) 


where b = b; — cot Bd3. The corresponding conductance is: 


gL(1 + tan? Bl2) 


11.9. 
(b tan Bl; — 1)2+g% tan? Bl» he) 


gi = Re(yi) = 
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The first two stubs see the effective load yı. The double-stub problem will have a 
solution provided g; < Jmax,ı = 1/ sin? Bl. The length d; of the third stub is adjusted to 
ensure this condition. To parametrize the possible solutions, we introduce a “smallness” 
parameter e < 1 such that gı = @gmax,1. This gives the existence condition: 


gL (1 + tan? lz) 
(b tan Blz — 1)2+g7 tan? Bl2 


gı egmax,1 


which can be rewritten in the form: 
(b — cot Bl2)?= gL (Jmax,2 ag egmax, 1JL) = J$ Jmax,ı (emax — €) 


where we defined gmax, = 1 + cot? Blz = 1/ sin? Blz and emax = Jmax,2/ (JLJmax,ı). If 
Cmax < 1, we may replace e by the minimum of the chosen e and emax. But if e€max > 1, 
we just use the chosen e. In other words, we replace the above condition with: 


(b — cot Blz)?= 97 Imax,1 (Cmax — Emin), €min = MIn (e, Cmax) (11.9.6) 


It corresponds to setting g] = @minJmax,1- Solving Eq. (11.9.6) for cot Bd3 gives the 
two solutions: 


cot dz = bzr -b, b = cotfl: + G1 Imax,1 (Cmax — emin) (11.9.7) 


For each of the two values of d3, there will be a feasible solution to the double-stub 
problem, which will generate two possible solutions for d,d. Thus, there will be a 
total of four triples dı, d2,d3 that will satisfy the matching conditions. Each stub can 
be shorted or opened, resulting into eight possible choices for the stub triples. 

The MATLAB function stub3 implements the above design procedure. It generates 
a 4x3 matrix of solutions and its usage is: 


d123 = stub3(zL,11,12,type,e); % triple stub tuner 

d123 = stub3(zL,11,12,type); % equivalent toe = 0.9 

d123 = stub3(zL,11,12); % equivalent toe = 0.9, type=’sss’ 

d123 = stub3(zL); % equivalent toe = 0.9, type=’sss’, l} = 12 = 1/8 


where type takes on one of the eight possible string values, defining whether the first, 


second, or third stubs are short- or open-circuited: ’sss’, ’sso’, ’sos’, S00’, OSS’, ’0SO’, 
008’, ’000’. 


11.10 L-Section Lumped Reactive Matching Networks 


Impedance matching by stubs or series transmission line segments is appropriate at 
higher frequencies, such as microwave frequencies. At lower RF frequencies, lumped- 
parameter circuit elements may be used to construct a matching network. Here, we 
discuss L-section, [T-section, and T-section matching networks. 

The L-section matching network shown in Fig. 11.10.1 uses only reactive elements 
(inductors or capacitors) to conjugately match any load impedance Zz to any generator 
impedance Zg. The use of reactive elements minimizes power losses in the matching 
network. 
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ZG | > jX} ZG > jX ! 
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normal L-section (Rg > Ry) reversed L-section (Rg < Ry) 


Fig. 11.10.1 L-section reactive conjugate matching network. 


L-section networks are used to match the input and output impedances of amplifier 
circuits [530-538] and also to match transmitters to feed lines [45,46,505-512]. 

An arbitrary load impedance may be matched by a normal L-section, or if that is 
not possible, by a reversed L-section. Sometimes both normal and reversed types are 
possible. We derive below the conditions for the existence of a matching solution of a 
particular type. 

The inputs to the design procedure are the complex load and generator impedances 
Zr = Rr + jX: and Zg = Rg + jXg. The outputs are the reactances X,,X2. For 
either type, the matching network transforms the load impedance Zz into the complex 
conjugate of the generator impedance, that is, 


Zin = Ze (conjugate match) (11.10.1) 


where Zin is the input impedance looking into the L-section: 


ee ee 
"o Zi+Z +Z 
ZZ (11.10.2) 
Zin = Z2 + Z +Z L = (reversed) 


with Z; = jX1 and Z2 = jX2. Inserting Eqs. (11.10.2) into the condition (11.10.1) and 
equating the real and imaginary parts of the two sides, we obtain a system of equations 
for X1, X2 with solutions for the two types: 


X= XG + ReQ Xr +RıQ 
Re i Xı= Ry, 
Ri Re 


Xo = —(X, + R1Q) (normal), | x, = —(X¢+R¢Q) (reversed) (11.10.3) 


2 
ğe RG 14 XG Ri OX 


T 1 T 
R: RGR Q Rg RGR 


If the load and generator impedances are both resistive, so that Xz = 0 and Xg = 0, 
the above solutions take the particularly simple forms: 
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R R 
Xı = +o Xı = +o 
X2 = FRQ (normal), | X2 = +RGQ (reversed) (11.10.4) 
Rg RL 
= oe] = a | 
Q Ri Q Rc 


We note that the reversed solution is obtained from the normal one by exchanging 
Zı with Zg. Both solution types assume that Rg # Rz. If Rg = Rz, then for either type, 
we have the solution: 


Xi, =~, X2=—-(X,+ Xe) (11.10.5) 


Thus, Xı is open-circuited and X? is such that X2 + X; = —Xg. The Q quantities 
play the role of series impedance Q-factors. Indeed, the X? equations in all cases imply 
that Q is equal to the ratio of the total series impedance by the corresponding series 
resistance, that is, (X2 + X,)/Ry or (X2 + XG)/Rg. 

The conditions for real-valued solutions for X1, X2 are that the Q factors in (11.10.3) 
and (11.10.4) be real-valued or that the quantities under their square roots be non- 
negative. When Rz # Rg, itis straightforward to verify that this happens in the following 
four mutually exclusive cases: 


existence conditions L-section types 
Rg >R, |Xr| = VRr(Re - Rx) normal and reversed 
Rg >R, |Xr| < JRr (Re - Rx) normal only (11.10.6) 


Re < R, |Xcl > 4VRg(Rı-— Rç) | normal and reversed 
Re < R, |Xc|<ẸXRgc(Rı — Rg) | reversed only 


It is evident that a solution of one or the other type always exists. When Rg > RL 
a normal section always exists, and when Rg < Rz a reversed one exists. The MATLAB 
function Imatch implements Eqs. (11.10.3). Its usage is as follows: 


X12 = Imatch(ZG,ZL, type); % L-section matching 


where type takes on the string values ’n’ or ’r’ for a normal or reversed L-section. 
The two possible solutions for X1, X2 are returned in the rows of the 2x2 matrix X12. 


Example 11.10.1: Design an L-section matching network for the conjugate match of the load 
impedance Zz = 100+50j ohm to the generator Zg = 50+10j ohm at 500 MHz. Determine 
the capacitance or inductance values for the matching network. 


Solution: The given impedances satisfy the last of the four conditions of Eq. (11.10.6). Therefore, 
only a reversed L-section will exist. Its two solutions are: 
45, | 172.4745 -71.2372 
Xj. = Imatch(50 + 107,100 + 50j,’’r’)= | _79.4745 51.2372 | 
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The first solution has a capacitive X = —71.2372 and an inductive X; = 172.4745. Setting 
Xə = 1/jwC and X; = jwL, where w = 2rrf = 277500 - 10° rad/sec, we determine the 
corresponding values of C and L to be C = 4.47 pF and L = 54.90 nH. 


The second solution has an inductive X? = 51.2372 and a capacitive X; = —72.4745. 
Setting X = jwL and X, = 1/jwC, we find in this case, L = 16.3 nH and C = 4.39 pF. Of 
the two solutions, the one with the smaller values is generally preferred. oO 


11.11 Pi-Section Lumped Reactive Matching Networks 


Although the L-section network can match an arbitrary load to an arbitrary source, 
its bandwidth and Q-factor are fixed uniquely by the values of the load and source 
impedances through Eqs. (11.10.3). 

The J7-section network, shown together with its T-section equivalent in Fig. 11.11.1, 
has an extra degree of freedom that allows one to control the bandwidth of the match. 
In particular, the bandwidth can be made as narrow as desired. 


ZG ! > jX> ! 

i —¥ a iat 

F Zw” JX JX3) | | Zr 
pes TEsection 
Zc "DA pa 

Y eee 

= Zin” : IXp | | Zp 
© Tesection 


Fig. 11.11.1 TI- and T-section matching networks. 


The IT, T networks (also called A, Y networks) can be transformed into each other 
by the following standard impedance transformations, which are cyclic permutations of 
each other: 


Z2Z3 Z3Z1ı ZıZ2 
Zq= Zp = Zo= =Z,;+204+Z 
a U , b U , c U , U 1 2 3 
(11.11.1) 
Z Z Z V = ZaZp + ZpZe + ZcZ 
> 2a a p IT FS = Lathb b4c cła 


Because Z1, Z2, Z3 are purely reactive, Zı = jX1, Z2 = jX2, Z3 = jX3, so will be 
Za, Zb, Zc, with Za = jXa, Zp = JXb, Ze = jXc. The MATLAB functions pi2t and t2pi 
transform between the two parameter sets. The function pi2t takes in the array of three 
values Z123 = [Z1, Z2, Z3] and outputs Zape = [Za, Zp, Zc], and t2pi does the reverse. 
Their usage is: 
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Zabc 
Z123 


pi2t(Z123); % TI to T transformation 
t2pi(Zabc) ; % T to IT transformation 


One of the advantages of T networks is that often they result in more practical values 
for the circuit elements; however, they tend to be more lossy [45,46]. 

Here we discuss only the design of the JJ matching network. It can be transformed 
into a T network if so desired. Fig. 11.11.2 shows the design procedure, in which the 
IT network can be thought of as two L-sections arranged back to back, by splitting the 
series reactance X> into two parts, X2 = X4 + X5. 


Zg}0— jx NEF 3 
y ! * y HRA A 
>) ae Y o| 
a Zn” [JX <2 Zy jX3) || ZŁ 
= Lesection E secion * 
Zg > iX4| 
| oy a 
T Lai JX] Z | effective load 


Fig. 11.11.2 Equivalent L-section networks. 


An additional degree of freedom is introduced into the design by an intermediate 
reference impedance, say Z = R + jX, such that looking into the right L-section the 
input impedance is Z, and looking into the left L-section, it is Z*. 

Denoting the L-section impedances by Zı = jX1, Z4 = jX4 and Z3 = jX3, Z5 = JXs, 
we have the conditions: 


ZıZG x Z3ZL 
=Z Zright = Z5 4 =Z 11.11.2 
Z Fg ’ right 5 ( ) 


As shown in Fig. 11.11.2, the right L-section and the load can be replaced by the 
effective load impedance Zrigw = Z. Because Z; and Z4 are purely reactive, their con- 


jugates will be Z{ = —Z, and Z{ = —Zz4. It then follows that the first of Eqs. (11.11.2) 
can be rewritten as the equivalent condition: 


Ziett = Z4 4 


Zin = oes =Z% (11.11.3) 
This is precisely the desired conjugate matching condition that must be satisfied by 
the network (as terminated by the effective load Z.) 
Eq. (11.11.3) can be interpreted as the result of matching the source Zg to the load 
Z with a normal L-section. An equivalent point of view is to interpreted the first of 
Eqs. (11.11.2) as the result of matching the source Z to the load Zg using a reversed 
L-section. 
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Similarly, the second of Eqs. (11.11.2) is the result of matching the source Z* to the 
load Zz (because the input impedance looking into the right section is then (Z*) *= Z.) 
Thus, the reactances of the two L-sections can be obtained by the two successive calls 
to Imatch: 


X14 = [X1, X4] = Imatch (Zg, Z, ’n’) = Imatch(Z, Zg, ’r’) (11.11.4) 
X35 = [X3, X5]= Imatch(Z*, Zz, ’r’) ay 


In order for Eqs. (11.11.4) to always have a solution, the resistive part of Z must 
satisfy the conditions (11.10.6). Thus, we must choose R < Rg and R < R_,, or equiva- 
lently: 

R < Rmin, Rmin = min (Rg, R) (11.11.5) 


Otherwise, Z is arbitrary. For design purposes, the nominal Q factors of the left and 
right sections can be taken to be the quantities: 


R R 
QG = a QL = ae (11.11.6) 


The maximum of the two is the one with the maximum value of Rg or R_, that is, 


g =, /Rmx _ | 


R , Rmax = max (Rg, Ry) (11.11.7) 


This Q-factor can be thought of as a parameter that controls the bandwidth. Given 
a value of Q, the corresponding R is obtained by: 


R= or (11.11.8) 


For later reference, we may express Qc, QL in terms of Q as follows: 


a=] Magris -= Moe y= (1.11.9) 


Clearly, one or the other of QL, Qc is equal to Q. We note also that Q may not be 
less than the value Qmin achievable by a single L-section match. This follows from the 
equivalent conditions: 


, Qmin = Hee (11.11.10) 
Rmin 

The MATLAB function pmatch implements the design equations (11.11.4) and then 
constructs X> = X4 + Xs. Because there are two solutions for X4 and two for X5, we can 
add them in four different ways, leading to four possible solutions for the reactances of 
the IT network. 

The inputs to pmatch are the impedances Zg, Zz and the reference impedance Z, 
which must satisfy the condition (11.11.10). The output is a 4x3 matrix X23 whose 
rows are the different solutions for X1, X2, X3: 


[Q > Qmin = R< Rmn 
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X123 = pmatch(ZG,ZL,Z); % IT matching network design 


The analytical form of the solutions can be obtained easily by applying Eqs. (11.10.3) 
to the two cases of Eq. (11.11.4). In particular, if the load and generator impedances are 
real-valued, we obtain from (11.10.4) the following simple analytical expressions: 

Re oe Rmax (EGQG + ELQL) ees Ri (1.11.11) 
QG Q? +1 QL 

where €G, €z are +1, Qc, Qz are given in terms of Q by Eq. (11.11.9), and either Q is 
given or it can be computed from Eq. (11.11.7). The choice €G = €z = 1 is made often, 
corresponding to capacitive X1, X3 and inductive X2 [45,510]. 

As emphasized by Wingfield [45,510], the definition of Q as the maximum of Q; and 
Qg underestimates the total Q-factor of the network. A more appropriate definition is 
the sum Qo = Qz + Qe. 

An alternative set of design equations, whose input is Qo, is obtained as follows. 
Given Qo, we solve for the reference resistance R by requiring: 


Rg ,, [Ri 
Qo QG+QL Ne a 1 


This gives the solution for R, and hence for Qg, Q1: 


Xı = —EG 


R= (Re — R1)? 
(Rg + Rx) Q3 — 2Qo\RGRiQ3 — (Rg - R1)? 
QG z RGQo = \RcRiQ3 an (Rg - R1)? (11.11.12) 
Rg- RL 
R1Qo — \RcR1Q3 - (Rg - R1)? 
Qi = 


Rr — RG 


Then, construct the J reactances from: 


X,= Xo = R(EGQG F ELQL) , X3 = -E6 — (11.11.13) 


Re 
EG J 

Qg QL 

The only requirement is that Qo be greater than Qmin. Then, it can be verified that 
Eqs. (11.11.12) will always result in positive values for R, Qg, and Qz. More simply, the 
value of R may be used as an input to the function pmatch. 


Example 11.11.1: We repeat Example 11.10.1 using a IJ network. Because Zg = 50 + 10j and 
Zı = 100 + 50j, we arbitrarily choose Z = 20 + 40j, which satisfies R < min (Rg, Rz,). The 
MATLAB function pmatch produces the solutions: 


48.8304 —71.1240 69.7822 
—35.4970 71.1240 —44.7822 
48.8304 20.5275 —44.7822 
—35.4970 —20.5275 69.7822 


X123 = [X1, X2,X3]= pmatch(Z¢, ZL, Z)= 
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All values are in ohms and the positive ones are inductive while the negatives ones, capac- 
itive. To see how these numbers arise, we consider the solutions of the two L-sections of 
Fig. 11.11.2: 
Stage? 48.8304 —65.2982 
poe MEA as | -35.4970 -14.7018 | 


X35 = Imatch(Z*, Zr, ’r’)= | 69.7822 | 


—44.7822 85.825 


where X4 and X; are the second columns. The four possible ways of adding the entries 
of X4 and Xs give rise to the four values of X2. It is easily verified that each of the four 
solutions satisfy Eqs. (11.11.2) and (11.11.3). o 


Example 11.11.2: Itis desired to match a 200 ohm load to a 50 ohm source at 500 MHz. Design 
L-section and I-section matching networks and compare their bandwidths. 


Solution: Because Rg < Rz and Xg = 0, only a reversed L-section will exist. Its reactances are 
computed from: 


,.,,_ [| 115.4701 -86.6025 
Xie > [Paige = match (00,200; PS Eoo Bene 


The corresponding minimum Q factor is Qmin = /200/50 — 1 = 1.73. Next, we design a 
IT section with a Q factor of 5. The required reference resistance R can be calculated from 
Eq. (11.11.8): 


200 


= = 7.6923 ohm 
5241 6923 o 


The reactances of the IT matching section are then: 


21.3201 —56.5016 40 
—21.3201 56.5016 —40 
21.3201 20.4215 —40 
—21.3201 —20.4215 40 


X123 = [X1, X, X3]= pmatch (50, 200, 7.6923) = 


The IT to T transformation gives the reactances of the T-network: 


—469.0416 176.9861 —250 
469.0416 —176.9861 250 
—469.0416 —489.6805 250 
469.0416 489.6805 -250 


Xabe = [Xa, Xp, Xc]= pi2t(X123) = 


If we increase, the Q to 15, the resulting reference resistance becomes R = 0.885 ohm, 
resulting in the reactances: 


6.7116 —19.8671 13.3333 
—6.7116 19.8671 —13.3333 
6.7116 6.6816 —13.3333 
—6.7116 —6.6816 13.3333 


X123 = [X1, X2, X3]= pmatch (50, 200, 0.885) = 
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Fig. 11.11.3 Comparison of L-section and H-section matching. 


Fig. 11.11.3 shows the plot of the input reflection coefficient, that is, the quantity Iin = 
(Zin — ZË) / (Zin + Zg) versus frequency. 

If a reactance X; is positive, it represents an inductance with a frequency dependence of 
Zi = JXif /fo, where fo = 500 MHz is the frequency of the match. If X; is negative, it 
represents a capacitance with a frequency dependence of Z; = jXifo/f. 


The graphs display the two solutions of the L-match, but only the first two solutions of 
the IT match. The narrowing of the bandwidth with increasing Q is evident. o 


The T network achieves a narrower bandwidth over a single L-section network. In 
order to achieve a wider bandwidth, one may use a double L-section network [530], as 
shown in Fig. 11.11.4. 


Zoo ix j -»[iX5| — 
Wl see oe | 1 y 
~) Za” X| Z fe JX) [Zp] Re<R<R; 
Zj fH jX 
ex | ize zit a 
Lig A m^ l jX Z| Rg>R>R, 


Fig. 11.11.4 Double L-section networks. 


The two L-sections are either both reversed or both normal. The design is similar to 
Eq. (11.11.4). In particular, if Rg < R < Rz, we have: 


Xı4 = [X1, X4] = lmatch (Zg, Z, ’r’) 


(11.11.14) 
X35 = [X3,X5]= Imatch(Z*, Zz, ’r’) 
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and if Rg > R > Rr: 


Xı4 = [X1, X4] = lmatch (Zg, Z, ’n’) 
(11.11.15) 
X35 = [X3, X5] = lmatch(Z*, Zz, ’n’) 


The widest bandwidth (corresponding to the smallest Q) is obtained by selecting 
R = /RGR_. For example, consider the case Rg < R < Rı. Then, the corresponding 
left and right Q factors will be: 


N ies ss fee 
Qc = RG l; QL = R 1 


Both satisfy Qg < Qmin and Q; < Qmin. Because we always choose Q to be the 
maximum of QG, QL, the optimum Q will correspond to that R that results in Qopt = 
min (max(Qg, QL)). It can be verified easily that Ropt = VRGRL and 


R R 
Qopt QL,opt QG,opt d Ee l de i 


These results follow from the inequalities: 


QG < Qop < QL, if RG <R < Rop 
QL < Qopt < QG, if Rop < R < RL 


Example 11.11.3: Use a double L-section to widen the bandwidth of the single L-section of 
Example 11.11.2. 


Solution: The Q-factor of the single section is Qmin = vV200/500 — 1 = 1.73. The optimum ref- 
erence resistor is Ropt = V50-200 = 100 ohm and the corresponding minimized optimum 


Qopt =1. 


The reactances of the single L-section were given in Example 11.11.2. The reactances of 
the two sections of the double L-sections are calculated by the two calls to Imatch: 


cane) 100 -50 
Xı4 = [X1, X4]= lmatch (50, 100, ’r’) = | —100 | 

cee of 200 -100 
X35 = [X3, X5]= lmatch(100, 200, ’r’)= | -200 ra 


The corresponding input reflection coefficients are plotted in Fig. 11.11.5. As in the design 
of the TI network, the dual solutions of each L-section can be paired in four different ways. 
But, for the above optimum value of R, the four solutions have virtually identical responses. 
There is some widening of the bandwidth, but not by much. o 


11.12 Problems 


11.1 A transmission line with characteristic impedance Zo = 100 Q is terminated at a load 
impedance Z; = 150+ j50 Q. What percentage of the incident power is reflected back 
into the line? 
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Fig. 11.11.5 Comparison of single and double L-section networks. 


In order to make the load reflectionless, a short-circuited stub of length 1; and impedance 
also equal to Zp is inserted at a distance l) from the load. What are the smallest values of 
the lengths l; and l; in units of the wavelength A that make the load reflectionless? 


11.2 A loss-free line of impedance Zp is terminated at a load Z; = Zo + jX, whose resistive part is 
matched to the line. To properly match the line, a short-circuited stub is connected across 
the main line at a distance of A/4 from the load, as shown below. The stub has characteristic 
impedance Zp. 

Find an equation that determines the length 1 of the stub in order that there be no reflected 
waves into the main line. What is the length 1 (in wavelengths A) when X = Zo? When 
X = Zo/,/3? 


Zo k— A/4 — 


Sa [] Z,=Zo +jX 


11.3 A transmission line with characteristic impedance Zo must be matched to a purely resistive 
load Zz. A segment of length l; of another line of characteristic impedance Z; is inserted at 
a distance lọ from the load, as shown in Fig. 11.6.1 (with Z2 = Zp and h = Io.) 
Take Zo = 50, Z; = 100, Z; = 80 Q and let Bo and fı be the wavenumbers within the 
segments lọ and lı. Determine the values of the quantities cot($ılı) and cot(Bolo) that 
would guarantee matching. Show that the widest range of resistive loads Zz that can be 
matched using the given values of Zo and Z is: 12.5 Q < Zz < 200 Q. 


11.4 A transmission line with resistive impedance Zp is terminated at a load impedance Z; = 
R + jX. Derive an expression, in terms of Zo, R, X, for the proportion of the incident power 
that is reflected back into the line. 

In order to make the load reflectionless, a short-circuited stub of length 1; and impedance Zo 
is inserted at a distance l from the load. Derive expressions for the smallest values of the 
lengths l; and l; in terms of the wavelength A and Zo, R, X, that make the load reflectionless. 
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11.5 


11.6 


11.7 


11.8 
11.9 


11.10 


11.11 


11.12 


11.13 


It is required to match a lossless transmission line Zp to a load Zz. To this end, a quarter- 
wavelength transformer is connected at a distance lọ from the load, as shown below. Let Ap 
and A be the operating wavelengths of the line and the transformer segment. 


i —- V ——h — 1, “| 


Assume Zo = 50 Q. Verify that the required length lọ that will match the complex load 
Zr = 40 + 30j Qis lọ = A/8. What is the value of Z; in this case? 


It is required to match a lossless transmission line of impedance Zo = 75 Q to the complex 
load Zz = 60 + 45j Q. To this end, a quarter-wavelength transformer is connected at a 
distance lo from the load, as shown in the previous problem. Let Ao and A be the operating 
wavelengths of the line and the transformer segment. 

What is the required length lọ in units of Ag? What is the characteristic impedance Z, of the 
transformer segment? 


Show that the solution of the one-section series impedance transformer shown in Fig. 11.6.3 
is given by Eq. (11.6.9), provided that either of the inequalities (11.6.10) is satisfied. 


Show that the solution to the double-stub tuner is given by Eq. (11.9.1) and (11.9.2). 


Match load impedance Zz = 10 — 5j ohm of Example 11.7.1 to a 50-ohm line using a double- 
stub tuner with stub separation of l = A/16. Show that a double-stub tuner with separation 
of l = A/8 cannot match this load. 


Match the antenna and feed line of Example 11.6.2 using a double stub tuner with stub 
separation of | = A/8. Plot the corresponding matched reflection responses. Repeat when 1 
is near A/2, say, l = 0.495 A, and compare the resulting notch bandwidths. 


Show that the load impedance of Problem 11.9 can be matched with a triple-stub tuner using 
shorted stubs with separations of lı = l2 = A/8, shorted stubs. Use the smallness parameter 
values of e = 0.9 and e = 0.1. 


Match the antenna and feed line of Example 11.6.2 using a stub tuner and plot the corre- 
sponding matched reflection responses. Use shorted stubs with separations lı = l2 = A/8, 
and the two smallness parameters e = 0.9 and e = 0.7. 


Design an L-section matching network that matches the complex load impedance Z; = 
30 + 40j ohm to a 50-ohm transmission line. Verify that both a normal and a reversed 
L-section can be used. 


12 


S-Parameters 


12.1 Scattering Parameters 


Linear two-port (and multi-port) networks are characterized by a number of equivalent 
circuit parameters, such as their transfer matrix, impedance matrix, admittance matrix, 
and scattering matrix. Fig. 12.1.1 shows a typical two-port network. 


q h 
O—_ oO 
F + two-port F b 
1> y network ea 
b, <M 1 5 2. a dz 


Fig. 12.1.1 Two-port network. 


The transfer matrix, also known as the ABCD matrix, relates the voltage and current 
at port 1 to those at port 2, whereas the impedance matrix relates the two voltages 
V1, V2 to the two currents I, Iz: 


Vi | |A B V2 : 
| i | = E J | I | (transfer matrix) 


Vi = Zn Z D (impedance matrix) 
V2 Z2 Z2 =Í 


Thus, the transfer and impedance matrices are the 2x2 matrices: 


_|A B o| Zu Z 
T= l J ; Z= ES Zov (12.1.2) 
The admittance matrix is simply the inverse of the impedance matrix, Y = Z~!. The 


scattering matrix relates the outgoing waves b,,b2 to the incoming waves dj, a2 that 
are incident on the two-port: 


(12.1.1) 


tIn the figure, I2 flows out of port 2, and hence —I? flows into it. In the usual convention, both currents 
I,,I2 are taken to flow into their respective ports. 
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k | = E A id SS & =| (scattering matrix) (12.1.3) 

The matrix elements S11, S12, S21, S22 are referred to as the scattering parameters or 
the S-parameters. The parameters S11, S22 have the meaning of reflection coefficients, 
and S21, S12, the meaning of transmission coefficients. 

The many properties and uses of the S-parameters in applications are discussed in 
[513-539]. One particularly nice overview is the HP application note AN-95-1 by Ander- 
son [524] and is available on the web [740]. 

We have already seen several examples of transfer, impedance, and scattering matri- 
ces. Eq. (9.7.6) or (9.7.7) is an example of a transfer matrix and (9.8.1) is the correspond- 
ing impedance matrix. The transfer and scattering matrices of multilayer structures, 
Eqs. (5.6.23) and (5.6.37), are more complicated examples. 

The traveling wave variables a, b; at port 1 and av, bv at port 2 are defined in terms 
of V1, Iı and V2, I and a real-valued positive reference impedance Zo as follows: 


ä _ Vit Zoli A _ Vz= Zol 
w E Za a NZa 
(traveling waves) (12.1.4) 
b _ Vi - Zoli p _ V2+ Zol 
Bee oO Bag 


The definitions at port 2 appear different from those at port 1, but they are really 
the same if expressed in terms of the incoming current —I>: 


V2—Zol2 _ V2 + Zo(—I2) 


ne De IZ 
p Vot Zola = Vz= Zo(-I2) 
2 
NA NA 


The term traveling waves is justified below. Eqs. (12.1.4) may be inverted to express 
the voltages and currents in terms of the wave variables: 


Vi = \Zo(ar + bı) V2 = Zo (ar + be) 


h = lah) k = z- bz -az 

In practice, the reference impedance is chosen to be Zo = 50 ohm. At lower fre- 
quencies the transfer and impedance matrices are commonly used, but at microwave 
frequencies they become difficult to measure and therefore, the scattering matrix de- 
scription is preferred. 

The S-parameters can be measured by embedding the two-port network (the device- 
under-test, or, DUT) in a transmission line whose ends are connected to a network ana- 
lyzer. Fig. 12.1.2 shows the experimental setup. 

A typical network analyzer can measure S-parameters over a large frequency range, 
for example, the HP 8720D vector network analyzer covers the range from 50 MHz to 


(12.1.5) 
) 
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40 GHz. Frequency resolution is typically 1 Hz and the results can be displayed either 
on a Smith chart or as a conventional gain versus frequency graph. 


Network Analyzer 


ooo 
Do0 
000 
B00 


L L 
L pur h 
a—> — >b, 
ae a 


Fig. 12.1.2 Device under test connected to network analyzer. 


Fig. 12.1.3 shows more details of the connection. The generator and load impedances 
are configured by the network analyzer. The connections can be reversed, with the 
generator connected to port 2 and the load to port 1. 


m L >| m“ h >| 
I l h h 
Zg > D> | T 
+ + + two-port + + y 
Ve ©) Vi Zo vı =- Vy Zo Vy [Zz 
m ar p =p 
aje ay eb; +b, 
bia bia aa “a; 


Fig. 12.1.3 Two-port network under test. 


The two line segments of lengths l4, l2 are assumed to have characteristic impedance 
equal to the reference impedance Zo. Then, the wave variables a,,b, and av, bp are 
recognized as normalized versions of forward and backward traveling waves. Indeed, 


according to Eq. (9.7.8), we have: 


Vı + Zoli 1 Və — Zol? 1 


a V a Vo_ 
i 2/Zo Jz i 2J Zo Ne 
Vi -Zol 1 V> + Zol 1 aes 
bı 1— Zoly Vi b> 2 + Zol2 Vo, 
2/Zo Zu 217, Za 


Thus, a, is essentially the incident wave at port 1 and b; the corresponding reflected 
wave. Similarly, a2 is incident from the right onto port 2 and b> is the reflected wave 
from port 2. 

The network analyzer measures the waves a},b{, and a,b at the generator and 
load ends of the line segments, as shown in Fig. 12.1.3. From these, the waves at the 
inputs of the two-port can be determined. Assuming lossless segments and using the 
propagation matrices (9.7.7), we have: 
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ay = eiði (0) ai a2 o eJ62 0 a 
i E | (0) ejô1 | | l ’ | g | 0) ejô2 b, (12.1.7) 


where 6; = Bl; and 62 = fl, are the phase lengths of the segments. Eqs. (12.1.7) can be 
rearranged into the forms: 


b, | _ bi a, | ai [es o 
leh ajola) [e e 


The network analyzer measures the corresponding S-parameters of the primed vari- 
ables, that is, 


bi Su Siz | | ai | a E Siz | . 
7 |= 7 7 , |, E 7 7 (measured S-matrix) (12.1.8) 
| b> | | S2 S22 az S2 S22 
The S-matrix of the two-port can be obtained then from: 
Bi | Pt eps |= =p | af sepp 
bə b; ay a2 
or, more explicitly, 
Sit Si2 L ejò: 0 Sia Sto ejò: 0 
S21 Soo E (0) ede Soy Sho 0 ibe 


7 S ee Sipe (01 +52) 
~ | Shijet) gf eid: 


(12.1.9) 


Thus, changing the points along the transmission lines at which the S-parameters 
are measured introduces only phase changes in the parameters. 

Without loss of generality, we may replace the extended circuit of Fig. 12.1.3 with the 
one shown in Fig. 12.1.4 with the understanding that either we are using the extended 
two-port parameters S’, or, equivalently, the generator and segment lı have been re- 
placed by their Thévenin equivalents, and the load impedance has been replaced by its 
propagated version to distance I». 


q h 
ZG al > 
+4 + two-port + y 
Vg (~) ¥ > Vv network V> < a Z; 
= in a S _ out 
a, —» —> b, 
bı + + 4), 


Fig. 12.1.4 Two-port network connected to generator and load. 
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The actual measurements of the S-parameters are made by connecting to a matched 
load, Z; = Zo. Then, there will be no reflected waves from the load, a2 = 0, and the 
S-matrix equations will give: 


bı s A 
by = 81,4, + S1242 = S1141 Sil = = reflection coefficient 
41 |Z,=Zo 
bz ee ne 
bo = S21 A, + S2242 = S2141 So, = = transmission coefficient 
41 |Z,=Zo 


Reversing the roles of the generator and load, one can measure in the same way the 
parameters S12 and Soo. 


12.2 Power Flow 


Power flow into and out of the two-port is expressed very simply in terms of the traveling 
wave amplitudes. Using the inverse relationships (12.1.5), we find: 


1 1 1 

5 RelVili] ad zal? = zbil? 

i i í (12.2.1) 
-= Re[Vž I] = =|a2|° — = |b21° 

2 el 2 2] 5| 2l 5 | 2l 


The left-hand sides represent the power flow into ports 1 and 2. The right-hand sides 
represent the difference between the power incident on a port and the power reflected 
from it. The quantity Re[VžI2]/2 represents the power transferred to the load. 

Another way of phrasing these is to say that part of the incident power on a port 
gets reflected and part enters the port: 


1 


—" 


1 
2 b,|* Re[V#I 
>al >l 1l 2 el 1 1] 
i 1 1 (12.2.2) 
z lal? = l 5 RelV3 (—I2)] 


One of the reasons for normalizing the traveling wave amplitudes by Zo in the 
definitions (12.1.4) was precisely this simple way of expressing the incident and reflected 
powers from a port. 

If the two-port is lossy, the power lost in it will be the difference between the power 
entering port 1 and the power leaving port 2, that is, 


1 1 1 1 1 1 
Pioss = 5 Re[V} h] -5 RelV2 2] zlil? + 5 lael? 5 bil? 5 lb2l? 


Noting that ata = |a,|? + |a|? and btb = |b, |? + |b2|2, and writing btb = at St Sa, 
we may express this relationship in terms of the scattering matrix: 


1 1 1 1 1 
Prioss = zata zb'b E zaa 5a'StSa = za (I-StS)a (12.2.3) 
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For a lossy two-port, the power loss is positive, which implies that the matrix J — S'S 
must be positive definite. If the two-port is lossless, Pioss = 0, the S-matrix will be 
unitary, that is, StS = I. 

We already saw examples of such unitary scattering matrices in the cases of the equal 
travel-time multilayer dielectric structures and their equivalent quarter wavelength mul- 
tisection transformers. 


12.3 Parameter Conversions 


It is straightforward to derive the relationships that allow one to pass from one param- 
eter set to another. For example, starting with the transfer matrix, we have: 


1 D A, AD-BC 
= AV + BIp Vi= Ach cle) t Bl = Gh aot 
> 
I) = CV2 + Dip 1 D 
Vesa Set 
2 C 1 C 2 


The coefficients of I4, I2 are the impedance matrix elements. The steps are reversible, 
and we summarize the final relationships below: 


_[Zn Ze]_1]A AD-BC 
~ | Za Zo2 | Cl} 1 D 


(12.3.1) 
oe E B | as ie Z11222 | 


C D Z221 1 Z22 


We note the determinants det(T)= AD — BC and det(Z)= Z,1Z22 — Zı2Z21. The 
relationship between the scattering and impedance matrices is also straightforward to 
derive. We define the 2x1 vectors: 


Vi l ay bı 
efaa] eaa] s 


Then, the definitions (12.1.4) can be written compactly as: 


(V+ ZoD = (Z + Zo1)I 


aa 


1 
b= V- ZI) = 
JZ l We Za 
where we used the impedance matrix relationship V = ZI and defined the 2x2 unit 
matrix I. It follows then, 


A 


(12.3.3) 


(Z —- ZoI)I 


I= (Z + ZI) ~t} (Z — ZoD) I = (Z —Zol)(Z + Zoľ) Tta 


TE -Z 


Thus, the scattering matrix S will be related to the impedance matrix Z by 


S = (Z — ZI) (Z + Zol)7! Z = (I- S)! (I+ S)Zo (12.3.4) 
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Explicitly, we have: 


HT 
s= Z11—Zo Z12 Zi1+ Zo Z12 
Z21 Z22 — Lo Z21 Z22 + Zo 


ae Z12 | 1 ies -Z2 | 


Z21 Z222 — Zo | Dz —Z21 Z11 + Zo 


where D; = det(Z + Zol)= (211, + Zo) (Z22 + Zo) -—Zi2Z21. Multiplying the matrix 
factors, we obtain: 


1 | (Zii — Zo) (Z22 + Zo) -Z12Z21 221220 


ee 
2Z21Z0 (Zii + Zo) (Z22 — Zo) —-Z12Z21 


D, | (12.3.5) 


Similarly, the inverse relationship gives: 


z- 20 | (1 + S11) (= S22) +S12S21 2512 


12.3. 
Ds 2512 eh sae oe 


where Ds = det (I — S)= (1 — S11) (1 — $22) —S12S2). Expressing the impedance param- 
eters in terms of the transfer matrix parameters, we also find: 


Aw? sez=0 2(AD - BC) 
ae Zo (12.3.7) 
Da 2 A+ CZo+ D 


where Da = A+ + CZo + D. 


12.4 Input and Output Reflection Coefficients 


When the two-port is connected to a generator and load as in Fig. 12.1.4, the impedance 
and scattering matrix equations take the simpler forms: 


bı = lna: 
(12.4.1) 


az = lib? 


where Zin is the input impedance at port 1, and Tin, Tz are the reflection coefficients at 
port 1 and at the load: 


Zin — Zo _ ZL- Žo 
Zad Z EZEZ 


The input impedance and input reflection coefficient can be expressed in terms of 
the Z- and S-parameters, as follows: 


Foe (12.4.2) 


Z12Z Sizal 
Zin = Zi ee Tin =Si1 t ie (12.4.3) 


12.4. Input and Output Reflection Coefficients 393 


The equivalence of these two expressions can be shown by using the parameter 
conversion formulas of Eqs. (12.3.5) and (12.3.6), or they can be shown indirectly, as 
follows. Starting with V2 = Z,J2 and using the second impedance matrix equation, we 
can solve for I> in terms of I: 


Və = Zali — Z22I2 = ZI h= I 12.4.4 
2 aii 2212 LI2 25 Z+ ( ) 
Then, the first impedance matrix equation implies: 
Zi2Z21 ) 
Vi = Zuh -Zk = |Z Ii = Zul 
1 114i 1212 ( 11 Z» 4 Zi 1 ind1 


Starting again with V2 = ZI we find for the traveling waves at port 2: 


Veils, -Zr = 25 


a2 In 
2/Zo 2/Zo ZL — Zo, Tb 
d» = = 
poo Vot Zola ZEA Zo e age TERA 
5 2/Zo Wa ° 


Using Vı = Zin), a similar argument implies for the waves at port 1: 


Vı + Zoli Zin + Zo 


ay I, 
24/Zo 24/Zo Zin = Zo 
bı = a, = lina: 
Vi — Zoli Zin Zo Zin + Zo 
bı l 
24/Zo 2/Zo 


It follows then from the scattering matrix equations that: 


S 
bo = $2141 t S2242 = S2241 t SooT tbo bo = a ay, (12.4.5) 
1 — SooP1 
which implies for bı: 
Sizs 
bı = Sia) + $1242 = $1141 + Silb = (su p 24222171L ) a, = lina: 
1 — S2TL 


Reversing the roles of generator and load, we obtain the impedance and reflection 
coefficients from the output side of the two-port: 


Z 12221 S12S21TG 
Z Z r Soo 4 12.4.6 
out 22 Tii + Ze | out 22 = Sule ( ) 
where 
Zout — Zo Ze -Zo 
r , Ig= 12.4.7 
on Zot + Zo’ ZG + Zo oe 


The input and output impedances allow one to replace the original two-port circuit 
of Fig. 12.1.4 by simpler equivalent circuits. For example, the two-port and the load can 
be replaced by the input impedance Zin connected at port 1, as shown in Fig. 12.4.1. 
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I h 
Zg Zout 
+ F y + F Y 
Ve © Vi [Zin] Va S V |“ 
a) —> —> a2 
b,;<«— <b, 


Fig. 12.4.1 Input and output equivalent circuits. 


Similarly, the generator and the two-port can be replaced by a Thévenin equivalent 
circuit connected at port 2. By determining the open-circuit voltage and short-circuit 
current at port 2, we find the corresponding Thévenin parameters in terms of the impe- 
dance parameters: 


Z221 VG Zi2Z21 
= » Zh = Zout = Z22 12.4.8 
Ži +Zg th out 22 Za +Zc ( ) 


Vin 


12.5 Stability Circles 


In discussing the stability conditions of a two-port in terms of S-parameters, the follow- 
ing definitions of constants are often used: 


A = det(S)= S11S22 — S12S21 
1 = [Su]? — |S22|? + |4|? 


K= (Rollett stability factor) 
2|S12S21| 4 
H = l -ISu |? (Edwards-Sinsky stability parameter) 
[S22 — ASX | + |Si2S21| 
z 2 
fine Le S221 (12.5.1) 
Sy, = AS] + |Si2S21| 


By =14 [Sul]? — |S22l? - 141°? 


B2 = 1 + |S22|? — |Suil? - 141? 
Cı = Su —AS3,, Dis |Sul? — |Al? 
Co = S22 — AS$, Dz = |S22\? — |4|? 


The quantity K is the Rollett stability factor [521], and u1, H2, the Edwards-Sinsky 
stability parameters [523]. The following identities hold among these constants: 


By — 4|Cy|? = B} — 4|C2|? = 4|S12S21|? (K? — 1) 
[C1]? = [S128521]? + (1 — |S22|*) Di (12.5.2) 
[C217 = |Sy2Soi/* + (1 -= |S 1?) Do 
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For example, noting that S12S21 = $1,S22 — A, the last of Eqs. (12.5.2) is a direct 
consequence of the identity: 


|A —BC|* — |B - AC*|? = (1- |C|*) (IA? — |B?) (12.5.3) 


We define also the following parameters, which will be recognized as the centers and 
radii of the source and load stability circles: 


Gr |Sy2S21| ane 
Cg = ee Ae (source stability circle) (12.5.4) 
Dı |Dıl 
* 
cL = © > s= |S12S21| (load stability circle) (12.5.5) 
D2 |D2| 


They satisfy the following relationships, which are consequences of the last two of 
Eqs. (12.5.2) and the definitions (12.5.4) and (12.5.5): 


1-|Sul? = (Ierl* — rz) D2 


(12.5.6) 


1 — |S22|* = (lcl? — r@)Di 


We note also that using Eqs. (12.5.6), the stability parameters H1, U2 can be written as: 


Ha = (\er| — rr) sign(D2) 


(12.5.7) 
H2 = (lcg| — re) sign(D1) 
For example, we have: 
AE 1- (Sil? å D2 (c11? — rz) 4 D2 (|c1l? — rf) = D? IEN 
IC2| + |S1252| |Deller| + |Delr,  |Də2|(lc1| +r)  |D2l 


We finally note that the input and output reflection coefficients can be written in the 
alternative forms: 


SizS2lr _ Su -Ar 
1— Sool, 1 — SoTL 


Si2S21TG — S22 — ATIG 
1 — SoolG 7 1- STG 

Next, we discuss the stability conditions. The two-port is unconditionally stable if 
any generator and load impedances with positive resistive parts Rg, Rz, will always lead 
to input and output impedances with positive resistive parts Rin, Rout- 

Equivalently, unconditional stability requires that any load and generator with |I; | < 
1 and |I'g| < 1 will result into |Ijn| < 1 and |Tour| < 1. 

The two-port is termed potentially or conditionally unstable if there are |[',| < 1 and 
[[g| < 1 resulting into |Ij,| > 1 and/or |[our| = 1. 

The load stability region is the set of all Tz the result into |[j,| < 1, and the source 
stability region, the set of all Ig that result into |Iour| < 1. 

In the unconditionally stable case, the load and source stability regions contain the 
entire unit-circles || < 1 or |G| < 1. However, in the potentially unstable case, only 


Tin = Sui 
(12.5.8) 


Tout = S22 
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portions of the unit-circles may lie within the stability regions and such Ig, Tz will lead 
to a stable input and output impedances. 

The connection of the stability regions to the stability circles is brought about by the 
following identities, which can be proved easily using Eqs. (12.5.1)-(12.5.8): 


IT, -= cl? - r? 


1- |In]? = 
| in| (i —Ssar ple 2 
Ir 2 3 (12.5.9) 
= Cg =G 
1- Ioul? = E D 
| outl (eae 1 


For example, the first can be shown starting with Eq. (12.5.8) and using the definitions 
(12.5.5) and the relationship (12.5.6): 


1—\l2 =1 Su- Aly |* Sis Aer =- (1 - Sefl? 
E 1- Sol, |1 — Soo |? 
2 (IS221? = |AI?) ITL? — (S22 -— ASH) I — (S% — A* Su) TF +1- |S]? 
|1 — S2211 1? 
D2|l1|? — Col, — CZT +1- (Sil? 
|1 — SooT |? 
_ D2(Ifi I? cer, — cfT# + |cr|? - rê) Daler - r3) 
|1 — SE [r= SFr]? 


It follows from Eq. (12.5.9) that the load stability region is defined by the conditions: 
1- |In > 0 © ((Fi-czr|*? —1r?)D2>0 


Depending on the sign of D2, these are equivalent to the outside or the inside of the 
load stability circle of center cz and radius rz: 


lr, -cl > FL, if D> 0 
(load stability region) (12.5.10) 


[Ir -cil <r, if D2 <0 


The boundary of the circle |, — c| = rz, corresponds to |in] = 1. The complement 
of these regions corresponds to the unstable region with |Iin| > 1. Similarly, we find 
for the source stability region: 


IIg- cgl > rg, if Dı > 0 
, (source stability region) (12.5.11) 
ĮIIg-cegl<rg, if Dı <0 


In order to have unconditional stability, the stability regions must contain the unit- 
circle in its entirety. If D2 > 0, the unit-circle and load stability circle must not overlap 
at all, as shown in Fig. 12.5.1. Geometrically, the distance between the points O and A in 
the figure is (OA) = |c,|— rz. The non-overlapping of the circles requires the condition 
(OA)> 1, or, |cz| -r > 1. 

If D2 < 0, the stability region is the inside of the stability circle, and therefore, the 
unit-circle must lie within that circle. This requires that (OA) = rz — |c| > 1, as shown 
in Fig. 12.5.1. 
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load 
unit-disk a stability `a 
Vol circles 


load 
stability 
D> 0, ICLl-rL>1 regions D2<0, ™-Ier)>1 


Fig. 12.5.1 Load stability regions in the unconditionally stable case. 


These two conditions can be combined into sign(D2)(|cz| — rz) > 1. But, that is 
equivalent to 4, > 1 according to Eq. (12.5.7). Geometrically, the parameter u, repre- 
sents the distance (OA). Thus, the condition for the unconditional stability of the input 
is equivalent to: 


H> 1 (unconditional stability condition) (12.5.12) 


It has been shown by Edwards and Sinsky [523] that this single condition (or, alter- 
natively, the single condition H2 > 1) is necessary and sufficient for the unconditional 
stability of both the input and output impedances of the two-port. Clearly, the source 
stability regions will be similar to those of Fig. 12.5.1. 

If the stability condition is not satisfied, that is, Hı < 1, then only that portion of the 
unit-circle that lies within the stability region will be stable and will lead to stable input 
and output impedances. Fig. 12.5.2 illustrates such a potentially unstable case. 


unstable 
region 


unit-disk 
lTrl<1 


unstable 
region 


stability 
circles 


load 


stability 
Dy>0, le~tl-TL< 1 regions 


Fig. 12.5.2 Load stability regions in potentially unstable case. 


If D2 > 0, then pt, < 1 is equivalent to |cz| — r; < 1, and if Dọ < 0, it is equivalent 
to rz — |c,| < 1. In either case, the unit-circle is partially overlapping with the stability 
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circle, as shown in Fig. 12.5.2. The portion of the unit-circle that does not lie within the 
stability region will correspond to an unstable Zin. 

There exist several other unconditional stability criteria that are equivalent to the 
single criterion UW; > 1. They all require that the Rollett stability factor K be greater 
than unity, K > 1, as well as one other condition. Any one of the following criteria are 
necessary and sufficient for unconditional stability [522]: 


K>1 and |A| <1 

K>1 and B,>0O 

K>1 and Bo>O (stability conditions) (12.5.13) 
K>1 and |Sy2So1| <1= S411? 

K>1 and |Sy2So1| <1- [S221° 


Their equivalence to ff, > 1 has been shown in [523]. In particular, it follows from 
the last two conditions that unconditional stability requires |S11| < 1 and |S22| < 1. 
These are necessary but not sufficient for stability. 

A very common circumstance in practice is to have a potentially unstable two-port, 
but with |S11| < 1 and |S22| < 1. In such cases, Eq. (12.5.6) implies D> (|cz|* — > 0, 
and the lack of stability requires uı = sign (D2) (|c;1? — r?) <1. 

Therefore, if D2 > 0, then we must have |c;|? — rê > 0 and |cr| -r < 1, which 
combine into the inequality rz < |c] < rr + 1. This is depicted in the left picture of 
Fig. 12.5.2. The geometrical distance (OA)= |c,| — rz, satisfies 0 < (OA) < 1, so that 
stability circle partially overlaps with the unit-circle but does not enclose its center. 

On the other hand, if D2 < 0, the two conditions require |c;,|*— r? < O0andrr-|cr| < 
1, which imply |cr| < rz < |cz| + 1. This is depicted in the right Fig. 12.5.2. The 
geometrical distance (OA)= rz — |c] again satisfies 0 < (OA) < 1, but now the center 
of the unit-circle lies within the stability circle, which is also the stability region. 

We have written a number of MATLAB functions that facilitate working with S- 
parameters. They are described in detail later on: 


smat reshape S-parameters into S-matrix 

sparam calculate stability parameters 

sgai n calculate transducer, available, operating, and unilateral power gains 
smatch calculate simultaneous conjugate match for generator and load 

gi n,gout calculate input and output reflection coefficients 

smith draw a basic Smith chart 

smithcir draw a stability or gain circle on Smith chart 

sgci re determine stability and gain circles 

nfcirc determine noise figure circles 

nfig calculate noise figure 


The MATLAB function sparam calculates the stability parameters H1, K, |A|, B1, Bo, 
as well as the parameters C1, C2, D1, Do. It has usage: 


[K,mu,D,B1,B2,C1,C2,D1,D2] = sparam(S); % stability parameters 


The function sgcirc calculates the centers and radii of the source and load stability 
circles. It also calculates gain circles to be discussed later on. Its usage is: 
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[cL,rL] 
[cG, rG] 


sgcirc(S,’1’); % load or Zin stability circle 
sgcirc(S,’s’); % source or Zout stability circle 


The MATLAB function smith draws a basic Smith chart, and the function smithcir 
draws the stability circles: 


smith(n) ; % draw four basic types of Smith charts, n = 1, 2,3,4 
smith; % default Smith chart corresponding to n = 3 
smithcir(c,r,max,width) ; % draw circle of center c and radius r 
smithcir(c,r,max); % equivalent to linewidth width=1 
smithcir(c,r); % draw full circle with linewidth width=1 


The parameter max controls the portion of the stability circle that is visible outside 
the Smith chart. For example, max = 1.1 will display only that portion of the circle that 
has |I| < 1.1. 


Example 12.5.1: The Hewlett-Packard AT-41511 NPN bipolar transistor has the following S- 
parameters at 1 GHz and 2 GHz [741]: 


Si = 0.482-149°, S2 = 5.189289°, Si2 = 0.073 243°, S22 = 0.492-—39° 
Sii = 0.464162°, S21 = 2.774259°, Si2 = 0.103 245°, S22 = 0.42 2—47° 


Determine the stability parameters, stability circles, and stability regions. 


Solution: The transistor is potentially unstable at 1 GHz, but unconditionally stable at 2 GHz. 
The source and load stability circles at 1 GHz are shown in Fig. 12.5.3. 


source 

stability load 

circle ~ stability 
circle 


Fig. 12.5.3 Load and source stability circles at 1 GHz. 
The MATLAB code used to generate this graph was: 
S = smat([0.48 -149 5.189 89 0.073 43 0.49 -39]); % form S-matrix 


[K,mu,D,B1,B2,C1,C2,D1,D2] = sparam(S); % stability parameters 


[cL,rL] = sgcirc(S,’1’); % stability circles 
[cG,rG] = sgcirc(S,’s’); 


smith; % draw basic Smith chart 
smithcir (cl, rL, 1.1, 1.5); % draw stability circles 
smithcir(cG, rG, 1.1 5) 
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The computed stability parameters at 1 GHz were: 


[K, 1, |Al, By, B2, D1, D2]= [0.781, 0.847, 0.250, 0.928, 0.947, 0.168, 0.178] 


The transistor is potentially unstable because K < 1 even though |A| < 1, Bı > 0, and 
B2 > 0. The load and source stability circle centers and radii were: 


CL = 2.978251.75°, r; = 2.131 
Cg = 3.098 2162.24°, rg = 2.254 


Because both Dı and D>» are positive, both stability regions will be the portion of the Smith 
chart that lies outside the stability circles. For 2 GHz, we find: 


[K, 11, |Al, Bi, B2, Di, D2]= [1.089, 1.056, 0.103, 1.025, 0.954, 0.201, 0.166] 
cr = 2.779250.12°, r = 1.723 


Cg = 2.473 Z-159.36°, rg = 1.421 


The transistor is stable at 2 GHz, with both load and source stability circles being com- 
pletely outside the unit-circle. oO 


Problem 12.2 presents an example for which the Dz parameter is negative, so that 
the stability regions will be the insides of the stability circles. At one frequency, the 
unit-circle is partially overlapping with the stability circle, while at another frequency, 
it lies entirely within the stability circle. 


12.6 Power Gains 


The amplification (or attenuation) properties of the two-port can be deduced by com- 
paring the power Pin going into the two-port to the power Pz coming out of the two-port 
and going into the load. These were given in Eq. (12.2.1) and we rewrite them as: 


1 1 
Pin = 5 Re[ViIi]= Rill |? (power into two-port) 
(12.6.1) 


1 1 
Pr = 3 Re[VžI]= zR k (power out of two-port and into load) 


where we used Vi = Zili, V2 = Ztl, and defined the real parts of the input and 
load impedances by Rin = Re(Zin) and Ry = Re(Z,). Using the equivalent circuits of 
Fig. 12.4.1, we may write I4, I2 in terms of the generator voltage Vg and obtain: 


p -1 [Vgl Rin 
m 2 |Zin + Zel* 
(12.6.2) 
Pi 1 |Vinl? Re 1 IVGl*RrZ21|? 


E 2 [Zour + Z1? E 2 | (Zi + Zg) (Zout + ZL) le 
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Using the identities of Problem 12.1, Pz can also be written in the alternative forms: 


2 IVel?Rr Zoi? 1 |Vgl? RL] Zoi? 
2 | (Zo. + ZL) (Zin + ZG) |? 2 | (Zi + ZG) (Z22 + Z1)-ZiZn |? 


Pr (12.6.3) 


The maximum power that can be delivered by the generator to a connected load 
is called the available power of the generator, Pavg, and is obtained when the load is 
conjugate-matched to the generator, that is, Payg = Pin when Zin = Zé. 

Similarly, the available power from the two-port network, Payn, is the maximum 
power that can be delivered by the Thévenin-equivalent circuit of Fig. 12.4.1 to a con- 
nected load, that is, Payy = Pz when Z; = Zj, = Z*,,. It follows then from Eq. (12.6.2) 
that the available powers will be: 


Payg = Max Pin = Ker (available power from generator) 
Vel? (12.6.4) 
Payn = max P; = R (available power from network) 
Using Eq. (12.4.8), Payn can also be written as: 
[Vel? Za |? 
Payn = 8Rout Zü + Ze (12.6.5) 


The powers can be expressed completely in terms of the S-parameters of the two- 
port and the input and output reflection coefficients. With the help of the identities of 
Problem 12.1, we find the alternative expressions for Pin and Pz: 


Vel? (1 - inl?) 11 - Tel? 


Py = 
me 8Zo |1 — Ting I? 
P= Vel? (= Fal?) 1 — Fel? 1Sail? 
8Zo | (1—Tinl’G) (1 - S21) |" 
(12.6.6) 
_ Wel? (1 - |T1l?) 11 = Pel?|S2i1? 
8Zo | (1—Toul’z) (1 - Sue) |” 
2 Vgl? (1 = IFL?) 11 — Pel? 18211? 
8Zo (1 -—SuiPg) (1 — SooPt)-Si2SaF oF 1 |? 
Similarly, we have for Payg and Payn: 
P _ IVall? I -Tgl? 
MeT Ieee ele 
(12.6.7) 
P Vgl? |1- Tgl? lS21? 
avN = 


8Zo (1 —|Fourl?)|1— Siulel? 


It is evident that Payg, Pavn are obtained from Pin, Pr by setting lin = T ka and Iz = 
T% which are equivalent to the conjugate-match conditions. 
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Three widely used definitions for the power gain of the two-port network are the 
transducer power gain Gr, the available power gain Ga, and the power gain Gy, also 
called the operating gain. They are defined as follows: 


power out of network P: 


Gr = (transducer power gain) 


maximum power in Pac 


maximum power out Pav 
Gre p e aN (available power gain) (12.6.8) 
maximum power in Payg 


power out of network Py, 
power into network Pin 


p (operating power gain) 

Each gain is expressible either in terms of the Z-parameters of the two-port, or in 
terms of its S-parameters. In terms of Z-parameters, the transducer gain is given by the 
following forms, obtained from the three forms of Pz in Eqs. (12.6.2) and (12.6.3): 


G ARGR1|Z21/° 
Ess 2 
(Z22 + ZL) (Zin + Ze) | 
4RGRz|Z>1(|2 
z GRLlZ2l 3 (12.6.9) 
(Zi T ZG) (Zout at ZL) | 
ARGRz|Z21/* 
(Zii + ZG) (Z22 + Zr) -—2Z 12221 li 
And, in terms of the S-parameters: 
1- |Igl? >» 1- |r]? 
GT = S 
e E E 
1- |Igl? 1- |rz1? 
= [Soi |? 12.6.10 
mesae tea? eee ln 
= (1 — el?) Sal? A = IIl?) 
| (1 =- Sig) (1 — S221) -S12S aT Gl k 
Similarly, we have for Ga and Gp: 
Rg Za 2 1- |Igl? 2 1 
Ga = = 5 lS21l E 
Rout Zil + ZG |1 — SiT Gl 1- |Poutl 
(12.6.11) 
Ri Zn |? 1 z I= LEP 
Gp = = TE E 
Rin | Z22 + ZL 1— |Fin| |1 — SooT7| 


The transducer gain Gr is, perhaps, the most representative measure of gain for 
the two-port because it incorporates the effects of both the load and generator impe- 
dances, whereas Ga depends only on the generator impedance and Gp only on the load 
impedance. 

If the generator and load impedances are matched to the reference impedance Zo, 
so that Zg = Zp = Zo and Ig =T; = 0, and Tin = S11, Tout = S22, then the power gains 
reduce to: 
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[S2]? G [S211 
1- |S2212? P 1- [S1]? 
A unilateral two-port has by definition zero reverse transmission coefficient, that is, 
Sı2 = 0. In this case, the input and output reflection coefficients simplify into: 


Gr =|Sa|*, Ga (12.6.12) 


Tin = S11, Tout = S22 (unilateral two-port) (12.6.13) 


The expressions of the power gains simplify somewhat in this case: 


1- |LG]? > 1- |r]? 
Gye Ge 
= Tesar ail |1 — SooT,|? 
1- |e? 1 : . 
Gau = —— 5 |S2 |? — unilateral gains 12.6.14 
au Suro. 21l SE ( gains) ( ) 
1 1- |r;]? 
Gyy = Soy |? 
eT sale Sane 


For both the bilateral and unilateral cases, the gains Gg, Gp are obtainable from Gr 
by setting T; = lži and Fin = T č, respectively, as was the case for Pavn and Pavg- 

The relative power ratios Pin/Pavg and Pz/Payn measure the mismatching between 
the generator and the two-port and between the load and the two-port. Using the defi- 
nitions for the power gains, we obtain the input and output mismatch factors: 


Pin _Gr__ 4RmRG _ (1 = |Finl?) (1 = Irgl?) 
Payc Gp [Zin + Zgl? |1 — InG)? 


Min = (12.6.15) 

PL GT 4RouRL (1 = ILoul?) (1 — IILI?) 
Pan Ga 7 [Zout + Z|? 5 |1 — Toul |? 

The mismatch factors are always less than or equal to unity (for positive Rin and 
Rout-) Clearly, Min = 1 under the conjugate-match condition Zin = Z č or lin =I cs and 
Mou = 1 if Z; = Z5y, or Ty = TX. The mismatch factors can also be written in the 
following forms, which show more explicitly the mismatch properties: 


Mout = 


(12.6.16) 


2 2 


Tin -TG Tout — TĚ 
Min =1- | ——— || ,_ Morr =1 12.6.17 
in | ee out foe ( ) 
These follow from the identity: 
|1 = rir? — (Fy -¥ |? = (1 - WI?) A = P21?) (12.6.18) 


The transducer gain is maximized when the two-port is simultaneously conjugate 
matched, that is, when Ij, = Té and T; = I%,,. Then, Mg = M; = 1 and the three 
gains become equal. The common maximum gain achieved by simultaneous matching 
is called the maximum available gain (MAG): 


GT max Gamax Gp,max GMAG (l 2.6. 19) 
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Simultaneous matching is discussed in Sec. 12.8. The necessary and sufficient con- 
dition for simultaneous matching is K = 1, where K is the Rollett stability factor. It can 
be shown that the MAG can be expressed as: 


(maximum available gain) (12.6.20) 


S 
Gung = R (K VK? — 1) 


The maximum stable gain (MSG) is the maximum value Gyac can have, which is 
achievable when K = 1: 


[S21] 
[S12] 


GMsG = (maximum stable gain) (12.6.21) 

In the unilateral case, the MAG is obtained either by setting [fg = I, = Sj, and 
Tp =Tey = S% in Eq. (12.6.14), or by a careful limiting process in Eq. (12.6.20), in which 
K > œ so that both the numerator factor K — vK? — 1 and the denominator factor |S12| 
tend to zero. With either method, we find the unilateral MAG: 


[S211 
(1 = |S1l1?) (1 = 18221?) 


The maximum unilateral input and output gain factors are: 


GMAG,u = = G1|S21|°Go (unilateral MAG) (12.6.22) 


1 1 
ae Pe 
They are the maxima of the input and output gain factors in Eq. (12.6.14) realized 
with conjugate matching, that is, with lG = Si and I, = Soo. For any other values 
of the reflection coefficients (such that |I| < 1 and Fz| < 1), we have the following 
inequalities, which follow from the identity (12.6.18): 


G) (12.6.23) 


1=|f¢l? y 1 i~i? 2 1 
|1- Sarge = Saale” |1 —SooFp|? ~ 1- |S221? 
Often two-ports, such as most microwave transistor amplifiers, are approximately 
unilateral, that is, the measured S-parameters satisfy |S12| < |S21|. To decide whether 
the two-port should be treated as unilateral, a figure of merit is used, which is essentially 
the comparison of the maximum unilateral gain to the transducer gain of the actual 
device under the same matching conditions, that is, lç = S{, and I, = S35. 
For these matched values of Ig, Tz, the ratio of the bilateral and unilateral transducer 
gains can be shown to have the form: 


(12.6.24) 


Gr E 1 U= S128215% S3 
Gru |1-U/?’ (1 — [S1112) (1 — IS2212) 


Ju = (12.6.25) 
The quantity |U| is known as the unilateral figure of merit. If the relative gain ratio 
Ju is near unity (typically, within 10 percent of unity), the two-port may be treated as 
unilateral. 
The MATLAB function sgain computes the transducer, available, and operating 
power gains, given the S-parameters and the reflection coefficients Ig, Iz. In addition, 


12.6. Power Gains 


405 


it computes the unilateral gains, the maximum available gain, and the maximum stable 
gain. It also computes the unilateral figure of merit ratio (12.6.25). It has usage: 


Gt = sgain(S,gG,gL); 
Ga = sgain(S,gG,’a’); 
Gp = sgain(S,gL,’p’); 


a 
3 
w 

Q 
Ul 


sgain(S); 
Gmsg = sgain(S,’msg’); 


Gu = sgain(S,’u’); 

G1 = sgain(S,’ui’); 
G2 = sgain(S,’uo’); 
gu = sgain(S,’ufm’); 


transducer power gain at given Ig, I 


available power gain at given Ig with’, =I'* 


operating power gain at given Tg, with F'G = rx 


maximum available gain (MAG) 


maximum stable gain (MSG) 


maximum unilateral gain, Eq. (12.6.22) 


maximum unilateral input gain, Eq. (12.6.23) 
maximum unilateral output gain, Eq. (12.6.23) 
unilateral figure of merit gain ratio, Eq. (12.6.25) 


The MATLAB functions gin and gout compute the input and output reflection coef- 
ficients from S and Ig, Iz. They have usage: 


Gin 
Gout 


gin(S,gL); 
gout(S,gG); 


input reflection coefficient, Eq. (12.4.3) 


output reflection coefficient, Eq. (12.4.6) 


Example 12.6.1: A microwave transistor amplifier uses the Hewlett-Packard AT-41410 NPN 
bipolar transistor with the following S-parameters at 2 GHz [741]: 


Si, = 0.612165°, Sa 


= 3.72259°, Si2 = 0.05.242°, S22 = 0.45 2—-48° 


Calculate the input and output reflection coefficients and the various power gains, if the 
amplifier is connected to a generator and load with impedances Zç = 10 — 20j and Zz = 


30 + 407 ohm. 


Solution: The following MATLAB code will calculate all the required gains: 


% normalization impedance 


—0.50 + 0.50j = 0.712135° 


%TL = -0.41 — 0.437 = 0.59Z-133.15° 


0.54 162.309 
0.45 Z —67.46° 


= 4.71, or, 6.73 dB 


11.44, or, 10.58 dB 
10.51, or, 10.22 dB 


27.64, or, 14.41 dB 
1.59, or, 2.02 dB 
1.25, or, 0.98 dB 
1.23, or, 0.89 dB 


= 41.50, or, 16.18 dB 


Z0 = 50; 

ZG = 10+20j; gG = z2g(ZG,Z0); ela = 
ZL = 30-40j; gL = z2g(ZL,Z0); 

S = smat([0.61 165 3.72 59 0.05 42 0.45 -48]); % reshape S into matrix 
Gin = gin(S,gL); “Tin = 
Gout = gout(S,gG); %Tout = 
Gt = sgain(S,gG,gL); % GT 
Ga = sgain(S,gG,’a’); %Ga = 
Gp = sgain(S,gL,’p’); %Gp = 
Gu = sgain(S,’u’); %Gy = 
G1 = sgain(S,’ui’); %G, = 
G2 = sgain(S,’uo’); % G2 = 
gu = sgain(S,’ufm’); % Gu = 
Gmag = sgain(S); % GMAG 
Gmsg = sgain(S,’msg’); % GMSG 


= 74.40, or, 18.72 dB 


406 Electromagnetic Waves & Antennas - S. J. Orfanidis 


The amplifier cannot be considered to be unilateral as the unilateral figure of merit ratio 
Jy = 1.23 is fairly large (larger than 10 percent from unity.) 


The amplifier is operating at a gain of Gr = 6.73 dB, which is far from the maximum value 
of Gmac = 16.18 dB. This is because it is mismatched with the given generator and load 
impedances. 


To realize the optimum gain Gmag the amplifier must ‘see’ certain optimum generator 
and load impedances or reflection coefficients. These can be calculated by the MATLAB 
function smatch and are found to be: 


Tg = 0.822-162.67° => ZG = g2z(ZG,Zo)= 5.12 — 7.54j Q 
Ti = 0.75 252.57° > Z, = g2z(Zz, Zo)= 33.66 + 91.48) Q 


The design of such optimum matching terminations and the function smatch are discussed 
in Sec. 12.8. The functions g2z and z2g were discussed in Sec. 9.7 . o 


12.7 Generalized S-Parameters and Power Waves 


The practical usefulness of the S-parameters lies in the fact that the definitions (12.1.4) 
represent forward and backward traveling waves, which can be measured remotely by 
connecting a network analyzer to the two-port with transmission lines of characteristic 
impedance equal to the normalization impedance Zo. This was depicted in Fig. 12.1.3. 

A generalized definition of S-parameters and wave variables can be given by using 
in Eq. (12.1.4) two different normalization impedances for the input and output ports. 

Anticipating that the two-port will be connected to a generator and load of impedan- 
ces Zg and Zz, a particularly convenient choice is to use Zg for the input normalization 
impedance and Zz for the output one, leading to the definition of the power waves (as 
opposed to traveling waves) [513-516]: 


ie Vi + Zeh ga V2 - Zil? 
1 2JRg 2 ARE 
(power waves) (12.7.1) 
p' Vi- Zčh p! _ V2+Zřh 
1 2JRg 2 DIRE 


We note that the b-waves involve the complex-conjugates of the impedances. The 
quantities Rg, Rz are the resistive parts of ZG, Z; and are assumed to be positive. These 
definitions reduce to the conventional traveling ones if Zg = Z; = Zo. 

These “wave” variables can no longer be interpreted as incoming and outgoing waves 
from the two sides of the two-port. However, as we see below, they have a nice interpre- 
tation in terms of power transfer to and from the two-port and simplify the expressions 
for the power gains. Inverting Eqs. (12.7.1), we have: 


1 1 
Vı = —(Zéa‘) + Zgb; Vo = —— (Zř a; + Zb; 
1 TRe G41 G 1) 2 TR | LY2 L 2) 
j i (12.7.2) 
I, = —= (a) - bi) I = = (b; - ay) 


WRe VR 
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The power waves can be related directly to the traveling waves. For example, ex- 
pressing Eqs. (12.7.1) and (12.1.5) in matrix form, we have for port-1: 


alee = baa a e eee 


It follows that: 
ai = 1 1 ZG Zo Zo ay, ie 
bi | 2¥ReZ|1 -zé][ 1 -1]J[ hm] ™ 


ai L 1 Zo + ZG Zo — ZG dı (12 7.3) 

bi ~ 2/RGZo Zo -Zé Zo+Zé by eee 
The entries of this matrix can be expressed directly in terms of the reflection coeffi- 
cient Ig. Using the identities of Problem 12.3, we may rewrite Eq. (12.7.3) and its inverse 


as follows:: 
ail 1 ec celts || ay 
Gault ap Lae Tele —TéeJbe eJbe bı 


a, _ 1 eite celts ai 
bı | J1- |Ic[ | Tée%?e — elte bi 


where, noting that the quantity |1 — g|/(1 — Ig) is a pure phase factor, we defined: 


(12.7.4) 


Ze-Zo jg, _ \L-Ic| _ 1-It 


= : = 12.7.5 
sake es Pea babe share era) 
Similarly, we have for the power and traveling waves at port-2: 
a _ 1 eS PL [pete a2 
ae Trl? -Tž e-r e-JPL bo 
f . (12.7.6) 
a> = 1 e IPL Tete a 
bo | J1—[r, | Trev: ejti bi, 
where 
LED ; 1-r 1-T* 
r, -Z2 git n Til L (12.7.7) 


~ Z+ Zo’ l-r |1-T1| 
The generalized S-parameters are the scattering parameters with respect to the 
power wave variables, that is, 


bi Su Siz | ie | , rr 
j = r r " > b =a (12.7.8) 
| by | | S2 S22 ay 


To relate S’ to the conventional scattering matrix S, we define the following diagonal 
matrices: 
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el bc ü 
_|Te 0 -| v1- Wgl? _|Fe 0 
r=| 0 cae F= ‘ oi =| o F (12.7.9) 
v1 -— |I1|? 
Using these matrices, it follows from Eqs. (12.7.4) and (12.7.6): 
a = Fg (aı -TGbı) : 
g > a =F(a-T Tb) (12.7.10) 
a, = F; (a2 —Tyb2) 
b’ = Fž (by —T%a)) 
ae H b' = F* (b - T*a) (12.7.11) 


b; = FF (bo = Tř a2) 
Using b = Sa, we find 


a’ =F(a-Ib)=F(I-TS)a > a= (I-TS)7!F7!a’ 
b’ = F* (S —I*)a = F* (S —I'*) (I-TS)7!F7!a' = S‘a’ 


where I is the 2x2 unit matrix. Thus, the generalized S-matrix is: 


S' = F*(S —Ir*)(1-TS)7!F7 (12.7.12) 


We note that S’ = S when Zg = ZL = Zo, that is, when Ig = I’, = 0. The explicit 
expressions for the matrix elements of S’ can be derived as follows: 


g = (Su — FG) A = SoeT1) + S21 S120 o-2ibc 
1 (1 = Sul) A = S220) S128 iT GTL Heras 
Sn = (S22 —If) 1 = SiG) + S821 Si2lG o-2ibt C 
22 (1 = Sulg) A = S211) -S12821l GTi 
Sh, = V1 - (fel? Sa V1 - IIL]? ei (bet1) 
(1 — Sulg) (1 = S2211) —S12S82i1T GTL (12.7.130) 
Ghee V1- [Fr l? S12 V1 - (Fel? o-i(i+da) 


(1 — Sulg) 1. = S2211) -Si2Sai GL 
The S11, S22 parameters can be rewritten in terms of the input and output reflection 


coefficients by using Eq. (12.13.2) and the following factorization identities: 


(Si, — TŽ) A = S2211)+S21S1211 = Vin — TE) (1 — S2201) 
(S22 =T) A - SiG) +S21812lG = Cou — TX) (1 - Sule) 


It then follows from Eq. (12.7.13) that: 


In- TŽ E Dour - TY —2j 
SEG. BGG” Sh, = IL Ie (12.7.14) 
1-linlG 28 1 Poul L 


Therefore, the mismatch factors (12.6.17) are recognized to be: 


Tå 
Si = 
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Mg =1-(Syl?, Mt =1-|85/? (12.7.15) 


The power flow relations (12.2.1) into and out of the two-port are also valid in terms 
of the power wave variables. Using Eq. (12.7.2), it can be shown that: 


1 To gy 1, 
Pin = 5 RelVi li |= zla? — 5lbil? 
(12.7.16) 
1 % ERES ere 
Pı = 5 RelV3I2]= 51b] -3lal 


In the definitions (12.7.1), the impedances Zg, Z, are arbitrary normalization param- 
eters. However, if the two-port is actually connected to a generator Vg with impedance 
Zg and a load Z,, then the power waves take particularly simple forms. 

It follows from Fig. 12.1.4 that Vg = Vı + ZgIı and V2 = Z,Io. Therefore, definitions 
Eq. (12.7.1) give: 


E Vı + Zeh Ve 
i 2V/RG 2/RG 


,  V2-ZzI2 

a, = ———— =0 
be WG Fe 2D QR, 

b I JRI 
2 2 JRI 2R © NR hee 


It follows that the available power from the generator and the power delivered to 
the load are given simply by: 


= -ja 


Vel? 1 112 
P = 
avG 8RG 2 1l 


(12.7.18) 
1 1 

Pi = Rib? = =|b5|? 

m=z Lite! >l A 


Because a; = 0, the generalized scattering matrix gives, b} = S114} and b; = S},a}. 
The power expressions (12.7.16) then become: 


1 1 1 1 [A 1 1 A 
Pin = slay? — 51b? = (1- Sul?) 5 lanl? = (1 - 1S1) Pave 


i i i i (12.7.19) 
P: = 5 Ibe * 5 lal? ai |b3|? = ISoil*5 lal? = |So1|?Pave 
It follows that the transducer and operating power gains are: 
Pr , PL [Sal? 
Gr = = |S, Gp=— = ; (12.7.20) 
Pay a p Pin I= [Sial 


These also follow from the explicit expressions (12.7.13) and Eqs. (12.6.10) and 
(12.6.11). We can also express the available power gain in terms of the generalized 
S-parameters, that is, Ga = |S511?/ (1 — |S32|?). Thus, we summarize: 
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ISoil? 
I= [Saal 


112 
Gp = SO oa (12.7.21) 


Gr = [Sh]; Ga = = i 
T ISl a 1- |S? 


When the load and generator are matched to the network, that is, l'n = T k and 
I, =I%*,,, the generalized reflections coefficients vanish, S11 = S5. = 0, making all the 
gains equal to each other. 


12.8 Simultaneous Conjugate Matching 


We saw that the transducer, available, and operating power gains become equal to the 
maximum available gain Gyac when both the generator and the load are conjugately 
matched to the two-port, that is, Tip = TŽ and I, = Iž Using Eq. (12.5.8), these 
conditions read explicitly: 


Si2SaTy _ Su- ATL 
E a S A 
Si2SaTG _ S22 -ATG 
1- SzG 1-Siule¢ 
Assuming a bilateral two-port, Eqs. (12.8.1) can be solved in the two unknowns Ig, TL 


(eliminating one of the unknowns gives a quadratic equation for the other.) The resulting 
solutions can be expressed in terms of the parameters (12.5.1): 


Bı = Be — 4|C, (2 


2C, 


Bo F BS — 4|C2(2 


2C2 


Té=Su 


(12.8.1) 


TĚ = S22 


Ig= 
(simultaneous conjugate match) (12.8.2) 


y= 


where the minus signs are used when Bı > 0 and B> > 0, and the plus signs, otherwise. 

A necessary and sufficient condition for these solutions to have magnitudes |G| < 1 
and |I';| < 1 is that the Rollett stability factor be greater than unity, K > 1. This is 
satisfied when the two-port is unconditionally stable, which implies that K > 1 and 
Bı > 0, Bo > 0. 

A conjugate match exists also when the two-port is potentially unstable, but with 
K > 1. Necessarily, this means that B1 < 0, Bọ < 0, and also |A| > 1. Such cases are 
rare in practice. For example, most microwave transistors have either K > 1 and are 
stable, or, they are potentially unstable with K < 1 and |A| < 1. 

If the two-port is unilateral, S;2 = 0, then the two equations (12.8.1) decouple, so 
that the optimum conjugately matched terminations are: 


Tg =S¥,, Ti = S% (unilateral conjugate match) (12.8.3) 


The MATLAB function smatch implements Eqs. (12.8.2). It works only if K > 1. Its 
usage is as follows: 
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[gG,gL] = smatch(S); % conjugate matched terminations lG, TL 


To realize such optimum conjugately matched terminations, matching networks 
must be used at the input and output of the two-port as shown in Fig. 12.8.1. 

The input matching network can be thought as being effectively connected to the 
impedance Zin = Zé at its output terminals. It must transform Zin into the actual 
impedance of the connected generator, typically, Zo = 50 ohm. 

The output matching network must transform the actual load impedance, here Zo, 
into the optimum load impedance Z, = Z% 


Z 
4 o input two-port output y 
Val -> | matching | ~-—*, | network —>_ | matching Zo 
GN Zo | network | Zin = ZG S Zr = Zout | network 


Fig. 12.8.1 Input and output matching networks. 


The matching networks may be realized in several possible ways, as discussed in 
Chap. 11. Stub matching, quarter-wavelength matching, or lumped L-section or H- 
section networks may be used. 


Example 12.8.1: A microwave transistor amplifier uses the Hewlett-Packard AT-41410 NPN 
bipolar transistor having S-parameters at 2 GHz [741]: 


Sı = 0.61 2165°, S2 = 3.72259°, Si2 = 0.05 242° , S22 = 0.45 Z —48° 


Determine the optimum conjugately matched source and load terminations, and design 
appropriate input and output matching networks. 


Solution: This is the continuation of Example 12.6.1. The transistor is stable with K = 1.1752 
and |A| = 0.1086. The function smatch gives: 


[IG,TL]= smatch(S) => Tg = 0.81792Z-162.6697°, Tr = 0.7495 252.5658° 


The corresponding source, load, input, and output impedances are (with Zo = 50): 


Zg = ZŠ = 5.1241 — 7.5417j Q, Zz, = Z* 


jut = 33.6758 + 91.4816j Q 
The locations of the optimum reflection coefficients on the Smith chart are shown in 
Fig. 12.8.2. For comparison, the unilateral solutions of Eq. (12.8.3) are also shown. 


We consider three types of matching networks: (a) microstrip single-stub matching net- 
works with open shunt stubs, shown in Fig. 12.8.3, (b) microstrip quarter-wavelength 
matching networks with open A/8 or 3A/8 stubs, shown in Fig. 12.8.4, and (c) L-section 
matching networks, shown in 12.8.5. 


In Fig. 12.8.3, the input stub must transform Zin to Zo. It can be designed with the help of 
the function stub1, which gives the two solutions: 
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Fig. 12.8.2 Optimum load and source reflection coefficients. 


50 Q 0.0247 A 0.2346A 


50 Q k 


50 Q 


t) 
0.1962A 
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'i 
509 
0.1838A 
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Fig. 12.8.3 Input and output stub matching networks. 


dl = stub1(Zn/Zo,"p0") = | 0.3038 0.4271 l 


0.1962 0.0247 


We choose the lower one, which has the shortest lengths. Thus, the stub length is d = 
0.1962A and the segment length |! = 0.0247A. Both segments can be realized with mi- 


crostrips of characteristic impedance Zo = 50 ohm. Similarly, the output matching net- 
work can be designed by: 


.3162 1194 
dl = stub (Zou /Zo, po") = | o 6 0.119 | 


0.1838 0.2346 


Again, we choose the lower solutions, d = 0.1838A and l = 0.2346A. The solutions using 
shorted shunt stubs are: 


stubl (Zm/Zo)= o 0.4271 0.0662 e 


0.4462 ial stub] Zou! Z0)= | 359 0.2346 


Using microstrip lines with alumina substrate (€, = 9.8), we obtain the following values 
for the width-to-height ratio, effective permittivity, and wavelength: 


u= = = mstripr (€r, Zo) = 0.9711 


Eețf = mstripa (€+, U) = 6.5630 
Ao 
Eeff 


A= 


= 5.8552 cm 
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where Ào = 15 cmis the free-space wavelength at 2 GHz. It follows that the actual segment 
lengths are d = 1.1486 cm, | = 0.1447 cm for the input network, and d = 1.0763 cm, 
l = 1.3734 cm for the output network. 


In the quarter-wavelength method shown in Fig. 12.8.4, we use the function qwt2 to carry 


out the design of the required impedances of the microstrip segments. We have for the 
input and output networks: 


[Z1, Z2]= qwt2 (Zin, Zo) = [28.4817, —11.0232] Q 
[Z1, Z2]= qwt2 (Zour, Zo) = [118.7832, 103.8782] Q 


50 Q 28.48 Q G 118.78 Q 
Pi a4 | la a A/4 
: ele L= | Je sa 
= <| fo S| |< 
— M 


Fig. 12.8.4 Quarter-wavelength matching networks with A/8-stubs. 


For the input case, we find Z2 = —11.0232 Q, which means that we should use either a 
3A/8-shorted stub or a A/8-opened one. We choose the latter. Similarly, for the output 
case, we have Z = 103.8782 Q, and we choose a 3A/8-opened stub. The parameters of 
each microstrip segment are: 


Zi 28.4817 Q, u= 2.5832, erp = 7.2325, A=5.578 cm, A/4 = 1.394 cm 
Z2 11.0232 Q, u = 8.9424, €or = 8.2974, A = 5.207 cm, A/8 = 0.651 cm 
Zı = 118.7832 Q, u= 0.0656, Eef = 5.8790, A = 6.186 cm, A/4 = 1.547 cm 
Z2 = 103.8782 Q, u= 0.1169, Eef = 7.9503, A = 6.149 cm, 3A/8 = 2.306 cm 


Finally, the designs using L-sections shown in Fig. 12.8.5, can be carried out with the help 
of the function Imatch. We have the dual solutions for the input and output networks: 


50Q 3.50 pF 0.74 pF 
| | | | 
Ley iry 
(~) Li 3134 nH ais L23461 nH 50 Q 


Fig. 12.8.5 Input and output matching with L-sections. 


[X1, X2]= Imatch(Zo, Zin, ’n’) = | 


16.8955 —22.7058 
—16.8955 7.6223 


[X1, X2]= Imatch(Zou, Zo, ’n’) = | 


57.9268 —107.7472 
502.4796 7.6223 
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into Z*,,, but that is 


According to the usage of Imatch, the output network transforms Zo sre 


equal to Z; as required. 


Choosing the first rows as the solutions in both cases, the shunt part X, will be inductive 
and the series part X2, capacitive. At 2 GHz, we find the element values: 


Xı 
Lı = = = 1.3445 nH =— = 3.5047 pF 
1 ip 3 5n 5 Ci wX> 3.50 p. 
X 
Lə = — = 4.6097 nH, C=- = 0.7386 pF 
w wWX2 


The output network, but not the input one, also admits a reversed L-section solution: 


71.8148 


—71.8148 


ONE 68.0353 
[X1, X2]= Imatch(Zou, Zo, ’r =Í o] 


The essential MATLAB code used to generate the above results was as follows: 


ZO = 50; f = 2; w=2*pi*f; la0 = 30/f; er = 


S = smat([0.61 165 3.72 59 0.05 42 0.45 -48]); 


[gG, gL] = smatch(S); 
smith; 

plot(gG, 
plot(gL, 


o’); 
0’); 


*.’)3; plotCconj(S(1,1)), 
*.’)3; plotCconj(S(2,2)), 


Zin = 
Zout = 


g2z(gG,Z0); 
= g2z(gL,Z0); 


conj (ZG); 
conj (ZL); 


stub1(Zin/ZO, 
= stub1(Zout/ZO, 


*po’); 
*po’); 


u = mstripr(er, ZO); 
eff = mstripa(er,u); 
la = 1a0/sqrt(eff) ; 


[Z1,Z2] = 
[Z1,Z2] = 


qwt2(Zin, Z0); 
qwt2 (Zout, Z0); 


X12 = 
X12 
X12 = 


Tmatch(Z0,Zin,’n’); L1 
Imatch(Zout,Z0,’n’); L2 = 
Imatch(Zout,Z0,’r’); 


X12(1,1)/w; 
X12(1,1)/w; 


One could replace the stubs with balanced stubs, as discussed in Sec. 11.8, or use I- or 


T-sections instead of L-sections. 


12.9 Power Gain Circles 


For a stable two-port, the maximum transducer gain is achieved at single pair of points 
Ig, T. When the gain G is required to be less than Gmag, there will be many possible 


9.8; 


% f in GHz 
% S-matrix 
% simultaneous conjugate match 


% draw Fig. 12.8.2 


% single-stub design 


% microstrip w/h ratio 
% effective permittivity 
% wavelength within microstrip 


% quarter-wavelength with A/8 stub 
C1 = -1/(w * X12(1,2))*1e3; 


C2 = -1/(w * X12(1,2))*1e3; 
% L,C in units of nH and pF 


oO 
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pairs Ig, I, at which the gain G is realized. The locus of such points g and Tz on the 
I-plane is typically a circle of the form: 


[[-—cl=r (12.9.1) 


where Cc, r are the center and radius of the circle and depend on the desired value of the 
gain G. 

In practice, several types of such circles are used, such as unilateral, operating, and 
available power gain circles, as well as constant noise figure circles, constant SWR circles, 
and others. 

The gain circles allow one to select appropriate values for Ig, Tz that, in addition to 
providing the desired gain, also satisfy other requirements, such as striking a balance 
between minimizing the noise figure and maximizing the gain. 

The MATLAB function sgcirc calculates the stability circles as well as the operating, 
available, and unilateral gain circles. Its complete usage is: 


[c,r] = sgcirc(S,’s’); % source stability circle 
[c,r] = sgcirc(S,’1’); % load stability circle 

[c,r] = sgcirc(S,’p’,G); % operating power gain circle 
[c,r] = sgcirc(S,’a’,G); % available power gain circle 
[c,r] = sgcirc(S,’ui’,G); % unilateral input gain circle 
[c,r] = sgcirc(S,’uo’ ,G); % unilateral output gain circle 


where in the last four cases G is the desired gain in dB. 


12.10 Unilateral Gain Circles 


We consider only the unconditionally stable unilateral case, which has |Sıı| < 1 and 
|S22| < 1. The dependence of the transducer power gain on Ig and I, decouples and 
the value of the gain may be adjusted by separately choosing Ig and I’. We have from 
Eq. (12.6.14): 


-tegl 1- |r? 
|1 = SuTgl? |1 — S22T;1|? 
The input and output gain factors Gg, Gz, satisfy the inequalities (12.6.24). Concen- 

trating on the output gain factor, the corresponding gain circle is obtained as the locus 

of points Tz that will lead to a fixed value, say Gr = G, which necessarily must be less 
than the maximum G> given in Eq. (12.6.23), that is, 


Gr [S211? = Gg |S21|? GL (12.10.1) 


1- |r|? 1 
———~. = G < G2 = — 
|1 — S2211? 2 T= [S22]? 
Normalizing the gain G to its maximum value g = G/G2 = G(1 — |S»22|*), we may 
rewrite (12.10.2) in the form: 


(12.10.2) 


(1 -IrL (1 — [S22|*) 
|1 — Soo |? 


=g<1 (12.10.3) 
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This equation can easily be rearranged into the equation of a circle |, —c| = r, with 
center and radius given by: 


7 gS% p- Y12790- |S221*) 
1 — (1—g)|S22|?’ 1— (1g) S22)? 
When g = 1 or G = Gz, the gain circle collapses onto a single point, that is, the 


optimum point I’, = S35. Similarly, we find for the constant gain circles of the input 
gain factor: 


c (12.10.4) 


ma gsi p- vi-g(1-ISul*) 
1- (1- )|Si|?’ 1- (1-g)|Sii/? 


(12.10.5) 


where here, g = G/G, = G(1 — |S11|?) and the circles are |I — c| =r. 
Both sets of c,r satisfy the conditions |c| < 1 and |c| +r < 1, the latter implying 
that the circles lie entirely within the unit circle |I| < 1, that is, within the Smith chart. 


Example 12.10.1: A unilateral microwave transistor has S-parameters: 
Si, = 0.82120°, So} = 4260°, Sj2 =0, S22 =0.22-30° 


The unilateral MAG and the maximum input and output gains are obtained as follows: 


Gmacu = sgain (S, ’u’)= 16.66 dB 


G, = sgain (S, ’ui’)= 4.44 dB 


G2 = sgain (S, ’uo’)= 0.18 dB 
Most of the gain is accounted for by the factor |S21|?, which is 12.04 dB. The constant input 


gain circles for Gc = 1, 2,3 dB are shown in Fig. 12.10.1. Their centers lie along the ray to 
Sy. For example, the center and radius of the 3-dB case were computed by 


[c3,r3]= sgcirc(S,’ui’,3) = c3 =0.7012—-120°, r3 = 0.233 


Fig. 12.10.1 Unilateral input gain circles. 


Because the output does not provide much gain, we may choose the optimum value I’, = 
Sž, = 0.2.230°. Then, with any point Tç along the 3-dB input gain circle the total trans- 
ducer gain will be in dB: 
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Gr = Gg + |S21|? + GL = 3 + 12.04 + 0.18 = 15.22 dB 


Points along the 3-dB circle are parametrized as Ig = c3 + r3e/?, where ¢ is any angle. 
Choosing @ = arg (Sj) —T will correspond to the point on the circle that lies closest to the 


origin, that is, l’ = 0.468 2—120°, as shown in Fig. 12.10.1. The corresponding generator 
and load impedances will be: 


Zg = 69.21 + 14.427 Q, Zp = 23.15 — 24.02) Q 
The MATLAB code used to generate these circles was: 


S = smat([0.8, 120, 4, 60, 0, 0, 0.2, -30]); 


[c1,r1] = sgcirc(S,’ui’,1); 
[c2,r2] sgcirc(S,’ui’,2); 
[c3,r3] = sgcirc(S,’ui’,3); 


smith; smithcir(cl,r1); smithcir(c2,r2); smithcir(c3,r3); 
c = exp(-j*angle(S(1,1))); line([0,real(c)], [0,imag(c)]); 
gG = c3 - r3*exp(j*angle(c3)); 


plot(conj(S(1,1)),’.’); plot(Cconj(S(2,2)),’.’); plot(gG,’.’); 


The input and output matching networks can be designed using open shunt stubs as in 
Fig. 12.8.3. The stub lengths are found to be (with Zo = 50 Q): 
0.3704 0.3304 
ai * , r i 
dl = stub1 (Z¢/Zo, a he eed 
0.4383 0.0994 
— * 2 yA 
Aa Ye) pate an 
Choosing the shortest lengths, we have for the input network d = 0.1296A, I = 0.0029A, 
and for the output network, d = 0.0617A, | = 0.3173A. Fig. 12.10.2 depicts the complete 


matching circuit. o 
50 Q 0.0029 À 0.3173 À 
50 Q ch) 50 Q < L 
Ci o js 
a i e| |z = 502 
Ya] va) © 
= 


Fig. 12.10.2 Input and output stub matching networks. 
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12.11 Operating and Available Power Gain Circles 


Because the transducer power gain Gr depends on two independent parameters—the 
source and load reflection coefficients—it is difficult to find the simultaneous locus of 
points for Ic, Tz that will result in a given value for the gain. 

If the generator is matched, Ij, = ’é, then the transducer gain becomes equal to 
the operating gain Gr = Gp and depends only on the load reflection coefficient Tz. 
The locus of points I, that result in fixed values of Gp are the operating power gain 
circles. Similarly, the available power gain circles are obtained by matching the load 
end, lz = I’%,,, and varying Ig to achieve fixed values of the available power gain. 

Using Eqs. (12.6.11) and (12.5.8), the conditions for achieving a constant value, say 
G, for the operating or the available power gains are: 


1 1- |r]? $i, -ATL 
Gp = ISoi |? =G, T% =Tn 
1 — |In]? |1 — S2211? 1 — SooT 
gp Mel pe Ve. he ele as 
oe -Satel oo? Maal ee Sale 


We consider the operating gain first. Defining the normalized gain g = G/|S211°, 
substituting lin, and using the definitions (12.5.1), we obtain the condition: 


1- |I]? 
LSS aean 
1- |I]? 
~ (S221? — [4]2) Pil? — (S22 — AS#,) Ti — (S% — A* Su )[* +1- (Sil? 


1-01? 
~ Delp |? — Co, — CRIP +1- (Su? 


This can be rearranged into the form: 


Ir |? gC? r gC3 Te = 1=9(1=|Siil*) 
5 1+ gD>2 L 1+gD2 L 1+gD2 


and then into the circle form: 


-Pll _ 1-g(1-|Sul?) 
(1+ gD2)? i 1+ gD2 


* 
T; gC} 
1 +gD2 


Using the identities (12.5.2) and 1 — |S11|? = 2K|S12S21| + D2, which follows from 
(12.5.1), the right-hand side of the above circle form can be written as: 


g7|C2/" 1-g(1-|Sul°) _ G?|S12S21|* — 2gK|S12S21| + 1 
(1+ gD2)? ~ 1+ gD? (1+ gD2)? 


(12.11.2) 


Thus, the operating power gain circle will be |I; — c|? = r°? with center and radius: 
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gC P 921128212 — 29K|S2S21| + 1 


= = 12.11. 
1+gD>’ |1 + gD2| ( 3) 


G 


The points Tz on this circle result into the value Gp = G for the operating gain. 
Such points can be parametrized as lz = c + reJ?, where 0 < œ < 2T. As I, traces 
this circle, the conjugately matched source coefficient [g = I, will also trace a circle 
because Ij, is related to I’; by the bilinear transformation (12.5.8). 

In a similar fashion, we find the available power gain circles to be |[g — c|? = r°, 
where g = G/|S21|* and: 


gc* P 9211282112 — 29K|Sj2S21| +1 
—1+gDi ga 


c (12.11.4) 


We recall from Sec. 12.5 that the centers of the load and source stability circles were 
cL = C3/D>2 and cg = Cf /Dy. It follows that the centers of the operating power gain 
circles are along the same ray as Cz, and the centers of the available gain circles are 
along the same ray aS Cg. 

For an unconditionally stable two-port, the gain G must be 0 < G < Gmag, with 
Gmac given by Eq. (12.6.20). It can be shown easily that the quantities under the square 
roots in the definitions of the radii r in Eqs. (12.11.3) and (12.11.4) are non-negative. 
The gain circles lie inside the unit circle for all such values of G. The radii r vanish 
when G = Gywac; that is, the circles collapse into single points corresponding to the 
simultaneous conjugate matched solutions of Eq. (12.8.2). 

The MATLAB function sgcirc calculates the center and radii c, r of the operating 
and available power gain circles. It has usage, where G must be entered in dB: 


[c,r] 


[c,r] = sgcirc(S,’a’,G); available power gain circle 


sgcirc(S,’p’,G); operating power gain circle 


Example 12.11.1: A microwave transistor amplifier uses the Hewlett-Packard AT-41410 NPN 
bipolar transistor with the following S-parameters at 2 GHz [741]: 


Si, = 0.612165°, S21 = 3.72259°, Si2 = 0.05242°, Soo = 0.452-48° 


Calculate Gyac and plot the operating and available power gain circles for G = 13,14,15 
dB. Then, design source and load matching circuits for the case G = 15 dB by choosing 
the reflection coefficient that has the smallest magnitude. 


Solution: The MAG was calculated in Example 12.6.1, Gmag = 16.18 dB. The gain circles and the 
corresponding load and source stability circles are shown in Fig. 12.11.1. The operating 
gain and load stability circles were computed and plotted by the MATLAB statements: 


[c1,r1] = sgcirc(S,’p’,13); % c1 = 0.4443 52.569, rı = 0.5212 
[c2,r2] = sgcirc(S,’p’,14); % c2 = 0.5297 252.569, ro = 0.4205 
[c3,r3] = sgcirc(S,’p’,15); % C3 = 0.6253 252.56°, r3 = 0.2968 
[cL,rL] = sgcirc(S,’1’); % cg = 2.0600. 252.569, rp = 0.9753 
smith; smithcir(cL,rL,1.7); % display portion of circle with |F| < 1.7 


smithcir(cl,r1); smithcir(c2,r2); smithcir(c3,r3); 
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Fig. 12.11.1 Operating and available power gain circles. 


The gain circles lie entirely within the unit circle, for example, we have r3 + |c3| = 0.9221 < 
1, and their centers lie along the ray of cz. As I’, traces the 15-dB circle, the corresponding 
Tg = T% traces its own circle, also lying within the unit circle. The following MATLAB code 
computes and adds that circle to the above Smith chart plots: 


phi = linspace(0,2*pi, 361); % equally spaced angles at 1° intervals 
gammaL = c3 + r3 * exp(j*phi); % points on 15-dB operating gain circle 
gammaG = conj(gin(S,gammaL)) ; % circle of conjugate matched source points 
plot(gammaG) ; 


In particular, the point I, on the 15-dB circle that lies closest to the origin is Ty, = 
C3 — r3e/*8°3 = 0.3285 .252.56°. The corresponding matched load will be F'G = res 
0.6805 Z—163.88°. These and the corresponding source and load impedances were com- 
puted by the MATLAB statements: 


gL 
gG 


c3 - r3*exp(j*angle(c3)); zL = g2z(gL); 
conj(gin(S,gL)); zG = g2z(gG); 


The source and load impedances normalized to Zo = 50 ohm are: 


Z Z 
zg = £ = 0.1938 — 0.1363j, z; = <4 = 1.2590 + 0.7361j 
Zo Zo 
The matching circuits can be designed in a variety of ways as in Example 12.8.1. Using 
open shunt stubs, we can determine the stub and line segment lengths with the help of 
the function stub1: 


-32 .4122 
ai = subi (22, "p0")= | 9 86 0 | 


0.1714 0.0431 


4 .07 
al = subi (zt, "po")= | G 033 0.0 A 


0.0967 0.2754 


In both cases, we may choose the lower solutions as they have shorter total length d + I. 
The available power gain circles can be determined in a similar fashion with the help of 
the MATLAB statements: 
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[c1,r1] = sgcirc(S,’a’,13); % cı = 0.5384 Z-162.679, rı = 0.4373 
[c2,r2] = sgcirc(S,’a’,14); % c2 = 0.6227 Z—-162.67°, ro = 0.3422 
[c3,r3] = sgcirc(S,’a’,15); % c3 = 0.7111 Z-162.67°, r3 = 0.2337 
[cG,rG] = sgcirc(S,’s’); % CG = 1.5748 Z—-162.67°, rg = 0.5162 
smith; smithcir(cG,rG); % plot entire source stability circle 


smithcir(cl,r1); smithcir(c2,r2); smithcir(c3,r3); 


Again, the circles lie entirely within the unit circle. As Ig traces the 15-dB circle, the 
corresponding matched load IT, = I%,, traces its own circle on the I-plane. It can be 


plotted with: 
phi = linspace(0,2*pi, 361); % equally spaced angles at 1° intervals 
gammaG = c3 + r3 * exp(j*phi); % points on 15-dB available gain circle 
gammaL = conj(gout(S,gammaG)) ; % circle of conjugate matched loads 
plot(gammaL) ; 


In particular, the point [¢ = c3 — r3e/*%8° = 0.4774 Z—162.67° lies closest to the origin. 
The corresponding matched load will have T; = Ix, = 0.5728250.76°. The resulting 
normalized impedances are: 


Z Z , 
zg = £ = 0.3609 — 0.1329j, z, = ZŁ = 1.1135 + 1.4704j 
Zo Zo 


and the corresponding stub matching networks will have lengths: 


0.3684 0.3905 


0.3488 0.1030 
0.1316 0.0613 


stub1 (Zé, ’po’)= | | , stubl(z7,’po’)= k 1512 0.2560 


The lower solutions have the shortest lengths. For both the operating and available gain 
cases, the stub matching circuits will be similar to those in Fig. 12.8.3. o 


When the two-port is potentially unstable (but with |S11| < 1 and |S22| < 1,) the 
stability circles intersect with the unit-circle, as shown in Fig. 12.5.2. In this case, the 
operating and available power gain circles also intersect the unit-circle and at the same 
points as the stability circles. 

We demonstrate this in the specific case of K < 1, |S] < 1, |So2| < 1, but with 
D2 > 0, an example of which is shown in Fig. 12.11.2. The intersection of an operating 
gain circle with the unit-circle is obtained by setting || = 1 in the circle equation 
IC, -c| =r. Writing Py, = ef? and c = |cle/®%, we have: 


1+ |c]? - r? 
2\c| 


r? = |I,—cl* = 1 — 2|c|cos(0r — 0-)+|cl? => cos(@, —-0,)= 
Similarly, the intersection of the load stability circle with the unit-circle leads to the 
relationship: 


1+ |czl? -rê 
2|cz] 


rê = |I- crl? = 1- 2|cr|cos(0r —9¢,)+ler|? > cos(0r-0a)= 


Because c = gC3/(1 + gD2), c = C¥/D2, and D2 > 0, it follows that the phase 
angles of c and cz will be equal, 0¢ = 0¢,. Therefore, in order for the load stability 
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circle and the gain circle to intersect the unit-circle at the same I’, = eJ®L the following 
condition must be satisfied: 


1+|cl?-r? 14+ |ez|?-7? 
2Ic| 2\cz\ 


Using the identities 1 — |S11|? = B2 — D2 and 1 — |S11 |? = (lcz|? — r?)D2, which 
follow from Eqs. (12.5.1) and (12.5.6), we obtain: 


cos(@; — 0,)= (12.11.5) 


14 Icr |? r? 1+ (Bo — D2)/D2 Bo 
2|cz] 2|C2|/|D2| 2|C>2| 


where we used D2 > 0. Similarly, Eq. (12.11.2) can be written in the form: 


1-g(1-|S1u1°) bieria g(1-|Sul?) -1 _ 9(B2 - D2)-1 
1 +gD2 1+ gD>2 1+ gD>2 


r? = |c]? 4 


Therefore, we have: 


1+ |cl@-r? 1+ (g(Bz —- D2)-1)/(1 + gD2) Bo 
2\c| 2g|C2|/|1 + gD2| 2|Co| 


Thus, Eq. (12.11.5) is satisfied. This condition has two solutions for 0; that cor- 
respond to the two points of intersection with the unit-circle. When D > 0, we have 


argc = arg C% = —argC>. Therefore, the two solutions for Tz = eJ® will be: 
a Bo 
Tp =e"!, O, = —arg(C2)+acos (12.11.6) 
2|C2| 


Similarly, the points of intersection of the unit-circle and the available gain circles 
and source stability circle are: 


Tg = eic, OG = — arg(C1) = acos ( Bı ) (12.11.7) 
2|Cıl 


Actually, these expressions work also when D2 < 0 or D: < 0. 


Example 12.11.2: The microwave transistor Hewlett-Packard AT-41410 NPN is potentially un- 
stable at 1 GHz with the following S-parameters [741]: 


Si1 = 0.62-163°, S21 = 7.12286°, Sı2 = 0.039235°, S22 = 0.502-—38° 


Calculate Gysg and plot the operating and available power gain circles for G = 20, 21, 22 
dB. Then, design source and load matching circuits for the 22-dB case by choosing the 
reflection coefficients that have the smallest magnitudes. 


Solution: The MSG computed from Eq. (12.6.21) is Gmusg = 22.61 dB. Fig. 12.11.2 depicts the 
operating and available power gain circles as well as the load and source stability circles. 
The stability parameters are: K = 0.7667, UW; = 0.8643, |A| = 0.1893, Dı = 0.3242, Do = 
0.2142. The computations and plots are done with the following MATLAB code:t 


tThe function db converts absolute scales to dB. The function ab converts from dB to absolute units. 
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Fig. 12.11.2 Operating and available power gain circles. 


S = smat([0.60, -163, 7.12, 86, 0.039, 35, 0.50, -38]); % S-parameters 
[K,mu,D,B1,B2,C1,C2,D1,D2] = sparam(S); % stability parameters 
Gmsg = db(sgain(S,’msg’)); % GMsG = 22.61 dB 

% operating power gain circles: 
[c1,r1] = sgcirc(S,’p’,20); % cı = 0.6418 250.80°, rı = 0.4768 
[c2,r2] = sgcirc(S,’p’,21); % c2 = 0.7502 50.809, r2 = 0.4221 
[c3,r3] = sgcirc(S,’p’,22); % C3 = 0.8666.250.80°, r3 = 0.3893 

% load and source stability circles: 
[cL,rL] = sgcirc(S,’1’); % Cr = 2.1608 250.80°, rr = 1.2965 
[cG,rG] = sgcirc(S,’s’); % CG = 1.7456 4171.69°, rg = 0.8566 
smith; smithcir(cL,rL,1.5); smithcir(cG,rG,1.5); % plot Smith charts 
smithcir(cl,r1); smithcir(c2,r2); smithcir(c3,r3); % plot gain circles 
gL = c3 - r3*exp(j*angle(c3)); % Ty, of smallest magnitude 
gG = conj(gin(S,gL)); % corresponding matched Ig 


plot(gL,’.’); plot(gG,’.’); 


% available power gain circles: 


[c1,r1] = sgcirc(S,’a’,20); % cı = 0.6809.2171.69°, rı = 0.4137 
[c2,r2] = sgcirc(S,’a’,21); % c2 = 0.7786 2171.69°, ro = 0.3582 
[c3,r3] = sgcirc(S,’a’,22); % C3 = 0.8787 171.699, r3 = 0.3228 
figure; 


smith; smithcir(cL,rL,1.5); smithcir(cS,rS,1.5); 
smithcir(cl,r1); smithcir(c2,r2); smithcir(c3,r3); 


gG = c3 - r3*exp(j*angle(c3)); % Ig of smallest magnitude 
gL = conj(gout(S,gG)); % corresponding matched Tr 
plot(gL,’.’); plot(gG,’.’); 


Because Dı > 0 and D; > 0, the stability regions are the portions of the unit-circle that 
lie outside the source and load stability circles. We note that the operating gain circles 
intersect the unit-circle at exactly the same points as the load stability circle, and the 
available gain circles intersect it at the same points as the source stability circle. 
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The value of l; on the 22-dB operating gain circle that lies closest to the origin is l; = 
C3 — r3e/%8°3 = 0.4773 250.80° and the corresponding matched source is Tg = T# = 


0.7632 2167.69°. We note that both Tz and Tg lie in their respective stability regions. 


For the 22-dB available gain circle (also denoted by c3, r3), the closest Ig to the origin will 
be Ig = c3 —r3e/*8 = 0.55592171.69° with a corresponding matched load Tr = I'*,, = 
0.7147 245.81°. Again, both I’, Ig lie in their stable regions. 


Once the Ig, have been determined, the corresponding matching input and output 
networks can be designed with the methods of Example 12.8.1. o 


12.12 Noise Figure Circles 


Every device is a source of internally generated noise. The noise entering the device and 
the internal noise must be added to obtain the total input system noise. If the device 
is an amplifier, the total system noise power will amplified at the output by the gain of 
the device. If the output load is matched, this gain will be the available gain. 

The internally generated noise is quantified in practice either by the effective noise 
temperature Te, or by the noise figure F of the device. The internal noise power is given 
by Pn = kTeB, where k is the Boltzmann constant and B the bandwidth in Hz. These 
concepts are discussed further in Sec. 14.8. The relationship between Te and F is defined 
in terms of a standard reference temperature To = 290° K: 


F=1+ => (12.12.1) 


The noise figure is usually quoted in dB, Fag = 10 log, F. Because the available gain 
of a two-port depends on the source impedance Zg, or the source reflection coefficient 
Tg, so will the noise figure. 

The optimum source impedance ZGopt corresponds the minimum noise figure Fmin 
that can be achieved by the two-port. For other values of Zg, the noise figure F is greater 
than Fmin and is given by [95-97]: 

Rn 


F = Fmin 4 Ze — ZGoptl? 12.12.2 
min ka. G Gopt | ( ) 


where Rg = Re(Zg) and Rn is an equivalent noise resistance. We note that F = Fin 
when ZG = ZGopt- Defining the normalized noise resistance rn = Rn/Zo, where Zo = 
50 ohm, we may write Eq. (12.12.2) in terms of the corresponding source reflection 
coefficients: 


Ic — T Goptl? 
|1 +TGoptl? (1 = Irgl?) 


F = Fmin + 4rn (12.12.3) 


The parameters Fmin, rn, and T Gopt Characterize the noise properties of the two-port 
and are usually known. 

In designing low-noise microwave amplifiers, one would want to achieve the mini- 
mum noise figure and the maximum gain. Unfortunately, the optimum source reflection 
coefficient I'Gopt does not necessarily correspond to the maximum available gain. 
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The noise figure circles and the available gain circles are useful tools that allow one 
to obtain a balance between low noise and high gain designs. The noise figure circles 
are the locus of points Tg that correspond to fixed values of F. They are obtained by 
rewriting Eq. (12.12.3) as the equation of a circle |I’ — c|? = r°. We write Eq. (12.12.3) 
in the form: 


Ig -T 2 F — Fmm) |l +T 2 
We = Top!" Se aie ee min) | Gopt (12.12.4) 
1 — |Igl? 4rn 
which can be rearranged into the circle equation: 
Ir TGopt N? +.N(1— |I Goptl?) 
CO NEI (N +1)? 
Thus, the center and radius of the noise figure circle are: 
T N24+N(1— |IGoptl2 
Gaon. FS V ( oml?) (12.12.5) 
N+1 N+1 


The MATLAB function nfcirc implements Eq. (12.12.5). Its inputs are the noise 
parameters Fmin, Fn, I Gopt, and the desired value of F in dB, and its outputs are c, r: 


[c,r] = nfcirc(F,Fmin,rn,gGopt) ; % noise figure circles 


The function nfig implements Eq. (12.12.3). Its inputs are Fmin, Fn, T Gopt, and a 
vector of values of Ig, and its output is the corresponding vector of values of F: 


F = nfig(Fmin, rn, gGopt, gG); % calculate noise figure F in dB 
Example 12.12.1: The microwave transistor of Example 12.11.1 has the following noise param- 


eters at 2 GHz [741]: Fmin = 1.6 dB, rn = 0.16, and I'gopt = 0.26 2172°. 


Determine the matched load I’; op: corresponding to Gop and calculate the available gain. 
Then, plot the noise figure circles for F = 1.7, 1.8, 1.9, 2.0 dB. 


For the 1.8-dB noise figure circle, determine Ig, I, that correspond to the maximum pos- 
sible available gain and design appropriate input and output matching networks. 


Solution: The conjugate matched load corresponding to T Gopt is: 


Soo — AT 
Tropt = Veit = | 7 a 
op 


* 
| = 0.4927 252.50° 


The value of the available gain at I'Gopt is Ga,opt = 13.66 dB. This is to be compared with the 
MAG of 16.18 dB determined in Example 12.11.1. To increase the available gain, we must 
also increase the noise figure. Fig. 12.12.1 shows the locations of the optimum reflection 
coefficients, as well as several noise figure circles. 


The MATLAB code for generating this graph was:t 


tThe function p2c converts from phasor form to cartesian complex form, and the function c2p, from 
cartesian to phasor form. 
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F= 1.7 dB 
1.8 dB 
1.9 dB 
2.0 dB 


Fmin = 1.6 dB 
Ga = 13.7 dB 


Fig. 12.12.1 Noise figure circles. 


S = smat([0.61, 165, 3.72, 59, 0.05, 42, 0.45, -48]); 


Fmin = 1.6; rn = 0.16; gGopt = p2c(0.26, 172); 


Gmag = db(sgain(S,’mag’)); % maximum available gain 
Gaopt = db(sgain(S,gGopt,’a’)) % available gain at I'Gopt 
gLopt = conj(gout(S,gGopt)); % matched load 

[c1,r1] = nfcirc(1.7,Fmin,rn,gGopt) ; % noise figure circles 


[c2,r2] = nfcirc(1.8,Fmin,rn,gGopt) ; 
[c3,r3] = nfcirc(1.9,Fmin,rn,gGopt) ; 
[c4,r4] = nfcirc(2.0,Fmin,rn,gGopt) ; 


smith; plot([gGopt, glLopt],’.’); 
smithcir(cl,r1); smithcir(c2,r2); smithcir(c3,r3); smithcir(c4,r4); 


The larger the noise figure F, the larger the radius of its circle. As F increases, so does 
the available gain. But as the gain increases, the radius of its circle decreases. Thus, for a 
fixed value of F, there will be a maximum value of the available gain corresponding to that 
gain circle that has the smallest radius and is tangent to the noise figure circle. 


In the extreme case of the maximum available gain, the available gain circle collapses 
to a point—the simultaneous conjugate matched point [g = 0.8179 2—162.67°— with a 
corresponding noise figure of F = 4.28 dB. These results can be calculated by the MATLAB 
statements: 


gG = smatch(S); 
F = nfig(Fmin, rn, gopt, gG); 


Thus, we see that increasing the gain comes at the price of increasing the noise figure. 
As Ig traces the F = 1.8 dB circle, the available gain Gg varies as shown in Fig. 12.12.2. 
Points around this circle can be parametrized as Ig = C2 + roel, with 0 < h < 2T. 
Fig. 12.12.2 plots Ga versus the angle h. We note that the gain varies between the limits 
12.22 < Ga < 14.81 dB. 


The maximum value, Gg = 14.81 dB, is reached when Ig = 0.4478 2-169.73°, with a 
resulting matched load Tz = I'*,, = 0.5574.252.50°. The two points lg, Tz, as well as the 


out 
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Fig. 12.12.2 Variation of available gain around the noise figure circle F = 1.8 dB. 


Ga = 14.81 dB gain circle, which is tangential to the 1.8-dB noise figure circle, are shown 
in Fig. 12.12.3. 


Ga = 14.81 dB 


Fig. 12.12.3 Maximum available gain for given noise figure. 


The following MATLAB code performs these calculations and plots: 


phi = linspace(0,2*pi,721); % angle in 1/2° increments 
gG = c2 + r2*exp(j*phi); % TG around the c2,r2 circle 
G = db(sgain(S,gG,’a’)); % available gain in dB 


plot(phi*180/pi, G); 


[Ga,i] = max(G); % maximum available gain 
gammaG = gG(i); % Ig for maximum gain 
gammaL = conj(gout(S,gammaG)) ; % matched load Tz 
[ca,ra] = sgcirc(S,’a’,Ga); % available gain circle 


smith; smithcir(c2,r2); smithcir(ca, ra); 
plot([gammaG, gammaL],’.’); 
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The maximum gain and the point of tangency with the noise figure circle are determined by 
direct search, that is, evaluating the gain around the 1.8-dB noise figure circle and finding 
where it reaches a maximum. 


The input and output stub matching networks can be designed with the help of the function 


stub1. The normalized source and load impedances are: 


1+ 147 
© Z 0.3840 — 0.0767j, zz, L 
1-Tg 


ZG 1.0904 + 1.3993j 


The stub matching networks have lengths: 


subi (zg, "pon = | gias 0.3977 0.3519 e 


x |3 i er 
0.1251 sora » stubl (zy, "po aay 0.2250 


The lower solutions have shorter total lengths d + l. The implementation of the matching 
networks with microstrip lines will be similar to that in Fig. 12.8.3. o 


If the two-port is potentially unstable, one must be check that the resulting solutions 
for Ig, Izr both lie in their respective stability regions. Problems 12.6 and 12.7 illustrate 
the design of such potentially unstable low noise microwave amplifiers. 


12. 


12.1 


12.2 


13 Problems 


Using the relationships (12.4.3) and (12.4.6), derive the following identities: 


(Zii + ZG) (Zo2 + Z,)-LZy2Z21 = 


(12.13.1) 
(Zoo + ZL) (Zin + ZG) = (Zi + Ze) (Zout + ZL) 
(1 = Sulg) (1 = S22P1)-Si2SaFel. = 
(12.13.2) 
(1 = So2oP,) 1 - Ting) = (1 - Sule) (1 - Poul 1) 
Using Eqs. (12.4.4) and (12.4.5), show that: 
Z 1-rT Z 1-T 
a Sa L 2 S21 G (12.13.3) 
222 + ZL 1 Sool 1 Tin Zil + ZG 1 — SiG 1 -— Tout 
2Zo _ Q-Tm) (l -T6) 2Zo _ Q-To) U -T:) (12.13.4) 
Zin + ZG 1 — Iinl G i Zout + ZL 1- Toul L i i 
Finally, for the real part R; = Re(Z,), show that: 
1+ T= ITLI? 
ZL = Zoi T, Ri = Zo ESAE (12.13.5) 


Computer Experiment. The Hewlett-Packard ATF-10136 GaAs FET transistor has the follow- 
ing S-parameters at 4 GHz and 8 GHz [741]: 


Si, = 0.542-120°, S2 = 3.60261°, Si2 = 0.137231°, S22 = 0.22 2—49° 
Si = 0.60287°, S21 = 2.092Z-32°, Si. = 0.212-36°, S22 = 0.32 Z—48° 


Determine the stability parameters, stability circles, and stability regions at the two frequen- 
cies. 
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12.3 Derive the following relationships, where Rg = Re (Zg): 


Zo + ZG 1 ll-I¢l  Zo-Zg TG I1 -Tgl 
24RGZo 1- |Ig|? 1-IrG ° 24/RGZo V1- (cl? 1 -Tg 


12.4 Derive Eqs. (12.7.13) relating the generalized S-parameters of power waves to the conven- 
tional S-parameters. 


12.5 Derive the expression Eq. (12.6.20) for the maximum available gain Gyac, and show that it 
is the maximum of all three gains, that is, transducer, available, and operating gains. 


12.6 Computer Experiment. The microwave transistor of Example 12.11.2 has the following noise 
parameters at a frequency of 1 GHz [741]: Fmin = 1.3 dB, rn = 0.16, and I'gopt = 0.06 249°. 


Determine the matched load TzLopt corresponding to T'Gopt and calculate the available gain. 
Then, plot the noise figure circles for F = 1.4, 1.5, 1.6 dB. 


For the 1.5-dB noise figure circle, determine the values of I’¢,I, that correspond to the 
maximum possible available gain. 


Design microstrip stub matching circuits for the computed values of Ig, TL. 


12.7 Computer Experiment. The Hewlett-Packard ATF-36163 pseudomorphic high electron mo- 
bility transistor (PHEMT) has the following S- and noise parameters at 6 GHz [741]: 


Si, = 0.75 2Z-131°, S21 = 3.95255°, Sı =0.132-12°, Soo = 0.272Z-116° 


Fmin = 0.66 dB, rn = 0.15, TGopt = 0.55 288° 


Plot the F = 0.7, 0.8, 0.9 dB noise figure circles. On the 0.7-dB circle, determine the source 
reflection coefficient ig that corresponds to maximum available gain, and then determine 
corresponding matched load coefficient Tz. 


Design microstrip stub matching circuits for the computed values of Ig, TL. 


13 


Radiation Fields 


13.1 Currents and Charges as Sources of Fields 


Here we discuss how a given distribution of currents and charges can generate and 
radiate electromagnetic waves. Typically, the current distribution is localized in some 
region of space (for example, currents on a wire antenna.) The current source generates 
electromagnetic fields, which can propagate to far distances from the source location. 
It proves convenient to work with the electric and magnetic potentials rather than the 
E and H fields themselves. Basically, two of Maxwell’s equations allow us to introduce 
these potentials; then, the other two, written in terms of these potentials, take a simple 
wave-equation form. The two Maxwell equations, 
V-B=0, vxE= -5 (13.1.1) 


imply the existence of the magnetic and electric potentials A (r, t) and @ (r, t), such that 
the fields E and B are obtainable by 


ot (13.1.2) 


B=VXA 


Indeed, the divergenceless of B implies the existence of A, such that B = V x A. 
Then, Faraday’s law can be written as 
OB OA OA 


VXE T vxo V x (E+ —) =0 


Thus, the quantity E+ 0A/0dt is curl-less and can be represented as the gradient of 
a scalar potential, that is, E+ 0A/ðt = -V Q. 

The potentials A and @ are not uniquely defined. For example, they may be changed 
by adding constants to them. Even more freedom is possible, known as gauge invariance 
of Maxwell’s equations. Indeed, for any scalar function f (r,t), the following gauge 
transformation leaves E and B invariant: 
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7 0 
p =p- af 
t (gauge transformation) (13.1.3) 
A =A+Vf 


For example, we have for the electric field: 


A’ of. a 3A 


ot vig Te a At VE) Vo aE 


E Vq’ 


This freedom in selecting the potentials allows us to impose some convenient con- 
straints between them. In discussing radiation problems, it is customary to impose the 
Lorenz condition: 


1 0p _ 


V-A+ —=— =0 (Lorenz condition) (13.1.4) 
c? ot 


We will also refer to it as Lorenz gauge or radiation gauge. Under the gauge transfor- 
mation (13.1.3), we have: 
1 0g! | 


V-A +> = (V -A4 
Tg ot ( 


1 0p 
c? ot 


1 O°*f 
c2? ot? 


pl V*f) 

Therefore, if A,q@ did not satisfy the constraint (13.1.4), the transformed potentials 
A’,g’ could be made to satisfy it by an appropriate choice of the function f, that is, by 
choosing f to be the solution of the inhomogeneous wave equation: 


1 of 
c2? ot? 


1 0p 
c? ot 


V°f =V-A4 


Using Eqs. (13.1.2) and (13.1.4) into the remaining two of Maxwell’s equations, 


1 1 ðE 
we find, 
OA 3 0 3 0 1 0p 
MEY Ve at) TP ge at | c2 at? 
1 p 5 
em e 
and, similarly, 
1 ðE 1 ð OA 
VXB- a5 V x(V xA) zal a) 


t Almost universally wrongly attributed to H. A. Lorentz instead of L. V. Lorenz. See Refs. [68-73] for the 
historical roots of scalar and vector potentials and gauge transformations. 
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107A 
=Vx(V XA)-V(V A) + 5 ae 
= 1 oA 2A 
c2? ot? 


where we used the identity V x (V xA) = V (V -A)—V°A. Therefore, Maxwell’s equations 
(13.1.5) take the equivalent wave-equation forms for the potentials: 


1 °p 5 1 
c2 ot ee EP ; 
52 (wave equations) (13.1.7) 
10°A 2 
Coe TAN 


To summarize, the densities p, J may be thought of as the sources that generate the 
potentials @, A, from which the fields E, B may be computed via Eqs. (13.1.2). 
The Lorenz condition is compatible with Eqs. (13.1.7) and implies charge conserva- 
tion. Indeed, we have from (13.1.7) 
1 0? 


<a 2 . - 
(zzg V0 (V-A 


1 0m 
c? ot 


1 op 


aP 
cec? ot 


SHV J+ 57 


)=yV -J4 


where we used pe = 1/c?. Thus, the Lorenz condition (13.1.4) implies the charge con- 
servation law: 
op 
V-J+ ae =0 (13.1.8) 


13.2 Retarded Potentials 


The main result that we would like to show here is that if the source densities p, J are 
known, the causal solutions of the wave equations (13.1.7) are given by: 


j R 
p(r „t n PÈ T 
pmd = | ear 
R (retarded potentials) (13.2.1) 
u(r’, t a a 3 
A(r,t) = d?r 
(r,t) is TAR r 


where R = |r- r'| is the distance from the field (observation) point r to the source point 
r’, as shown in Fig. 13.2.1. The integrations are over the localized volume V in which 
the source densities p, J are non-zero. 

In words, the potential œ (r, t) at a field point r at time t is obtainable by superimpos- 
ing the fields due to the infinitesimal charge p (r’, t')d?r' that resided within the volume 
element d?r’ at time instant t’, which is R/c seconds earlier than t, that is, t’ = t— R/c. 

Thus, in accordance with our intuitive notions of causality, a change at the source 
point r’ is not felt instantaneously at the field point r, but takes R/c seconds to get 
there, that is, it propagates with the speed of light. Equations (13.2.1) are referred to 
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P(r, 1), A(r, t) 
field point 


l -$ 
volume V PAN 


| Jarit)a°r' 
| 
V p(rit) dra, r 


source r 
point 


Fig. 13.2.1 Retarded potentials generated by a localized current/charge distribution. 


as the retarded potentials because the sources inside the integrals are evaluated at the 
retarded time t’ = t — R/c. 
To prove (13.2.1), we consider first the solution to the following scalar wave equation 
driven by a time-dependent point source located at the origin: 
1 ðu 
i -Vu =f (6 (r 13.2.2 
ee f (5 (x) (13.2.2) 
where f (t) is an arbitrary function of time and 6“) (r) is the 3-dimensional delta func- 
tion. We show below that the causal solution of Eq. (13.2.2) is:t 


r 
u(r,t)= ar Ir =f(t 9), where g(r)= rome (13.2.3) 


with t’ = t -r/c andr = |r|. The function g(r) is recognized as the Green’s function 
for the electrostatic Coulomb problem and satisfies: 


y 1 ag 2, _ _ 5(3) 
Vg= top re Vig = -6”’ (r) (13.2.4) 


where f = r/r is the radial unit vector. We note also that because f (t — r/c) depends 
on r only through its t-dependence, we have: 


h) 10 l, 
apf (t r/c)= cgl C r/c)= zf 


It follows that Vf = -ff /c and 


2 Ô La. ees Ô l- F 2f . 
Vf =-(V ai ot Vf =-(V Dr of (r= ae (13.2.5) 


where we used the result V - f = 2/r.* Using Eqs. (13.2.3)-(13.2.5) into the identity: 


Vu = V? (fg) = 2Vf - Vg + gV°f + fV°g 


tThe anticausal, or time-advanced, solution is u (r, t) = f(t+r/c)g(r). 
Indeed, V-#=V- (r/r)= (V -r)/r +r- (-#/r*)= 3/r—1/r = 2/r. 
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we obtain, 


2 af) (99) 2F a4 43 r) 503) 
vu = 2(-#4) - (#2) - Tg + Sig ft- D8 w 


The first two terms cancel and the fourth term can be written as f (t) 5°) (r) because 
the delta function forces r = 0. Recognizing that the third term is 


1eu_ 1, 
c2 ðt? c2? 
we have, 
1 ðu 
CP o og PO (3) 
u= c2 t2 fs (r) 


which shows Eq. (13.2.2). Next, we shift the point source to location r’, and find the 
solution to the wave equation: 

1 0¢u f (r,t — R/c) 

2 Vu =fr, td? r-r > u(r, t) = ———__— 13.2.6 

Bee f(r’, 05° (r-r’) (r,t) a (13.2.6) 
where R = |r — r'| and we have allowed the function f to also depend on r’. Note that 
here r’ is fixed and the field point r is variable. 

Using linearity, we may form now the linear combination of several such point 

sources located at various values of r’ and get the corresponding linear combination 
of solutions. For example, the sum of two sources will result in the sum of solutions: 


frL t- R/c) , f(%,t—Ro2/c) 


, (3) tit , (3) ri 
f (ri, t)” (r — ri) +f (r3,t) 6°’ (r-r) 4R, H ARo 


where Rj = |r—r}|, Ro = |r — r}|. More generally, integrating over the whole volume V 
over which f (r’, t) is nonzero, we have for the sum of sources: 


fr = [re t)6® (r-r) dr 


and the corresponding sum of solutions: 


fr, t- R/c) 3 
t= d“ 13.2.7 
u(r,t) f TAR r ( ) 
where R = |r — r'|. Thus, this is the causal solution to the general wave equation: 
1 ðu > 
T2 ot — Vu = f(r, t) (13.2.8) 


The retarded potentials (13.2.1) are special cases of Eq. (13.2.7), applied for f (r, t) = 
p(r,t)/e and f (r, t)= uJ(r, t). 
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13.3 Harmonic Time Dependence 


Since we are primarily interested in single-frequency waves, we will Fourier transform 
all previous results. This is equivalent to assuming a sinusoidal time dependence e/“! 
for all quantities. For example, 


Prt=~pMe*', pat)=pmMe, ete. 
Then, the retarded solutions (13.2.1) become: 


) eiw(t- 2) 
4treR 


3,,/ 


p(r) eet _ I, p(x’ 


Canceling a common factor e/“! from both sides, we obtain for the phasor part of the 
retarded potentials, where R = |r —r’|: 


p(x’ )eJkR 37 


r 
v 4rmeR 
Ja je-iR , where [k= 2 (13.3.1) 
H r e y: N d L 
———— dr 


Alr) = Í 4T R 


The quantity k represents the free-space wavenumber and is related to the wave- 
length via k = 27r/A. An alternative way to obtain Eqs. (13.3.1) is to start with the wave 
equations and replace the time derivatives by 0; — jw. Equations (13.1.7) become then 
the Helmholtz equations: 


g(r) = 


1 
Vip +k'p =—-=p 


(13.3.2) 
V?A + k?°A = -uJ 
Their solutions may be written in the convolutional form:t 
1 F $: Sad 
p (r) = y eer )G(r-1r)d’r 
(13.3.3) 
A(r) = Í uJ’) G(r- r') dr 
V 
where G (r) is the Green’s function for the Helmholtz equation: 
e—skr 
V?G +k?G =-68 (r), G(r)= (13.3.4) 
4TTr 
Replacing 0/0t by jw, the Lorenz condition (13.1.4) takes the form: 
V-A+jwuep =0 (13.3.5) 


tThe integrals in (13.3.1) or (13.3.3) are principal-value integrals, that is, the limits as 6 — 0 of the 
integrals over V — V5(r), where V5(r) is an excluded small sphere of radius ô centered about r. See 
Appendix D and Refs. [27,120,132,182] and [104-108] for the properties of such principal value integrals. 
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Similarly, the electric and magnetic fields (13.1.2) become: 


E=-VQm-jwAaA 
(13.3.6) 


H=İVxA 
H 


With the help of the Lorenz condition the E-field can be expressed completely in 
terms of the vector potential. Solving (13.3.5) for the scalar potential, p = —V-A/jwue, 
and substituting in (13.3.6), we find 


PSs 
JWPE 


V(V - A)-jwA = -1 iyi - A)+k°A] 
JæHeE 


where we used w°? ue = w?/c? = k*. To summarize, with A (r) computed from Eq. (13.3.1), 
the E, H fields are obtained from: 


E=- z [V (V - A)+k°A] 
JWHE 
: (13.3.7) 
H=—VxA 
H 
An alternative way of expressing the electric field is: 
1 
E= [V x (V x A)-uJ] (13.3.8) 
JWUE 


This is Ampére’s law solved for E. When applied to a source-free region of space, 
such as in the radiation zone, (13.3.8) simplifies into: 


E= jane Y VA (13.3.9) 
JW@UE 


The fields E, H can also be expressed directly in terms of the sources p, J. Indeed, 
replacing the solutions (13.3.3) into Eqs. (13.3.6) or (13.3.7), we obtain: 


E= Í [-jwuJG + lov'Glav' 2s Í [J-V)V'G+k*JG|dv’ 
V E JWE Jv 
(13.3.10) 


H= | JIxV'Gdv' 
V 


Here, p, J stand for p(r’), J(r’). The gradient operator V acts inside the integrands 
only on G and because that depends on the difference r — r’, we can replace the gradient 
with VG (r —- r')= —V’G(r—1’). Also, we denoted d3r’ by dV’. 

In obtaining (13.3.10), we had to interchange the operator V and the integrals over 
V. When r is outside the volume V—as is the case for most of our applications—then, 
such interchanges are valid. When r lies within V, then, interchanging single V’s is still 
valid, as in the first expression for E and for H. However, in interchanging double V’s, 
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additional source terms arise. For example, using Eq. (D.8) of Appendix D, we find by 
interchanging the operator V x V x with the integral for A in Eq. (13.3.8): 


1 


= [Vx Vx] JGaV' -J| =- 
v jw 


jwe 


ee pv | VxVx (JG) dv’ - J] 
E€ 3 V 


where “PV” stands for “principal value.” Because V does not act on J(r’), we have: 
VxVx JG)=Vx (VGEx)D= J-VVG-JIVG= (J-V)VG+kRIG 


where in the last step, we replaced V by —V’ and V*G = —k*G. It follows that: 


E= ae [ev] [J V)V'G+k*JG|dv' — z| , (r lies in V) (13.3.11) 
JWE v 3 

In Sec. 16.10, we consider Eqs. (13.3.10) further in connection with Huygens’s prin- 
ciple and vector diffraction theory. 

Next, we present three illustrative applications of the techniques discussed in this 
section: (a) Determining the fields of linear wire antennas, (b) The fields produced by 
electric and magnetic dipoles, and (c) the Ewald-Oseen extinction theorem and the mi- 
croscopic origin of the refractive index. Then, we go on in Sec. 13.7 to discuss the 
simplification of the retarded potentials (13.3.3) for radiation problems. 


13.4 Fields of a Linear Wire Antenna 


Eqs. (13.3.7) simplify considerably in the special practical case of a linear wire antenna, 
that is, a thin cylindrical antenna. Figure 13.4.1 shows the geometry in the case of a 
z-directed antenna of finite length with a current I (z’) flowing on it. 

The assumption that the radius of the wire is much smaller than its length means ef- 
fectively that the current density J(r’) will be z-directed and confined to zero transverse 
dimensions, that is, 


Jx) = Z1(z') 6 (x) (y) (current on thin wire antenna) (13.4.1) 


In the more realistic case of an antenna of finite radius a, the current density will 
be confined to flow on the cylindrical surface of the antenna, that is, at radial distance 
p =a. Assuming cylindrical symmetry, the current density will be: 


f PERE- E 1 = ahs 
J(1’) = 21(z')d(p’ — a) ana (13.4.2) 


This case is discussed in more detail in Chap. 20. In both cases, integrating the 
current density over the transverse dimensions of the antenna gives the current: 


[soy z')dx'dy' = [w p',z)p'dp'do' = 2I (z) 
Because of the cylindrical symmetry of the problem, the use of cylindrical coordi- 


nates is appropriate, especially in determining the fields near the antenna (cylindrical 
coordinates are reviewed in Sec. 13.8.) On the other hand, that the radiated fields at 
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Fig. 13.4.1 Thin wire antenna. 


far distances from the antenna are best described in spherical coordinates. This is so 
because any finite current source appears as a point from far distances. 

Inserting Eq. (13.4.1) into Eq. (13.3.1), it follows that the vector potential will be z- 
directed and cylindrically symmetric. We have, 


e-JkR 
R 


uJ(r') eJKR 3,,/ a H Í r 1 td 1 Ë 1 
A(r) =|. ie d’r re pie )6(x’) d(y’) dx’ dy' dz 


` H ped ..5 
=2 4 |1 d 
E Am I, (z) R 2 


where R = |r- r'| = yp? + (z — z’)2, as shown in Fig. 13.4.1. The z’-integration is over 
the finite length of the antenna. Thus, A(r) = z Az (p,Z), with 


Az( y= 2 | a a R=,p?+(z-2’')2 (13.4.3) 
Z P, = Att L R , = P "T. 


This is the solution of the z-component of the Helmholtz equation (13.3.2): 


V?Az + k°Az = -uI (z) (x) ô (y) 


Because of the cylindrical symmetry, we can set 0/ðp = 0. Therefore, the gradient 
and Laplacian operators are V = P 0) + 20, and V? = p-!0,(p0,)+0%. Thus, the 
Helmholtz equation can be written in the form: 


1 
poe (Po pAz) t Oj Ay ki Ay = —pI(z)6 (x) d(y) 
Away from the antenna, we obtain the homogeneous equation: 


507 (PopAz) +02Az +k°?A, =0 (13.4.4) 


Noting that V - A= 0,Az, we have from the Lorenz condition: 
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o 1 
JW UE 


p = 0zAz (scalar potential of wire antenna) (13.4.5) 


The z-component of the electric field is from Eq. (13.3.7): 
jæwucEz = ðz(V - A)+k?°Az = 02A, + k°A; 
and the radial component: 


Using B= V x A = (Pp 0) + 20z) X (2Az)= (PX 2)ðpAz = -È 0pAz, it follows that 
the magnetic field has only a @-component given by Bg = —0pAz. To summarize, the 
non-zero field components are all expressible in terms of Az as follows: 


jwpucE, = 02A,+k*A, 
JWUEED = 0p0zAz (fields of a wire antenna) (13.4.6) 


Using Eq. (13.4.4), we may re-express E, in the form: 


. 1 1 
JWHEE; = Sa PA= H poe PHa) (13.4.7) 


This is, of course, equivalent to the z-component of Ampère’s law. In fact, an even 
more convenient way to construct the fields is to use the first of Eqs. (13.4.6) to construct 
E, and then integrate Eq. (13.4.7) to get Hg and then use the p-component of Ampère’s 
law to get Ep. The resulting system of equations is: 


jJæHEEz = 02A,+k*A, 
dp (pHo) = jwe pEz (13.4.8) 


jJweEp = —07,H¢ 


In Chap. 20, we use (13.4.6) to obtain the Hallén and Pocklington integral equations 
for determining the current I (z) on a linear antenna, and solve them numerically. In 
Chap. 21, we use (13.4.8) under the assumption that the current I(z) is sinusoidal to 
determine the near fields, and use them to compute the self and mutual impedances 
between linear antennas. The sinusoidal assumption for the current allows us to find 
Ez, and hence the rest of the fields, without having to find A, first! 


13.5 Fields of Electric and Magnetic Dipoles 


Finding the fields produced by time-varying electric dipoles has been historically impor- 
tant and has served as a prototypical example for radiation problems. 


440 Electromagnetic Waves & Antennas - S. J. Orfanidis 


We consider a point dipole located at the origin, in vacuum, with electric dipole 
moment p. Assuming harmonic time dependence e/", the corresponding polarization 
(dipole moment per unit volume) will be: P(r) = pd“ (r). We saw in Eq. (1.3.15) that 
the corresponding polarization current and charge densities are: 


J==- =jwP, p= -V.P (13.5.1) 


Therefore, 
Ji) =jwp6? m), pm)=-p:V8® (r) (13.5.2) 


Because of the presence of the delta functions, the integrals in Eq. (13.3.3) can be 
done trivially, resulting in the vector and scalar potentials: 


A(r) = Ho fjwps® ()G(r-r)dV' = jwuo pG(r) 

i ; (13.5.3) 
p(r) =-— fip -V'8® (r) |Ga@—4') dV’ = -— p- VG(r) 

€o €0 


where the integral for @ was done by parts. Alternatively, o could have been determined 
from the Lorenz-gauge condition V - A + jWHoEoQ = 0. 

The E, H fields are computed from Eq. (13.3.6), or from (13.3.7), or away from the 
origin from (13.3.9). We find, where k? = w?/c3 = w° Hoco: 


EQ) = vx [VG@)xp] = 2 [2p + A, 
€0 €0 (13.5.4) 


H(r) = jwVG(r)xp 


for r # 0. The Green’s function G (r) and its gradient are: 
e—skr 
4irr 


Vein) = 84k + )60)= 24k + HL 
, PSTU t p95 EIK t nea 


G(r)= 
where r = |r| and fis the radial unit vector f = r/r. Inserting these into Eq. (13.5.4), we 
obtain the more explicit expressions: 


Eas 1, [ 3#(%- p)— ke. $ 
E(r) EL n| ry P P |e É tx Px DEW 


3 (13.5.5) 
H(r) = jw (jk + p (p xî)G(r) 


If the dipole is moved to location rọ, so that P(r) = p 6°) (r—ro), then the fields are 
still given by Eqs. (13.5.4) and (13.5.5), with the replacement G(r) — G(R) and? > R, 
where R = r — rọ. 

Eqs. (13.5.5) describe both the near fields and the radiated fields. The limit w = 0 (or 
k = 0) gives rise to the usual electrostatic dipole electric field, decreasing like 1/r?. On 
the other hand, as we discuss in Sec. 13.7, the radiated fields correspond to the terms 
decreasing like 1/r. These are (with no = V/Uo/€0): 
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k2 ` : k2 : ` e—dkr 
Eraa (r) = a” (p x Ê)G (r) = ao (p xf) inr 
(13.5.6) 
; ; ` k2 $ e-ikr 
Hraa (r) = jw jk (p x ĉ)G (r) = noes (f X p) IF 


They are related by noĦraa = f X Eraa, which is a general relationship for radia- 
tion fields. The same expressions can also be obtained quickly from Eq. (13.5.4) by the 
substitution rule V — —jkf, discussed in Sec. 13.10. 

The near-field, non-radiating, terms in (13.5.5) that drop faster than 1/r are im- 
portant in the new area of near-field optics [154-174]. Nanometer-sized dielectric tips 
(constructed from a tapered fiber) act as tiny dipoles that can probe the evanescent 
fields from objects, resulting in a dramatic increase (by factors of ten) of the resolution 
of optical microscopy beyond the Rayleigh diffraction limit and down to atomic scales. 

A magnetic dipole at the origin, with magnetic dipole moment m, will be described 
by the magnetization vector M = m6) (r). According to Sec. 1.3, the corresponding 
magnetization current will be J= V x M= V6‘) (r) x m. Because V - J = 0, there is no 
magnetic charge density, and hence, no scalar potential o. The vector potential will be: 


A(r) = Ho Í V6 (r)xmG(r-r)dV' = uo VG(r) xm (13.5.7) 
It then follows from Eq. (13.3.6) that: 
E(r) = —JwuoVG(r) xm 
(13.5.8) 
H(r) = V x [VG(r) xm] = [k?m+ (m- V)V]G(r) 
which become explicitly, 
; F lix 
E(r) = jwHo(jk + sa (# x m) G(r) 
1. 738 (13.5.9) 
Hix) = (ik + 7) | Da a =| Ga) +k? # x (m x #) G(r) 
The corresponding radiation fields are: 
e—Jkr 
Eraa (r) = fo jk (# x m) G (r) = nok? (m x ĉ) aes 
(13.5.10) 


e—dkr 


Hra (r) = k? f x (m x #)G (rn) = k? f x (mx î) 
4rr 

We note that the fields of the magnetic dipole are obtained from those of the electric 
dipole by the duality transformations E > H, H > —E, €ọ > Ho, Ho > €o, No > 1/No, and 
p > Hom, that latter following by comparing the terms P and pọM in the constitutive 
relations (1.3.13). Duality is discussed in more detail in Sec. 16.2. 

The electric and magnetic dipoles are essentially equivalent to the linear and loop 
Hertzian dipole antennas, respectively, which are discussed in sections 15.2 and 15.8. 
Problem 13.4 establishes the usual results p = Q d for a pair of charges +Q separated 
by a distance d, and m = Z/S for a current loop of area S. 
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Example 13.5.1: We derive explicit expressions for the real-valued electric and magnetic fields 
of an oscillating z-directed dipole p(t)= pzcos wt. And also derive and plot the electric 
field lines at several time instants. This problem has an important history, having been 
considered first by Hertz in 1889 in a paper reprinted in [60]. 


Restoring the e/®! factor in Eq. (13.5.5) and taking real parts, we obtain the electric field: 


a A _cos(kr — wt) 3f (f -2)-2 | pk? tx (zx B) 
E(r) = p[Ksin(kr — wt) + a ] irer ance c 


os (kr — wt) 


H) = pw|-kcostkr - wt) + PEY } Bs 


4rr 


In spherical coordinates, we have 2 = fcos 0 —@ sin 0. This gives 3f(f-z)-—z = 2fcos 0 + 
O sin 0, fx (2x f)= —0 sin 0, and z xf = ẹ sin 0. Therefore, the non-zero components 
if E and H are F,,Fy and Hy: 


E, (r) = p[ksin(kr — wt) 4 cos (kr — wta | 2 cos ] 


ATTEor? 


Eo (r) = p[ksin(kr — wt) +4 


cos (kr al sin 0 | pk LLL ae 0 


r ATTEor? ATTEor 


H 4 (r) = pw|-k cos (kr — wt) + Su an, Ea 


4rr 


By definition, the electric field is tangential to its field lines. A small displacement dr along 
the tangent to a line will be parallel to £ at that point. This implies that dr x £ = 0, which 
can be used to determine the lines. Because of the azimuthal symmetry in the œ variable, 
we may look at the field lines that lie on the xz-plane (that is, @ = 0). Then, we have: 

dr rE 


drx E = (ĉdr + Ord0)x (FE, + 8 £o)= $(drEo-rd0E£,)=0 > ieee 
0 


This determines r as a function of 0, giving the polar representation of the line curve. To 
solve this equation, we rewrite the electric field in terms of the dimensionless variables 
u = kr and 6 = wt, defining Ey = pk? /4Tr€o: 


F, n] Au p SEA 
u 

Eo Ey sin 0 E suso u ô) sm 2) 
u u u 


We note that the factors within the square brackets are related by differentiation: 


Ot sina pja L=) 


cos(u— ô) sin(u-— ô) 
u? u 


dQ (u) cos (u — 6) 
du 


Q' (u) 


Therefore, the fields are: 


E, = Eo P Ou), Eos- 
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It follows that the equation for the lines in the variable u will be: 


di o ui -2 cot 0 | Q (u) l > 2 [mgou] = —2cot0 = aA iian 0] 


dé Eo Q' (u) do 
which gives: 
£ m[Q (u) sin’ 0]=0 => Q(u)sin?0 =C 
where C is a constant. Thus, the electric field lines are given implicitly by: 
[sinu ô) -+ osu ò) | sin? 0 = [sinr wt)4 sos wo | sin? 0 = C 


Fig. 13.5.1 Electric field lines of oscillating dipole at successive time instants. 


Ideally, one should solve for r in terms of 0. Because this is not possible in closed form, 
we prefer to think of the lines as a contour plot at different values of the constant C. The 
resulting graphs are shown in Fig. 13.5.1. They were generated at the four time instants 
t = 0, T/8, T/4, and 3T/8, where T is the period of oscillation, T = 2mT/w. The x,z 
distances are in units of A and extend to 1.5A. The dipole is depicted as a tiny z-directed 
line at the origin. The following MATLAB code illustrates the generation of these plots: 


rmin = 1/8; rmax = 1.6; % plot limits in wavelengths A 
Nr = 61; Nth = 61; N = 6; % meshpoints and number of contour levels 
t = 1/8; d = 2*pi*t; % time instant t = T/8 


[r,th] = meshgrid(linspace(rmin, rmax,Nr), linspace(0,pi,Nth)); 
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u = 2*pi*r; % r is in units of A 

z = r.*cos(th); x = r.*sin(th); % cartesian coordinates in units of A 

C = (cos(u-d)./u + sin(u-d)) .* sin(th).A2; % contour levels 
contour([-x; x], [z; z], [C; Cl, N); % right and left-reflected contours with N levels 


We observe how the lines form closed loops originating at the dipole. The loops eventually 
escape the vicinity of the dipole and move outwards, pushing away the loops that are ahead 
of them. In this fashion, the field gets radiated away from its source. The MATLAB file 
dipmovie.m generates a movie of the evolving field lines lasting from t = 0 to t = 8T. o 


13.6 Ewald-Oseen Extinction Theorem 


The reflected and transmitted fields of a plane wave incident on a dielectric were deter- 
mined in Chapters 4 and 6 by solving the wave equations in each medium and matching 
the solutions at the interface by imposing the boundary conditions. 

Although this approach yields the correct solutions, it hides the physics. From the 
microscopic point of view, the dielectric consists of polarizable atoms or molecules, 
each of which is radiating in vacuum in response to the incident field and in response 
to the fields radiated by the other atoms. The total radiated field must combine with 
the incident field so as to generate the correct transmitted field. This is the essence 
of the Ewald-Oseen extinction theorem [118-153]. The word “extinction” refers to the 
cancellation of the incident field inside the dielectric. 

Let E(r) be the incident field, Eraa (r) the total radiated field, and E’ (r) the trans- 
mitted field in the dielectric. Then, the theorem states that (for r inside the dielectric): 


Eyaq(¥) = E’ (x) -E(r) > |E (r)= E(r)+Ema(r) (13.6.1) 


We will follow a simplified approach to the extinction theorem as in Refs. [139-153] 
and in particular [153]. We assume that the incident field is a uniform plane wave, with 
TE or TM polarization, incident obliquely on a planar dielectric interface, as shown in 
Fig. 13.6.1. The incident and transmitted fields will have the form: 


E(r)= Eye Jkt, E'(r)= Eek (13.6.2) 


The expected relationships between the transmitted and incident waves were sum- 
marized in Eqs. (6.7.1)-(6.7.5). We will derive the same results from the present ap- 
proach. The incident wave vector is k = kx2 + kz 2 with k = w/co = w.,/€oHo, and 
satisfies k- Ey = 0. For the transmitted wave, we will find that k’ = kx z+ ki, z satisfies 
K - E = Oandk’ = w/c = w./EHo = kn, so that c = Co/n, where n is the refractive 
index of the dielectric, n = /€/€0. 

The radiated field is given by Eq. (13.3.10), where J is the current due to the polariza- 
tion P, that is, J= P= jJwP. Although there is no volume polarization charge density,* 
there may be a surface polarization density ps = n- P on the planar dielectric interface. 
Because hl = —Z, we will have ps = —z- P = —P;. Such density is present only in the TM 


tp = -V - P vanishes for the type of plane-wave solutions that we consider here. 
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Fig. 13.6.1 Elementary dipole at r’ contributes to the local field at r. 


case [153]. The corresponding volume term in Eq. (13.3.10) will collapse into a surface 
integral. Thus, the field generated by the densities J, ps will be: 


Eraa (1) = -jæuo | IT)GE-r)dV' + if ps) V'GE-r)ds' 
V E0 JS 


where G (r) = ek" /4rrr is the vacuum Green’s function having k = w/Co, and V is the 
right half-space z > 0, and S, the xy-plane. Replacing J, ps in terms of the polarization 
and writing V’G = —VG, and moving V outside the surface integral, we have: 


Eaa (r) = w Ho | P(r')G(r—1’) dV’ + =v | P,(r')G(r—-r’) dS’ (13.6.3) 
V 0 S 


We assume that the polarization P(r’) is induced by the total field inside the di- 
electric, that is, we set P(r’) = €ox E’ (r’), where x is the electric susceptibility. Setting 
k? = w° Ho€o, Eq. (13.6.3) becomes: 


Eaa (r) = kx | E' (r')G(r—1') dV’ + xy Í E, (r )G(r- r) ds’ (13.6.4) 
v s 


Evaluated at points r on the left of the interface (z < 0), Eraa (r) should generate 
the reflected field. Evaluated within the dielectric (z > 0), it should give Eq. (13.6.1), 
resulting in the self-consistency condition: 


kxl E'(r')G(r-r)dV'+xV Í E, (r )G(r-r')dS' = E' (r) -E(r) (13.6.5) 

V S 

Inserting Eq. (13.6.2), we obtain the condition: 

kx | eK G(r- r) dV’ +x EV Í eK Y G(r- r) dS’ = Eye IKT Eye Jkt 
4 S 


The vector k’ = kj, $ + k, 2 may be assumed to have k}, = kx, which is equivalent 
to Snell’s law. This follows easily from the phase matching of the e/*** factors in the 
above equation. Then, the integrals over S and V can be done easily using Eqs. (D.14) 
and (D.16) of Appendix D, with (D.14) being evaluated at z’ = 0 and z = 0: 


-jK G ') dv’ e ik x oo 
fe (r-r) © k'?=k? 2k, (ky — kz) 
| (13.6.6) 
| e dk Gay’) ds’ = ow” > vÍ e KY G(r- r) dS = - 
] -— f ~ OK, 
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The self-consistency condition reads now: 


ek r e-ikr keskr Sa f 
k? x Ef E; = Eje JKT Eye Jkt 
a E =E kk | AE es, Pod i 


Equating the coefficients of like exponentials, we obtain the two conditions: 


7 2 

m. ae E$ = Eo sis ae = k? = k? + x)= k?n? (13.6.7) 
k? x >, xk, 

2kz (kz — kz) Bye 2k, Ez = Fo (13.6.8) 


The first condition implies that k’ = kn, where n = 41 + x = ./€/€o. Thus, the phase 
velocity within the dielectric is c = Co/n. Replacing x = (k’* — k?) /k? = (k? — k?) /k?, 
we may rewrite Eq. (13.6.8) as: 


k2 — k? 


, (k? —k2)k 
2kz (kz = kz) q 


2kzk? 


ta 
Ez = Eo, Or, 


2kz 
kz + kz 
This implies immediately the transversality condition for the transmitted field, that 
is, k’ - E; = 0. Indeed, using k - Ey = O for the incident field, we find: 


A k tA r 
E + yz (k; ~ kz) Exo = Eo (13.6.9) 


r k- k 1 a 2k, 
k: Eo + -g7 (kz — kz) Ezo = k, + kz 


k- Ey = 0 k- Ej + (k, — kz) Ex = 0 


or, explicitly, kxEzo + kzEz9 + (Ki, — kz) Eo = KxEyo + ki Eso = K - Ej = 0. Replacing 
(ki, — kz) Ey) = -k - Ep in Eq. (13.6.9) and using the BAC-CAB rule, we obtain: 


k 2kz F kx (Eù x k) 2kz E 
~“ kz+k; ? k2 ee ? 


(13.6.10) 


It can be shown that Eq. (13.6.10) is equivalent to the transmission coefficient results 
summarized in Eqs. (6.7.1)-(6.7.5), for both the TE and TM cases (see also Problem 6.6 
and the identities in Problem 6.5.) The transmitted magnetic field H’ (r) = H esr 
may be found from Faraday’s law V x E’ = —jWUo H’, which reads wHo Ho = k’ x Ep. 

Next, we look at the reflected field. For points r lying to the left of the interface 
(z < 0), the evaluation of the integrals (13.6.6) gives according to Eqs. (D.14) and (D.16), 
where (D.14) is evaluated at z’ = 0 and Z < 0: 


Í e IKT Gy_y) dv’ = a ek 
V E 2kz(k; + kz) 
—jko-r —jkeo-r 
-jk -v , Poea ed Í -jk -v , fa k-e 
fe G(r-r) dS dks V £ G(r-r)dsS 2K, 


where k- denotes the reflected wave vector, k- = ky — kz 2. It follows that the total 
radiated field will be: 


ek k- x E; . : 
E — k? E! ZO o-zjk--r — E —jko-r 
rad (1) = K" X Ep | 2k, (K; + kz) | 2ks ok 
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where the overall coefficient E-ọ can be written in the form: 


k?y Eg HK, E talks Eaa | 


2kz (kz + kz) 


Eo = E$ = 


2kz 2kz 


where we set x = (ki? — k2) /k?. Noting the identity k- - Ej + (k, +kz) Ej = K - Ei =0 
and k- - k- = k?, we finally find: 


k- x (Ej x k_) 2kz 
k2 ky k; 


E-o | (13.6.11) 


It can be verified that (13.6.11) is equivalent to the reflected fields as given by 
Eqs. (6.7.1)-(6.7.5) for the TE and TM cases. We note also that k- - E-ọ = 0. 

The conventional boundary conditions are a consequence of this approach. For ex- 
ample, Eqs. (13.6.10) and (13.6.11) imply the continuity of the tangential components of 
the E-field. Indeed, we find by adding: 

X Ez 


Eo t E-o = 5 T ok (k k_)= E$ t x 2E; 
zZ 


which implies that 2 x (Ey + E-o) = Z x Eù. 

In summary, the radiated fields from the polarizable atoms cause the cancellation of 
the incident vacuum field throughout the dielectric and conspire to generate the correct 
transmitted field that has phase velocity c = Co/n. The reflected wave does not originate 
just at the interface but rather it is the field radiated backwards by the atoms within the 
entire body of the dielectric. 

Next, we discuss another simplified approach based on radiating dipoles [144]. It 
has the additional advantage that it leads to the Lorentz-Lorenz or Clausius-Mossotti 
relationship between refractive index and polarizability. General proofs of the extinction 
theorem may be found in [118-138] and [182]. 

The dielectric is viewed as a collection of dipoles p; at locations rj. The dipole mo- 
ments are assumed to be induced by a local (or effective) electric field Ejo-(r) through 
Pi = X€0E joc (ri), where & is the polarizability.t The field radiated by the jth dipole p; 
is given by Eq. (13.5.4), where G (r) is the vacuum Green’s function: 


1 
E; (r)= P x V x [p;G(r- xj) ] 
The field at the location of the ith dipole due to all the other dipoles will be: 


1 
Era (ti) = >. E(t) = 7 > Vix Vix [pj G (ri - 5) ] (13.6.12) 
j+i 0 di 
where V; is with respect to rj. Passing to a continuous description, we assume N dipoles 
per unit volume, so that the polarization density will be P(r’) = N p(r’) = N QEgEwc (r). 
Then, Eq. (13.6.12) is replaced by the (principal-value) integral: 


Era (r) = if [v x V x [P(r')G(r- r)]| dv’ (13.6.13) 
€o JV r’4r 


tNormally, the polarizability is defined as the quantity «’ = &€ọ. 


448 Electromagnetic Waves & Antennas - S. J. Orfanidis 


Using Eq. (D.7) of Appendix D, we rewrite: 
1 F ta 1 2 
Eaa (r) = Av x0 x | P(r')G(r—-r’) dV’ — — P(r) (13.6.14) 
€0 v 3€0 
and in terms of the local field (N & is dimensionless): 
, , Ke 
Emar) = NAV XVX Í Ejoc (1) G(r - 1’) dV’ — zNa Ejoc (r) (13.6.15) 
V 
According to the Ewald-Oseen extinction requirement, the radiated field must can- 
cel the incident field E(r) while generating the local field Ejģoc (r), that is, Eraa (r) = 
Ejoc (r) —E(r). This leads to the self-consistency condition: 
, ; Boe 
NAV XVX Í Ejoc (1) G(r - 1’) dV’ — 37Na Ejoc (r) = Ejoc (1) —E(r) (13.6.16) 
V 
Assuming a plane-wave solution Ejoc (r) = Ej ed Kor we obtain: 
1 -jk’-r 1 1 2 a s = 1 i A d -jkr 
Nav xV xE | ev G(r-r)dV' -Na Ee? = E,e/ — Eye! 
V 
For r within the dielectric, we find as before: 


ek r eikr 
k2 a k? 2kz(kz a kz) | 


2 ee: ths aes 
Nok, est = Ee SRT _ Foe Jkt 


Nav xv xi] 5 


wave | 22 oe (14 2Nex) Eos Kt peik? 
1| kK2=k? 2k;(k;-k) | ` 3 1 9 


Performing the V operations, we have: 


fe Lee jkr KX (Ei Xk) 


—jk- 2 I -jk’. —jk- 
keke À TETAS oy SAL Nee eK T- Ege" 


Equating the coefficients of the exponentials, we obtain the two conditions: 


K x (Ei xk) <2 , 
Na —rz g3 = (1+3Na)E (13.6.17) 
Na kx (E; X k) SF (13.6.18) 


2kz (kz = kz) 


The first condition implies immediately that k’ - Ej = 0, therefore, using the BAC-CAB 
rule, the condition reads: 
Nak? _, 2 Nak”? 2 


page B= (1+ NOE ee ae ars (13.6.19) 


Setting k’ = kn, Eq. (13.6.19) implies the Lorentz-Lorenz formula: 


N 2 2_ 
an -it Ny n 1_1 
n? -1 3 n2?+2 3 


Na (13.6.20) 
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We must distinguish between the local field Eloc (r) and the measured or observed 
field E’ (r), the latter being a “screened” version of the former. To find their relationship, 
we define the susceptibility by x = n? — 1 and require that the polarization P(r) be 
related to the observed field by the usual relationship P = €9x E’. Using the Lorentz- 
Lorenz formula and P = N &€o Ejoc, we find the well-known relationship [182]: 

P 


Ebc = E + =— (13.6.21) 
3€o 


From N& Ejoc = P/€o = XE’, we have Na E; = x Ej. Then, the second condition 
(13.6.18) may be expressed in terms of Eo: 


x kx (E x k) T kx (Ej x k) 2kz E 
2k; (kz -k;) k2 = kytk, ? 


(13.6.22) 


which is identical to Eq. (13.6.10). Thus, the self-consistent solution for E’ (r) is identical 
to that found previously. 

Finally, we obtain the reflected field by evaluating Eq. (13.6.13) at points r to the left 
of the interface. In this case, there is no 2P/3€o term in (13.6.14) and we have: 


Eaa (r) =Navxvx | E\oc (r) G(r — r') dV’ =xvxvx | E' (r')G(r-1r’') dV’ 
v v 


—jko-r 
2 i -jKr A r A EE 
xYxVxE | e G(r-r)dV KV XV x | Re 


xX k- x (Ej x k_) jki kz= k}, k- x (E$ x k-) 
2k; (kz + kz) Qk, k2 


which agrees with Eq. (13.6.11). 


eik- = Eye det 


13.7 Radiation Fields 


The retarded solutions (13.3.3) for the potentials are quite general and apply to any 
current and charge distribution. Here, we begin making a number of approximations 
that are relevant for radiation problems. We are interested in fields that have radiated 
away from their current sources and are capable of carrying power to large distances 
from the sources. 

The far-field approximation assumes that the field point r is very far from the current 
source. Here, “far” means much farther than the typical spatial extent of the current 
distribution, that is, r > r’. Because r’ varies only over the current source we can state 
this condition as r > I, where l is the typical extent of the current distribution (for 
example, for a linear antenna, l is its length.) Fig. 13.7.1 shows this approximation. 

As shown in Fig. 13.7.1, at far distances the sides PP’ and PQ of the triangle PQP’ are 
almost equal. But the side PQ is the difference OP—OQ. Thus, R ~ r—f-r’ = r—r’ cosy, 
where wW is the angle between the vectors r and r. 

A better approximation may be obtained with the help of the small-x Taylor series 
expansion v1 + xX = 1 +x/2-— x?/8. Expanding R in powers of r’/r, and keeping terms 
up to second order, we obtain: 
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far-field point 
P 


f-r’ = r'cosW = (OQ) 


Fig. 13.7.1 Far-field approximation. 


12 


ie 
r r 
Re=lr r'| = yr? 2rr’ cosy + Zori 2— cosy + — 
r r 


r’ r? 1 r’ r? 5 
~r{l y cosy 4 (=2 tos) 


2r? 8 r r 
1 12 12 
=r(l cos } cos? 
( W + sa — az S W)) 
or, combining the last two terms: 
r’? 
R=r-r'coswt T sin? y, for r>r’ (13.7.2) 


Thus, the first-order approximation is R = r—r’cosw =r —?f.- r. Using this 
approximation in the integrands of Eqs. (13.3.1), we have: 
ple enh a 
r= | ——W.W_ dr 
p (r) v 4tre(r -f-r’) 


Replacing R = r —f-r’ = r in the denominator, but not in the exponent, we obtain 
the far-field approximation to the solution: 


e—dkr 


p(x) Í pr) ekr dr 
V 


— Atrer 

Because R is approximated differently in the denominator and the exponent, it might 
be argued that we are not making a consistent approximation. Indeed, for multipole 
expansions, it is not correct to ignore the f- r’ term from the denominator. However, the 
procedure is correct for radiation problems, and generates those terms that correspond 
to propagating waves. 

What about the second-order approximation terms? We have dropped them from 
both the exponent and the denominator. Because in the exponent they are multiplied 
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by k, in order to justify dropping them, we must require in addition to r > r’ that 
kr? ir «x 1, or in terms of the wavelength: r > 2rtr’?/A. Replacing 2r’ by the typical 
size l of the current source,! we have r > 7tl*/2A. By convention [93], we replace this 
with r >> 21*/A. Thus, we may state the far-field conditions as: 


2 
r>l and r> Ze (far-field conditions) (13.7.3) 


These conditions define the so-called far-field or Fraunhofer radiation region. They 
are easily satisfied for many practical antennas (such as the half-wave dipole) because | 
is typically of the same order of magnitude as A, in which case the second condition is 
essentially equivalent to the first. This happens also when l > A. When! < A, the first 
condition implies the second. 

The distance r = 21?/A is by convention [93] the dividing line between the far-field 
(Fraunhofer) region, and the near-field (Fresnel) region, as shown in Fig. 13.7.2. The far- 
field region is characterized by the property that the angular distribution of radiation 
is independent of the distance r. 


PIA 


near-field region Pa far-field region 
NG (Fresnel) pE (Fraunhofer) 


Fig. 13.7.2 Far-field and near-field radiation zones. 


Can the first-order term kf - r’ also be ignored from the exponent? This would 
require that kr’ « 1, or that r’ « A. Thus, it can be ignored for electrically “short” 
antennas, that is, | < A, or equivalently in the long wavelength or low-frequency limit. 
The Hertzian dipole is such an antenna example. 

Defining the wavenumber vector k to be in the direction of the field vector r and 
having magnitude k, that is, k = kf, we may summarize the far-field approximation to 
the retarded single-frequency potentials as follows: 


eJkr k 3 
Jkr’ 4 
i an pirje at = 
i k= kf (13.7.4) 
ne k- 3 
A(r) = -i JIK By 


tWe envision a sphere of diameter 2r’ = | enclosing the antenna structure. 
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In these expressions, the radial dependence on r has been separated from the angular 
(0, @)-dependence, which is given by the integral factors. Since these factors, play an 
important role in determining the directional properties of the radiated fields, we will 
denote them by the special notation: 


Q(k) = Í prd dr 

. (13.7.5) 
F(k) = Í JaK” dr (radiation vector) 

V 


The first is also called the charge form-factor, and the second, the radiation vector. 
They are recognized to be the 3-dimensional spatial Fourier transforms of the charge 
and current densities. These quantities depend on w or k and the directional unit vector 
f which is completely defined by the spherical coordinate angles 0, d. Therefore, when- 
ever appropriate, we will indicate only the angular dependence in these quantities by 
writing them as Q (0, ¢), F(0, ¢). In terms of this new notation, the far-field radiation 
potentials are: 


e—dkr 
p(r) = arer LO P 
i (radiation potentials) (13.7.6) 
am = EEE Fo, 6) 
V= grr , 


13.8 Radial Coordinates 


The far-field solutions of Maxwell’s equations and the directional patterns of antenna 
systems are best described in spherical coordinates. 

The definitions of cartesian, cylindrical, and spherical coordinate systems are re- 
viewed in Fig. 13.8.1 and are discussed further in Appendix E. The coordinates rep- 
resenting the vector r are, respectively, (x,y,z), (p,@,Z), and (r,@,q@) and define 
orthogonal unit vectors in the corresponding directions, as shown in the figure. 

The relationships between coordinate systems can be obtained by viewing the xy- 
plane and zp-plane, as shown in Fig. 13.8.2. The relationships between cartesian and 
cylindrical coordinates are: 


Ê = coso + sin 


A (13.8.1) 
$ = -sinp + cos p 
Similarly, the relationships of cylindrical to spherical coordinates are: 
p=rsin0 f= zcos0+psin0 2 = fcos0 — Êsin0 
7 : (13.8.2) 
z=rcos0 0 = -zsin0 + cos 0 Ê = îsin0 + O cos 0 


13.8. Radial Coordinates 453 


Zh 


> @Q 


> 
\ 
dD 
N> 
> 
a 
= 
y 


Fig. 13.8.1 Cartesian, cylindrical, and spherical coordinates. 
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Fig. 13.8.2 Spherical coordinates viewed from xy-plane and zp-plane. 
The relationships between cartesian and spherical coordinates are obtained from 
(13.8.2) by replacing p and in terms of Eq. (13.8.1), for example, 
x = pcos¢d = (r sin 0) cos ¢ = r sin 0 cos 
f = psind + zcosO = (cos + Ysingd)sin dO + Zcos 0 


The resulting relationships are: 


x = rsin coso f = cos ġ sin 0 + sin ġ sin 0 + ĉcos 0 
y =r sin0 sin o ô = cos cos 0 + sin $ cos 0 — 2 sin 0 (13.8.3) 
Z=rcos0 $ = -îsin p + cos p 


Note again that the radial unit vector f is completely determined by the polar and 


azimuthal angles 0,@. Infinitesimal length increments in each of the spherical unit- 
vector directions are defined by: 


dl, =dr, dlọ=rd0, dlə = r sindo (spherical lengths) (13.8.4) 
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The gradient operator V in spherical coordinates is: 


a 0 a o > 0 . 0 al ð ‘a 1 3 
Tei +057 KEN =f oti a ET. (13.8.5) 


The lengths dlọ and dlọ correspond to infinitesimal displacements in the Ô and > 
directions on the surface of a sphere of radius r, as shown in Fig. 13.8.3. The surface 
element dS = fdS on the sphere is defined by dS = dle dlg, or, 


dS = r° sin d0 do (13.8.6) 


The corresponding infinitesimal solid angle dQ subtended by the d0, dẹ cone is: 


7 = 


dS = r°dQ > dQ = 2 = sinf dð de (13.8.7) 


The solid angle subtended by the whole sphere is in units of steradians: 


2T 


TT 
O sphere = Í sin 0 d0 dd = 4r 
0 0 


dS = r°>dQ = r*sin0 dOd 


y= 


Fig. 13.8.3 Solid angle defined by angles 0, $. 


13.9 Radiation Field Approximation 


In deriving the field intensities E and H from the far-field potentials (13.7.6), we must 
make one final approximation and keep only the terms that depend on r like 1/r, and 
ignore terms that fall off faster, e.g., like 1/r?. We will refer to fields with 1/r dependence 
as radiation fields. 

The justification for this approximation is shown in Fig. 13.9.1. The power radiated 
into a solid angle dQ will flow through the surface area dS and will be given by dP = 
P,dS, where P, is the radial component of the Poynting vector. Replacing dS in terms 
of the solid angle and P, in terms of the squared electric field, we have: 


dP = P,dS = Ga (r°dQ) 
2n 
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J radiated power yt 
0, r 
f wv dP = P dS = P rd 
EEF 


Fig. 13.9.1 Power radiated into solid angle dQ. 


Thus, if the amount of power in the solid angle dQ is to propagate away without 
attenuation with distance r, then the electric field must be such that E*r* ~ const, or 
that E ~ 1/r; similarly, H ~ 1/r. Any terms in E, H that fall off faster than 1/r will not 
be capable of radiating power to large distances from their current sources. 


13.10 Computing the Radiation Fields 


At far distances from the localized current J, the radiation fields can be obtained from 
Eqs. (13.3.9) by using the radiation vector potential A of Eq. (13.7.6). In computing the 
curl of A, we may ignore any terms that fall off faster than 1/r: 


-jkr fa) -jkr 
VxA=Vx (£ r) = (i ap + angular derivatives x (£ r) 


4trr 4trr 


tee per) | (4) (4) 
= Kaxa Amr T O r2 = jkxA+0 r2 


The “angular derivatives” arise from the 0, gœ derivatives in the gradient as per 
Eq. (13.8.5). These derivatives act on F(0,q@), but because they already have a 1/r 
factor in them and the rest of A has another 1/r factor, these terms will go down like 
1/r*. Similarly, when we compute the derivative 0;[e~/*"/r] we may keep only the 
derivative of the numerator because the rest goes down like 1/r?. 

Thus, we arrive at the useful rule that to order 1/r, the gradient operator V, whenever 
it acts on a function of the form f (0, $) e Jkr r, can be replaced by: 


[V — -jk = -jk (13.10.1) 


Applying the rule again, we have: 
V x(V xX A)=—jkx (-jkx A)= (kx A)Xk = k? (f x A) XP = w°ue(î x A) xX? 
Noting that wu = cku = k,/u/e = kn and using Eq. (13.3.9), we finally find: 


(radiation fields) (13.10.2) 
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Moreover, we recognize that: 


1 E 
E=nHxt, H=-—-fxE and Al 


— = (13.10.3) 
n H” 


We note the similarity to uniform plane waves and emphasize the following properties: 


1. {E, H, ĉ} form a right-handed vector system. 

2. Eis always parallel to the transverse part F, of the radiation vector F. 
3. H is always perpendicular to the radiation vector F. 

4. dc current sources (w = k = 0) will not radiate. 


radiated fields 


Fig. 13.10.1 Electric and magnetic fields radiated by a current source. 


Figure 13.10.1 illustrates some of these remarks. The radiation vector may be de- 
composed in general into a radial part F, = fF, and a transverse part F,. In fact, this 
decomposition is obtained from the identity: 


F=f(f-F)+(%X F)Xf=fF, +F, 
Resolving F along the spherical coordinate unit vectors, we have: 
F=?F, + ÔFo + Fo 
ix F= $Fo — OF 4 
F, = (x F)xf = ÎFo + Fg 


Thus, only Fg and Fẹ contribute to the fields: 


edkr a rs 
E jkn Arr [OFo + Fo] 
H (radiation fields) (13.10.4) 
—jkr z 
H = —jk Anr [Fo — OF | 


Recognizing that f x F = f x F,, we can also write compactly: 


e—dkr 
E= -jk F 
I r t OSRE 
p (radiation fields) (13.10.5) 
-jkr 


13. 


the 
cas 
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In general, the radiation vector will have both Fg and Fg components, depending on 
nature of the current distribution J. However, in practice there are three important 
es that stand out: 


1. Only Fg is present. This includes all linear antennas and arrays. The Z-axis is 
oriented in the direction of the antenna, so that the radiation vector only has r 
and 0 components. 


2. Only Fg is present. This includes loop antennas with the xy-plane chosen as the 
plane of the loop. 


3. Both Fg and F¢ are present, but they are carefully chosen to have the phase rela- 
tionship Fg = +jFo, so that the resulting electric field will be circularly polarized. 
This includes helical antennas used in space communications. 


13.11 Problems 


13.1 


13.2 


13.3 


First, prove the differential identity: 
Vv’: [JONA] =jk- sr elk" -jwp di 
Then, prove the integral identity: 
ko [sore ar = 0 | pore a 


Assume that the charge and current densities are localized within the finite volume V. Fi- 
nally, show that the charge form-factor Q and radiation vector F are related by: 


f-F=cQ 


Using similar techniques as in the previous problem, prove the following general property, 
valid for any scalar function g (r), where V is the volume over which J, p are non-zero: 


J I(r’) Vg") ar’ = jw | g(r") p(x’) dr 
V V 


It is possible to obtain the fields generated by the source densities p, J by working directly 
with Maxwell’s equations without introducing the scalar and vector potentials @, A. Start 
with the monochromatic Maxwell’s equations 


1 
VxE=—-jwuH, VxH=J+jweE, V-E= PLA V-H=0 
Show that E, H satisfy the following Helmholtz equations: 
(V? + k2)E= jwps+ “Vp, (V? +k*)H=-VxJ 


Show that their solutions are obtained with the help of the Green’s function (13.3.4): 


1 
E-| I jwuJG < (V'p)G] av" 


H=] [V’ x J]GdVv' 
V 


Although these expressions and Eqs. (13.3.10) look slightly different, they are equivalent. 
Explain in what sense this is true. 
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13.4 The electric and magnetic dipole moments of charge and current volume distributions p, J 
are defined by: 


1 
p= | remav, m= 5 | tx sanav 


Using these definitions and the integral property of Eq. (C.36) of Appendix C, show that for 
two charges +Q separated by distance d, and for a current I flowing on a closed planar loop 
of arbitrary shape and area S lying on the xy-plane, the quantities p,m are given by: 


p=Qd oN — 
m=2Z1S e f [> 


13.5 By performing an inverse Fourier time transform on Eq. (13.5.5), show that the fields pro- 
duced by an arbitrary time-varying dipole at the origin, P(r, t)= p(t) ô (3) (r), are given by: 


1/1 6 | 1) |38- pt))-pt)| 1 TY ee l 
EmO= oe ot 2) r |= ge Py r 
0,10 1 ax, | 
Hit) = la art r) PEOS) ree 


where t, = t — r/Co is the retarded time and the time-derivatives act only on p(t). Show 
also that the radiated fields are (with No = ~Ho/€o): 


pies 1 z 
Era (r,t) = Uo x (Ê x B(t)) Tr = No Hraa (r, t) x Ê 


7 nie i 
Hra (r,t) = Po (p(t,) xf) — 
no Arr 


13.6 Assume that the dipole of the previous problem is along the z-direction, p(t)= Zz p(t). In- 
tegrating the Poynting vector P = Eyaq X Hyaq over a sphere of radius r, show that the total 
radiated power from the dipole is given by: 


No 
6rrch 


Praa (r, t)= p? (ty) 


13.7 Define a 3x3 matrix J (a) such that the operation J (a)b represents the cross-product a x b. 


Show that: 
(0) —az ay 
J(a)= az 0 —ax 
—ay ax 0 


Show that J (a) is a rank-2 matrix with eigenvalues A = 0 and A = +jla|, where a is assumed 
to be real-valued. Show that the eigenvectors corresponding to the non-zero eigenvalues are 
given by e = f+, where f, ĝ are real-valued unit vectors such that {f, g, a} is a right-handed 
vector system (like {X, y, Z}), here, â = a/|a|. Show that e - e = 0 and e* -e = 2. 

A radiator consists of electric and magnetic dipoles p,m placed at the origin. Assuming 
harmonic time dependence and adding the radiation fields of Eqs. (13.5.6) and (13.5.10), 
show that the total radiated fields can be expressed in terms of the 6x6 matrix operation: 


Em) |__) 2e | FO J) || cop 
noH(r) |7 1 Frar | -J&A PO m 
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Show that J (#) satisfies the matrix equation J? (#) +J (#) = 0. Moreover, show that its eigen- 
values are A = 0 and A = +j and that the eigenvectors belonging to the two nonzero eigen- 
values are given in terms of the polar unit vectors by e = ô F j . 

Because the matrix J (f) is rank-defective, so is the above 6x6 matrix, reflecting the fact 
that the radiation fields can only have two polarization states. However, it has been shown 
recently [549] that in a multiple-scattering environment, such as wireless propagation in 
cities, the corresponding 6 x6 matrix becomes a full-rank matrix (rank 6) allowing the tripling 
of the channel capacity over the standard dual-polarization transmission. 


14 


Transmitting and Receiving Antennas 


14.1 Energy Flux and Radiation Intensity 


The flux of electromagnetic energy radiated from a current source at far distances is 
given by the time-averaged Poynting vector, calculated in terms of the radiation fields 
(13.10.4): 


P = tRretex H)= L (jkn C \ (jk £ ) Rel OFo + bE y) x (GF — ÔF* 
= 5Re(EX H*)= 5 | -jkn Far | | Jk a e[(OFo + PF g) x (PF5 — OF 5) | 
Noting that ô x @ = f, we have: 

(Fo + PFs) (PFs - OF 4) = F((Fol? + Fel’) =F |F: (0,6) |? 


Therefore, the energy flux vector will be: 


|F. (0,) |° (14.1.1) 


Thus, the radiated energy flows radially away from the current source and attenu- 
ates with the square of the distance. The angular distribution of the radiated energy is 
described by the radiation pattern factor: 


|F.(0,) |? = |Fo(0,) |? + |Fg(0,) | (14.1.2) 


With reference to Fig. 13.9.1, the power dP intercepting the area element dS = r°dQ 
defines the power per unit area, or the power density of the radiation: 


E psc ne 
dS rdQ ~" 32m? 


72 |F.(0,¢) |2 (power density) (14.1.3) 


The radiation intensity U (0, œ) is defined to be the power radiated per unit solid 
angle, that is, the quantity dP/dQ = r°dP/dS = r°P,: 


dP 
dQ 


_ nk? 
327 


U(0,) =r°P, 5 |F, (0, p) [e (radiation intensity) (14.1.4) 
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The total radiated power is obtained by integrating Eq. (14.1.4) over all solid angles 
dQ = sin 0 dédq, that is, over 0 < 0 < m and 0 < h < 2T: 


T 2T 
Prad = Í U(0,@) dQ (total radiated power) (14.1.5) 
o Jo 


A useful concept is that of an isotropic radiator—a radiator whose intensity is the 
same in all directions. In this case, the total radiated power Praa will be equally dis- 
tributed over all solid angles, that is, over the total solid angle of a sphere OQgphere = 477 
steradians, and therefore, the isotropic radiation intensity will be: 


dP Praa Praa 1 meee 
U; = ( ) = = = Í U(0, dQ 14.1.6 
i dQ) 1  Qsphere 41 4tt Jo Jo (0,9) ( ) 


Thus, U; is the average of the radiation intensity over all solid angles. The corre- 
sponding power density of such an isotropic radiator will be: 


(=) Ur Prad 
dS); rè Amr 


(isotropic power density) (14.1.7) 


14.2 Directivity, Gain, and Beamwidth 


The directive gain of an antenna system towards a given direction (0, œ) is the radiation 
intensity normalized by the corresponding isotropic intensity, that is, 


U(0,p) _ U(0,) _ 41 dP 
Ur; — Prag/4Tt Prag dQ 


D(0,)= (directive gain) (14.2.1) 


It measures the ability of the antenna to direct its power towards a given direction. 
The maximum value of the directive gain, Dmax, is called the directivity of the antenna 
and will be realized towards some particular direction, say (0o, $o). The radiation 
intensity will be maximum towards that direction, Umax = U (00, o), so that 


Dmax = sons (directivity) (14.2.2) 
I 


The directivity is often expressed in dB," that is, Dag = 10 l0g1ọ Dmax. Re-expressing 
the radiation intensity in terms of the directive gain, we have: 


dP Praa D (0, $) 


and for the power density in the direction of (0, ): 
ae ar PraaD (0, ) (power density) (14.2.4) 


dS redQ Attr2 


|The term “dBi” is often used as a reminder that the directivity is with respect to the isotropic case. 
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Comparing with Eq. (14.1.7), we note that if the amount of power PraqD (0, $) were 
emitted isotropically, then Eq. (14.2.4) would be the corresponding isotropic power den- 
sity. Therefore, we will refer to PyragD(0,p) as the effective isotropic power, or the 
effective radiated power (ERP) towards the (0, d) -direction. 

In the direction of maximum gain, the quantity PraqDmax Will be referred to as the 
effective isotropic radiated power (EIRP). It defines the maximum power density achieved 
by the antenna: 


3 where Perr = PraaDmax (14.2.5) 


( dP ) _ Per 
dS) max 4rr? 
Usually, communicating antennas—especially highly directive ones such as dish 
antennas—are oriented to point towards the maximum directive gain of each other. 
A related concept is that of the power gain, or simply the gain of an antenna. It is 
defined as in Eq. (14.2.1), but instead of being normalized by the total radiated power, it 


is normalized to the total power Pr accepted by the antenna terminals from a connected 
transmitter, as shown in Fig. 14.2.1: 


U(0,d@) 41 dP 
Pr/4t Pr dQ 


G(0,d)= (power gain) (14.2.6) 


We will see in Sec. 14.4 that the power Pr delivered to the antenna terminals is at 
most half the power produced by the generator—the other half being dissipated as heat 
in the generator’s internal resistance. 

Moreover, the power Pr may differ from the power radiated, P;aq, because of several 
loss mechanisms, such as ohmic losses of the currents flowing on the antenna wires or 
losses in the dielectric surrounding the antenna. 


antenna 
y 
soos ; —> 
transmission line a 
transmitter Pr — — Pad 
b 
—> 
~ 


Fig. 14.2.1 Power delivered to an antenna versus power radiated. 


The definition of power gain does not include any reflection losses arising from 
improper matching of the transmission line to the antenna input impedance [93]. The 
efficiency factor of the antenna is defined by: 

P rad 


e= > Prada = ePr (14.2.7) 
Pr 


In general, 0 < e < 1. Fora lossless antenna the efficiency factor will be unity and 
Praa = Pr. In such an ideal case, there is no distinction between directive and power 
gain. Using Eq. (14.2.7) in (14.2.1), we find G = 47TU/Pr = e4ttU/ Praa, or, 
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G(0,p)= eD(O, p) (14.2.8) 


The maximum gain is related to the directivity by Gmax = @Dmax. It follows that 
the effective radiated power can be written as Praa D (0, 6) = PrG(0, pġ), and the EIRP, 
Prirp = PraaDmax = Pr Gmax. 

The angular distribution functions we defined thus far, that is, G(0,@), D(0,), 
U(0,@) are all proportional to each other. Each brings out a different aspect of the 
radiating system. In describing the angular distribution of radiation, it proves conve- 
nient to consider it relative to its maximal value. Thus, we define the normalized power 
pattern, or normalized gain by: 


G(0,) 


g(0,p)= Ganon 


(normalized gain) (14.2.9) 


Because of the proportionality of the various angular functions, we have: 


G(0,$) _ D, p) _ U(0,) _ |F. (0, p) |? 


aoe (14.2.10) 
g p Gmax Dix Umax |F; lax 
Writing PrG (0, $) = PrGmax g (0, $), we have for the power density: 

dP Zs PrGmax = Prrrp 

dS 4rr? gle gp= Anr2 g(0, p) (14.2.11) 


This form is useful for describing communicating antennas and radar. The normal- 
ized gain is usually displayed in a polar plot with polar coordinates (p, 0) such that 
p = g(0), as shown in Fig. 14.2.2. (This figure depicts the gain of a half-wave dipole 
antenna given by g (0) = cos? (0.571 cos 0) / sin? 0.) The 3-dB, or half-power, beamwidth 
is defined as the difference Ag = 02 — 0ı of the 3-dB angles at which the normalized 
gain is equal to 1/2, or, —3 dB. 


3-dB beamwidth 


Fig. 14.2.2 Polar and regular plots of normalized gain versus angle. 


The MATLAB functions dbp, abp, dbz, abz given in Appendix G allow the plotting of 
the gain in dB or in absolute units versus the polar angle 0 or the azimuthal angle œ. 
Their typical usage is as follows: 


dbp(theta, g, rays, Rm, width); % polar gain plot in dB 
abp(theta, g, rays, width); % polar gain plot in absolute units 
dbz(phi, g, rays, Rm, width); % azimuthal gain plot in dB 


abz(phi, g, rays, width); % azimuthal gain plot in absolute units 
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Example 14.2.1: A TV station is transmitting 10 kW of power with a gain of 15 dB towards a 
particular direction. Determine the peak and rms value of the electric field E at a distance 
of 5 km from the station. 


Solution: The gain in absolute units will be G = 10©«8/19 = 1015/10 = 31,62. It follows that the 
radiated EIRP will be Perp = PrG = 10 x 31.62 = 316.2 kW. The electric field at distance 
r = 5 kmis obtained from Eq. (14.2.5): 


dP Pire 1 io _ 1 /nPere 
E E 
dS 4mr? 2n r 21 


This gives E = 0.87 V/m. The rms value is Ems = E/\/2 = 0.62 V/m. o 


Another useful concept is that of the beam solid angle of an antenna. The definition 
is motivated by the case of a highly directive antenna, which concentrates all of its 
radiated power Paq into a small solid angle AQ, as illustrated in Fig. 14.2.3. 


beamwidth A0 g 


direction of 
maximum gain 


directive antenna beam solid angle 
Fig. 14.2.3 Beam solid angle and beamwidth of a highly directive antenna. 


The radiation intensity in the direction of the solid angle will be: 


AP | Paa 


U= 30T AG 


(14.2.12) 


where AP = Praa by assumption. It follows that: Dmax = 4TU/Praq = 4T / AQ, or, 


41 


Dmax = =~ 


(14.2.13) 


Thus, the more concentrated the beam, the higher the directivity. Although (14.2.13) 
was derived under the assumption of a highly directive antenna, it may be used as the 
definition of the beam solid angle for any antenna, that is, 


4 
AQ = ae (beam solid angle) (14.2.14) 
D max 


Using Dmax = Umax/ Uz and Eq. (14.1.6), we have 


T 20 
s Miio Í U(0,6)dQ, or, 


AQ = == 
Umax Umax 0 J0 


T r270 
AQ = Í Í g(0,ġ)dQ | (beam solid angle) (14.2.15) 
o Jo 
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where g(0, œ) is the normalized gain of Eq. (14.2.10). Writing Praa = 47TU], we have: 


Praa Praa 
AQ = —— U = 14.2.16 
Unax = max AQ ( ) 
This is the general case of Eq. (14.2.12). We can also write: 
Prad = Umax AQ (14.2.17) 


This is convenient for the numerical evaluation of Praa. To get a measure of the 
beamwidth of a highly directive antenna, we assume that the directive gain is equal to 
its maximum uniformly over the entire solid angle AQ in Fig. 14.2.3, that is, D (0, p) = 
Dmax, for 0 < 0 < A0g/2. This implies that the normalized gain will be: 


1, if O< 0 <AOz,/2 
a(0.4)= | 0, if AOg/2<O<T 


Then, it follows from the definition (14.2.15) that: 


AOzg/2 p21 A0g/2 p27 AOg 
ao =| | aa = | f sin 6 d0 do = 2r (1 cos 2% ) (14.2.18) 
0 0 0 0 


Using the approximation cos x = 1 — x*/2, we obtain for small beamwidths: 


AQ = T (403)? (14.2.19) 


and therefore the directivity can be expressed in terms of the beamwidth: 


16 


Dmax = Ao (14.2.20) 


Example 14.2.2: Find the beamwidth in degrees of a lossless dish antenna with gain of 15 
dB. The directivity and gain are equal in this case, therefore, Eq. (14.2.20) can be used 
to calculate the beamwidth: A@gz = /16/D, where D = G = 10!°/!9 = 31.62. We find 
AQ, = 0.71 rads, or Ag = 40.76°. 


For an antenna with 40 dB gain/directivity, we would have D = 104 and find A@z = 
0.04 rads = 2.29°. oO 


Example 14.2.3: A satellite in a geosynchronous orbit of 36,000 km is required to have com- 
plete earth coverage. What is its antenna gain in dB and its beamwidth? Repeat if the 
satellite is required to have coverage of an area equal the size of continental US. 


Solution: The radius of the earth is R = 6400 km. Looking down from the satellite the earth 
appears as a flat disk of area AS = TrR®. It follows that the subtended solid angle and the 
corresponding directivity/gain will be: 


At TE pd ae 
r? r? AQ R? 


With r = 36,000 km and R = 6400 km, we find D = 126.56 and in dB, Dag = 10log;9 D 
= 21.02 dB. The corresponding beamwidth will be AOg = /16/D = 0.36 rad = 20.37°. 
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For the continental US, the coast-to-coast distance of 3000 mi, or 4800 km, translates to an 
area of radius R = 2400 km, which leads to D = 900 and Dgg = 29.54 dB. The beamwidth 
is in this case AOz = 7.64°. 


Viewing the earth as a flat disk overestimates the required angle AQ, for earth coverage. 
Looking down from a satellite at a height r, the angle between the vertical and the tangent 
to the earth’s surface is given by sin = R/(r + R), which gives for r = 36,000 km, 
6 = 8.68°. The subtended angle will be then 40g = 20 = 0.303 rad = 17.36°. It follows 
that the required antenna gain should be G = 16/A0% = 174.22 = 22.41 GB. The flat-disk 
approximation is more accurate for smaller areas on the earth’s surface that lie directly 
under the satellite. o 


Example 14.2.4: The radial distance of a geosynchronous orbit can be calculated by equating 


centripetal and gravitational accelerations, and requiring that the angular velocity of the 
satellite corresponds to the period of 1 day, that is, w = 27r/T, where T = 24 hr = 86400 
sec. Let m be the mass of the satellite and Mẹ the mass of the earth (see Appendix A): 


Gis mw-r m(27)'r > r=m GMT? \ 
roo 7 T 7 Arr2 


The distance r is measured from the Earth’s center. The corresponding height from the 
surface of the Earthis h = r—R. For the more precise value of R = 6378 km, the calculated 


values are: 
r = 42 237 km = 26 399 mi 


h = 35 860 km = 22 414 mi 


14.3 Effective Area 


When an antenna is operating as a receiving antenna, it extracts a certain amount of 
power from an incident electromagnetic wave. As shown in Fig. 14.3.1, an incident wave 
coming from a far distance may be thought of as a uniform plane wave being intercepted 
by the antenna. 


dish antenna — linear antenna 


incident 
field 


Ty 
tt 
tet 


Fig. 14.3.1 Effective area of an antenna. 


The incident electric field sets up currents on the antenna. Such currents may be 


represented by a Thévenin-equivalent generator, which delivers power to any connected 
receiving load impedance. 
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The induced currents also re-radiate an electric field (referred to as the scattered 
field), which interferes with the incident field causing a shadow region behind the an- 
tenna, as shown in Fig. 14.3.1. We will see in Sec. 14.4 that at most half of the incident 
power is delivered to the load and half is re-radiated away. 

The total electric field outside the antenna will be the sum of the incident and re- 
radiated fields. For a perfectly conducting antenna, the boundary conditions are that the 
tangential part of the total electric field vanish on the antenna surface. In Chap. 20, we 
apply these boundary conditions to obtain and solve Hallén’s and Pocklington’s integral 
equations satisfied by the induced current. 

The power density of the incident wave at the location of the receiving antenna can 
be expressed in terms of the electric field of the wave, Pinc = E*/2n. 

The effective area or effective aperture A of the antenna is defined to be that area 
which when intercepted by the incident power density Pinc gives the amount of received 
power Pp available at the antenna output terminals [93]: 


PrR=APinc (14.3.1) 


For a lossy antenna, the available power at the terminals will be somewhat less than 
the extracted radiated power Praa, by the efficiency factor Pr = ePraa. Thus, we may 
also define the maximum effective aperture Am as the area which extracts the power 
Praa from the incident wave, that is, Praa = Am? inc. It follows that: 


A =eAm (14.3.2) 


The effective area depends on the direction of arrival (0, @) of the incident wave. 
For all antennas, it can be shown that the effective area A (0, œ) is related to the power 
gain G(0,q@) and the wavelength A = c/f as follows: 


(14.3.3) 


Similarly, because G (0, @) = eD(0, #), the maximum effective aperture will be re- 
lated to the directive gain by: 


41tAm (0, P) 


DO, p= 


(14.3.4) 


In practice, the quoted effective area A of an antenna is the value corresponding to 
the direction of maximal gain Gmax. We write in this case: 


4TA 


Gmax = 9 (14.3.5) 


Similarly, we have for the directivity Dmax = 4T Am/A°. Because Dmax is related to 
the beam solid angle by Dmax = 4TT/ AQ, it follows that 


Att 4TtAm 
AQ 2X 


AmAQ = À? (14.3.6) 


468 Electromagnetic Waves & Antennas - S. J. Orfanidis 


Writing A = c/f, we may express Eq. (14.3.5) in terms of frequency: 


4rf°A 
P 


Gmax = (14.3.7) 

The effective area is not equal to the physical area of an antenna. For example, linear 
antennas do not even have any characteristic physical area. For dish or horn antennas, 
on the other hand, the effective area is typically a fraction of the physical area (about 
55-65 percent for dishes and 60-80 percent for horns.) For example, if the dish has a 
diameter of d meters, then we have: 


1 
A= ea gi (effective area of dish antenna) (14.3.8) 


where e4 is the aperture efficiency factor, typically ea = 0.55-0.65. Combining Eqs. 
(14.3.5) and (14.3.8), we obtain: 


2 
Gmax = €a (=$) (14.3.9) 


À 


Antennas fall into two classes: fixed-area antennas, such as dish antennas, for 
which A is independent of frequency, and fixed-gain antennas, such as linear antennas, 
for which G is independent of frequency. For fixed-area antennas, the gain increases 
quadratically with f. For fixed-gain antennas, A decreases quadratically with f. 


Example 14.3.1: Linear antennas are fixed-gain antennas. For example, we will see in Sec. 15.1 
that the gains of a (lossless) Hertzian dipole, a halfwave dipole, and a monopole antenna 
are the constants: 


Ghertz = 1.5, Gaipole = 1.64, Gmonopole = 3.28 
Eq. (14.3.5) gives the effective areas A = GA?2/4tt: 


Ahertz = 0.1194A", Aaipole = 0.13052, Amonopole = 0.2610A° 


In all cases the effective area is proportional to A? and decreases with f*. In the case of the 
commonly used monopole antenna, the effective area is approximately equal to a rectangle 
of sides A and A/4, the latter being the physical length of the monopole. o 


Example 14.3.2: Determine the gain in dB of a dish antenna of diameter of 0.5 m operating at 
a satellite downlink frequency of 4 GHz and having 60% aperture efficiency. Repeat if the 
downlink frequency is 11 GHz. Repeat if the diameter is doubled to 1 m. 


Solution: The effective area and gain of a dish antenna with diameter d is: 


2 2 
ASe ra c= E sea (78) = ea (72) 
4 À c 


The calculated gains G in absolute and dB units are in the four cases: 
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d=0.5m d=1m 
f = 4GHz 263 = 24 dB 1052 = 30 dB 
f = 11 GHz 1990 = 33 dB 7960 = 39 dB 
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Doubling the diameter (or the frequency) increases the gain by 6 dB, or a factor of 4. 
Conversely, if a dish antenna is to have a desired gain G (for example, to achieve a desired 
beamwidth), the above equation can be solved for the required diameter d in terms of G 
and f. o 


The beamwidth of a dish antenna can be estimated by combining the approximate ex- 
pression (14.2.20) with (14.3.5) and (14.3.8). Assuming a lossless antenna with diameter 
d and 100% aperture efficiency, and taking Eq. (14.2.20) literally, we have: 


4TA ndy? 16 
G nax = = ( ) e Dmax 


à? A ~ AR 
Solving for A@z, we obtain the expression in radians and in degrees: 


4A A 
A0g = — — = 1.27 —, 

YS aed d 
Thus, the beamwidth depends inversely on the antenna diameter. In practice, quick 
estimates of the 3-dB beamwidth in degrees are obtained by replacing Eq. (14.3.10) by 


the formula [654]: 


AOz = 73° (14.3.10) 


AOpz = 1.22 A = 70° A 


d P) (3-dB beamwidth of dish antenna) 


(14.3.11) 


The constant 70° represents only a rough approximation (other choices are in the 
range 65-75°.) Solving for the ratio d/A = 1.22/A0z (here, A@z is in radians), we may 
express the maximal gain inversely with AO E as follows: 


za eat? (1.22)? 


Gmax = ea ( À Adz 


For a typical aperture efficiency of 60%, this expression can be written in the following 
approximate form, with A@ pg given in degrees: 


(14.3.12) 


Equations (14.3.11) and (14.3.12) must be viewed as approximate design guidelines, 
or rules of thumb [654], for the beamwidth and gain of a dish antenna. 


Example 14.3.3: For the 0.5-m antenna of the previous example, estimate its beamwidth for 
the two downlink frequencies of 4 GHz and 11 GHz. 


The operating wavelengths are in the two cases: A = 7.5 cm and A = 2.73 cm. Using 
Eq. (14.3.11), we find A@pz = 10.5° and 40g = 3.8°. o 
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Example 14.3.4: A geostationary satellite at height of 36,000 km is required to have earth cov- 
erage. Using the approximate design equations, determine the gain in dB and the diameter 
of the satellite antenna for a downlink frequency of 4 GHz. Repeat for 11 GHz. 


Solution: This problem was considered in Example 14.2.3. The beamwidth angle for earth cov- 
erage was found to be Ag = 17.36°. From Eq. (14.3.11), we find: 
70° 70° 


aa = 755 17.360 = 30 cm 


From Eq. (14.3.12), we find: 


30000 30000 
Ad? 17.362 


G 100 = 20 dB 


For 11 GHz, we find d = 11 cm, and G remains the same. o 


In Eqs. (14.2.20) and (14.3.12), we implicitly assumed that the radiation pattern was 
independent of the azimuthal angle @. When the pattern is not azimuthally symmetric, 
we may define two orthogonal polar directions parametrized, say, by angles 0ı and 02, 
as shown in Fig. 14.3.2. 


antenna 


Fig. 14.3.2 Half-power beamwidths in two principal polar directions. 


In this case dQ = d0ıd0z and we may approximate the beam solid angle by the 
product of the corresponding 3-dB beamwidths in these two directions, AQ = 40; A@>. 
Then, the directivity takes the form (with the angles in radians and in degrees): 


Att Att 41253 
~ AQ AO, AQ, 409409 


Dmax (14.3.13) 


Equations (14.3.12) and (14.3.13) are examples of a more general expression that 
relates directivity or gain to the 3-dB beamwidths for aperture antennas [563,575]: 


p 


Gmax = AO, A0; 


(14.3.14) 


where p is a gain-beamwidth constant whose value depends on the particular aperture 
antenna. We will see several examples of this relationship in Chapters 16 and 17. Prac- 
tical values of p fall in the range 25 000-35 000 (with the beamwidth angles in degrees.) 


14.4 Antenna Equivalent Circuits 
To a generator feeding a transmitting antenna as in Fig. 14.2.1, the antenna appears as 


a load. Similarly, a receiver connected to a receiving antenna’s output terminals will ap- 
pear to the antenna as a load impedance. Such simple equivalent circuit representations 
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of transmitting and receiving antennas are shown in Fig. 14.4.1, where in both cases V 
is the equivalent open-circuit Thévenin voltage. 

In the transmitting antenna case, the antenna is represented by a load impedance 
Za, Which in general will have both a resistive and a reactive part, Z4 = Ra + JjXza. 
The reactive part represents energy stored in the fields near the antenna, whereas the 
resistive part represents the power losses which arise because (a) power is radiated away 
from the antenna and (b) power is lost into heat in the antenna circuits. 


transmitting receiving 

transmitter antenna receiver antenna 
ee ee ü eee os ü eae er 
> < ! 
Tin i Tr l 
ZG ZA 
+ Za ZL + 
v~ O 


Fig. 14.4.1 Circuit equivalents of transmitting and receiving antennas. 


The generator has its own internal impedance Zg = Rg + jXg. The current at the 
antenna input terminals will be Iin = V/ (Zg + Za), which allows us to determine (a) the 
total power Pot produced by the generator, (b) the power Pr delivered to the antenna 
terminals, and (c) the power Pg lost in the generator’s internal resistance Rg. These are: 


1 |V|? (Rg + Ra) 
2 |Ze+Zal? 


1 
Prot = 2 Re(VIj;) = 


LER (14.4.1) 
Pg = + |Iml? Rg = == s 
G z Hin! G 2 |Zo Zale 


1 |V|?RA 
2 [Ze + Zal?’ 


1 
Pr = 5 HinI*Ra = 


It is evident that Piot = Pr + Pg. A portion of the power Pr delivered to the antenna 
is radiated away, say an amount Praqa, and the rest is dissipated as ohmic losses, say 
Pohm. Thus, Pr = Praa + Pohm. These two parts can be represented conveniently by 
equivalent resistances by writing Ra = Rraa + Rohm, where Rraq is referred to as the 
radiation resistance. Thus, we have, 


1 1 1 
Pr = 5 inl? Ra = z Hin" Rraa T z inl? Rohm = Praa + Pohm (14.4.2) 


The efficiency factor of Eq. (14.2.7) is evidently: 
P rad Rraa Rraa 


Pr Ra Raa + Rohm 


To maximize the amount of power Pr delivered to the antenna (and thus minimize 
the power lost in the generator’s internal resistance), the load impedance must satisfy 
the usual conjugate matching condition: 


Za = Zč S Ra = Rg, Xa = -XG 
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In this case, | Zg + Zal* = (Rg + Ra)*+ (XG + Xa)?= 4R}, and it follows that the 
maximum power transferred to the load will be one-half the total—the other half being 
lost in Rg, that is, 


PT max PG min Prot (14.4.3) 


The case of a receiving antenna is similar. The induced currents on the antenna can 
be represented by a Thévenin-equivalent generator (the open-circuit voltage at the an- 
tenna output terminals) and an internal impedance Z4. A consequence of the reciprocity 
principle is that Z4 is the same whether the antenna is transmitting or receiving. 

The current into the load is Ir = V/ (Z4 + Z), where the load impedance is Z; = 
R,+jX_. As before, we can determine (a) the total power Prot produced by the generator 
(i.e., intercepted by the antenna), (b) the power Pr delivered to the receiving load, and 
(c) the power P4 lost in the internal resistance R 4 of the antenna: 


1 1 |V|? (Rr + Ra) 
Prot = = Re(VI*) = 
tak 2 el i) 2 |Z, + Zal 
1 1 J|V|?R 1 1 |Vv|2R ks 
Pr = -|I,/?R1 = i. Pe Seek Se 
R 2 Ll k 2 |Z, + Zal? A 2. Ll a 2 |Z, + Zal2 


And again, Piot = Pr + Pa. Under conjugate matching, we have Z; = Zi. Half of 
the total power will be delivered to the load and the other half will be “dissipated” in 
Ra = Rraa + Rohm, that is, partly re-radiated because of Ryaq and partly lost into heat in 
Ronm. Thus: 


1 1 |V]? 
PR, max PA min 5 Pot 8 Ra (14.4.5) 


To summarize, in a receiving antenna under conjugate matching conditions, only half 
of the incident power is delivered to the load and the other half is mostly re-radiated 
away with a small part lost into heat. In a transmitting antenna, only half of the power 
produced by the generator is delivered to the antenna terminals and most of that is 
radiated away with a small part lost into ohmic losses. 

The interpretation of the power dissipated in R4 as representing scattered power is 
not without criticism, see for example, Refs. [547,548]. 


14.5 Effective Length 


The polarization properties of the electric field radiated by an antenna depend on the 
transverse component of the radiation vector F, according to Eq. (13.10.5): 


e—Jkr e-skr A 7 
E= -jk F, = -jk Fo +F 
jkn gy F jkn 7 (Fo @ oP) 


The vector effective length, or effective height of a transmitting antenna is defined 
in terms of F, and the input current to the antenna terminals Iin as follows [540]:* 
F, 
h=- T (effective length) (14.5.1) 


in 


tOften, it is defined with a positive sign h = F, /Iin. 
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In general, his a function of 0, @. The electric field is, then, written as: 


e—Jskr 


The definition of h is motivated by the case of a z-directed Hertzian dipole antenna, 
which can be shown to have h = I sin 0 0. More generally, for a z-directed linear antenna 
with current I (z), it follows from Eq. (15.1.5) that: 


J 1 1/2 ; E P P 
h(0)=h(0)ð, h(0)=sind -Í T(z) e= sdz (14.5.3) 
Iin J-1/2 
As a consequence of the reciprocity principle, it can be shown [540] that the open- 
circuit voltage V at the terminals of a receiving antenna is given in terms of the effective 
length and the incident field E; by: 


V=E;,-h (14.5.4) 


The normal definition of the effective area of an antenna and the result G = 41rA/A? 
depend on the assumptions that the receiving antenna is conjugate-matched to its load 
and that the polarization of the incident wave matches that of the antenna. 

The effective length helps to characterize the degree of polarization mismatch that 
may exist between the incident field and the antenna. To see how the gain-area relation- 
ship must be modified, we start with the definition (14.3.1) and use (14.4.4): 


1 2 
Pr Ril nRiIV I? NR |E; hl? 


A(0,p)= = = = 
i Pinc Zp + Zal? E|? |Z, + Zal? |E? 


I 
— |El? 
zn! il 


Next, we define the polarization and load mismatch factors by: 


Deak |E: - hl? 
pol EI? [h]? 
> 7* (14.5.5) 
4RiRa 2 ESZA 
e = =1-(|r,\|‘, h Ty, = == 
load = TF 4 Zale IIL] where Tz Zi Za 
The effective area can be written then in the form: 
|h|? 
A(0,@)= sla eload pol (14.5.6) 
4R 


On the other hand, using (14.1.4) and (14.4.1), the power gain may be written as: 


ap EIEL 
4U (0, ) 32112 Tn | hl* nih? _ Ae 
G(0,)= = = Gis, 
ee al SRallal? ARA aR am 
2 


Inserting this in Eq. (14.5.6), we obtain the modified area-gain relationship [541]: 


rz 
A(0, )= eload pol ane (OP? (14.5.7) 
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Assuming that the incident field originates at some antenna with its own effective 
length hj, then E; will be proportional to h; and we may write the polarization mismatch 
factor in the following form: 

|hi - h|? pg s hi h 


epo = = = Ii - hl’, here hj = , h=— 
p= ene e wee Ae [nl 


When the load is conjugate-matched, we have eload = 1, and when the incident field 
has matching polarization with the antenna, that is, hj = h , then, epoi = 1. 


14.6 Communicating Antennas 


The communication between a transmitting and a receiving antenna can be analyzed 
with the help of the concept of gain and effective area. Consider two antennas oriented 
towards the maximal gain of each other and separated by a distance r, as shown in 
Fig. 14.6.1. 


Pr, Gp Ay (fie r So || Pe Gp Ap 
transmitting antenna -= receiving antenna 
Pr ——P| Gr >| G,= VL, >) Gp > Pr 
Prop 


Fig. 14.6.1 Transmitting and receiving antennas. 


Let {Pr, Gr, Ar} be the power, gain, and effective area of the transmitting antenna, 
and {Pr,Gr, Ar} be the same quantities for the receiving antenna. In the direction of 
the receiving antenna, the transmitting antenna has Pgrp = PrGr and establishes a 
power density at distance r: 


dPr Perr _ PrGr 
ds 4nr2 = Artr? 


Pr (14.6.1) 


From the incident power density P r, the receiving antenna extracts power Pr given 
in terms of the effective area Ap as follows: 


PrGrAR 
A4ttr? 


Pr = ARPT = (Friis formula) (14.6.2) 


This is known as the Friis formula for communicating antennas and can be written in 
several different equivalent forms. Replacing Gr in terms of the transmitting antenna’s 
effective area Ap, that is, Gr = 4T A7/A2, Eq. (14.6.2) becomes: 


= PrATAR 


PR = x2r? (14.6.3) 
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A better way of rewriting Eq. (14.6.2) is as a product of gain factors. Replacing 
Ar = A°GR/A4rrt, we obtain: 


(14.6.4) 


The effect of the propagation path, which causes Pr to attenuate with the square of 
the distance r, can be quantified by defining the free-space loss and gain by 


2 2 
Lf = (=) , Gre= 2 5 (+) (free-space loss and gain) (14.6.5) 


Then, Eq. (14.6.4) can be written as the product of the transmit and receive gains 
and the propagation loss factor: 


a y 1 
Pr=PrGr (=) Gr =PrGr i Gr = PrGrGfGR (14.6.6) 


Such a gain model for communicating antennas is illustrated in Fig. 14.6.1. An ad- 
ditional loss factor, Gother = 1/Lother, may be introduced, if necessary, representing 
other losses, such as atmospheric absorption and scattering. It is customary to express 
Eq. (14.6.6) additively in dB, where (Pr) ag= 101l0gj9 Pr, (Gr) ag= 10 log) Gr, etc.: 


(Pr) az = (Pr) az +(Gr) ap — (Lf) ag + (Gr) ap (14.6.7) 


Example 14.6.1: A geosynchronous satellite is transmitting a TV signal to an earth-based sta- 
tion at a distance of 40,000 km. Assume that the dish antennas of the satellite and the 
earth station have diameters of 0.5 m and 5 m, and aperture efficiencies of 60%. If the satel- 
lite’s transmitter power is 6 W and the downlink frequency 4 GHz, calculate the antenna 
gains in dB and the amount of received power. 


Solution: The wavelength at 4 GHz is A = 7.5 cm. The antenna gains are calculated by: 
rd ) $ 
À 


G = ea ( Gsat = 263.2 = 24 dB, Gearth = 26320 = 44 dB 

Because the ratio of the earth and satellite antenna diameters is 10, the corresponding 
gains will differ by a ratio of 100, or 20 dB. The satellite’s transmitter power is in dB, 
Pr = 10 log; (6)= 8 dBW, and the free-space loss and gain: 


2 
ty = (=) =4x10 => Lf=196dB, Gf= -196 dB 


It follows that the received power will be in dB: 


Pr = Pr + Gr — Lf + Gr = 8 + 24 — 196 + 44 = -120 ABW = Pr=10 ° W 


or, Pr = 1 pW (pico-watt). Thus, the received power is extremely small. oO 


When the two antennas are mismatched in their polarization with a mismatch factor 
epo = lhe - hr|2, and the receiving antenna is mismatched to its load with eload = 
1—|I,|*, then the Friis formula (14.6.2) is still valid, but replacing Ar using Eq. (14.5.7), 
leads to a modified form of Eq. (14.6.4): 


-i PrGrGpra2 


Pre he - hr? (1 = r11? 14.6. 
R Cray Ihr ; hr |° (1 — IPL I°) (14.6.8) 
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14.7 Antenna Noise Temperature 


We saw in the above example that the received signal from a geosynchronous satellite 
is extremely weak, of the order of picowatts, because of the large free-space loss which 
is typically of the order of 200 dB. 

To be able to detect such a weak signal, the receiving system must maintain a noise 
level that is lower than the received signal. Noise is introduced into the receiving system 
by several sources. 

In addition to the desired signal, the receiving antenna picks up noisy signals from 
the sky, the ground, the weather, and other natural or man-made noise sources. These 
noise signals, coming from different directions, are weighted according to the antenna 
gain and result into a weighted average noise power at the output terminals of the 
antenna. For example, if the antenna is pointing straight up into the sky, it will still 
pick up through its sidelobes some reflected signals as well as thermal noise from the 
ground. Ohmic losses in the antenna itself will be another source of noise. 

The antenna output is sent over a feed line (such as a waveguide or transmission 
line) to the receiver circuits. The lossy feed line will attenuate the signal further and 
also introduce its own thermal noise. 

The output of the feed line is then sent into a low-noise-amplifier (LNA), which pre- 
amplifies the signal and introduces only a small amount of thermal noise. The low-noise 
nature of the LNA is a critical property of the receiving system. 

The output of the LNA is then passed on to the rest of the receiving system, consisting 
of downconverters, IF amplifiers, and so on. These subsystems will also introduce their 
own gain factors and thermal noise. 

Such a cascade of receiver components is depicted in Fig. 14.7.1. The sum total of 
all the noises introduced by these components must be maintained at acceptably low 
levels (relative to the amplified desired signal.) 


Tya Tsp Tsc Tout 
Tant a Gfeed: T| feed b > GLINA: TLNA | Grec: Trec ; = 
antenna feed line LNA receiver 


Fig. 14.7.1 Typical receiving antenna system. 


The average power N (in Watts) of a noise source within a certain bandwidth of B 
Hz can be quantified by means of an equivalent temperature T defined through: 


N =kTB (noise power within bandwidth B) (14.7.1) 


where k is Boltzmann’s constant k = 1.3803 x 107-23 W/HzK and T is in degrees Kelvin. 
The temperature T is not necessarily the physical temperature of the source, it only 
provides a convenient way to express the noise power. (For a thermal source, T is 
indeed the physical temperature.) Eq. (14.7.1) is commonly expressed in GB as: 


Nag = Tag + Bag + Kap (14.7.2) 
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where Tap = 101logi9 T, Bag = 10 logy, B, and kag = 101logj9k is Boltzmann’s constant 
in dB: kag = —228.6 dB. Somewhat incorrectly, but very suggestively, the following units 
are used in practice for the various terms in Eq. (14.7.2): 


dBW = dBK + dBHz + dB W/Hz K 


The bandwidth B depends on the application. For example, satellite transmissions 
of TV signals require a bandwidth of about 30 MHz. Terrestrial microwave links may 
have B of 60 MHz. Cellular systems may have B of the order of 30 kHz for AMPS or 200 
kHz for GSM. 


Example 14.7.1: Assuming a 30-MHz bandwidth, we give below some examples of noise powers 
and temperatures and compute the corresponding signal-to-noise ratio S/N, relative to a 
1 pW reference signal (S = 1 pW). 


T Tap N=kTB Nap S/N 
50K 17.0 dBK 0.0207 pW —136.8 dBW 16.8 dB 
100K 20.0 dBK 0.0414 pW —133.8 dBW 13.8 dB 
200K 23.0 dBK 0.0828 pW —130.8 dBW 10.8 dB 
290K 24.6 dBK 0.1201 pW —129.2 dBW 9.2 dB 
500K 27.0 dBK 0.2070 pW —126.8 dBW 6.8 dB 
1000K 30.0 dBK 0.4141 pW —123.8 dBW 3.8 dB 
2400K 33.8 dBK 1.0000 pW —120.0 dBW 0.0 dB 


The last example shows that 2400K corresponds to 1 pW noise. 


Oo 


The average noise power Nant at the antenna terminals is characterized by an equiv- 
alent antenna noise temperature Tnt, such that Nant = KTanB. 
The temperature Tant represents the weighted contributions of all the radiating noise 


sources picked up by the antenna through its mainlobe and sidelobes. The value of Tant 
depends primarily on the orientation and elevation angle of the antenna, and what the 
antenna is looking at. 


Example 14.7.2: An earth antenna looking at the sky “sees” a noise temperature Tant of the 
order of 30-60K. Of that, about 10K arises from the mainlobe and sidelobes pointing 
towards the sky and 20-40 K from sidelobes pointing backwards towards the earth [5,551- 
555]. In rainy weather, Tan might increase by 60K or more. 


The sky noise temperature depends on the elevation angle of the antenna. For example, 
at an elevations of 5°, 10°, and 30°, the sky temperature is about 20K, 10K, and 4K at 4 
GHz, and 25K, 12K, and 5K at 6 GHz [551]. o 


Example 14.7.3: The noise temperature of the earth viewed from space, such as from a satellite, 
is about 254K. This is obtained by equating the sun’s energy that is absorbed by the earth 
to the thermal radiation from the earth [551]. m 


Example 14.7.4: For a base station cellular antenna looking horizontally, atmospheric noise 
temperature contributes about 70-100K at the cellular frequency of 1 GHz, and man-made 
noise contributes another 10-120 K depending on the area (rural or urban). The total value 
of Tant for cellular systems is in the range of 100-200K [557,558]. o 
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In general, a noise source in some direction (0, @) will be characterized by an ef- 
fective noise temperature T (0, @), known as the brightness temperature, such that the 
radiated noise power in that direction will be N (0, @)= kT (0, @)B. The antenna tem- 
perature T ant Will be given by the average over all such sources weighted by the receiving 
gain of the antenna: 


1 T 21 
Tan = 35 |, 7 T(0,ġ)g(0,ġ)dQ (14.7.3) 


where AQ is the beam solid angle of the antenna. It follows from Eq. (14.2.15) that AQ 
serves as a normalization factor for this average: 


T 2T 
AQ = Í Í g(0,) da (14.7.4) 
0 J0 


Eq. (14.7.3) can also be written in the following equivalent forms, in terms of the 
directive gain or the effective area of the antenna: 


1 T ¢ 27 1 T ¢ 27 
Pte f f T(0,$)D(0, p) do = A if T(0,$)A(0, p) dO 


As an example of Eq. (14.7.3), we consider the case of a point source, such as the 
sun, the moon, a planet, or a radio star. Then, Eq. (14.7.3) gives: 


g pomtAQ point 
AQ 


where point and AQ point are the antenna gain in the direction of the source and the small 
solid angle subtended by the source. If the antenna’s mainlobe is pointing towards that 
source then, Jpoint = 1. 

As another example, consider the case of a spatially extended noise source, such as 
the sky, which is assumed to have a constant temperature Text over its angular width. 
Then, Eq. (14.7.3) becomes: 


Tant ot T point 


‘ where AQext = Í g(0,ġ) dO 
ext 


The quantity AQext is the portion of the antenna’s beam solid angle occupied by the 
extended source. 

As a third example, consider the case of an antenna pointing towards the sky and 
picking up the atmospheric sky noise through its mainlobe and partly through its side- 
lobes, and also picking up noise from the ground through the rest of its sidelobes. As- 
suming the sky and ground noise temperatures are uniform over their spatial extents, 
Eq. (14.7.3) will give approximately: 


AX sk AQ d 
Tant ~~ T sky = + ground ee 


where AQsky and AQgrouna are the portions of the beam solid angle occupied by the sky 
and ground: 


Anse = (i g0, p) dQ, AN proua =| g(0, p) da 
sky 


ground 
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Assuming that the sky and ground beam solid angles account for the total beam 
solid angle, we have 
AQ = AQ sky + AO ground 


The sky and ground beam efficiency ratios may be defined by: 


AQ sky AQ ground 


esky = AQ”? ground = AO , esky + €ground = 1 


Then, the antenna noise temperature can be written in the form: 


Tant = esky l sky + €ground T ground (14.7.5) 


Example 14.7.5: At 4 GHz and elevation angle of 30°, the sky noise temperature is about 4K. 
Assuming a ground temperature of 290 K and that 90% of the beam solid angle of an earth- 
based antenna is pointing towards the sky and 10% towards the ground, we calculate the 
effective antenna temperature: 


Tat = esky T'sky + ground T ground = 0.9 x 4 + 0.1 x 290 = 32.6 K 


If the beam efficiency towards the sky changes to 85%, then esky = 0.85, €ground = 0.15 and 
we find Tant = 46.9 K. o 


The mainlobe and sidelobe beam efficiencies of an antenna represent the proportions 
of the beam solid angle occupied by the mainlobe and sidelobe of the antenna. The 
corresponding beam solid angles are defined by: 


aa=| g0 pdo=|  g(6,6)d2+ | g0, p) dO = Aman + AQsice 
tot main side 


Thus, the beam efficiencies will be: 


ENEE AN main E AQ side 
main AQ ’ side AQ ’ 


Emain + €side = 1 


Assuming that the entire mainlobe and a fraction, say «, of the sidelobes point 
towards the sky, and therefore, a fraction (1 — «) of the sidelobes will point towards 
the ground, we may express the sky and ground beam solid angles as follows: 


AQsky = AQ main F OAQside 
AN ground = (1 — &)AQside 
or, in terms of the efficiency factors: 


esky = Emain + Xeside = Emain + (1 — emain) 


ground = (LS OA) side =(1-&)(1- € main) 


Example 14.7.6: Assuming an 80% mainlobe beam efficiency and that half of the sidelobes 
point towards the sky and the other half towards the ground, we have emain = 0.8 and 
& = 0.5, which lead to the sky beam efficiency esky = 0.9. o 


480 Electromagnetic Waves & Antennas - S. J. Orfanidis 


14.8 System Noise Temperature 


In a receiving antenna system, the signal-to-noise ratio at the receiver must take into 
account not only the noise picked up by the antenna, and quantified by Tant, but also all 
the internal noises introduced by the various components of the receiver. 

Every device, passive or active, is a source of noise generated internally. Such noise 
may be modeled as an internal noise source acting at the input of the device, as shown 
in Fig. 14.8.1. (Alternatively, the noise source can be added at the output, but the input 
convention is more common.) 


Nin = kT B aN : Nout = G(Nin + Ne) = kTout B 
Ll > 
Tsys=Tin + Te Y Tout = G(Tin + Te) = G Tsys 


No=kTeB 


Fig. 14.8.1 Noise model of a device. 


The amount of added noise power is expressed in terms of the effective noise tem- 
perature To of the device: 


Ne = kTeB (effective internal noise) (14.8.1) 


The sum of Ne and the noise power of the input signal Nin will be the total noise 
power, or the system noise power at the input to the device. If the input noise is expressed 
in terms of its own noise temperature, Nin = kTinB, we will have: 


Nsys = Nin + Ne = k (Tin + Te)B = kTsysB (total input noise) (14.8.2) 


where we introduced the system noise temperature at the device input: 


Tsys = Tin + Te (system noise temperature) (14.8.3) 


If the device has power gain G, then the noise power at the output of the device and 
its equivalent temperature, Nout = KToutB, can be expressed as follows: 


Nout = G(Nin + Ne)= GNsys 
(14.8.4) 
Tout = G(Tin F Te) = GT sys 


One interpretation of the system noise power Nsys = kT sysB is that it represents the 
required input power to an equivalent noiseless system (with the same gain) that will 
produce the same output power as the actual noisy system. 

If a desired signal with noise power Sin is also input to the device, then the signal 
power at the output will be Sout = GSin. The system signal-to-noise ratio is defined to be 
the ratio of the input signal power to total system noise power: 


Sin _ Sin = Sin 
Neys KT sysB  k(Tin + Te)B 


SNR sys = (system SNR) (14.8.5) 
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The SNR is the same whether it is measured at the input or the output of the device; 
indeed, multiplying numerator and denominator by G and using (14.8.4), we have: 


SNRsys = == = (14.8.6) 


A related concept is that of the noise figure of the device, which also characterizes 
the internally generated noise. It is related to the effective noise temperature Te by: 


F=14 Te = (F-1)To (14.8.7) 


where To is the standardized constant temperature To = 290K. 

The device of Fig. 14.8.1 can be passive or active. The case of a passive attenuator, 
such as a lossy transmission line or waveguide connecting the antenna to the receiver, 
deserves special treatment. 

In this case, the gain G will be less than unity G < 1, representing a power loss. 
For a line of length / and attenuation constant « (nepers per meter), we will have G = 
e~2el_ The corresponding loss factor will be L = G7! = e2!. If &l « 1, we can write 
approximately G = 1 — 2a] and L = 1 + 2al. 

If the physical temperature of the line is Tpnys then, from either the input or output 
end, the line will appear as a thermal noise source of power kT pnysB. Therefore, the 
condition Nout = Nin = kT pnysB requires that 


1 
Tphys = G(T phys + Te) Te G (1 — G) Tpnys (attenuator) (14.8.8) 


The system noise temperature of the attenuator will be Tsys = Tphys/G = LT phys. 
If the physical temperature is Tphys = To = 290K, then, by comparing to Eq. (14.8.7) it 
follows that the noise figure of the attenuator will be equal to its loss: 

1 1 1 
Te (1 -G)To = ( 1)To = (F-1)T9 > F=SH=L 
G G 

When two or more devices are cascaded, each will contribute its own internal noise. 
Fig. 14.8.2 shows two such devices with gains G; and Gp and effective noise tempera- 
tures Tı and T2. The cascade combination can be replaced by an equivalent device with 
gain G,G>2 and effective noise temperature T12. 

The equivalent temperature Tı can be determined by superposition. The internal 
noise power added by the first device, Nı = kT,B, will go through the gains G and 
Gz and will contribute an amount G;G2Nj, to the output. The noise generated by the 
second device, No = kT2B, will contribute an amount G2N>2. The sum of these two 
powers will be equivalent to the amount contributed to the output by the combined 
system, G{G2Nj2 = G,GokT 2B. Thus, 


G,GokT 2B = G,Go2kT\B F GokT2B > G1GoT}2 = G1GoT, F GoTo 


It follows that: 


1 
Ti: =T, + G To (equivalent noise temperature) (14.8.9) 
1 
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Tin a > > Tout 
a x 
Tsa T\2 


Fig. 14.8.2 Equivalent noise model of two cascaded devices. 


If G; is a large gain, G; > 1, then the contribution of the second device is reduced 
drastically. On the other hand, if the first device is an attenuator, such as a transmission 
line, then the contribution of T> will be amplified because G, < 1. 

According to Eqs. (14.8.3) and (14.8.4), the system noise temperatures at the overall 
input, at the output of G4, and at the overall output will be: 


Tsys = Tsa = Tin + T12 = Tin + T1 4 G T2 
1 


Tsp = GiTsa = Gi (Tin + T1) +T2 (14.8.10) 
Tout = GoT sb = G1G2T sys = G1G2(Tin + Tı) +GoT>o 
The system SNR will be: 


Sin Sin 
kT sysB k(Tin + T12)B 


SNR sys = 


The signal powers at points a, b, and at the output will be Sg = Sin, Sy = G1Sa, 
and Sour = G2Sp = GiG2Sq. It follows from Eq. (14.8.10) that the system SNR will be 
the same, regardless of whether it is referred to the point a, the point b, or the overall 
output: 

SNR sys SNR a SNRp SNR out 


For three cascaded devices, shown in Fig. 14.8.3, any pair of two consecutive ones can 
be replaced by its equivalent, according to Eq. (14.8.9). For example, the first two can be 
replaced by Tı2 and then combined with T3 to give the overall equivalent temperature: 


1 
Tiz: = Ti + = T2, Tı23 = Ty2 + 


1 
T. 
Gı oa” 


Alternatively, we can replace the last two with an equivalent temperature T23 and 
then combine with the first to get: 


1 1 
feats T3, ‘Peete I 
23 2 G3 3 123 1 Gi 23 
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Fig. 14.8.3 Equivalent noise temperatures of three cascaded devices. 


From either point of view, we obtain the equivalent temperature: 


1 1 
Ti23 = T14 T24 T 14.8.11 
123 to et GG ( ) 
The system SNR will be: 
Si Si 
SNR sys = m m 


kTsysB (Tin + T123)B 
It is invariant with respect to its reference point: 


SNRsys = SNRa 


SNRp 


SNR ¢ = SNRout 
We apply now these results to the antenna receiver shown in Fig. 14.7.1, identifying 
the three cascaded components as the feed line, the LNA amplifier, and the rest of the 


receiver circuits. The corresponding noise temperatures are Tfeeq, Tina, and Trec. The 
effective noise temperature Teff of the combined system will be: 


1 
Teff = Tteea 4 Tina + 


1 
AT Trec 
G feed G feed GINA 


(14.8.12) 
Using Eq. (14.8.8), we may replace Tfeeq in terms of the physical temperature: 


Teff = 


1 
Graa (1 = G'feea) T phys H 
feed 


1 T 
G feed DA G feed GINA 


Trec (14.8.13) 


The input noise temperature Tin to this combined system is the antenna temperature 


Tant. It follows that system noise temperature, referred to either the antenna output 
terminals (point a), or to the LNA input (point b), will be: 


1 
T'sys aa Tsa ag Tant t Teff = Tant t ( 


1 1 
1) Tphys + T H 

G feed = G feed ide 
Tsb = Greeal sa = G'feed Tant + (1 = Gteea) T phys + Tina + 


Trec 
G feed GINA 


1 
—— T 
GINA rec 
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The importance of a high-gain low-noise amplifier is evident from Eq. (14.8.13). The 
high value of Gina will minimize the effect of the remaining components of the receiver 
system, while the small value of Tyna will add only a small amount of noise. Typical 
values of Tina can range from 20K for cooled amplifiers to 100 K at room temperatures. 

The feed line can have a major impact. If the line is too lossy or too long, the quantity 
Gteea = @~2%! will be small, or 1/Gfeea large, contributing a significant amount to the 
system noise temperature. Often, the LNA is mounted before the feed line, near the focal 
point of the receiving antenna, so that the effect of the feed line will be suppressed by 
the factor Gina. 

Similar benefits arise in base station antennas for wireless communications, where 
high-gain amplifiers can be placed on top of the antenna towers, instead of at the base 
station, which can be fairly far from the towers [558]. Cable losses in such applications 
can be in the range 2-4 dB (with gain factors Gf = 0.63-0.40.) 

The signal to system-noise ratio of the receiving system (referred to point a of 
Fig. 14.7.1) will be the ratio of the received power Pp to the system noise Nsys = kT sysB. 
Using the Friis formula, we have: 


Pr Pr 1 Er ) 1 
SNR = = = (PrGr) — — 
Nsys EES TOT F & kB 


(14.8.14) 


This ratio is also called the carrier-to-system-noise ratio and is denoted by C/N. Fora 
given transmitting EIRP, PrGr, the receiver performance depends critically on the ratio 
Gr/Tsys, referred to as the G/T ratio of the receiving antenna, or the figure of merit. It 
is usually measured in dB/K. In dB, Eq. (14.8.14) reads as: 


G 
(SNR) ap= (PrGr) ag -~ (Lf) ap 4 & kag — Bap (14.8.15) 
sys 


The receiver SNR can be also be referred to LNA input (point b). The G/T ratio will 
not change in value, but it will be the ratio of the signal gain after the feed line divided 
by the system temperature Tsp, that is, 


= 1 GR i = 1 (eren) 1 
SNR = (PrGr) g (5) kB ` EGR Ty B (14.8.16) 


Example 14.8.1: Typical earth-based antennas for satellite communications have G/T ratios 
of the order of 40 dB/K, whereas satellite receiving antennas can have G/T = —7 dB/K or 
less. The negative sign arises from the smaller satellite antenna gain and the much higher 
temperature, since the satellite is looking down at a warm earth. o 


Example 14.8.2: Consider a receiving antenna system as shown in Fig. 14.7.1, with antenna 
temperature of 40K, feed line loss of 0.1 dB, feed line physical temperature of 290 K, LNA 
gain and effective noise temperature of 50 dB and 80K. The rest of the receiver circuits 
have effective noise temperature of 2000K. 


Assuming the receiving antenna has a gain of 45 dB, calculate the system noise temperature 
and the G/T ratio at point a and point b of Fig. 14.7.1. Repeat if the feed line loss is 1 dB. 
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Solution: The feed line has gain Gfeeq = 107°!/19 = 107001 = 0.9772, and the LNA has, Gina 
= 10°°/10 = 10°. Thus, the system noise temperature at point a will be: 


Į 1 
Tas mT: +( -1)T TE: T H Trec 
oe i Gteed phys Gteea re Gfeed GINA a 
1 80 2000 
cae (55-00 1) ao 10Q-0.01 10-0.01 . 105 


40 + 6.77 + 81.87 + 0.02 = 128.62 K = 21.09 dBK 


At point b, we have Tsb = GfeeaTsys = 0.9772 X 128.62 = 125.69 K = 20.99 dBK. The 
G/T ratio will be at point a, Gr/Tsys = 45 — 21.09 = 23.91 dB/K. At point b the gain is 
GRGfeea = 45 — 0.1 = 44.9 dB, and therefore, G/T = GRGfeea/ Tsp = 44.9 — 20.99 = 23.91 
dB/K, which is the same as at point a. 


For a feed line loss of 1 dB, we find Tsys = 215.80 K = 23.34 dB. The corresponding G/T 
ratio will be 45 — 23.34 = 21.66 dB. o 


Example 14.8.3: Suppose the LNA were to be placed in front of the feed line of the above 
example. Calculate the system noise temperature in this case when the feed line loss is 
0.1 dB and 1 dB. 


Solution: Interchanging the roles of the feed line and the LNA in Eq. (14.8.12), we have for the 
system noise temperature: 


1 1 
T sys Tant t Tina t G T feed t 
LNA 


Gteed GLNA 


With Gfeea = 1070-1/10 = 0.9772, we find Tfeea = 6.75 K, and with Gfeeq = 1071/10 = 0.7943, 
Tteed = 75.1K. Because of the large LNA gain, the value of Tsys will be essentially equal to 
Tant + Tina; indeed, we find in the two cases: 


Toys = 120.0205K and Tys = 120.0259K 


The G/T will be 45 — 10 10g, (120) = 20.8 dB/K. 5 


14.9 Data Rate Limits 


The system SNR limits the data rate between the two antennas. According to Shannon’s 
theorem, the maximum data rate (in bits/sec) that can be achieved is: 


C = Blog (1 + SNR) (Shannon’s channel capacity) (14.9.1) 


where SNR is in absolute units. For data rates R < C, Shannon’s theorem states that 
there is an ideal coding scheme that would guarantee error-free transmission. 

In a practical digital communication system, the bit-error probability or bit-error rate 
(BER), Pe, is small but not zero. The key performance parameter from which Pe can be 
calculated is the ratio Ep/No, where Ep is the energy per bit and No is the system noise 
spectral density No = kT sys. 
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The functional relationship between Pe and Ep/ No depends on the particular digital 
modulation scheme used. For example, in binary and quadrature phase-shift keying 
(BPSK and QPSK), Pe and its inverse are given by [554]: 


_1 | Ep Ep : R 2 
Pas serte( 2) mS [erfinv(1 — 2P.) | (14.9.2) 


where erfc(x) is the complementary error function, and erf(x) and erfinv(x) are the 
error function and its inverse as defined in MATLAB: 


foo} 


erfc(x) = 1 — erf (x)= Al et dt, y=erf(x) © x = erfinv (y) (14.9.3) 


X 


The relationships (14.9.2) are plotted in Fig. 14.9.1. The left graph also shows the 
ideal Shannon limit Ep/Nọo = ln 2 = 0.6931 = —1.5917 dB, which is obtained by taking 
the limit of Eq. (14.9.1) for infinite bandwidth. 


Bit-Error Probability Ep/ No Ratio 


Ep/ No (dB) 


T 5 6 TB 
Ep/ No (dB) Pe 
Fig. 14.9.1 Pe versus Ep/No, and its inverse, for a BPSK system. 


If Tp is the time it takes to transmit one bit, then the data rate will be R = 1/Ty, and 
the required power, P = Ep/Tp = EpR. It follows that the SNR will be: 


P P Ep R 
Nsys kTsysB No B 


SNR = 


Using the small-x expansion, log, (1 +x) = x/ ln 2, Shannon’s condition for error-free 
transmission becomes in the limit B > œ: 


Ep R Ep pR R Ep Ep 


R<C-= Blog: (14 : = 
z oge ( No 5) NoB2. in2No No 


> In2 = —1.5917 dB 


For a pair of communicating antennas, the received power will be related to the 
energy per bit by Pr = Ep/Tp = EpR. Using Friis’s formula, we find: 


R 


P 2 
Ep Pr PeGfGR Gr ( A ) (14.9.4) 


= = = (P Eua 
No No KT sys (PTET) ae 4nr 
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which may be solved for the maximum achievable data rate (in bits/sec): 


1 Pre Gr Gr 1 Gr ( A ) 
= = PrG ees 14.9.5 
Ey/No kT sys Ey/No PTO") kT wy, \ rer 
An overall gain factor, Gother = 1/Lother, may be introduced representing other 


losses, such as atmospheric losses. 


Example 14.9.1: The Voyager spacecrafts have antenna diameter and aperture efficiency of 
d = 3.66 m (12 ft) and eg = 0.6. The operating frequency is f = 8.415 GHz and the 
transmitter power Pr = 18 W. Assuming the same efficiency for the 70-m receiving antenna 
at NASA’s deep-space network at Goldstone, CA, we calculate the antenna gains using the 
formula G = eg (trd/A)?, with A = c/f = 0.0357 m: 


Gr = 47.95 dB, Gpr = 73.58 dB, Pr = 13.62 dBW 


Assuming a system noise temperature of Tsys = 25 K = 13.98 dBK for the receiving 
antenna, we find for the noise spectral density No = kT; = —214.62 dBW/Hz, where we 
used k = —228.6 dB. Assuming a bit-error rate of Pe = 5X10~3, we find from Eq. (14.9.2) 
the required ratio E,/No = 3.317 = 5.208 dB. 


Voyager 1 was at Jupiter in 1977, at Saturn in 1980, and at Neptune in 1989. In 2002 it was 
at a distance of about r = 12x10° km. It is expected to be at r = 22109 km in the year 
2020. We calculate the corresponding free-space gain Gf = (A/4ttr)* and the expected 
data rates R from Eq. (14.9.5), where r is in units of 10° km: 


location | r | Gr (dB) | R (dB) | R (bits/sec) 
Jupiter 0.78 | —288.78 | 50.78 119,757 


Saturn 1.43 | —294.05 | 45.52 35,630 

Neptune 4.50 | —304.01 | 35.56 3,598 

2002 12.00 | —312.53 | 27.04 506 

2020 22.00 | —317.79 | 21.78 150 
where we assumed an overall loss factor of Gother = —5 dB. More information on the 
Voyager mission and NASA’s deep-space network antennas can be obtained from the web 
sites [748] and [749]. o 


14.10 Satellite Links 


Consider an earth-satellite-earth system, as shown in Fig. 14.10.1. We wish to establish 
the total link budget and signal to system-noise ratio between the two earth antennas 
communicating via the satellite. 

In a geosynchronous satellite system, the uplink/downlink frequencies fu, fq are 
typically 6/4 GHz or 14/11 GHz. The distances ry, rą are of the order of 40000 km. Let 
Ay = C/fy and Ag = cC/fq be the uplink/downlink wavelengths. The free-space gain/loss 
factors will be from Eq. (14.6.5): 


1 àu V 1 àa \? 
ee u ) Ga =-= (3) (14.10.1) 
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Fig. 14.10.1 Uplink and downlink in satellite communications. 


The satellite has an on-board amplifier with gain G, which could be as high as 100- 
120 dB. Using Friis formula in its gain form, Eq. (14.6.6), the link equations for the uplink, 
the satellite amplification, and the downlink stages can be written as follows: 


PErrp = Pre Gre (EIRP of transmitting earth antenna) 
Prs = Pre Gre Gfu Grs (received power by satellite antenna) 
Prs = GPrs (transmitted power by satellite antenna) 
Pre = Prs Grs Gfa Gre (received power by earth antenna) 


Expressing Prg in terms of Prg, we have: 
Pre = Prs G Grs Gea Gre = Pre Gre Gru Grs G Grs Gra Gre (14.10.2) 


or, showing the free-space loss factors explicitly: 


2 2 
Pre = Pre Gre Grs GGTS Gre ( Au ) ( Aa ) (14.10.3) 
4TTru 4TTr4 

Because there are two receiving antennas, there will be two different system noise 

temperatures, say Trs and Tre, for the satellite and earth receiving antennas. They 

incorporate the antenna noise temperatures as well as the receiver components. The 

corresponding figures of merit will be the quantities Grs/Trs and Gre/Tre. We may 

define the uplink and downlink SNR’s as the signal-to-system-noise ratios for the indi- 
vidual antennas: 


Prs PRE 
SNR, = SNR; = 14.10.4 
u ern a kTReB eee 


The system noise Trs generated by the receiving satellite antenna will get amplified 
by G and then transmitted down to the earth antenna, where it will contribute to the 
system noise temperature. By the time it reaches the earth antenna it will have picked 
up the gain factors G Grs Gfa Gre. Thus, the net system noise temperature measured 
at the receiving earth antenna will be: 


Tsys = Tre + G Grs Gta GreTrs (14.10.5) 


The SNR of the total link will be therefore, 


PRE 
= ——_ 14.10. 
SNRtot KT oysB ( 0.6) 
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SNR} = k(Tre + G Grs Gfa GreTrs)B _ kT reB | k G Grs Gra Gre TrsB 
i PRE Pre ` PRE 
kTreB KkGGrsGfaGreTrsB kTreB kTpRsB 
_ KT ReEB rsGrdGreTrsB _ kTreB | kTrsB _ SNR3' + SNRz! 
PRE G Grs Gfa GREPRS PRE Prs 


where we used Eq. (14.10.2). It follows that: 


1 
SNR,,| + SNRj' 


SNRtot = (14.10.7) 


This 1S also written in the form: 
( 
N o C C 


Example 14.10.1: As an example of a link budget calculation, assume the following data: The 
uplink/downlink distances are 36000 km. The uplink/downlink frequencies are 6/4 GHz. 
The diameters of the earth and satellite antennas are 15 m and 0.5 m with 60% aperture 
efficiencies. The earth antenna transmits power of 1 kW and the satellite transponder 
gain is 90 dB. The satellite receiving antenna is looking down at an earth temperature of 
300K and has a noisy receiver of effective noise temperature of 2700 K, whereas the earth 
receiving antenna is looking up at a sky temperature of 50K and uses a high-gain LNA 
amplifier of 80K (feedline losses may be ignored.) The bandwidth is 30 MHz. 


The uplink and downlink wavelengths are A, = 0.05 m and Ag = 0.075 m, corresponding 
to 6 and 4 GHz. The up and down free-space gains and losses are: 


Gru = —Lfu = —199.13 dB, Gra = —Lfa = —195.61 dB 


The antenna gains are calculated to be: 


Gre = 57.27 dB, Gprs = 27.72 dB, Grs = 24.20 dB, Gre = 53.75 dB 


With Pre = 1 kW = 30 dBW, the EIRP of the transmitting earth antenna will be: Pgrp 
= 30+ 57.27 = 87.27 dBW. The power received by the satellite antenna will be: 


Prs = 87.27 — 199.13 + 27.72 84.14 dBW 


After boosting this up by the transponder gain of 90 dB, the power transmitted down to 
the receiving earth antenna will be: 


Prs = 90 — 84.14 = 5.86 dBW 


The EIRP of the transmitting satellite antenna will be (PrsGrs) ap= 5.86 + 24.20 = 30.06 
dBW. The downlink power received by the earth antenna will be: 


Pre = 30.06 — 195.61 + 53.75 111.80 dBW 
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The system noise temperatures are: Trs = 300 + 2700 = 3000K and Tre = 50+ 80 = 
130K, and in dBK: Trs = 34.77 and Trg = 21.14. The 30 MHz bandwidth is in dB: Bag = 
10 log,)(30X10°) = 74.77 dB Hz. Using the Boltzmann constant k in dB, kag = —228.6, we 
calculate the receiver system noise powers in dB, using N = kag + Tag + Bap: 


74.77 119.06 dBW 
74.77 132.69 dBW 


Nrs 228.6 
Nrs 228.6 


34.77 
21.14 


It follows that the G/T ratios and system SNR’s for the receiving antennas will be: 


(G/T) y= Grs — Trs = 27.72 — 34.77 7.05 dB/K 


(G/T) a= Gre — Tre = 53.75 — 21.14 = 32.61 dB/K 
SNRy = Prs — Nrs 84.14 + 119.06 = 34.92 dB = 3103.44 


SNRa = Pre — NRE 111.80 + 132.69 = 20.89 dB = 122.72 


The overall system SNR is calculated from Eq. (14.10.7) using absolute units: 


1 1 
g z = 118.05 = 20.72 dB 
Hin SNR! + SNR}! (3103.44) -1+ (122.72)-! 8.05 = 20 


The overall SNR is essentially equal to the downlink SNR. o 


14.11 Radar Equation 


Another example of the application of the concepts of gain and effective area and the 
use of Friis formulas is radar. Fig. 14.11.1 shows a radar antenna, which illuminates a 
target at distance r in the direction of its maximal gain. The incident wave on the target 
will be reflected and a portion of it will be intercepted back at the antenna. 


pee es AT, 
Pr Gr ä = T r ——- 1 


radar antenna a eee target 


Fig. 14.11.1 Radar antenna and target. 


The concept of radar cross section o provides a measure of the effective area of the 
target and the re-radiated power. If the radar antenna transmits power Pr with gain Gr, 
the power density of the transmitted field at the location of the target will be: 


_ PrGr 


= 14.11.1 
A4ttr? ( ) 


Pr 


From the definition of g, the power intercepted by the target and re-radiated is: 


PrGro 
4ttr 


Prarget = OPT = (14.11.2) 
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By definition of the radar cross section, the power Ptarget Will be re-radiated isotropically 
and establish a power density back at the location of the radar antenna: 


Prarget E PrGro 
4rr2 (4rtr2)2 


P target = (14.11.3) 


The amount of power received by the radar antenna will be given in terms of its 
effective area Ap as follows: 


PrGrAro 


Pr = ARP target = (Arr) 2r4 


(radar equation) (14.11.4) 


This is also known as Friis’ formula. Using Ar = Ar and Gr = 4TmTAr/à°, we may 
express Eq. (14.11.4) in the alternative forms: 


PrAto _ PrGpio 2 ( A Io 
E 4rrà?ri  (4r)3ri = PrGy Amr x2 (14.11.5) 


Introducing the equivalent target gain corresponding to the radar cross section, that 
is, Gg = 4110//A“, we may also write Eq. (14.11.5) as the product of gains: 


Pr = PrG7GfGo (14.11.6) 


Fig. 14.11.2 shows this gain model. There are two free-space paths and two antenna 
gains, acting as transmit and receive gains. 


Pr > Gr > G; y 
Perr 


Go 


Pr < Gr a G; j4 


P target 


Fig. 14.11.2 Gain model of radar equation. 


The minimum detectable received power, Pr min, defines the maximum distance Fmax 
at which the target can be detected: 


Pe = PrGTARO 
Rmin ™ CATT) rA 


Solving for rmax, we obtain: 


| PrGrAro 
Fmax = Passi On... 


1/4 
(radar range) (14.11.7) 
(41) A a 


If the target is not in the direction of maximal gain Gr of the antenna, but in some 
other direction, say (0, @), then the maximal gain Gr in Eq. (14.11.5) must be replaced 
with Grg(0, ¢), where g (0, ) is the antenna’s normalized gain. The received power 
can be expressed then as: 
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PrGi-g* (0, p) à? 
~ (Arr) 3r4 
In ground-based air search radars trying to detect approaching aircraft flying at a 
fixed height h, the power received by the radar can be made to be independent of the 
distance r, within a certain distance range, by choosing the gain g (0, $) appropriately. 
As shown in Fig. 14.11.3, the height h is related to r by h = r cos 0. 


Pr 


(14.11.8) 


Fig. 14.11.3  Secant antenna gain. 


If the gain is designed to have the secant-squared shape g (0, @) = K/ cos? 0, where 
K is a constant, then the power will become independent of r. Indeed, 


PrGig*(0,p~)A*0 PrG4K°A?o Ss Pr G?-K°A2o 


Pr = (Arr) 3r4 ~ (47t)3r4cost@ ~~ (47) 3h4 


The secant behavior is not valid over all polar angles 0, but only over a certain range, 
such as 0 < @ < Omax, where Omax Corresponds to the maximum range of the radar 
Ymax = h/ cos Omax. The desired secant shape can be achieved by appropriate feeds of 
the radar dish antenna, or by an antenna array with properly designed array factor. In 
Sec. 19.5, we present such a design for an array. 


14.12 Problems 


15 


Linear and Loop Antennas 


15.1 Linear Antennas 


The radiation angular pattern of antennas is completely determined by the transverse 
component F, = = OF 0 + pF œ of the radiation vector F, which in turn is determined by 
the current density J. Here, we consider some examples of current densities describing 
various antenna types, such as linear antennas, loop antennas, and linear arrays. 

For linear antennas, we may choose the z-axis to be along the direction of the an- 
tenna. Assuming an infinitely thin antenna, the current density will have the form: 


J(r) = 2I (z)6 (x) 6 (y) (thin linear antenna) (15.1.1) 


ze -1/2 


where I (z) is the current distribution along the antenna element. It is shown in Sec. 20.4 
that I (z) satisfies approximately the Helmholtz equation along the antenna: 


+ k*I(z)=0 (15.1.2) 


Some examples of current distributions I (z) are as follows: 


I(z)= ie Hertzian dipole 

I(z)= Uniform line element 

I(z)= a — 2|z|/}) Small linear dipole 
I(z)=TIsin(k(1/2 — |z|)) Standing-wave antenna 
I(z)= Icos(kz) Half-wave antenna (I = A/2) 
I(z) = Ie~JkZ Traveling-wave antenna 


where | is the length of the antenna element and the expressions are assumed to be valid 
for —I1/2 < z <1/2, so that the antenna element straddles the xy-plane. 
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The Hertzian dipole, uniform line element, and small linear dipole examples do not 
satisfy Eq. (15.1.2), except when the antenna length is electrically short, that is, | « A. 

For loop antennas, we may take the loop to lie on the xy-plane and be centered at the 
origin. Again, we may assume a thin wire. For a circular loop of radius a, the current 
flows azimuthally. The corresponding current density can be expressed in cylindrical 
coordinates r = (p, @, Z) as: 


Zz 
= y [Jœ = ISP —a)ô(z) (circular loop) (15.1.3) 
x I 


The delta functions confine the current on the p = a circle on the xy-plane. We will 
discuss loop antennas in Sec. 15.8. 

Antenna arrays may be formed by considering a group of antenna elements, such as 
Hertzian or half-wave dipoles, arranged in particular geometrical configurations, such 
as along a particular direction. Some examples of antenna arrays that are made up from 
identical antenna elements are as follows: 


J(r) =z > anI (Z) 6(X — Xn) 6 (y) array along x-direction 
n 

J(r) =z 5 anI (z) (y — Yn) 6 (X) array along y-direction 
n 

J(r) =z 5 anI (Z — Zn) 6 (xX) 6 (y) array along z-direction 
n 


J(r) =z > AmnI (Z) 0 (X — Xm) (yY — Yn) 2D planar array 


mn 


The weights an, Amn are chosen appropriately to achieve desired directivity proper- 
ties for the array. We discuss arrays in Sec. 18.1. 

It is evident now from Eq. (15.1.1) that the radiation vector F will have only a z- 
component. Indeed, we have from the definition Eq. (13.7.5): 


F= Í JENA KY dr = 2 [1ER 5(y el bor y kz ax dy’ da 
v 


The x’ and y’ integrations are done trivially, whereas the z’ integration extends over 
the length / of the antenna. Thus, 


1/2 o, 

F=2ZF, = 2| I(z) e7 dz’ 
-1/2 

Using Eq. (13.8.3), the wave vector k can be resolved in cartesian components as: 


k = kf = k cos p sin 0 + Ŷk sin ġ sin 0 + 2k cos 0 = kx + ky + Zk, 


Thus, 
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kx =kcos¢ sin 0 
ky =ksing sin 0 (15.1.4) 
kz = kcos 0 


It follows that the radiation vector Fz will only depend on the polar angle 0: 


1/2 E 1/2 a 
F,(0)= Í I(z') eke" dz = Í Tez ere sqz" (15.1.5) 
-1/2 -1/2 


Using Eq. (13.8.2) we may resolve z into its spherical coordinates and identify the 
radial and transverse components of the radiation vector: 


F=2ZF, = (ĉcos 0 — ô sin 0) F,(@)=frF,(0)cos 0 — 6 F,(0)sin@ 
Thus, the transverse component of F will be have only a 0-component: 
F, (0)= 0 Fo (0) = -Ô F, (0) sind 


It follows that the electric and magnetic radiation fields (13.10.5) generated by a 
linear antenna will have the form: 


E= Ô Eo = Ô jkn €” 
= Be ae 


z 
, Fz(@)sin @ 
; (15.1.6) 

j ie F,(6) sind 
H= bHo = pjk 7 F.(0)sin 


The fields are omnidirectional, that is, independent of the azimuthal angle p. The 
factor sin @ arises from the cartesian to spherical coordinate transformation, whereas 
the factor Fz (0) incorporates the dependence on the assumed current distribution I (z). 
The radiation intensity U (0, ġ) has 0-dependence only and is given by Eq. (14.1.4): 


nk? 
3272 


U(0)= |F; (0) |? sin? 0 (radiation intensity of linear antenna) (15.1.7) 


To summarize, the radiated fields, the total radiated power, and the angular distri- 
bution of radiation from a linear antenna are completely determined by the quantity 
Fz (0) defined in Eq. (15.1.5). 


15.2 Hertzian Dipole 


The simplest linear antenna example is the Hertzian dipole that has a current distri- 
bution I(z)= Ilô(z) corresponding to an infinitesimally small antenna located at the 


origin. Eq. (15.1.5) yields: 
1/2 1/2 ie 

I(z') eke? dz’ = Í ILS (z') ek 8% qz’ = Il 
2 -1/2 


F,(0)= | 


-l/ 
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Thus, Fz is a constant independent of 0. The radiation intensity is obtained from 
Eq. (15.1.7): 


z nk? Devan 
U(0)= 3072 |I1|* sinf 0 


Its maximum occurs at 0 = Tr/2, that is, broadside to the antenna: 


_ nk? 2 
Umax = 359 Hl 
It follows that the normalized power gain will be: 
0 
g(0)= Ag? = sin? 0 (Hertzian dipole gain) (15.2.1) 
Umax 


The gain g (0) is plotted in absolute and dB units in Fig. 15.2.1. Note that the 3-dB 
or half-power circle intersects the gain curve at 45° angles. Therefore, the half-power 
beam width (HPBW) will be 90°—not a very narrow beam. We note also that there is no 


radiated power along the direction of the antenna element, that is, the z-direction, or 
0=0. 


Hertzian dipole gain Gain in dB 
o © ə o © ə 


180° 180° 


Fig. 15.2.1 Gain of Hertzian dipole in absolute and dB units. 


In these plots, the gain was computed by the function dipole and plotted with abp 
and dbp. For example the left figure was generated by: 


[g, th, c] = dipole(0, 200); 
abp(th, g, 45); 


Next, we calculate the beam solid angle from: 
T 2T TT TT 
aa=f Í g(0) sin odode = 2r | g(0) sinddé@ -2r | sin? 0d0 , or, 
o Jo 0 0 


igen 
3 


It follows that the directivity will be: 
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41 41 
D 1.5 = 1.76 dB 
mx AQ 81/3 3 o 


The total radiated power is then found from Eq. (14.2.17): 


2 2 2 
T eee meal (15.2.2) 


Prad = UmaxAQ = so 121 
Because of the proportionality to |I|*, we are led to define the radiation resistance 
of the antenna, R;aq, as the resistance that would dissipate the same amount of power 
as the power radiated, that is, we define it through: 


1 
Praa = z Rraal II? (15.2.3) 


Comparing the two expressions for Praa, we find: 


nk?’ 2r ey 


Rraa = (15.2.4) 


6m 3 \A 
where we replaced k = 2TT/A. Because we assumed an infinitesimally small antenna, 
l « À, the radiation resistance will be very small. 

A related antenna example is the finite Hertzian, or uniform line element, which has 
a constant current I flowing along its entire length 1, that is, I (z) = I, for —1/2 < z < 1/2. 
We can write I (z) more formally with the help of the unit-step function u (z) as follows: 


I(z)=I[u(z+1/2)-u(z—-1/2)] 


The Hertzian dipole may be thought of as the limiting case of this example in the limit 
l — 0. Indeed, multiplying and dividing by l, and using the property that the derivative 
of the unit-step is u’ (z) = 6(z), we have 


fen u(z +1/2)—-u(z — 1/2) 1 


l 


and we must assume, of course, that the product Il remains finite in that limit. 


= [16 (z) 


15.3 Standing-Wave Antennas 


A very practical antenna is the center-fed standing-wave antenna, and in particular, the 
half-wave dipole whose length is l = A/2. The current distribution along the antenna 
length is assumed to be a standing wave, much like the case of an open-ended parallel 
wire transmission line. Indeed, as suggested by the figure below, the center-fed dipole 
may be thought of as an open-ended transmission line whose ends have been bent up 
and down. The current distribution is: 


W/2 T 
I in © 


al 


I(z)=TIsin(k(1/2 — |z|) ) (standing-wave antenna) (15.3.1) 
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The radiation vector z-component F;(0@) is: 


i 


kl 
1/2 2r COs( 5 cos 0) — cos( 5 


Esin(k (1/2 ~ |2'|) el «882! = 5 sin? 0 


F,(0)= | 

-1 

A more convenient way to write this expression is by defining L = 1/A, which is the 

antenna length in units of A, and recognizing that kl/2 = trl/A = TIL. Inserting Fz (0) 
into Eq. (15.1.7), and canceling some common factors, we obtain: 


u(0) nlIr? cos (TL cos 0) — cos(TtL) 7 15.3.2) 
81r? sin 0 
It follows that the normalized power gain g(@) will have a similar form: 
2 
g(0)= Cn cos cos 0 ose) (normalized gain) (15.3.3) 


where Cn is a normalization constant chosen to make the maximum of g(@) equal to 
unity. Depending on the value of l, this maximum may not occur at 0 = Tr/2. 

In the limit L — 0, we obtain the gain of the Hertzian dipole, g(@)= sin? @. For 
small values of L, we obtain the linear-current case. Indeed, using the approximation 
sinx ~ x, the current (15.3.1) becomes: 


I(z)=Ik(5-I2l), — 


For a general dipole of length 1, the current at the input terminals of the antenna is 
not necessarily equal to the peak amplitude I. Indeed, setting z = 0 in (15.3.1) we have: 


Tin = I (0)= I sin (kl/2) (15.3.4) 


The radiation resistance may be defined either in terms of the peak current or in 
terms of the input current through the definitions: 


Praa = Lane a tedi 
2 2 

When l is a half-multiple of A, the input and peak currents are equal and the two defi- 
nitions of the radiation resistance are the same. But when l is a multiple of A, Eq. (15.3.4) 
gives zero for the input current, which would imply an infinite input resistance Rin. In 
practice, the current distribution is only approximately sinusoidal and the input current 
is not exactly zero. 

The input impedance of an antenna has in general both a resistive part Rin and a 
reactive part Xin, so that Zin = Rin + JXin. The relevant theory is discussed in Sec. 21.2. 
Assuming a sinusoidal current, Zin can be computed by Eq. (21.2.10), implemented by 
the MATLAB function imped: 


Zin = imped(1,a); % input impedance of standing-wave antenna 
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Resistance Reactance 


—a=0 
---a=0.00051 
a =0.005/ 


0.5 06 0.7 ? E 
1/r I/A 


Fig. 15.3.1 Input impedance of standing-wave dipole antenna. 


where I, a are the length and radius of the antenna in units of A. For example, a half-wave 
dipole (l = A/2) with zero radius has Zin = imped (0.5, 0)= 73.1 + j 42.5 Q. 

For | > a, the input resistance remains largely independent of the radius a. The 
reactance has a stronger dependence on a. Fig. 15.3.1 shows a plot of Rin and Xin versus 
the antenna length | plotted over the interval 0.3A < l < 0.7A, for the three choices of 
the radius: a = 0, a = 0.0005A, and a = 0.005A. 

We observe that the reactance Xj, vanishes for lengths that are a little shorter than 
l = A/2. Such antennas are called resonant antennas in analogy with a resonant RLC 
circuit whose input impedance Z = R + j(wL —1/WC) has a vanishing reactance at its 
resonant frequency w = 1/ VLC. 

For the three choices of the radius a, we find the following resonant lengths and 
corresponding input resistances: 


a=0, 1=0.4857A, Rin = 67.2 Q 
a=0.0005A, 1=0.4801A, Rin = 65.0 Q 
a=0.005A, 1=0.4681A, Rin = 60.5 Q 


15.4 Half-Wave Dipole 


The half-wave dipole corresponding to l = A/2 or L = 0.5 is one of the most popular 
antennas. In this case, the current distribution along the antenna takes the form: 


a4 Eu 


1 I(z)= Icos(kz) (half-wave dipole) (15.4.1) 
à/4 | 7 
4 


z 


with —A/4 < Z < A/4. The normalized gain is: 


cos? (0.571 cos 0) 


g(8)= sin? 0 


(half-wave dipole gain) (15.4.2) 
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Note that the maximum does occur at 0 = 7r/2 and the normalization constant is 
Cn = 1. Fig. 15.4.1 shows the gain in absolute and dB units. The 3-dB or half-power 
circle intersects the gain at an angle of 03a = 50.96°, which leads to a half-power beam 
width of HPBW = 180° — 203qp = 78.08°, that is, somewhat narrower than the Hertzian 
dipole. The beam solid angle can be evaluated numerically using MATLAB, and we find: 


Half-wave dipole Gain in dB 
a © ð o © 9 


90° 


180° 180° 


Fig. 15.4.1 Gain of half-wave dipole in absolute and dB units. 


T 2T 
Aa=| Í g(0) dQ = 7.6581 
0 JO 


The directivity is: 
Dmax = Í = 1.64 = 2.15 dB 
max 7 AQ B > TA s 
Noting that the radiation intensity maximum occurs at 0 = 1r/2, we have Umax = 


n|I|*/87r?, and we find for the radiated power: 


ntl? 
8112 


1 
Prad = Umax AQ = 7.6581 = 5 Rraa I1? 


and for the radiation resistance: 


7.6581nN 


a a 73.10 (15.4.3) 


Rraa = 

In practice, this value can be matched easily to the characteristic impedance of the 

feed line. The MATLAB code used to calculate the gain function g (0), as well as the 
constant cy, and the beam solid angle, is as follows: 


N = 200; % divide [0,pi] in N angle bins 
dth = pi / N; % bin width 

th = (1:N-1) * dth; % excludes th=0 

g = ((cos(pi*L*cos(th)) - cos(pi*L)) ./ sin(th)).A2; 

th = [0, th]; % N equally-spaced angles in [0,pi) 
g = [0, g]; % avoids division by 0 

cn = 1 / max(g); 

g=cn * g; % normalized to unity maximum 


Om = 2 * pi * sum(g .* sin(th)) * dth; % beam solid angle 
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where the beam solid angle is computed by the approximation to the integral: 


TT N-1 
AQ = ar | g(0)sin@ d0 = 2m Y g(0i)sin 0; AO 
0 i=0 


where AO = T/N and 0; = i40, i = 0,1,...,N — 1. These operations are carried out by 
the functions dipole and dmax. For example, the right graph in Fig. 15.4.1 and Dmaxand 
AQ were generated by the MATLAB code: 


[g, th, c] = dipole(0.5, 200); 
dbp(th, g, 45, 12); 
[D, Omega] = dmax(th, g); 


Fig. 15.4.2 shows the gains of a variety of dipoles of different lengths. The corresponding 
directivities are indicated on each plot. 


15.5 Monopole Antennas 


A monopole antenna is half of a dipole antenna placed on top of a ground plane, as 
shown in Fig. 15.5.1. Assuming the plane is infinite and perfectly conducting, the 
monopole antenna will be equivalent to a dipole whose lower half is the image of the 
upper half. 

Thus, the radiation pattern (in the upper hemisphere) will be identical to that of a 
dipole. Because the fields are radiated only in the upper hemisphere, the total radiated 
power will be half that of a dipole, and hence the corresponding radiation resistance 
will also be halved: 


1 1 
P monopole = ae dipole 5 Rmonopole = z Raipole 


Similarly, the directivity doubles because the isotropic radiation intensity in the de- 
nominator of Eq. (14.2.2) becomes half its dipole value: 


Dmonopole = 2D dipole 


The quarter-wave monopole antenna whose length is A/4 is perhaps the most pop- 
ular antenna. For AM transmitting antennas operating in the 300 m or 1 MHz band, the 
antenna height will be large, A/4 = 75 m, requiring special supporting cables. 

In mobile applications in the 30 cm or 1 GHz band, the antenna length will be fairly 
small, A/4 = 7.5 cm. The roof of a car plays the role of the conducting plane in this 
case. 

We note also in Fig. 15.4.2 that the ] = 1.25A = 10A/8 dipole has the largest gain. It 
can be used as a monopole in mobile applications requiring higher gains. Such antennas 
are called 5/8-wave monopoles because their length is 1/2 = 5A/8. 
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| =0.50A, D =2.15 dB | =0.754, D =2.75 dB | =1.00A, D =3.82 dB 
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90° 90° 
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180° 180° 


Fig. 15.4.2 Standing-wave dipole antenna patterns and directivities. 


15.6 Traveling-Wave Antennas 


The standing-wave antenna current may be thought of as the linear superposition of a 
forward and a backward moving current. For example, the half-wave dipole current can 


be written in the form: 
I F r 
I(z)= I cos(kz)= seS + ebkz) 


The backward-moving component may be eliminated by terminating the linear an- 
tenna at an appropriate matched load resistance, as shown in Fig. 15.6.1. The resulting 
antenna is called a traveling-wave antenna or a Beverage antenna. The current along its 


length has the form: 


15.6. Traveling-Wave Antennas 503 


I Ta 


A/4 ground A/4 N 
plane \ 
~ coaxial A 
feed / 
image [L 


Fig. 15.5.1 Quarter-wave monopole above ground plane and the equivalent half-wave dipole. 


I(z)=Ie Z, o0<z<l (15.6.1) 


The corresponding radiation vector becomes: 


F= 2 | eniz oikeosoz gy -3 I 1 — eik! (cos 0) (15.6.2) 
0 jk  1-cosd aoe 
The transverse 0-component is: 
I 1 e~2mjL(1—cos 0) I 
Fọ(0)= -Fz (0)sin0 = —— sind = —— F(0) (15.6.3) 
Jk 1 — cos 0 jk 


where as before, L = 1/A and kl = 2rrl/A = 2trL. The radiation intensity, given by 
Eq. (14.1.4) or (15.1.7), becomes now: 


2 
n|I\? > nM? | sin@ sin(7tL (1 — cos @)) 
0)= F(0)| = 15.6.4 
U (0) 32m | (0) | Br i- cosð (15.6.4) 
Therefore, the normalized power gain will be: 
: : 2 
gUir sin 0 sin (TL (1 — cos 0) ) (15.6.5) 
1 — cos 0 


where Cn is a normalization constant. Fig. 15.6.2 shows the power gains and directivities 
for the cases l = 5A and l = 10A, or L = 5 and L = 10. 

The MATLAB function travel calculates the gain (15.6.5). For example, the left 
graph in Fig. 15.6.2 was generated by the MATLAB code: 


[g, th, c, thO] = travel(5, 400); 


dbp(th, g, 45, 12); 
addray(90-th0O,’-’); addray(90+th0,’-’); 


IR) 


Fig. 15.6.1 Traveling-wave antenna with matched termination. 
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L =5, D =10.7 dB, 6) =22.2° L =10, D =13.1 dB, 6) =15.7° 


180° 180° 


Fig. 15.6.2 Traveling-wave antenna gain examples. 


The longer the length 1, the more the main lobes tilt towards the traveling direction 
of the antenna. The main lobes occur approximately at the polar angle [5-7] (in radians): 


371A 371 
09 = arccos (1 Joe ) = arccos (2 — | | (15.6.6) 


l L 


For the two examples of Fig. 15.6.2, this expression gives for L = 5 and L = 10, 
0o = 22.2° and 0o = 15.7°. As L increases, the angle @9 tends to zero. 

There are other antenna structures that act as traveling-wave antennas, as shown 
in Fig. 15.6.3. For example, a waveguide with a long slit along its length will radiate 
continuously along the slit. Another example is a corrugated conducting surface along 
which a surface wave travels and gets radiated when it reaches the discontinuity at the 
end of the structure. 


—>z 
—>z 
currugated surface-wave antenna leaky waveguide antenna 


Fig. 15.6.3 Surface-wave and leaky-wave antennas. 


In all of these examples, the radiation pattern has an angular dependence similar to 
that of a linear antenna with a traveling-wave current of the form: 


I(z)= Ie’? = TeJPK2 Qn cz! (15.6.7) 


where f is the wavenumber along the guiding structure and p = B/k = Vphase/C is the 
ratio of the phase velocity along the guide to the speed of light. The corresponding 
radiation power pattern will now have the form: 
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(15.6.8) 


g(0)= Cp sin 0 sin(mL(p — cos @)) f 


p — cos 0 


For long lengths L, it peaks along the direction 0o = arccos (p). Note that p can take 
the values: (a) p < 1 (slow waves), as in the case of the corrugated plane structure or 
the case of a Beverage antenna wrapped in a dielectric, (b) p > 1 (fast waves), as in the 
case of the leaky waveguide, where p = 1/⁄4/1 — w2/w2, and (c) p = 1, for the Beverage 
antenna. 


15.7 Vee and Rhombic Antennas 


A vee antenna consists of two traveling-wave antennas forming an angle 2&œ with each 
other, as shown in Fig. 15.7.1. It may be constructed by opening up the matched ends 
of a transmission line at an angle of 2« (each of the terminating resistances is Rz /2 for 
a total of Rr.) 


— Zz 


resultant pattern 


7 


Fig. 15.7.1 Traveling-wave vee antenna with I = 5A, 09 = 22.2°, and « = 0.8509 = 18.9°. 


By choosing the angle « to be approximately equal to the main lobe angle 00 of 
Eq. (15.6.6), the two inner main lobes align with each other along the middle direction 
and produce a stronger main lobe, thus increasing the directivity of the antenna. The 
outer main lobes will also be present, but smaller. 

The optimum angle « of the arms of the vee depends on the length / and is related 
to main lobe angle 09 via & = aĝo, where the factor a typically falls in the range 
a = 0.80-1.00. Figure 15.7.2 shows the optimum angle factor a that corresponds to 
maximum directivity (in the plane of the vee) as a function of the length 1. 

Figure 15.7.3 shows the actual power patterns for the cases l = 5A and! = 10A. The 
main lobe angles were 09 = 22.2° and 09 = 15.7°. The optimum vee angles were found 
to be approximately (see Fig. 15.7.2), & = 0.8509 = 18.9° and « = 0.950 = 14.9°, in 
the two cases. 

The combined radiation pattern can be obtained with the help of Fig. 15.7.4. Let 
Z, and Z2 be the two unit vectors along the two arms of the vee, and let 01, 02 be the 
two polar angles of the observation point P with respect to the directions 21,22. The 
assumed currents along the two arms have opposite amplitudes and are: 


h (z) = Te ™ , Ip (Zo) = -Ie , for 0<2Z1,Z2 <l 
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Fig. 15.7.2 Optimum angle factor as a function of antenna length. 


L =5, œ =18.9° L =10, œ =14.9° 
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Fig. 15.7.4 Radiation vectors of traveling-wave vee antenna. 


Applying the result of Eq. (15.6.2), the radiation vectors of the two arms will be: 
Il- eJkI(1—cos 01) 
Jk 1 — cos 0, 


l 
F, = AE elkos Oz dz}, = 2 
0 


Il- e—Jkl(1—cos 02) 
Jk 1 — cos 02 


l 
F = -ż | Iei ejk cos Gaza’, A 
0 
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Therefore, the @-components will be as in Eq. (15.6.3): 
I I 
Fig =-— F(0,), F29 = — F (02) 
Jk Jk 


where the function F (0) was defined in Eq. (15.6.3). From Fig. 15.7.4, we may express 
0,, 02 in terms of the polar angle 0 with respect to the z-axis as: 


0,=0-a, 02=0+Q&Q 


Adding the 0-components, we obtain the resultant: 


I I 
Fo = Fio PF g LF G2) ei) = Ee -æ)-F(0-a)] 


Thus, the radiation intensity will be: 


_ nk? 2 ede i 2 
U(@)= 32n? |Fo(0)|? = er |F (0 + x) —F(@ — a) | 
and the normalized power pattern: 
g(0) = Cn|F(@ + x)-F(O - a) |* (15.7.1) 


This is the gain plotted in Fig. 15.7.3 and can be computed by the MATLAB function 
vee. Finally, we consider briefly a rhombic antenna made up of two concatenated vee 
antennas, as shown in Fig. 15.7.5. Now the two inner main lobes of the first vee (lobes 
a,b) and the two outer lobes of the second vee (lobes c,d) align with each other, thus 
increasing the directivity of the antenna system. 


Fig. 15.7.5 Traveling-wave rhombic antenna. 


The radiation vectors F; and Fy of arms 3 and 4 may be obtained by noting that 
these arms are the translations of arms 1 and 2, and therefore, the radiation vectors are 
changed by the appropriate translational phase shift factors, as discussed in Sec. 18.2. 

Arm-3 is the translation of arm-1 by the vector dọ = l 2> and arm-4 is the translation 
of arm-2 by the vector dı = 121. Thus, the corresponding radiation vectors will be: 


F;=-ek&p, Fy =- fp, (15.7.2) 
where the negative signs arise because the currents in those arms have opposite signs 
with their parallel counterparts. The phase shift factors are: 


ejk- d2 Jjklê-22 = elkicos 02 | ejk = odklt- 21 = edklcos 01 


=e 
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It follows that the @-components of F; and Fy are: 
F309 = —elkicos 82 F o = L pikicos 62 (Q,) 
3 ik 
Fag = —edkicos 01 Eng = - = ocos 817 (0) 
J 


Thus, the resultant 0-component will be: 


F(02) F(01) pejklcos 02 F (01) —elklcos 0 F (5) | 


I 
F Figo + F29 + F390 + F. 
0 10 20 30 40 Jk [ 
The corresponding normalized power pattern will be: 


g(0) = Cn|F(O + &) —F (0 — cx) +ehk!cos(8+ 00) FQ — a)-e- F(Q + cx) |* 


Figure 15.7.6 shows the power gain g(@) for the cases L = 5 and L = 10. The 
optimum vee angle in both cases was found to be « = Qo, that is, & = 22.2° and 
& = 15.7°. The function rhombic may be used to evaluate this expression. 


L =5, a =22.2° L =10, a =15.7° 
o © eo o © 9 


180° 180° 


Fig. 15.7.6 Rhombic antenna gains in dB. 


15.8 Loop Antennas 


Figure 15.8.1 shows a circular and a square loop antenna. The feed points are not 
shown. The main oversimplifying assumption here is that the current is constant around 
the loop. We will mainly consider the case when the dimension of the loop (e.g., its 
circumference) is small relative to the wavelength. 

For such small loops, the radiation pattern turns out to be independent of the shape 
of the loop and the radiation vector takes the simple form: 


F=jmxk (15.8.1) 


where m is the loop’s magnetic moment defined with respect to Fig. 15.8.1 as follows: 
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m=Z]IS, (magnetic moment) (15.8.2) 


where S is the area of the loop. Writing k = k f and noting that z x f = > sin 0, we have: 


F=jmx k=jmksin0 $ = Fy (0) (15.8.3) 


D> 8s 


Fig. 15.8.1 Circular and square loop antennas. 


Thus, F is fully transverse to f, so that F, = F. It follows from Eq. (13.10.4) that the 
produced radiation fields will be: 


R e—Jkr 5 , eik n 
E = Eg = -jk F = k“ si 
$ $ JKN 4trr oo nmksmg 4TTr 
; f (15.8.4) 
; eae endt a 
H= QHọə = jk = i 
ema] 4nr ° NOSIS Ter 
The radiation intensity of Eq. (14.1.4) is in this case: 
k2 k4 2 
U(0,d)= = Fel? = ans sin? 0 (loop intensity) (15.8.5) 


Thus, it has the same sin? @ angular dependence, normalized power gain, and direc- 
tivity as the Hertzian dipole. We may call such small loop antennas “Hertzian loops”, 
referring to their infinitesimal size. The total radiated power can be computed as in 
Sec. 15.2. We have: 


nk*|m|* 8r _ nkt|m|? 
32m? 3 121 


Praa = UmaxAQ = 


Replacing m by IS, we may obtain the loop’s radiation resistance from the definition: 


1 k4|IS|? kts? 
Praa = z Rraal ZI? = i 12m Rraa = 
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Comparing Eq. (15.8.4) to the Hertzian dipole, the loop’s electric field is in the œ- 
direction, whereas the Hertzian dipole’s is in the @-direction. The relative amplitudes 
of the electric fields are: 

eo I 1 


Toop = a 
Es mk 


If we choose I] = mk, then the electric fields are off by a 90°-degree phase. If 
such a Hertzian dipole and loop are placed at the origin, the produced net electric field 
will be circularly polarized. We note finally that the loop may have several turns, thus 
increasing its radiation resistance and radiated power. For a loop with n turns, we must 
make the replacement m > nm. 


15.9 Circular Loops 


Next, we consider the circular loop in more detail, and derive Eq. (15.8.3). Assuming an 
infinitely thin wire loop of radius a, the assumed current density can be expressed in 
cylindrical coordinates as in Eq. (15.1.3): 


Jin’) = 1 5(p' - a) 6(z’) 
The radiation vector will be: 
F= Í JE) iE" By = figer ac —a)6(z’)p'dp'dd'dz’ (15.9.1) 
v 
Using Eq. (13.8.2), we have: 
k-r' =k(Zcos0 + psinO)-(z’2' + pp’) 
=kz'cos0+kp’ sin@(p’ - p) 
= kz’ cos 0 + kp’ sin 0 cos(q’ — >) 


where we set p’ - Pp = cos (ġ' — p), as seen in Fig. 15.8.1. The integration in Eq. (15.9.1) 
confines r’ to the xy-plane and sets p’ = a and z’ = 0. Thus, we have in the integrand: 


k-r’ =kasin@ cos(q’ — p) 


Then, the radiation vector (15.9.1) becomes: 
27, 
F= taf Pekan cosp -p qq’ (15.9.2) 
0 


al 
We note in Fig. 15.8.1 that the unit vector @ varies in direction with p’. Therefore, it 
proves convenient to express it in terms of the unit vectors @, p of the fixed observation 
al n 
point P. Resolving @ into the directions @, ĝĤ, we have: 


aT 


$ = cosi - $)-psin(¢’ - >) 


Changing integration variables from ġ’ to w = d’ — qd, we write Eq. (15.9.2) as: 
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27 
F= 1a | (È cosy — psinw) kasi 9 cosy gy 
0 


The second term is odd in w and vanishes. Thus, 
a 21 . * 
F= tao | cos welkasind cosy qy (15.9.3) 
0 


Using the integral representation of the Bessel function J; (x), 


1 2T 7 ü 
= jx cos 
Ji (x) Ori I, cos we dw 


we may replace the w-integral by 27tjJ, (ka sin 0) and write Eq. (15.9.3) as: 
F= Fg¢ = 2TjIa Jı (kasin 0) (15.9.4) 


This gives the radiation vector for any loop radius. If the loop is electrically small, 
that is, ka « 1, we may use the first-order approximation J; (x)= x/2, to get 


F=Fg¢ = 2rjla ska sin 0 È = jItta’k sin 0 ẹ (15.9.5) 


which agrees with Eq. (15.8.3), with m = IS = Itta?. 


15.10 Square Loops 


The square loop of Fig. 15.8.1 may be thought of as four separate linear antennas repre- 
senting the four sides. Assuming that each side is a Hertzian dipole and that the sides 
are at distances +/1/2 from the origin, we can write the current densities of the sides 
1, 2,3, 4 as follows: 

Kir) = ylld(x—1/2)d(y)6(zZ) 


Jo(r) = —kI16(x)6(y — 1/2) 6(z) 

J3(r) = -Illő (x + 1/2) 6(y)6(z) 

Jar) = &I16(x)6(y + 1/2) 6(z) 
The currents on the parallel sides 1 and 3 combine to give: 


6 (xX + 1/2)-6(x - 1/2) 
l 


hh) +h()= ry| [eos 


where we multiplied and divided by a factor of l. In the limit of small 1, we may replace 
the quantity in the bracket by the derivative 6’ (x) of the delta function 6 (x): 


Ji ©) +3 (1) = —I 9 5" (x) 6 (y) 5 (z) 


Similarly, we find for sides 2 and 4: 
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J2 (1) + Js (1) = I? & 6 (x) 5’ (vy) 6 (z) 
Thus, the net current density of all sides is: 
J(x) = IP [$8 (x) 6" (y) -¥ 5" (x) 6(y) ]8 (z) (15.10.1) 
The corresponding radiation vector will be: 
F=IP Í [RE (x) 5 (y) -pE (x) 5 (y) J 6 (z) ei KX tky +k dy! dy! dz’ 
The delta-function integrations can be done easily yielding: 
F = II? (~jky& + jkx¥) 

Using Eq. (15.1.4), we obtain 

F = jI’k sin 0 (-xsing + ¥cos $) = jI’k sind ẹ (15.10.2) 


which agrees with Eq. (15.8.3), with m = IS = IP’. 


15.11 Dipole and Quadrupole Radiation 


The radiation vector F of a current/charge distribution can be evaluated approximately 
by expanding the exponential e/*" to successive powers of k: 


F= | Jarek! ar -f [1 +jk-r 4 g Gk- r)?+: -Jar 
V V 2! 


= [se eer + [je rsa a! Jea (15.11.1) 


elec. dipole magn. dipole & elec. quadrupole 


The first term is the electric dipole radiation term and corresponds to the Hertzian 
dipole antenna. The second term incorporates both the magnetic dipole (corresponding 
to a Hertzian loop antenna) and the electric quadrupole terms. 

Higher multipoles arise from the higher-order terms in the above expansion. A sys- 
tematic discussion of all multipole radiation terms requires the use of spherical har- 
monics. 

Keeping only a few terms in the above expansion is a good approximation to F pro- 
vided kr’ « 1, orl « A, where | is the typical dimension of the current source. In 
general, any radiating system will emit radiation of various multipole types. 

The electric dipole and electric quadrupole moments of a charge distribution are de- 
fined in terms of the following first- and second-order moments of the charge density: 


p= Í r pr) dr (electric dipole moment) (15.11.2) 
V 


Dij = Í r; r;p(r) ay’ (electric quadrupole moment) (15.11.3) 
V 
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The identity of Problem 13.2 is useful here in manipulating the successive expansion 
terms of F. Applying the identity with the two choices: g(r’) = r; and g(r’) = r; ri we 
obtain the relationships: 


Í Ji@r = jw | rip (r) dr’ = jwp; 
V 4 
(15.11.4) 
[eta +rjJi) ar =jw f rirsp (r) dr = jwDy 
Thus, the lowest-order term in Eq. (15.11.1) is the electric dipole: 
fso dr = jwp = Fa 
In the second term of Eq. (15.11.1), we may apply the vectorial identity: 
7 Iig 1 i , 
(k-r)J= 5 xJ) xk+ zl(k-r \J+ (k- Jr] 
and in integrated form: 
1 1 
Í (k: r')J@r = >| (r’ x J)xkd?r' + >| [(k-r')J+ (k: Dr']dr (15.11.5) 
V 2 Jv 2 Jv 
The magnetic moment of a current distribution is defined in general by 


1 1 1 f . 

m= 3 Í r x Jr’) dr (magnetic moment) (15.11.6) 
V 

Therefore, the first term in Eq. (15.11.5) may be written as m x k. With the help of the 

second identity of Eq. (15.11.4), the last term of (15.11.5) may be written in terms of the 

quadrupole matrix D acting on the vector k. We have then for the second term in the 

expansion (15.11.1): 


Í j(k-r)JdrY =jmx k TwDk= Fmag + Fquaa 5.11.7) 
V 


Finally, we have for the lowest-order terms of F: 


1 
[F= Fa H Fmag + Fouad = jw p + jmx k- >wDk (15.11.8) 


Next, we briefly discuss each term. For a Hertzian dipole antenna with J(r’) = 
z116° (r’), only the first term of (15.11.8) is non-zero and is the same as that of Sec. 15.2: 


Fa = Í J’) dr =2Il=jwp 
v 


The relationship I] = jwp may be understood by thinking of the Hertzian dipole as 
two opposite time-varying charges +q separated by a distance l (along the z-direction), 
so that p = ql. It follows that jwp = p = ql = Il. 

The result p = ql may also be applied to the case of an accelerated charge. Now q is 
constant but l varies with time. We have p = ql = qv and p = qv = qa, where a is the 
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acceleration a = v. For harmonic time dependence, we have (jw)?p = qa. The total 
radiated power from a dipole was obtained in Eq. (15.2.2). Setting k?|II|* = k?|qv|? = 
q?w2|v|?2/c2 = q*|al*/c?, we can rewrite Eq. (15.2.2) in the form: 


nq\al*_— nq?a? 
~ 12mce?  6rmc? 


where a = |a|/./2 is the rms value of the acceleration. This is Larmor’s classical expres- 
sion for the radiated power from a nonrelativistic accelerated charge. 

For a Hertzian loop, only the magnetic moment term is present in F. We may verify 
the result that m = ŻIS using the definition (15.11.6). Indeed, for a circular loop: 


m= sje x [1p 5p — a)5(z') |p'dp'dg' dz’ 


The integrations over z’ and p’ force z’ = 0 and p’ = a, and therefore, r’ = af’. 
al 
Noting that p’ x œ = zand that the @’ -integration contributes a factor of 277, we obtain: 


1 ar rks 
m= 4p x @ la 2m = ZI (ma?) 


Similarly, inserting Eq. (15.10.1) into (15.11.6), we find for the square loop: 


m= 5 | os ty +z2)x [II (28x) S (vy) -¥ 6’ (x) 6 (y))6(z) |dxdydz = 21° 


For the electric quadrupole term, the matrix D is sometimes replaced by its traceless 
version defined by 


Qij = 3Dy — diytr(D)= Í (3rjr; — Oar -r )p r) dr > Q=3D-Itr(D) 
V 
so that tr(Q) = 0. In this case, the vector Dk may be expressed as 
1 1 
Dk= 3 Qk+ sty) k 


The second term may be ignored because it does not contribute to the radiation 
fields, which depend only on the part of F transverse to k. Thus, without loss of gener- 
ality we may also write: 


F=jwp+jmxk- = wQk 


The electric and magnetic dipoles have angular gain patterns that are identical to 
the Hertzian dipole and Hertzian loop antennas, that is, sin? 0. The quadrupole term, 
on the other hand, can have a complicated angular pattern as can be seen by expressing 
the vector Qk = kQf explicitly in terms of the angles 0, ¢: 


Qxx Qxy Qxz sin 0 cos p 
Qt = Qyx Qyy Qyz sin 0 sin p 
Qzx Qzy Qzz cos 0 


15.12 Problems 


16 


Radiation from Apertures 


16.1 Field Equivalence Principle 


The radiation fields from aperture antennas, such as slots, open-ended waveguides, 
horns, reflector and lens antennas, are determined from the knowledge of the fields 
over the aperture of the antenna. 

The aperture fields become the sources of the radiated fields at large distances. This 
is a variation of the Huygens-Fresnel principle, which states that the points on each 
wavefront become the sources of secondary spherical waves propagating outwards and 
whose superposition generates the next wavefront. 

Let Eq, Ha be the tangential fields over an aperture A, as shown in Fig. 16.1.1. These 
fields are assumed to be known and are produced by the sources to the left of the screen. 
The problem is to determine the radiated fields E(r), H(r) at some far observation point. 

The radiated fields can be computed with the help of the field equivalence principle 
[601-607,647], which states that the aperture fields may be replaced by equivalent elec- 
tric and magnetic surface currents, whose radiated fields can then be calculated using 
the techniques of Sec. 13.10. The equivalent surface currents are: 


Js =nxX Ha (electric surface current) 
(16.1.1) 
Jms = -Â x Ea (magnetic surface current) 


where hi is a unit vector normal to the surface and on the side of the radiated fields. 

Thus, it becomes necessary to consider Maxwell’s equations in the presence of mag- 
netic currents and derive the radiation fields from such currents. 

The screen in Fig. 16.1.1 is an arbitrary infinite surface over which the tangential 
fields are assumed to be zero. This assumption is not necessarily consistent with the 
radiated field solutions, that is, Eqs. (16.4.9). A consistent calculation of the fields to 
the right of the aperture plane requires knowledge of the fields over the entire aperture 
plane (screen plus aperture.) 

However, for large apertures (with typical dimension much greater than a wave- 
length), the approximation of using the fields Eg, Ha only over the aperture to calculate 
the radiation patterns is fairly adequate, especially in predicting the main-lobe behavior 
of the patterns. 
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aee” 


observation point 


Er), H(r) 


Fig. 16.1.1 Radiated fields from an aperture. 


The screen can also be a perfectly conducting surface, such as a ground plane, on 
which the aperture opening has been cut. In reflector antennas, the aperture itself is 
not an opening, but rather a reflecting surface. Fig. 16.1.2 depicts some examples of 
screens and apertures: (a) an open-ended waveguide over an infinite ground plane, (b) 
an open-ended waveguide radiating into free space, and (c) a reflector antenna. 


Fig. 16.1.2 Examples of aperture planes. 


There are two alternative forms of the field equivalence principle, which may be used 
when only one of the aperture fields Eg or Hg is available. They are: 


Js =0 
. (perfect electric conductor) (16.1.2) 
Jms = —2(X Eq) 
Js =2 (a x Ha) 
(perfect magnetic conductor) (16.1.3) 
Jms =0 


They are appropriate when the screen is a perfect electric conductor (PEC) on which 
Ea = 0, or when it is a perfect magnetic conductor (PMC) on which Hg = 0. 
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Using image theory, the perfect electric (magnetic) conducting screen can be elimi- 
nated and replaced by an image magnetic (electric) surface current, doubling its value 
over the aperture. The image field causes the total tangential electric (magnetic) field to 
vanish over the screen. 

If the tangential fields Eg, Hg were known over the entire aperture plane (screen plus 
aperture), the three versions of the equivalence principle would generate the same radi- 
ated fields. But because we consider Eg, Hq only over the aperture, the three versions 
give slightly different results. 

In the case of a perfectly conducting screen, the calculated radiation fields (16.4.10) 
using the equivalent currents (16.1.2) are consistent with the boundary conditions on 
the screen. 


16.2 Magnetic Currents and Duality 


Next, we consider the solution of Maxwell’s equations driven by the ordinary electric 
charge and current densities p, J, and in addition, by the magnetic charge and current 
densities Pm, Jm. 

Although Pm, Jm are fictitious, the solution of this problem will allow us to identify 
the equivalent magnetic currents to be used in aperture problems, and thus, establish 
the field equivalence principle. The generalized form of Maxwell’s equations is: 


Vx H=J+jweE 


1 
E=- 
zP. 
(16.2.1) 
V x E= -Jm-jJw®HuH 
1 
V-H= uP” 


There is now complete symmetry, or duality, between the electric and the magnetic 
quantities. In fact, it can be verified easily that the following duality transformation 
leaves the set of four equations invariant: 


E — H J — Jm A — Am 
H — -E P — Pm P — Pm 
a ee AAA 
H >E Pm ` -P Pm ` -P 


(duality) (16.2.2) 


where @, A and Qm, Am are the corresponding scalar and vector potentials introduced 
below. These transformations can be recognized as a special case (for & = TT/2) of the 
following duality rotations, which also leave Maxwell’s equations invariant: 


E nt’ no’ || cosa sing E nJ np (16.2.3) 
nH’ Jm Pn | |-sna cosa || nH Jm Pm e 
Under the duality transformations (16.2.2), the first two of Eqs. (16.2.1) transform 
into the last two, and conversely, the last two transform into the first two. 
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A useful consequence of duality is that if one has obtained expressions for the elec- 
tric field E, then by applying a duality transformation one can generate expressions for 
the magnetic field H. We will see examples of this property shortly. 

The solution of Eq. (16.2.1) is obtained in terms of the usual scalar and vector po- 
tentials qm, A, as well as two new potentials Qm, Am of the magnetic type: 


E=-VQp-jwA =U x Am 
(16.2.4) 


H=—-VQm -jJWAm + „YXA 


The expression for H can be derived from that of E by a duality transformation of 
the form (16.2.2). The scalar and vector potentials satisfy the Lorenz conditions and 
Helmholtz wave equations: 


V-A+jwepg =0 V -Am+JWEL Pm = 0 
Vip + kp = =e and = V°@m +k’ Pm = Se (16.2.5) 
V°A+k’A = -uJ V?Am +K?°Am = -€ Jm 
e-JkIr-r'| 
The solutions of the Helmholtz equations are given in terms of G (r — r’) aay 
1 , , 7 1 , 1 1 
pw = | Ppa rear) av’, Pm) = f 7 PmaGE- r) dv 
(16.2.6) 


A(r) = f usce- rav’, Am(r) = f emner- av 


where V is the volume over which the charge and current densities are nonzero. The 
observation point r is taken to be outside this volume. Using the Lorenz conditions, the 
scalar potentials may be eliminated in favor of the vector potentials, resulting in the 
alternative expressions for Eq. (16.2.4): 


E=- : [V(V-A)+k2A] - 2.0 x Am 
JWPE € 
i j (16.2.7) 
2r [V(V -Am)+k°’Am] +- VXA 
JWHE H 
These may also be written in the form of Eq. (13.3.9): 
1 
E=- [V x (V x A)-uJ]--V xX Am 
JW@UE € 
(16.2.8) 


_ ol 
~ jwmpe 


[V x(V X Am)-EJml+: V xA 
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Replacing A, Am in terms of Eq. (16.2.6), we may express the solutions (16.2.7) di- 
rectly in terms of the current densities: 


= a Í [k°JG + (J: V')V'G — jwe Im X V'G|dv’ 

jwe Jv 

i (16.2.9) 

H= — Í [k?]mG + (Jm : V)V'G +jwu Jx V'G]av' 
JOU Jv 
Alternatively, if we also use the charge densities, we obtain from (16.2.4): 
E= f [ious + EWG —- Jm X V'Gl|dv' 
(16.2.10) 


H= Í [-jJwEJmG + a V'G+JxV'GldV’ 
V 


16.3 Radiation Fields from Magnetic Currents 


The radiation fields of the solutions (16.2.7) can be obtained by making the far-field 
approximation, which consists of the replacements: 


-jk|r-r'| -jkr 5:15 
e e eik” and V ~ -jk (16.3.1) 


4trlr—r'| ATTY 
where k = kf. Then, the vector potentials of Eq. (16.2.6) take the simplified form: 
e—Jkr —jkr 


e 
F(0,¢), Am(r)= € Attr 


A(t) =U Fn (0, P) (16.3.2) 


4rrr 


where the radiation vectors are the Fourier transforms of the current densities: 


EO, p) = | Jae av’ 
K (radiation vectors) (16.3.3) 
Fn(0,) = | Jm (e av’ 


Setting J = Jm = 0 in Eq. (16.2.8) because we are evaluating the fields far from the 
current sources, and using the approximation V = —jk = —jkf, and the relationship 
k/€ = wn, we find the radiated E and H fields: 


—jkr 
E= -jw[îx (AX#)—n#X Am] = -jk sap ê x [NEX f— Fm] 
l Paar (16.3.4) 
H= a lnk x (Am X 8) +Ê x A] 7 ro î x [NF + Fm x î] 


These generalize Eq. (13.10.2) to magnetic currents. As in Eq. (13.10.3), we have: 


H = 7 fxE (16.3.5) 
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Noting that f x (Fx fî) = OF 6 + Fo and f x F = Fo — OF 4, and similarly for Fin, 
we find for the polar components of Eq. (16.3.4): 


S eik" m X 
E= -jk iny [0 (nFo + Fme) + (nF¢ — Fmo) | 
i (16.3.6) 
wath OE irat NES Fue) 
= n Anr NE g mo) + nto mo 
The Poynting vector is given by the generalization of Eq. (14.1.1): 
P= 1 Re (EX H*) f K [InFo + Fmol*? + INF —Fmol?] =#P (16.3.7) 
2 327? nr2 ap pam á i 
and the radiation intensity: 
dP k? 
0,p)= =r Pr= Fo + Fmg\*? + InFo — Fmol? 16.3. 
U(0, $) goa Pr Zone, l" o +Fmgl* + INFẹ — Fmel*] (16.3.8) 


16.4 Radiation Fields from Apertures 


For an aperture antenna with effective surface currents given by Eq. (16.1.1), the volume 
integrations in Eq. (16.2.9) reduce to surface integrations over the aperture A: 


E= a J os -V)V'G+k?J; G — jwe Jms X V'G]adsS' 
i (16.4.1) 
E jwu [Tia -V')V'’G+ k? Jms G +jwhH Js X V'G]ds' 


and, explicitly in terms of the aperture fields shown in Fig. 16.1.1: 


= Om Í [Âx Ha) -V'(V'G)+k? (A x Ha)G + jwe(û x Ea) xV’'G] ds’ 
A 

= a Í [- (Âx Ea): V’ (V'G)-k? (Âx Ea)G + jwp (Â x Ha) xV'G]ds’ 
A 


(16.4.2) 
These are known as Kottler’s formulas [605-616]. We derive them in Sec. 16.12. 
The equation for H can also be obtained from that of E by the application of a duality 
transformation, that is, Ea > Ha, Ha > —Ea and € > p, H > €. 
In the far-field limit, the radiation fields are still given by Eq. (16.3.6), but now the 
radiation vectors are given by the two-dimensional Fourier transform-like integrals over 
the aperture: 


F(0,) = [ss ds’ = [ax Ha(r' K" ds’ 
(16.4.3) 


Fn(0,) = Í Jms)" aS! = -| Ax Ea 1’) ek" as! 
A A 
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Fig. 16.4.1 Radiation fields from an aperture. 


Fig. 16.4.1 shows the polar angle conventions, where we took the origin to be some- 
where in the middle of the aperture A. 

The aperture surface A and the screen in Fig. 16.1.1 can be arbitrarily curved. How- 
ever, a common case is to assume that they are both flat. Then, Eqs. (16.4.3) become 
ordinary 2-d Fourier transform integrals. Taking the aperture plane to be the xy-plane 
as in Fig. 16.1.1, the aperture normal becomes h = Z, and thus, it can be taken out of 
the integrands. Setting dS’ = dx’ dy’, we rewrite Eq. (16.4.3) in the form: 


F(0,) = Í Js (1 ek" dx'dy' = 2 x Í Ha (r )elk™ dx’ dy’ 
: a (16.4.4) 
Fin(0,) = Í Jms)" dx'dy' = -2 x Í Ea (r) eK" dx'dy' 
A A 


where ekt = ejkxX +jkyy' and kx = kcos œ sin, ky = ksing sin@. It proves conve- 
nient then to introduce the two-dimensional Fourier transforms of the aperture fields: 


fo, )= Í Ea (r’') ek’ dx’ dy’ _ Í Ea (x, y) eix tiky" dx'dy' 
A A 


(16.4.5) 
g(0, )= Í Ha meik dx'dy' = Í Ha (x’, y’) efx +jkyy" dx'dy' 
A A 
Then, the radiation vectors become: 
F(0,ġ) =Zx g(0,) 
(16.4.6) 


Because Eq, Ha are tangential to the aperture plane, they can be resolved into their 
cartesian components, for example, Eg = XEqx + Ŷ Eay. Then, the quantities f, g can be 
resolved in the same way, for example, f= fx + Ŷ fy. Thus, we have: 
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F=2xg=2XxX (89x+V9y)=V9x —Xgy 
Fm = —2X f= —-2X (fx + fy) = ffy -fx 


The polar components of the radiation vectors are determined as follows: 


(16.4.7) 


Fo =0-F=0- (¥9x — gy) = gx sind cos 0 — gy cos f cos 0 


where we read off the dot products (ô - Å) and (ô -y) from Eq. (13.8.3). The remaining 
polar components are found similarly, and we summarize them below: 


Fo = — cos 0 (gy cos $ — gx sin p) 
Fo = gx cos $ + gy sin p 


(16.4.8) 
Fmo = cos 0 (fy cos ẹ — fx sind) 
Fing = - (fx cos $ + fy sin p) 
It follows from Eq. (16.3.6) that the radiated E-field will be: 
e—Jkr 
Eo = jk er [ (fx cos $ + fy sin) +n cos 0 (gy cos $ — gx sing) | 
(16.4.9) 
ed , , 
Eg = jk eae [cos 8 (fy cos $ — fx sing) -n (gx cos $ + gy sin) | 


The radiation fields resulting from the alternative forms of the field equivalence 
principle, Eqs. (16.1.2) and (16.1.3), are obtained from Eq. (16.4.9) by removing the g- or 
the f-terms and doubling the remaining term. We have for the PEC case: 


terse l 
Eo = 2jk arr l cos + fysing] 


; (16.4.10) 
eik" 
Eg = 2jk aT [cos 8 (fy cos œ — fx sin p) | 
and for the PMC case: 
e—skr 
Eo = 2jk reas [n cos 0 (gy cos $ — gx sing) | 
; (16.4.11) 
eet ; 
Eg = 2jk a [-n (gx cos $ + gy sind) | 
In all three cases, the radiated magnetic fields are obtained from: 
1 1 
Hg = “hee: Hg = Wee (16.4.12) 
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We note that Eq. (16.4.9) is the average of Eqs. (16.4.10) and (16.4.11). Also, Eq. (16.4.11) 
is the dual of Eq. (16.4.10). Indeed, using Eq. (16.4.12), we obtain the following H- 
components for Eq. (16.4.11), which can be derived from Eq. (16.4.10) by the duality 
transformation Eg > Hg or f > g: 


get , 
Ho = 2jk = [gxcos $ + gysingd| 
; (16.4.13) 
„ ekr i 
Hg = 2jk = [cos 0 (gy cos $ — gx sin p) | 


At 0 = 90°, the components Ey, Hg become tangential to the aperture screen. We 
note that because of the cos 0 factors, Eg (resp. Hg) will vanish in the PEC (resp. PMC) 
case, in accordance with the boundary conditions. 


16.5 Huygens Source 


The aperture fields Eg, Hq are referred to as Huygens source if at all points on the 
aperture they are related by the uniform plane-wave relationship: 


1 
Hy = F nx Ea (Huygens source) (16.5.1) 


where n is the characteristic impedance of vacuum. 

For example, this is the case if a uniform plane wave is incident normally on the 
aperture plane from the left, as shown in Fig. 16.5.1. The aperture fields are assumed to 
be equal to the incident fields, Eg = Enc and Ha = Hinc, and the incident fields satisfy 
Hix = Z X Enc/n. 


observation point 


A E inc Lea H(r) 
>Z W > Z 


wavefronts screen 
Fig. 16.5.1 Uniform plane wave incident on an aperture. 


The Huygens source condition is not always satisfied. For example, if the uniform 
plane wave is incident obliquely on the aperture, then n must be replaced by the trans- 
verse impedance nr, which depends on the angle of incidence and the polarization of 
the incident wave as discussed in Sec. 6.2. 
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Similarly, if the aperture is the open end of a waveguide, then n must be replaced by 
the waveguide’s transverse impedance, such as nre or nrm, depending on the assumed 
waveguide mode. On the other hand, if the waveguide ends are flared out into a horn 
with a large aperture, then Eq. (16.5.1) is approximately valid. 

The Huygens source condition implies the same relationship for the Fourier trans- 
forms of the aperture fields, that is, (with ñ = z) 


1 
g=-—-nxf| = 
n 


1 1 
9x=— 7 fy» By Gi (16.5.2) 


Inserting these into Eq. (16.4.9) we may express the radiated electric field in terms 
of f only. We find: 


fxcos + fy sind | 


„ eK" 1 + cos 0 

Eg = jk 3 [ 
Tr 2 

(16.5.3) 


eJkr 14. cos0 
27Tr 2 


Eg = jk [fy cos $ — fx sin] 


The factor (1+ cos 0) /2 is known as an obliquity factor. The PEC case of Eq. (16.4.10) 
remains unchanged for a Huygens source, but the PMC case becomes: 


e—Jkr 
Eo = Jk oe cos O[fx cos $ + fy sing] 
; (16.5.4) 
le uke 
Eg = jk Ify cos — fx sin $] 


We may summarize all three cases by the single formula: 


e—skr 
Eo = jk nH Co [fx cos p +fysing] 
P (fields from Huygens source) (16.5.5) 
y a ; 
Ep = jk colfy cos - fxsin 6] 


where the obliquity factors are defined in the three cases: 


co} 1 1+cos@ 1 cos 0 Bese 
E l zO | Tacasð | ; E: | ; | l | (obliquity factors) (16.5.6) 


We note that the first is the average of the last two. The obliquity factors are equal to 
unity in the forward direction 0 = 0° and vary little for near-forward angles. Therefore, 
the radiation patterns predicted by the three methods are very similar in their mainlobe 
behavior. 

In the case of a modified Huygens source that replaces n by nr, Eqs. (16.5.5) retain 
their form. The aperture fields and their Fourier transforms are now assumed to be 
related by: 


1 1 
Ha = —2xE,| > |g=—ĉ2xf (16.5.7) 
nT nT 
Inserting these into Eq. (16.4.9), we obtain the modified obliquity factors: 
1 1 
co = >[1+Kcos@], c= > [K +cos0], K= (16.5.8) 
2 2 nT 
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16.6 Directivity and Effective Area of Apertures 


For any aperture, given the radiation fields Eg, Eg of Eqs. (16.4.9)-(16.4.11), the corre- 
sponding radiation intensity is: 


dP, a 
UO,¢)= Ga OPr=r 


1 
[lEol* + |Egl*] ee |E(0, p)|* (16.6.1) 


Because the aperture radiates only into the right half-space 0 < 0 < Tr/2, the total 
radiated power and the effective isotropic radiation intensity will be: 


MAL paT Prad 
Prad = Í U(0,)dQ, U; = —— (16.6.2) 
0 o 4TT 
The directive gain is computed by D (0, ¢)= U (0, )/Uņ, and the normalized gain 
by g(0,)= U(0,p)/Umax. For a typical aperture, the maximum intensity Umax is 
towards the forward direction 0 = 0°. In the case of a Huygens source, we have: 
U(0,p)= Eos [c3lfxcosp + fy sin p|? + cå Ify cos o — fx sind |*] (16.6.3) 
P= Bren 0X y oily x +0. 


Assuming that the maximum is towards 0 = 0°, then cg = Cg = 1, and we find for 
the maximum intensity: 


k2 


Ue aren [Ifxcosp + fy sin p|? + Ify cos — fx sin p1°]o-0 
k? k? 
= 8727 UAK + heparan = 812 leis. 


where | flaiax = [Ifxl? + Ifyl?]o-0. Setting k = 277/A, we have: 


le 


Umax = 2A? 


Fli (16.6.4) 


It follows that the normalized gain will be: 


calfx cos $ + fy sind |? + ch Ify cos p — fx sin $l? 


If linax 


In the case of Eq. (16.4.9) with Co = cg = (1 + cos 0) /2, this simplifies further into: 


g(0,p)= (16.6.5) 


Ifl? + fy? _ (1+ cos@\* |f(0, 6) 1? 
(0, p)= c = ( ) (16.6.6) 
T E E 2 flax 
The square root of the gain is the (normalized) field strength: 
BOO. ae. ee Ree nee 
|E |max 2 If |max 


The power computed by Eq. (16.6.2) is the total power that is radiated outwards from 
a half-sphere of large radius r. An alternative way to compute Praa is to invoke energy 
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conservation and compute the total power that flows into the right half-space through 

the aperture. Assuming a Huygens source, we have: 

1 

2 
Because 0 = 0 corresponds to kx = ky = 0, it follows from the Fourier transform 

definition (16.4.5) that: 


Pad = Í Pas’ = Í 2: Re[Ea x H4] dS’ = +f |Ea (r) |?ds’ (16.6.8) 
A A 2n JA 


2 2 


| flmnax = Í Ea (r) eK" ds’ 
A 


2 i Ea (1) aS’ 


kx=ky=0 
Therefore, the maximum intensity is given by: 


1 2 1 i 1 y 
2AN If lmax = 2A? „Fa ) dS 


Dividing (16.6.9) by (16.6.8), we find the directivity: 


Umax E 4TT Í, Ea (r ) dS D Att Arr 
Prad A2 Í |Ea (r) |?dS' À 
A 


2 


(16.6.9) 


U max J 


2 


Dmax = 4T (directivity) (16.6.10) 


It follows that the maximum effective area of the aperture is: 


2 
Í Ea (r) dS’ 
A 


Aeff = <A (effective area) (16.6.11) 
| Boa’) Pas 
A 
and the aperture efficiency: 
2 
a i Eq(1’) ds’ 
m= ae = A <1 (aperture efficiency) (16.6.12) 
A | Ea Pas’ 
A 


The inequalities in Eqs. (16.6.11) and (16.6.12) can be thought of as special cases of 
the Schwarz inequality. It follows that equality is reached whenever Eq (r’) is uniform 
over the aperture, that is, independent of r’. 

Thus, uniform apertures achieve the highest directivity and have effective areas equal 
to their geometrical areas. 

Because the integrand in the numerator of eg depends both on the magnitude and the 
phase of Eg, it proves convenient to separate out these effects by defining the aperture 
taper efficiency or loss, eau, and the phase error efficiency or loss, epel, as follows: 


2 2 


f Ea (r) | dS’ 
A 


Í, Ea (r) ds’ 


ean = 5 (16.6.13) 


j epel = 
af |Ea (r) |?°dS' f |Ea (r) | ds’ 
A A 


so that ea becomes the product: 


Ca = Catl Epel (16.6.14) 
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16.7 Uniform Apertures 
In uniform apertures, the fields Eg, Hg are assumed to be constant over the aperture 


area. Fig. 16.7.1 shows the examples of a rectangular and a circular aperture. For con- 
venience, we will assume a Huygens source. 


wi gae 


Z a 
O ma O ma 
b 


Fig. 16.7.1 Uniform rectangular and circular apertures. 


The field Eg can have an arbitrary direction, with constant x- and y-components, 
Eq = R Eox + Ŷ Eoy. Because E4 is constant, its Fourier transform f(0, p) becomes: 


f0, p)= k Ealt) e" ds! = Ea I, elk" ds’ = Af (0, p) Ea (16.7.1) 


where we introduced the normalized scalar quantity: 


| f(0,d)= A Í eitt qs’ (uniform-aperture pattern) (16.7.2) 
A 


The quantity f (0, @) depends on the assumed geometry of the aperture and it, alone, 
determines the radiation pattern. Noting that the quantity |E,| cancels out from the 
ratio in the gain (16.6.7) and that f (0, @) = (1/A) J, dS’ = 1, we find for the normalized 
gain and field strengths: 


IEO, p) _ 90.0) = (=A If (0, ġ)| (16.7.3) 


|E |max 


16.8 Rectangular Apertures 


For a rectangular aperture of sides a, b, the area integral (16.7.2) is separable in the x- 
and y-directions: 
1 a/2 b/2 R : A 1 al2 ? , 1 b/2 . A 
eikxx +3kyy" dy’ dy! = =| eik qx’. zÍ ek’ dy’ 
a J-aj2 b J-p/2 


f0, p)= 


ab J-a12 J-p12 


where we placed the origin of the r’ integration in the middle of the aperture. The above 
integrals result in the sinc-function patterns: 
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sin (kxa/2) sin(kyb/2) — sin(7rvx) sin(1Ttvy) 
iG O)= kya/2 kyb/2 oT x Vy (16.8.1) 
where we defined the quantities Vx, Vy : 
1 1 ; a, 
Vy = oq Kx = zp Ka sin 8 cos} oy sin 0 cos p 
i i b (16.8.2) 
Vy = oq KP = oq KP sin® sing = 1 sin 0 sin 


The pattern simplifies along the two principal planes, the xz- and yz-planes, corre- 
sponding to @ = 0° and ¢ = 90°. We have: 


sin(TVx) sin((ma/Aà)sin 0) 
TV,  (ma/à)sinð 


f0, 0°) > 
(16.8.3) 
sin(mtvy) — sin((7rb/A)sin@) 


Pea TVvy — (mb/à)sin0 


Fig. 16.8.1 shows the three-dimensional pattern of Eq. (16.7.3) as a function of the 
independent variables Vx, Vy, for aperture dimensions a = 8A and b = 4A. The x,y 
separability of the pattern is evident. The essential MATLAB code for generating this 
figure was (note MATLAB’s definition of sinc (x)= sin (TTX) / (TTX) ): 


field strength 


Fig. 16.8.1 Radiation pattern of rectangular aperture (a = 8A, b = 4A). 


a= 8; b = 4; 
[theta,phi] = meshgrid(0:1:90, 0:9:360); 
theta = theta*pi/180; phi = phi*pi/180; 


vx 
vy 


a*sin(theta) .*cos(phi); 
b*sin(theta) .*sin(phi); 


E = abs((1 + cos(theta))/2 .* sinc(vx) .* sinc(vy)); 
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surfl(vx,vy,E); 
shading interp; colormap(gray(16)); 


As the polar angles vary over 0 < 0 < 90° and 0 < œ < 360°, the quantities vx and 
Vy vary over the limits —a/A < vy < a/A and —b/A < vy < b/d. In fact, the physically 
realizable values of vx, Vy are those that lie in the ellipse in the vxvy-plane: 


My tor e isible regi 16.8.4 
at pe (visible region) (16.8.4) 


The realizable values of vx, Vy are referred to as the visible region. The graph in 
Fig. 16.8.1 restricts the values of vx, Vy within that region. 

The radiation pattern consists of a narrow mainlobe directed towards the forward 
direction 0 = 0° and several sidelobes. 

We note the three characteristic properties of the sinc-function patterns: (a) the 3- 
dB width in v-space is Avy = 0.886 (the 3-dB wavenumber is Vx = 0.443); (b) the first 
sidelobe is down by about 13.26 dB from the mainlobe and occurs at vx = 1.4303; and 
(c) the first null occurs at Vv, = 1. See Sec. 18.7 for the proof of these results. 

The 3-dB width in angle space can be obtained by linearizing the relationship Vx = 
(a/A)sin@ about 0 = 0°, that is, Avy = (a/A)AO cos 0| 9-9 = AAO/A. Thus, AO = 
AAyv,/a. This ignores also the effect of the obliquity factor. It follows that the 3-dB 
widths in the two principal planes are (in radians and in degrees): 

AO, = 0.886 2 = 50.76° a , Ady = 0.886 A = 50.76° A (16.8.5) 
a a b b 

The 3-dB angles are Ox = A@x/2 = 25.4°A/a and 0y = AOy/2 = 25.4°A/b. 
Fig. 16.8.2 shows the two principal radiation patterns of Eq. (16.7.3) as functions of 
0, for the case a = 8A, b = 4A. The obliquity factor was included, but it makes essen- 
tially no difference near the mainlobe and first sidelobe region, ultimately suppressing 
the response at 0 = 90° by a factor of 0.5. 

The 3-dB widths are shown on the graphs. The first sidelobes occur at the angles 
Oa = asin(1.4303A/a) = 10.30° and 0p = asin(1.4303A/b)= 20.95°. 

For aperture antennas, the gain is aproximately equal to the directivity because the 
losses tend to be very small. The gain of the uniform rectangular aperture is, therefore, 
G = D = 4r(ab)/A?. Multiplying G by Eqs. (16.8.5), we obtain the gain-beamwidth 
product p = G Ax 40y = Att (0.886)2= 9.8646 rad? = 32 383 deg’. Thus, we have an 
example of the general formula (14.3.14) (with the angles in radians and in degrees): 


9.8646 32 383 
~ AOxAOy AOLAOS 


G (16.8.6) 


16.9 Circular Apertures 


For a circular aperture of radius a, the pattern integral (16.7.2) can be done conveniently 
using cylindrical coordinates. The cylindrical symmetry implies that f (0, œ) will be 
independent of ¢. 
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Radiation Pattern for @ =0° Radiation Pattern for @ =90° 
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Fig. 16.8.2 Radiation patterns along the two principal planes (a = 8A, b = 4A). 


Therefore, for the purpose of computing the integral (16.7.2), we may set d = 0. We 
have then k-r’ = kyx’ = kp’ sin @ cos d’. Writing dS’ = p’dp'dq’, we have: 


1 
Tra 


a 72 
f(@)= I, f elke’ sin 6 cos $’ g’ dp'd¢' (16.9.1) 


The ¢’- and p’-integrations can be done using the following integral representations 
for the Bessel functions Jo(xX) and Jı (x) [98]: 


27 


1 
Jo(x) = A eost qo’ and Í Jo(xr)rdr = nw (16.9.2) 
2TT Jo 0 X 


Then Eq. (16.9.1) gives: 


J, (ka sin @) J, (2Tru) 
kasin0O 2Ttu 


f(@)= 2 


~ Oe = 2 sm0 (16.9.3) 
27 A 


This is the well-known Airy pattern [182] for a circular aperture. The function f (0) 
is normalized to unity at 0 = 0°, because Jı (x) behaves like Jı (x)= x/2 for small x. 

Fig. 16.9.1 shows the three-dimensional field pattern (16.7.3) as a function of the in- 
dependent variables vx = (a/A)sin@ cos b and vy = (a/A)sin @ sind, for an aperture 
radius of a = 3A. The obliquity factor was not included as it makes little difference 
near the main lobe. The MATLAB code for this graph was implemented with the built-in 
function besselj: 


a= 3; 
[theta,phi] = meshgrid(0:1:90, 0:9:360); 
theta = theta*pi/180; phi = phi*pi/180; 


a*sin(theta) .*cos(phi); 
a*sin(theta) .*sin(phi); 
u = a*sin(theta); 


ones(size(u)); 
find (u); 
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field strength 


y 3 3 Vx 


Fig. 16.9.1 Radiation pattern of circular aperture (a = 3A). 


ECi) = abs(2*besselj(1,2*pi*uCi))./(2*pi*uCi))); 


surfl(vx,vy,E); 
shading interp; colormap(gray(16)); 


The visible region is the circle on the vxvy-plane: 


2 
Vat Vy = a2 (16.9.4) 

The mainlobe/sidelobe characteristics of f (0) are as follows. The 3-dB wavenumber 
is u = 0.2572 and the 3-dB width in u-space is Au = 20.2572 = 0.5144. The first null 
occurs at u = 0.6098 so that the first-null width is Au = 20.6098 = 1.22. The first 
sidelobe occurs at u = 0.8174 and its height is |f (uw) | = 0.1323 or 17.56 dB below the 
mainlobe. The beamwidths in angle space can be obtained from Au = a(A@)/A, which 


gives for the 3-dB and first-null widths in radians and degrees: 


A A A A 
AO3an = 0.5144 — = 29.47° —, AOnu = 1.22 — = 70° (16.9.5) 
a a a a 


The 3-dB angle is 03a = AO3qp/2 = 0.2572A/a = 14.74°A/a and the first-null 
angle O@nu = 0.6098A/a. Fig. 16.9.2 shows the radiation pattern of Eq. (16.7.3) as a 
function of 0, for the case a = 3A. The obliquity factor was included. 

The graph shows the 3-dB width and the first sidelobe, which occurs at the angle 0g = 
asin(0.817A/a)= 15.8°. The first null occurs at Oyy = asin(0.6098A/a)= 11.73°, 
whereas the approximation mun = 0.6098A/a gives 11.65°. 

The gain-beamwidth product is p = G(403a8)?= [47t(7ra) /A*] (0.514A/a)?= 
4m? (0.5144)2= 10.4463 rad? = 34 293 deg’. Thus, in radians and degrees: 


10.4463 34 293 


G= = 
(403a)? (AO 3qn)? 


(16.9.6) 
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Radiation Pattern of Circular Aperture 


F 
3 dB 


17.56 dB 


0.5F 


field strength 


—— — 


60 70 80 90 


0 10 20 30 40 50 
0 (degrees) 


Fig. 16.9.2 Radiation pattern of circular aperture (a = 3A). 


The first-null angle Onun = 0.6098A/a is the so-called Rayleigh diffraction limit for 
the nominal angular resolution of optical instruments, such as microscopes and tele- 
scopes. It is usually stated in terms of the diameter D = 2a of the optical aperture: 


40 = 1.22 2 = 70° È (Rayleigh limit) (16.9.7) 


16.10 Vector Diffraction Theory 


In this section, we provide a justification of the field equivalence principle (16.1.1) and 
Kottler’s formulas (16.4.2) from the point of view of vector diffraction theory. We also 
discuss the Stratton-Chu and Franz formulas. A historical overview of this subject is 
given in [615,616]. 

In Sec. 16.2, we worked with the vector potentials and derived the fields due to 
electric and magnetic currents radiating in an unbounded region. Here, we consider the 
problem of finding the fields in a volume V bounded by a closed surface S and an infinite 
spherical surface S,., as shown in Fig. 16.10.1. 

The solution of this problem requires that we know the current sources within V 
and the electric and magnetic fields tangential to the surface S. The fields E,, Hı and 
current sources inside the volume V; enclosed by S have an effect on the outside only 
through the tangential fields on the surface. 

We start with Maxwell’s equations (16.2.1), which include both electric and magnetic 
currents. This will help us identify the effective surface currents and derive the field 
equivalence principle. 

Taking the curls of both sides of Ampére’s and Faraday’s laws and using the vector 
identity V x (V XE) = V(V-E)-—V°E, we obtain the following inhomogeneous Helmholtz 
equations (which are duals of each other): 
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/ E(r), Hr) \ 
i aP \ 


Fig. 16.10.1 Fields outside a closed surface S. 


V°E+k°E=jwps4 “Vp tV XJm 


1 (16.10.1) 
V°H+k°H= jweJm + vem -VxJ 
We recall that the Green’s function for the Helmholtz equation is: 
1 # if eSkIr-T'| 
V?G+kKG =-6% (r-r), G(r-r')= (16.10.2) 
A4tr|r —1'| 


where V’ is the gradient with respect to r’. Applying Green’s second identity given by 
Eq. (C.22) of Appendix C, we obtain: 


ð 


a Ev 
on’ 


Í [GV E- EVG] dV’ = -$ 
V 


| OE oG 
S+S% 


= ds’, 
on’ on’ | 
where G and E stand for G(r—r’) and E(r’) and the integration is over r’. The quantity 
0/On’ is the directional derivative along ñ. The negative sign in the right-hand side 
arises from using a unit vector ni that is pointing into the volume V. 

The integral over the infinite surface is taken to be zero. This may be justified more 
rigorously [607] by assuming that E and H behave like radiation fields with asymptotic 
form E > const.e~/*"/r and H > fx E/n.' Thus, dropping the S» term, and adding 
and subtracting k*G E in the left-hand side, we obtain: 

OE 0G 


[ [e(w2E+ EE (VG + RG) av" = ffe E Jas (16.10.3) 
v S on’ on’ 


Using Eq. (16.10.2), the second term on the left may be integrated to give E(r): 
-| E(r’) (V°?G + k?°G) dV’ = Í E(r’) 6° (r-r) dV’ = E(r) 
V V 


where we assumed that r lies in V. This integral is zero if r lies in V; because then r’ 
can never be equal to r. For arbitrary r, we may write: 


tThe precise conditions are: r|E| > const. and r|E- nHx?f| — 0 as r > œ. 
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| E 5 @ -r av’ = uv) ECD Fai eed (16.10.4) 
r v (r-r = uy (r) E(r)= .10. 
v y o if rév 
where uy (r) is the characteristic function of the volume region V:t 
(r) E (16.10.5) 
uy (r) = .10. 
ij 0, if réV 


We may now solve Eq. (16.10.3) for E(r). Ina similar fashion, or, performing a duality 
transformation on the expression for E(r), we also obtain the corresponding magnetic 
field H(r). Using (16.10.1), we have: 


TE ; aS oG DE] v 
E(r) = Í | sion Gs- ~GV'p-GYV x Im | av f [£ G 2E Jas 
l 1.-, ; oe 0G 0H] v 
H(r) = |, | oem- bev Pm +GV xsļav ed [ast -eE as 
(16.10.6) 


Because of the presence of the particular surface term, we will refer to these as 
the Kirchhoff diffraction formulas. Eqs. (16.10.6) can be transformed into the so-called 
Stratton-Chu formulas [605-616]:* 


Ew] | -iou GJ+ EWG et v'e] dv’ 
V 
+f [—jwy G(Ax H)+(f- E) V'G + (ax E)xV'G] ds’ 
S 
(16.10.7) 


H(r)= | | -se0eG In + A V'G+JX v'c| dv’ 
V 


+f [jwe GÀ x E)+(h- H) V'G + (û x H)xV'G] ds’ 
S 


The proof of the equivalence of (16.10.6) and (16.10.7) is rather involved. Problem 
16.4 breaks down the proof into its essential steps. 

Term by term comparison of the volume and surface integrals in (16.10.7) yields the 
effective surface currents of the field equivalence principle:* 


Js=ûñxH, Jms =-ûx E (16.10.8) 


Similarly, the effective surface charge densities are: 


Ps =E€n-E, Pms = HÂ- H (16.10.9) 


tTechnically [614], one must set uy (r)= 1/2, if r lies on the boundary of V, that is, on S. 
+See [602,608,615,616] for earlier work by Larmor, Tedone, Ignatowski, and others. 
* Initially derived by Larmor and Love [615,616], and later developed fully by Schelkunoff [601,603]. 
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Eqs. (16.10.7) may be transformed into the Kottler formulas [605-616], which elimi- 
nate the charge densities p, pm in favor of the currents J, Jm: 


Fa)=—— | [KJG + (J-V')V'G — jwe Im x V'G| dv’ 
jwe Jv 


tame $ [k°G (Â x H)+ (À x H)-V’)V'G + jwe (i x E)xV'G] ds’ 
S 


Ha)=—— Í [K?JmG + (Jm V)V'G + jw Jx V'G| av’ 
JOU Jv 


pa- f [-k?°G (â x E) -( (Â x E)-V’)V'G + jwu (â x H)xV'G]ds' 
JOU Js 


(16.10.10) 
The steps of the proof are outlined in Problem 16.5. 
A related problem is to consider a volume V bounded by the surface S, as shown in 
Fig. 16.10.2. The fields inside V are still given by (16.10.7), with n pointing again into 
the volume V. If the surface S recedes to infinity, then (16.10.10) reduce to (16.2.9). 


Fig. 16.10.2 Fields inside a closed surface S. 


Finally, the Kottler formulas may be transformed into the Franz formulas [610-614], 
which are essentially equivalent to Eq. (16.2.8) amended by the vector potentials due to 
the equivalent surface currents: 


E(r) = ——— : [V x (V x (A+As)) —pJ] LI x (Am + Ams) 
JWUE E 
(16.10.11) 


H(r) = at yx (V x (Am + Ams)) —E€Jm] 4 l Jx (A+A,) 
jJ@pe m 


where A and Am were defined in Eq. (16.2.6). The new potentials are defined by: 


As(r) = f UJs(t") G(r -r') dS’ = fu [nx H(r')]G(r-r)ds' 
s ` (16.10.12) 


Ams(r) = f eJm GE- as’ = -f e [nx Er) ]G(r-r)ds' 


Next, we specialize the above formulas to the case where the volume V contains 
no current sources (J = Jm = 0), so that the E, H fields are given only in terms of the 
surface integral terms. 
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This happens if we choose S in Fig. 16.10.1 such that all the current sources are 
inside it, or, if in Fig. 16.10.2 we choose S such that all the current sources are outside 
it, then, the Kirchhoff, Stratton-Chu, Kottler, and Franz formulas simplify into: 


E(r) =} E ae G oF as 
S on’ on’ 


= f [-jwu G(û x H)+(û- E) V'G + (ñx E)xV'G] ds’ 
S 


= af [k°G (ñ x H)+((û x H)-V')V'G+jwe(û x E)xV'G] ds’ 
S 


= A gy (vxf G(û x H)ds’) +¥xf G(f x E)ds’ 
jwe S S 


H(r) =} E ee G ort | as" 
s on’ on’ 


(16.10.13) 


= f LiweG tax E)+(i- H) V'G+ (ax H)xV'G] ds’ 


1 


= Fag fl “KG xE- (Ax E)-V')V'G+jwu(ix H)xV'G| ds’ 


= -1 yx (vxf G(fi x E)dS’) +¥xh G(û x H)ds’ 
jwu s 5 


(16.10.14) 
where the last equations are the Franz formulas with A = Am = 0. 


Fig. 16.10.3 illustrates the geometry of the two cases. Eqs. (16.10.13) and (16.10.14) 
represent the vectorial formulation of the Huygens-Fresnel principle, according to which 


the tangential fields on the surface can be considered to be the sources of the fields away 
from the surface. 


sources 
A N 
i n 
O Y | ` P A . P | 
GY field point n field point 
> S d 
S 
sources 


Fig. 16.10.3 Current sources are outside the field region. 


16.11 Extinction Theorem 


In all of the equivalent formulas for E(r), H(r), we assumed that r lies within the volume 
V. The origin of the left-hand sides in these formulas can be traced to Eq. (16.10.4), and 
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therefore, if ris not in V but is within the complementary volume Vj, then the left-hand 
sides of all the formulas are zero. This does not mean that the fields inside V, are 
zero—it only means that the sum of the terms on the right-hand sides are zero. 

To clarify these remarks, we consider an imaginary closed surface S dividing all 
space in two volumes V; and V, as shown in Fig. 16.11.1. We assume that there are 
current sources in both regions V and V;. The surface Sı is the same as S but its unit 
vector hy, points into V1, so that ñ, = —n. Applying (16.10.10) to the volume V, we have: 


Fig. 16.11.1 Current sources may exist in both V and Vj. 


PA. [k?G(û x H)+((û x H)-V’)V'G + jwe (a x E)xV'G]ds' 
s 
1 E(r), if rev 
+—— eIG+J-V)VG-j V'G| dv’ = i 
jwe I l TERN] ae dnn l k if reVı 


The vanishing of the right-hand side when r is in V, is referred to as an extinction 
theorem.t Applying (16.10.10) to V;, and denoting by E1, H, the fields in V1, we have: 


a f [k°G (fy x Hi) +( (ñ X M) -V’')V'G +jwe(ñı x E,)xV'G| ds’ 
1 
Ea 1 Í [KJG + J V)VG 2 J x V'G| dv’ 0, if reV 
Jae : — JWE = 
Jwe Jv, ae E), if rev, 
Because ñ, = —n, and on the surface E; = E and H, = H, we may rewrite: 
E f [k°G (Â x H) +((û x H)-V')V'G + jwe (A x E)xV'G] ds’ 
s 
+ 1 Í [KJG + J V)V'G J x V'G] dv’ 0, if rev 
Fare i — JWE = 
gOS Ys ne Et), if rev; 


Adding up the two cases and combining the volume integrals into a single one, we obtain: 


1 


> | J- V)V'G + RPGJ— jwe Jm X V'G| av’ a if rev 
V+V1 


JWE E (r), if rev, 

This is equivalent to Eq. (16.2.9) in which the currents are radiating into unbounded 
space. We also see how the sources within V; make themselves felt on the outside only 
through the tangential fields at the surface S, that is, for r € V: 


Tin fact, it can be used to prove the Ewald-Oseen extinction theorem that we considered in Sec. 13.6. 
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A. [KJG + (J-V)V'G — jwe Im x V'G| av’ 
jwe Jv, 
ae f [eG ax H)+((û x H)-V')V'G + jwe(a x E)xV'G] ds’ 


16.12 Vector Diffraction for Apertures 


The Kirchhoff diffraction integral, Stratton-Chu, Kottler, and Franz formulas are equiv- 
alent only for a closed surface S. 

If the surface is open, as in the case of an aperture, the four expressions in (16.10.13) 
and in (16.10.14) are no longer equivalent. In this case, the Kottler and Franz formulas 
remain equal to each other and give the correct expressions for the fields, in the sense 
that the resulting E(r) and H(r) satisfy Maxwell’s equations [602,611,615,616]. 

For an open surface S bounded by a contour C, shown in Fig. 16.12.1, the Kottler 
and Franz formulas are related to the Stratton-Chu and the Kirchhoff diffraction integral 
formulas by the addition of some line-integral correction terms [608]: 


B= se | [k2G (ix H)+((û x H)-V’)V'G + jwe (a x E)xV'G] ds’ 
s 
= Tryg (V x| G(fi x H)dS’) +¥x | G(û x E)ds’ 
jwe s s 


-Í [-jæwu G(x H)+(û- E) V'G + (Ax E)xV'G]dS' — =} (V’G)H- dl 
s jwe Jc 


-Í Ee G E as f GExdl-—_-{ (V'G)H- dl 
sL on’ on’ fa jwe Jc 


(16.12.1) 
ews 1 a 2 n am a r: 1 $ . a 1 7 
HO) = f K?G (Ax E)—((&x E)-V')V'G+jwpu(û x H) xV'G] dS 


pag x (vx | G(mx E)dS’)+V x| G(û x H)ds’ 
JOU $ s 


=) | jweG(hx E)+(@- H) V’'G + (Ax H)xV’'G] ds’ + => (V’G)E-dl 
S JOU Jc 


n Í E eae ot as" f GHxd+ ->f (V'G)E- dl 
S on’ on’ c jæu Jc 
(16.12.2) 


The proof of the equivalence of these expressions is outlined in Problems 16.7 and 
16.8. The Kottler-Franz formulas (16.12.1) and (16.12.2) are valid for points off the 
aperture surface S. The formulas are not consistent for points on the aperture. However, 
they have been used very successfully in practice to predict the radiation patterns of 
aperture antennas. 

The line-integral correction terms have a minor effect on the mainlobe and near 
sidelobes of the radiation pattern. Therefore, they can be ignored and the diffracted 
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~~] EY), HY) 
P 


screen 


Fig. 16.12.1 Aperture surface § bounded by contour C. 


field can be calculated by any of the four alternative formulas, Kottler, Franz, Stratton- 
Chu, or Kirchhoff integral—all applied to the open surface S. 


16.13 Fresnel Diffraction 


In Sec. 16.4, we looked at the radiation fields arising from the Kottler-Franz formulas, 
where we applied the Fraunhofer approximation in which only linear phase variations 
over the aperture were kept in the propagation phase factor e-/*®. Here, we consider 
the intermediate case of Fresnel approximation in which both linear and quadratic phase 
variations are retained. 

We discuss the classical problem of diffraction of a spherical wave by a rectangular 
aperture, a slit, and a straight-edge using the Kirchhoff integral formula. The case of a 
plane wave incident on a conducting edge is discussed in Problem 16.11 using the field- 
equivalence principle and Kottler’s formula and more accurately, in Sec. 16.15, using 
Sommerfeld’s exact solution of the geometrical theory of diffraction. These examples 
are meant to be an introduction to the vast subject of diffraction. 

In Fig. 16.13.1, we consider a rectangular aperture illuminated from the left by a point 
source radiating a spherical wave. We take the origin to be somewhere on the aperture 
plane, but eventually we will take it to be the point of intersection of the aperture plane 
and the line between the source and observation points Pı and P9. 

The diffracted field at point P2 may be calculated from the Kirchhoff formula applied 
to any of the cartesian components of the field: 


oG OE i 
E= Í [e ae | |as (16.13.1) 
s on on 
where E; is the spherical wave from the source point Pı evaluated at the aperture point 

P’, and G is the Green’s function from P’ to P»: 
Š eSkRi g eSkRe 
E, = ; = 16.13.2 
1 IR ano ( ) 
where A, is a constant. If rı and rz are the vectors pointing from the origin to the source 
and observation points, then we have for the distance vectors R; and R93: 
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Fig. 16.13.1 Fresnel diffraction through rectangular aperture. 


R,=rm-r, Ri=ļ|rn-r] =r? 2r er trr 
(16.13.3) 


Ro =r -r, R= |r r'| = yr? 2ro-r +r 


Therefore, the gradient operator V’ can be written as follows when it acts on a function 
of Rı = |r; — r'| or a function of Rọ = |ro — r'|: 


>, a 2 >, a 2 
is Ri aR’ ris R oR, 


where R; and R> are the unit vectors in the directions of Rı and Ro. Thus, we have: 


Of a Sie. va we CED. on A ( a e-JkRı 

an! =n:V E =—-n-R, IR, = (n- Rj) Jk + Ri Aj Ri 

3 3 ER (16.13.4) 
G . E G ara i ; a eJkR2 

an! =nh-V’G=-n Ro oR, =(n Ro) (ik + z) ZMR; 


Dropping the 1/R° terms, we find for the integrand of Eq. (16.13.1): 


0G OF, JRA, <a —jk(R,+R>) 
a on’ j on’ amRiRo Í Ro) (â Ri) Je 


Except in the phase factor eJk(21+R2) we may replace Ry ~ rı and Ro = rz, that is, 


Ey OG fe E À - ĉo) — (Â - f1) Je JK Ri +R) (16.13.5) 
on’ On’ = 47triro 


Thus, we have for the diffracted field at point P2: 


JkA, 


= (16.13.6) 
4T ro 


[f)eir as 
S 
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The quantity | (ñ - ĉ2)— (û - f,)] is an obliquity factor. Next, we set r = rı + r2 and 
define the ”free-space” field at the point P2: 
e Jk (ritr2) e-ikr 


Fo = Ai = Ai (16.13.7) 
rı + ro r 


If the origin were the point of intersection between the aperture plane and the line 
P,P», then Ey would represent the field received at point P in the unobstructed case 
when the aperture and screen are absent. 

The ratio D = E/Eọ may be called the diffraction coefficient and depends on the 
aperture and the relative geometry of the points P1, P»: 


CEARC TI] e SRR tR -ri=r2) gg’ (16.13.8) 
Ss 


where we defined the “focal length” between rı and rz: 


1 1 1 rır2 
= + F= 16.13.9 
F ri ro rı + ro ( ) 


The Fresnel approximation is obtained by expanding R, and R> in powers of r’ and 
keeping only terms up to second order. We rewrite Eq. (16.13.3) in the form: 


armen rer 2b- r r-r 
Ri =4r,,/1 H 7o Ro =r2,]1 t 7 
lr r3 


Next, we apply the Taylor series expansion up to second order: 


1 1 
1+x=1+=x x? 
v 2 8 


This gives the approximations of R1, Ro, and Rı + Ro = rı =- r9: 


1 

R,=n-f-r r-r — (îr)? 

15s- Î or, | (fi - 9’) *] 
Ro F2 f> r l [r r (fo r)*] 

2r2 
a a 1 1 1 1 , , (fy r)? (f +4’)? 
R,+Ro-% — r2 = —(f +) r 4 H r -r 
2 ry Vo rı F2 


To simplify this expression, we now assume that the origin is the point of intersection 
of the line of sight PıP2 and the aperture plane. Then, the vectors rı and rọ are anti- 
parallel and so are their unit vectors fj = —f2. The linear terms cancel and the quadratic 
ones combine to give: 

1 1 


1 1 n à f 
Rı + Ro ri~ Yz oF [r -r (Fo +r’)? ] = oF |r- î (F -To) ie = zp” -b (16.13.10) 


where we defined b’ = r’ — fp (® - ĉ2), which is the perpendicular vector from the point 
P’ to the line-of-sight P; P2, as shown in Fig. 16.13.1. 
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It follows that the Fresnel approximation of the diffraction coefficient for an arbitrary 
aperture will be given by: 


E jk(a- #2) 
Ey = -20tF 


D= Í e Jk (b'-b')/(2F) gg’ (16.13.11) 
S 


A further simplification is obtained by assuming that the aperture plane is the xy- 
plane and that the line P; P» lies on the yz plane at an angle 0 with the z-axis, as shown 
in Fig. 16.13.2. 


Ay 


> a d > 


Fig. 16.13.2 Fresnel diffraction by rectangular aperture. 


Then, we have r’ = X’X+ yy, ñ = Z, andf = zcos0 + Ẹsin. It follows that 
- fo = cos 0, and the perpendicular distance b’ - b’ becomes: 


> 


b -b =r -r — (E -f2)?= x? +y’? —- (y sin@)*= x? +y? cos* 6 


Then, the diffraction coefficient (16.13.11) becomes: 


p = Kees? (i Te, eik X? +y? cos? 8)/2F gy’ gy! (16.13.12) 


where we assumed that the aperture limits are (with respect to the new origin): 
-X1 SX <x), -Y1 SY SY 


The end-points yı,y2 are shown in Fig. 16.13.2. The integrals may be expressed 
in terms of the Fresnel functions C(x), S(x), and F(x)= C(x)—jS(x) discussed in 
Appendix F. There, the complex function F (x) is defined by: 


F(x) = C(x) —jS(x) = Í e S(m/2)u* qu (16.13.13) 
0 
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We change integration variables to the normalized Fresnel variables: 


koy Ik, 
u= HES » V= HF” cos 0 (16.13.14) 


where b’ = y’ cos 0 is the perpendicular distance from P’ to the line PP2, as shown in 
Fig. 16.13.2. The corresponding end-points are: 


k | k k ; 
uj = Fara Vi = np Yis? = TE Pi i= 1,2 (16.13.15) 


Note that the quantities b} = yı cos and b = y2cos@ are the perpendicular 
distances from the edges to the line PP. Since du dv = (kcos0/rmF)dx'dy', we 
obtain for the diffraction coefficient: 


JA jau T iay J 
p=3/ eT du | eJTV'!2 dy = ~[F(u2)—F (-u1) | [F (v2) —F(-v1) | 
2 =u =Vi 2 


Noting that F(x) is an odd function and that j/2 = 1/(1 —j)*, we obtain: 


E  F(u,)+F(u2) F(vı)+F (v2) 
Eo 1-j 1-j 


p = (rectangular aperture) (16.13.16) 


The normalization factors (1— j) correspond to the infinite aperture limit u1, U2, V1, 
V2 > œ, that is, no aperture at all. Indeed, since the asymptotic value of F (x) is F (co) = 
(1 — j) /2, we have: 
F(u,)+F(u2) F(v1)+F (v2) F(o)+F(o) F(%)+F (00) 
1-j 1-j 1-Jj 1-Jj 


In the case of a long slit along the x-direction, we only take the limit u1, U? > œ: 


E — F(v)+F(v2) 


D 
Eo 1-J 


(diffraction by long slit) (16.13.17) 


16.14 Knife-Edge Diffraction 


The case of straight-edge or knife-edge diffraction is obtained by taking the limit yọ > 
œ, OF V2 > œ, which corresponds to keeping the lower edge of the slit. In this limit 
F(v2)—> F(o)= (1 —j)/2. Denoting vı by v, we have: 


1 ij o fk 
D(v)= 1-j (FO: 5 ) v= RF” (16.14.1) 


Positive values of v correspond to positive values of the clearance distance b4, plac- 
ing the point P2 in the illuminated region, as shown in Fig. 16.14.1. Negative values of 
v correspond to bı < 0, placing P2 in the geometrical shadow region behind the edge. 

The magnitude-square |D|? represents the intensity of the diffracted field relative 
to the intensity of the unobstructed field. Since |1 — j|? = 2, we find: 
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Fig. 16.14.1 Illuminated and shadow regions in straight-edge diffraction. 


|El? 1 t=}? 
ID(v)|? = Eo. 2 Foyt (16.14.2) 
or, in terms of the real and imaginary parts of F (v): 
1 1\? 1\? 
|D(v) |? = 5 |(c% H >) (so 3 | (16.14.3) 


The quantity |D (v) |? is plotted versus v in Fig. 16.14.2. At v = 0, corresponding to 
the line P; Po grazing the top of the edge, we have F (0) = 0, D (0)= 1/2, and |D (0) |? = 
1/4 or a 6 dB loss. The first maximum in the illuminated region occurs at v = 1.2172 
and has the value |D (v) |? = 1.3704, or a gain of 1.37 dB. 


Diffraction Coefficient Diffraction Coefficient in dB 
1.5 
1.254 
AF = 
` Š 
È 0.75 5 
a g 
0.5} S 
0.25F 


Fig. 16.14.2 Diffraction coefficient in absolute and dB units. 


The asymptotic behavior of D (v) for v > +œ is obtained from Eq. (F.4). We have 
for large positive x: 


l1-j J gane] 


16.14. Knife-Edge Diffraction 545 


This implies that: 


1- LJ ozim? for v— +00 

2TTV i 
D(v)= l (16.14.4) 
1-Jj e stv? /2 


for v > -œ 
2TTV 


We may combine the two expressions into one with the help of the unit-step function 
u(v) by writing D (v) in the following form, which defines the asymptotic diffraction 
coefficient d(v): 


D(v)= u(v)+d(v)eI™/? (16.14.5) 


where u(v)= 1 for v = 0 and u(v)= 0 for v < 0. 

With u(0)= 1, this definition requires d(0) = D(0)—v(0)= 0.5 —1 0.5. But if 
we define u(0) = 0.5, as is sometimes done, then, d(0)= 0. The asymptotic behavior of 
D (v) can now be expressed in terms of the asymptotic behavior of d (v): 


Gs EZ. See Gates (16.14.6) 
2TTV 


In the illuminated region D (v) tends to unity, whereas in the shadow region it de- 
creases to zero with asymptotic dB attenuation or loss: 


L = -10logıo |d (v) |? = 10log;)(27r2v2), as v> -o (16.14.7) 


The MATLAB function diffr calculates the diffraction coefficient (16.14.1) at any 
vector of values of v. It has usage: 


D = diffr(v); % knife-edge diffraction coefficient D (v) 


For values v < 0.7, the diffraction loss can be approximated very well by the follow- 
ing function [627]: 


L = —10log19| D (v) |? = 6.9 + 2010g10 (Vo + 0.1)2+1-v— 0.1) (16.14.8) 


Example 16.14.1: Diffraction Loss over Obstacles. The propagation path loss over obstacles and 
irregular terrain is usually determined using knife-edge diffraction. Fig. 16.14.3 illustrates 
the case of two antennas communicating over an obstacle. For small angles 0, the focal 
length F is often approximated in several forms: 


mre did) _ hh 
“nth di+d h+h 


These approximations are valid typically when d,,d2 are much greater than A and the 
height h of the obstacle, typically, at least ten times greater. The clearance distance can 
be expressed in terms of the heights: 


hıdz + hod, 


bı = yı cos = ( ditd 


— n) cos 0 
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Fig. 16.14.3 Communicating antennas over an obstacle. 


The distance b, can also be expressed approximately in terms of the subtended angles &ı, 
&2, and &, shown in Fig. 16.14.3: 


bı = l&i = lz &2 > bı =4 lil Q1 &2 (16.14.9) 


and in terms of &, we have: 


alz alı 2F 
= b, = &F = 16.14.1 
hib hal wea v= A vee’ 


The case of multiple obstacles has been studied using appropriate modifications of the 
knife-edge diffraction problem and the geometrical theory of diffraction [628-641]. o 


Qı 


The Fresnel approximation is not invariant under shifting the origin. Our choice of 
origin above is not convenient because it depends on the observation point P. If we 
choose a fixed origin, such as the point O in Fig. 16.14.4, then, we must determine the 
corresponding Fresnel coefficient. 


Fig. 16.14.4 Fresnel diffraction by straight edge. 
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We assume that the points P1, P2 lie on the yz plane and take P> to lie in the shadow 
region. The angles 01, 02 may be chosen to be positive or negative to obtain all possible 
locations of Pı, P> relative to the screen. 

The diffraction coefficient is still given by Eq. (16.13.8) but with r1, r replaced by 
the distances l4, l2. The unit vectors towards P} and P>» are: 


Îi = —zcos@, — sin 01, Lb = Żcos 02 — sin 02 (16.14.11) 
Since r’ = x’ + y’y and ni = Z, we find: 


l-r =-y' sinbi, l -r= -y sinf, f-l =-cosı, f- lb = cos02 


The quadratic approximation for the lengths Rj, Ro gives, then: 


L k 
1 1\x? cos? 01 cos? 0z \ y”? 

= y' (sin @, + sin 0 -( ) H ' 

y (sin 0ı + sin 02) A ( T; i 7 
sl x”? 1 [y’? + 2F’y’ (sin 0, + sin 02) | 

2F 2F’ 

L sy 1 Pa 2 l > 
= + op Y + Yo) opr Y0 


where we defined the focal lengths F, F’ and the shift yo: 


1 1 1 1 cos?@; cos? 02 7 
= H = = F (sin 0; + sin 0 16.14.12 
FLD’ F i D’ Yo (sin 0ı + sin 02) (16 ) 


Using these approximations in Eq. (16.13.6) and replacing r1, r2 by lı, l2, we find: 


j -jk (lı +l2) x o ; 
z Maeti -b)-(@i- dif e JR (Ri +R2-h-h) ds’ 


4Trlil2 s 
kA e Kh +2) ea ane eee a 
Spey n + cos 02) elkyo/2F fe jkx?/2F-jk 0" +y0)?/2F" qx'dy' 
1l2 


The x’-integral is over the range —œ < x’ < œ and can be converted to a Fresnel 
integral with the change of variables u = x’yk/ (TTF): 


O pS DE gy Ef -jru g TE aL; 
fe dx k he du k (-j) 


The y’-integral is over the upper-half of the xy-plane, that is, 0 < y’ < œ. Defining 
the Fresnel variables u = (y’ + Yo) Vk/ (TF) and v = yovVk/ (1tF’), we find: 


Je =jk(y' +¥0)?/2F" g ena emi du = TE J)D(-v) 
0 


where the function D(v) was defined in Eq. (16.14.1). Putting all the factors together, 
we may write the diffracted field at the point Pp in the form: 
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—Jjkle 
E = Eedge E~ (straight-edge diffraction) (16.14.13) 


de Deage 
2 


where we set ky5/ 2F' = trv*/2 and defined the incident field Eeage at the edge and the 
overall edge-diffraction coefficient Deage by: 


eJkh FF’ (5 01 + cos 02 


Eeage = A1—— ,__ Dedge = Jer? D(-v) (16.14.14) 
l l> 2 


The second factor (e ~K! INT) in (16.14.13) may be interpreted as a cylindrical wave 
emanating from the edge as a result of the incident field Eeage. The third factor Deage is 
the angular gain of the cylindrical wave. The quantity v may be written as: 


v=,/| ane amy i (sin 8, + sin 02) (16.14.15) 
TF TT 


Depending on the sign and relative sizes of the angles 0; and 02, it follows that 
v > 0 when P: lies in the shadow region, and v < 0 when it lies in the illuminated 
region. For large positive v, we may use Eq. (16.14.4) to obtain the asymptotic form of 
the edge-diffraction coefficient Deage: 


Diez FF’ cos 0; + cos 02 pinv?/2 1-j nim /2 _ FF’ cos @; + cos @2 1-j 
Io 2 2TTV lə 2 2TTV 


Writing F/I, = Vii + l2) and replacing v from Eq. (16.14.15), the VF’ factor 
cancels and we obtain: 


l (1-J) (cos 6; + cos 02) 
Daga] 16.14.16 
edge li +l 4J/trk(sin 0; + sin 02) ( ) 
This expression may be simplified further by defining the overall diffraction angle 
0 = 0, + 02, as shown in Fig. 16.14.4 and using the trigonometric identity: 


cos 0; + cos 02 (=) 
: : = cot 
sin 0; + sin 02 2 


Then, Eq. (16.14.16) may be written in the form: 


|  G-s/) (A 
Deage = bek alee cot 3 (16.14.17) 


The asymptotic diffraction coefficient is obtained from Eqs. (16.14.16) or (16.14.17) 
by taking the limit lı — œ, which gives ylı/ (lı + l2) > 1. Thus, 


(1 — j) (cos 0; + cos 02) (1 -J) cot? 
4/trk(sinO@,+sin@2) 4 V/7k 2 


Eqs. (16.14.17) and (16.14.18) are equivalent to those given in [615]. 


Deage = (16.14.18) 
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The two choices for the origin lead to two different expressions for the diffracted 
fields. However, the expressions agree near the forward direction, 0 = 0. It is easily 
verified that both Eq. (16.14.1) and (16.14.17) lead to the same approximation for the 


diffracted field: 
eke l 1 —J 
E = Ecage | m (16.14.19) 
yE lh +12 2V1tk 0 


16.15 Geometrical Theory of Diffraction 


Geometrical theory of diffraction is an extension of geometrical optics [628-634]. It 
views diffraction as a local edge effect. In addition to the ordinary rays of geometrical 
optics, it postulates the existence of “diffracted rays” from edges. The diffracted rays 
can reach into shadow regions, where geometrical optics fails. 

An incident ray at an edge generates an infinity of diffracted rays emanating from the 
edge having different angular gains given by a diffraction coefficient Deage. An example 
of such a diffracted ray is given by Eq. (16.14.13). 

The edge-diffraction coefficient Deage depends on (a) the type of the incident wave, 
such as plane wave, or spherical, (b) the type and local geometry of the edge, such as a 
knife-edge or a wedge, and (c) the directions of the incident and diffracted rays. 

The diffracted field and coefficient are usually taken to be in their asymptotic forms, 
like those of Eq. (16.15.26). The asymptotic forms are derived from certain exactly 
solvable canonical problems, such as a conducting edge, a wedge, and so on. 

The first and most influential of all such problems was Sommerfeld’s solution of a 
plane wave incident on a conducting half-plane [611], and we discuss it below. 

Fig. 16.15.1 shows a plane wave incident at an angle œ on the conducting plane 
occupying half of the xz-plane for x > 0. The plane of incidence is taken to be the xy- 
plane. Because of the cylindrical symmetry of the problem, we may assume that there 
is no z-dependence and that the fields depend only on the cylindrical coordinates p, œ. 


reflection region incident plane wave 


ON 
\ 


field point P 
Fig. 16.15.1 Plane wave incident on conducting half-plane. 
Two polarizations may be considered: TE, in which the electric field is E = 2 Ez, and 


TM, which has H = z H,;. Using cylindrical coordinates defined in Eq. (E.2) of Appendix 
13.8, and setting 0/0z = 0, Maxwell’s equations reduce in the two cases into: 
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(TE) VE, +k?E,=0, Hp = 2 La Ho Eadie 
jwu p op jwu op 
| 10H 1 OH (16.15.1) 
TM) V°*H,+k*?H, = (Pi os See Epas z 
(IM) - z=0, Ep jwep od’ $ jwe õp 
where k? = w° ue, and the two-dimensional V? is in cylindrical coordinates: 
1 ð ð 1 0 
2 J 
e ( 2) Ean (16.15.2) 


The boundary conditions require that the tangential electric field be zero on both 
sides of the conducting plane, that is, for $ = 0 and ¢@ = 2r. In the TE case, the 
tangential electric field is Ez, and in the TM case, Ex = Ep cosp — Eg sing@ = Ep = 
(1/jwep) (0H,/0¢), for $ = 0, 27r. Thus, the boundary conditions are: 


(TE) E,=0, for 6 =0 and }=2tT 


16.15.3 
T o, for p =0 and $ = 2r t i 


In Fig. 16.15.1, we assume that 0 < œ < 90° and distinguish three wedge regions 
defined by the half-plane and the directions along the reflected and transmitted rays: 


(TM) 


reflection region (AOB): O<s<p<m-a 
transmission region (BOC): T-A<P<T+A (16.15.4) 
shadow region (COA): TW+tA<b<2Tt 


The case when 90° < œ < 180° is shown in Fig. 16.15.2, in which œ has been 
redefined to still be in the range 0 < « < 90°. The three wedge regions are now: 


reflection region (AOB): 0<Pd<a 
transmission region (BOC): a<Pd<2T-a (16.15.5) 
shadow region (COA): 2T- QA <p <2 


We construct the Sommerfeld solution in stages. We start by looking for solutions 
of the Helmholtz equation V*U + k?U = 0 that have the factored form: U = ED, where 
E is also a solution, but a simple one, such as that of the incident plane wave. Using the 
differential identities of Appendix C, we have: 


V?7U +k°U = D(V7E+k°E) +EV*7D+2VE-VD 


Thus, the conditions V?U + k?U = 0 and V°E + k*E = 0 require: 


EV°D+2VE:-VD=0 > V*D+2(VInE)-VD=0 (16.15.6) 


If we assume that E is of the form E = ef, where f is a real-valued function, then, 
equating to zero the real and imaginary parts of V°E + k°E = 0, we find for f: 


VE+K°E =E(k°-Vf-Vf+iv?f)=0 > V*f=0, Vf-Vf =k? (6.15.7) 
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incident a, y? 
plane wave , wo 
we y 
3 reflection region x 
TAN Sa | i 
transmission region ake shadow region 
^c 
field point P% ~~~. diffracted cylindrical wave 
Fig. 16.15.2 Plane wave incident on conducting half-plane. 
Next, we assume that D is of the form: 
y . 
D= Do | e90) dy (16.15.8) 


where Do is a constant, v is a function of p, p, and g (u) is a real-valued function to be 
determined. Noting that VD = Doe} Vv and Vg = g' (v) VV, we find: 


VD = Doe Vv, V?D = Doe (V?v — jg’ (v) Vv - Vv) 
Then, it follows from Eq. (16.15.6) that V?D + 2(VInE)-VD = V*D+jVf - VD and: 
V?D +jVf -VD =Doe49[V2v + j(2VF -Vv —g'Vv- Vv) ]=0 
Equating the real and imaginary parts to zero, we obtain the two conditions: 


vv =0, salve = g' (v) (16.15.9) 


Sommerfeld’s solution involves the Fresnel diffraction coefficient of Eq. (16.14.1), 
which can be written as follows: 


_j Y 4s 
D(v)= yj Ee +F) | = = e STU /2 ay (16.15.10) 


1- J l-a 


Therefore, we are led to choose g (u) = Tru*/2 and Do = 1/ (1 — j). To summarize, 
we may construct a solution of the Helmholtz equation in the form: 


V?U +k°U=0, U = ED = e D (v) (16.15.11) 


where f and v must be chosen to satisfy the four conditions: 


vV?f=0, Vf- Vf =k? 


g (16.15.12) 
yy.-yy 9 V5 


V’v = 0, 
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It can be verified easily that the functions u = p° cosad and u = p° sin aq are solu- 
tions of the two-dimensional Laplace equation V7u = 0, for any value of the parameter 
a. Taking f to be of the form f = Ap% cos ad, we have the condition: 


Vf = Aap*"'[pcosap-dsinad] > Vf-Vf =A?a?p?-) =k? 


This immediately implies that a = 1 and A? = k’, so that A = +k. Thus, f = 
Ap cos œ = kp cos œ. Next, we choose v = Bp* cosa. Then: 


Vf =A(pcosd — psind) 
Vv = Bap" '|pcosad — ẹ sinag] 
Vf- Vv = ABap* '|[cos¢ cosad + sing sinag] = ABap*' cos( - af) 
Vv - Vv = Ba? p?(4-) 
Then, the last of the conditions (16.15.12) requires that: 


1 2Vf:-Vv 2Ap!-*4cos(h — ad) i 


Tv Vv- Vv traB? cosa 


which implies that a = 1/2 and B? = 2A/tta = 4A/tr. But since A = +k, only the 
case A = k is compatible with a real coefficient B. Thus, we have B? = 4k/mTr, or, 


B = +2Vk/tr. 
In a similar fashion, we find that if we take v = Bp“ sinag, then a = 1/2, but now 
B? = —4A/n, requiring that A = —k, and B = +2vk/m. In summary, we have the 


following solutions of the conditions (16.15.12): 


= ES [k 1/2 $ 
f =+kpcos¢, v=+2 7? COs 


(16.15.13) 
k p 
=k : = +2 rm AUA a e 
f pcos o v [Ke sin 3 
The corresponding solutions (16.15.11) of the Helmholtz equation are: 
j |k 
U (p, p)= eest D(y), vet K pi cos È 
(16.15.14) 
—Jk p k em? 
U(p,pġ)=e JKP COS D(v), Yoe we sin -5 


The function D(v) may be replaced by the equivalent form of Eq. (16.14.5) in order 
to bring out its asymptotic behavior for large v: 


qq > 


U(p, d)= eike cose [u (v) +d(v)eT™/2], v= +? Jie cos $ 
e 
2 


U(p,ġ)= e Jkecos$ [u (v) +d (vest /2], v= +? f pil? sin 
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Using the trigonometric identities cos ġ = 2cos?(p/2)—1 = 1 — 2 sin? (ġ/2), we 
find for the two choices of v: 


kp cos $ — anv kp [cos — 2 cos? e] = -kp 


—kp cos $ — anv -kp [cos¢ + 2 sin? e] =-kp 


Thus, an alternative form of Eq. (16.15.14) is: 


U(p, p)= eke eos? u(y) +e Jk? d(v), v 


Il 
l4 
N 
a 
o 
: 
Pe} 
a 
O 
[e] 


’ 

2 
(16.15.15) 

U(p, p)= erst y (y) +eJkP d(v), v= +2, [£ pe sin Ê 


Shifting the origin of the angle œ still leads to a solution. Indeed, defining p’ = 
c+ &, we note the property 0/3’ = 0/0¢q, which implies the invariance of the Laplace 
operator under this change. The functions U (p, + &) are the elementary solutions 
from which the Sommerfeld solution is built. 

Considering the TE case first, the incident plane wave in Fig. 16.15.1 is E = 2 Ej, 
where E; = Eoe~/*', with r = Xp cosh + Ypsing and k = —k (cos & + sina). It 
follows that: 

k-r=-kp(cos¢cos & + sing sin x) = -kp cos(¢ — a) 


s : (16.15.16) 
Ej = Eye Jk = Egel? sp-a) 


The image of this electric field with respect to the perfect conducting plane will 
be the reflected field E, = —Epe~/*r'*, where kr = k(—Xcos & + Ẹsin &), resulting in 
E, = —EpejkPe cos($+a). The sum E; + E, does vanish for @ = 0 and ¢ = 27, but it also 
vanishes for @ = Tr. Therefore, it is an appropriate solution for a full conducting plane 
(the entire xz-plane), not for the half-plane. 

Sommerfeld’s solution, which satisfies the correct boundary conditions, is obtained 
by forming the linear combinations of the solutions of the type of Eq. (16.15.14): 


| Ez = Eo[eP st: D (vi) —elkP > D(v,)]| (TE) (16.15.17) 


k ; 
di=P-a, vi= 24] <p! cos ©! 


where 


(16.15.18) 
k 
dr=Pt+e, vr = 24) pli? cos Êr 
For the TM case, we form the sum instead of the difference: 
Hz, = Ho[elke sti D (v;) +k 8 > D(v,)] | (TM) (16.15.19) 


The boundary conditions (16.15.3) are satisfied by both the TE and TM solutions. 
As we see below, the choice of the positive sign in the definitions of vj and v, was 
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required in order to produce the proper diffracted field in the shadow region. Using the 
alternative forms (16.15.15), we separate the terms of the solution as follows: 


E; = Egedke 8 Fi u (vi) —Epedk? 8 br u (vy) +Epe J? [d (vi) -d (vr) | | (16.15.20) 


The first two terms correspond to the incident and reflected fields. The third term is 
the diffracted field. The algebraic signs of vi and v, are as follows within the reflection, 
transmission, and shadow regions of Eq. (16.15.4): 


reflection region: 0<¢<T-a@, vi>0, v>0 
transmission region: T-AK<P<1T+Aa, vi> 0, vr <0 (16.15.21) 
shadow region: T+A<< 27, vi< 0, Wr <0 


The unit-step functions will be accordingly present or absent resulting in the follow- 
ing fields in these three regions: 


reflection region: E,=£E,+E&,+ Eq 
transmission region: Ez = Ei + Eg (16.15.22) 
shadow region: E, = Ea 


where we defined the incident, reflected, and diffracted fields: 
Ei = Ejeske cos $i 
Ey = —Egedke cos Pr (16.15.23) 
Eq = Eoe*?[d(vi)—d (vr) ] 


The diffracted field is present in all three regions, and in particular it is the only one 
in the shadow region. For large v; and v, (positive or negative), we may replace d (v) by 
its asymptotic form d (v) = — (1 — j) / (2Ttv) of Eq. (16.14.6), resulting in the asymptotic 
diffracted field: 


oper (ed) 
27 \Vi Vr 


_Ee ke __1—J 1 l 
2TT2Vk/Trp!/2 \cos(hi/2) cos(ġr/2) 


which can be written in the form: 


eike 
Ea = Eo Ble Deage (16.15.24) 
with an edge-diffraction coefficient: 
j= 7 1 1 
Deage (16.15.25) 
4vTtk cos A cos a 
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Using a trigonometric identity, we may write Deage as follows: 


ae. sin Č 
Dies! : ' es a a naD 
AV TER | cos p-a aie pt a Vttk cos + cos & 
2 2 


Eqs. (16.15.22) and (16.15.24) capture the essence of the geometrical theory of diffrac- 
tion: In addition to the ordinary incident and reflected geometric optics rays, one also 
has diffracted rays in all directions corresponding to a cylindrical wave emanating from 
the edge with a directional gain of Deage. 

For the case of Fig. 16.15.2, the incident and reflected plane waves have propagation 
vectors k = k (2cos & — sin &) and k, = k(zcosa@ + ysina). These correspond to 
the incident and reflected fields: 


E; = Ege Jk = Ege Ske cos(b+ 0) , E= — Ege ikr! = — Ege IKP cos(b—- a) 


In this case, the Sommerfeld TE and TM solutions take the form: 


E, = Eo [eke 08 bi D (yj) —e ke 8 Pr D(v,)] 
l l (16.15.27) 
Hz = Ho[e Jk 8 Fi D (vi) +e 8 Fr D (v_) | 


di= P+, vi= 24) < p¥? sin $i 
dr=P-a, vr = =2, |É pli? sin BF 


The choice of signs in v; and v, are such that they are both negative within the 
shadow region defined by Eq. (16.15.5). The same solution can also be obtained from 
Fig. 16.15.1 and Eq. (16.15.17) by replacing & by 7 — a. 


where, now: 


(16.15.28) 


16.16 Problems 


16.1 Show that Eq. (16.4.9) can be written in the compact vectorial form: 


eoskr jk edkr 
ITF fx [Zxf-—ntx (2 xg)], H=-— fx [Fx (zx f\+nzx g] 


E= -jk 


Similarly, show that Eqs. (16.4.10) and (16.4.11) can be written as: 


—jkr F 2jk eik y z . 
E = —2jk z tx [2x f], H= TAF [Fx (2 xf] 
-jkr eik 
E= 2jkn fx [fF x (zxg)], H= ~2jk Tz tx [zx g] 


16.2 Prove the first pair of equations for E,H of the previous problem by working exclusively 
with the Kottler formulas (16.4.2) and taking their far-field limits. 
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16.3 Explain in detail how the inequality (16.6.12) for the aperture efficiency eg may be thought 
of as an example of the Schwarz inequality. Then, using standard properties of Schwarz 
inequalities, prove that the maximum of ea is unity and is achieved for uniform apertures. 
As a reminder, the Schwarz inequality for single-variable complex-valued functions is: 


2 b b 
< Í If (x) 2 dx - Í Ig (x)|? dx 


a a 


b 
Í f* (x)g (x) dx 


16.4 To prove the equivalence of the Kirchhoff diffraction and Stratton-Chu formulas, (16.10.6) 
and (16.10.7), use the identities (C.24) and (C.27) of Appendix C, to obtain: 


Í [jou GJ+ “GV'p +GV' x Im | dv’ -| [jou Gs P VG +Imx v'a] dv’ 
V V 


- [a£ G+ Ax InG| ds’ 
sS € 
Then, using the identity (C.28), show that Eq. (16.10.6) can be rewritten in the form: 
E(r)= -Í [jou GJ- P V'G+JmX v'G| dv’ 
V 
+f [a2 G+ Ax InG| ds’ 
S € 
-$ [AGV’- E- (û x E)xV'G- Gaix (V' x E)-(f- E) V'G| ds’ 
S 
Finally, use p/€ = V’ - E and V’ x E+ Jm = —jWwuH to obtain (16.10.7). 


16.5 Prove the equivalence of the Stratton-Chu and Kottler formulas, (16.10.7) and (16.10.10), by 
first proving and then using the following dual relationships: 


f Love - J- Y)Y'G]aV' f (ax H)-V')V'G —jwe(a- E)V'G] 


Í [jwpmV'G - (Jm > V’) V'G]aV’ -¢$ [((ax E -V')V'G + jwu (â - HM)V'G] 

Vv S 

To prove these, work component-wise, use Maxwell’s equations (16.2.1), and apply the di- 
vergence theorem on the volume V of Fig. 16.10.1. 


16.6 Prove the equivalence of the Kottler and Franz formulas, (16.10.10) and (16.10.11), by using 
the identity V x (V x A)= V (V - A)-V°A, and by replacing the quantity k?G (r — r’) by 
—6°3) (r—-r’)—VG. Argue that the term 6°) (r—r’) makes a difference only for the volume 
integrals, but not for the surface integrals. 


16.7 Prove the equivalence of the modified Stratton-Chu and Kirchhoff diffraction integral for- 
mulas of Eq. (16.12.1) and (16.12.2) by using the identity (C.37) of Appendix C and replacing 
V’-E=0Oand V’ x E= —jwuH in the source-less region under consideration. 


16.8 Prove the equivalence of the Kottler and modified Stratton-Chu formulas of Eq. (16.12.1) and 
(16.12.2) by subtracting the two expressions, replacing jweE = V’ x H, and using the Stokes 
identity (C.33) of Appendix C. 


16.9 Consider a reflector antenna fed by a horn, as shown 
on the right. A closed surface S = S, + Sq is such 
: : ro 
that the portion S, caps the reflector and the portion y! tS horn feed 
Sq is an aperture in front of the reflector. The feed wae l 
lies outside the closed surface, so that the volume V reflector, > Sa 
enclosed by S is free of current sources. 
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16.10 


16.11 


Applying the Kottler version of the extinction theorem of Sec. 16.10 on the volume V, show 
that for points r outside V, the field radiated by the induced surface currents on the reflector 
S, is equal to the field radiated by the aperture fields on Sq, that is, 


aoe = | [KG Jo + (Js - V’) VG] as! 
jwe Js, 


1 


= qe Í [k?°G (â x H)+( (x H)-V')V'G + jwe(a x E)xV'G] ds’ 

Sa 
where the induced surface currents on the reflector are Js = ñ, X Hand Jms = —û; x E, and 
on the perfectly conducting reflector surface, we must have Jms = 0. 
This result establishes the equivalence of the so-called aperture-field and current-distribution 
methods for reflector antennas [648]. 


Consider an x-polarized uniform plane wave incident obliquely on the straight-edge aperture 
of Fig. 16.14.4, with a wave vector direction kı = Zcos0, + ysin@,. First show that the 
tangential fields at an aperture point r’ = x’ $ + y’ y on the aperture above the straight-edge 
are given by: 
Eq = R Ege Jk” sin 91 Hyg =¥ Eo cos 0; e7 sino 
no 
Then, using Kottler’s formula (16.12.1), and applying the usual Fresnel approximations in 
the integrand, as was done for the point source in Fig. 16.14.4, show that the diffracted 
wave below the edge is given by Eqs. (16.14.13)-(16.14.15), except that the field at the edge 
is Eedge = Eo, and the focal lengths are in this case F = lh and F’ = 12/ cos? 02 
Finally, show that the asymptotic diffracted field (when lp — œ), is given near the forward 
direction 0 = 0 by: 
eik 1-j 
yh 2V/1tk 0 


E E edge 


Assume that the edge in the previous problem is a perfectly conducting screen. Using the 
field-equivalence principle with effective current densities on the aperture above the edge 
Js = 0 and Jms = —2û x Eg, and applying the usual Fresnel approximations, show that the 
diffracted field calculated by Eq. (16.4.1) is is still given by Eqs. (16.14.13)-(16.14.15), except 
that the factor cos 0; + cos 02 is replaced now by 2 cos 02, and that the asymptotic field and 
edge-diffraction coefficient are: 


e-jkl2 (1 — j) 2 cos 02 
E = Eo = Deage,  Dedge = 
a ia “ase © 4 /rrk (sin 0 + sin 02) 


Show that this expression agrees with the exact Sommerfeld solution (16.15.26) at normal 
incidence and near the forward diffracted direction. 
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Aperture Antennas 


17.1 Open-Ended Waveguides 


The aperture fields over an open-ended waveguide are not uniform over the aperture. 
The standard assumption is that they are equal to the fields that would exist if the guide 
were to be continued [1]. 

Fig. 17.1.1 shows a waveguide aperture of dimensions a > b. Putting the origin in 
the middle of the aperture, we assume that the tangential aperture fields Ea, Ha are 
equal to those of the TE;y mode. We have from Eq. (8.4.3): 


>x 


<— o — >| 
; 


—— a — 


Fig. 17.1.1 Electric field over a waveguide aperture. 


vs 


Ey (x’) = Eo cos (™ ) , Ay(x’)= PENT (= ) (17.1.1) 
a NTE a 


where nre = n/K with K = V1 — w2/w2 = fl — (A/2a)*. Note that the boundary 
conditions are satisfied at the left and right walls, x’ = +a/2. 

For larger apertures, such as a > 2A, we may set K ~ 1. For smaller apertures, such 
as 0.5A < a < 2A, we will work with the generalized Huygens source condition (16.5.7). 
The radiated fields are given by Eq. (16.5.5), with fx = 0: 


eskr 
Eg = jk 5 co fy (0, p)sin p 
TEY 
: (17.1.2) 
i eJkr 
Ew = jk Ce fy (0, p)cos p 


27Tr 


558 


17.1. Open-Ended Waveguides 559 


where fy (0, @) is the aperture Fourier transform of Ey (x’), that is, 
al2 eb/2 


fy (0, p) 2 Ey (x) elx tik’ dx’ dy’ 
—a/2 J—b/2 


a/2 Tx’ ea BIZ So, 
= Fo | cos (=) ex dy’ . Í ely dy’ 
-a/2 a —b/2 


The y’ -integration is the same as that for a uniform line aperture. For the x’-integration, 
we use the definite integral: 


a/2 TX’\ au 2a cos(kya/2) 
JkxXx D= x 
J cos ( a Je ax = or 1 (halt)? 


It follows that: 


2ab cos(trvx) sin(TTvy) 
fy (8,6) = Eo Sie ay (17.1.3) 
where Vx = kxa/2r and vy = kyb/2Tr, or, 
a. b ; 
Vy = zme cos, Vy = z sind sind (17.1.4) 


The obliquity factors can be chosen to be one of the three cases: (a) the PEC case, if 
the aperture is terminated in a ground plane, (b) the ordinary Huygens source case, if it 
is radiating into free space, or (c) the modified Huygens source case. Thus, 


co |_| 1 1| 1+cos0 1| 1+Kcos@ 
EA Aoa Eod (17.1.5) 


By normalizing all three cases to unity at 0 = 0°, we may combine them into: 


cr(0)= aa cy (0) = Ke cose (17.1.6) 


where K is one of the three possible values: 


2 
K26,- KaL Kees (>) (17.1.7) 
NTE 2a 


The normalized gains along the two principal planes are given as follows. For the xZ- or 
the H-plane, we set œ = 0°, which gives Eg = 0: 


Moe $ sing (17.1.8) 


7 |E @ lfnax 7 


And, for the yz- or E-plane, we set p = 90°, which gives Eg = 0: 


, Vy=7sind (17.1.9) 


i 2 
sin (TTVy) 
TTV% 
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The function cos (7TVx) / (1 — 4v2) determines the essential properties of the H-plane 
pattern. It is essentially a double-sinc function, as can be seen from the identity: 


1 1 
COS(TVx) T sin (ri T D) sin (riv = D) 
7 (17.1.10) 
1-4 4 (vx +5) m(x- 4) 


It can be evaluated with the help of the MATLAB function dsinc, with usage: 


y = dsinc(x); % the double-sinc function COSTED ut 


1 4x2 [sinc (x + 0.5) + sine(x — 0.5) ] 


The 3-dB width of the E-plane pattern is the same as for the uniform rectangular 
aperture, A0, = 0.886A/b. The dsinc function has the value 71/4 at vx = 1/2. Its 3-dB 
point is at Vy = 0.5945, its first null at vy = 1.5, and its first sidelobe at vx = 1.8894 and 
has height 0.0708 or 23 dB down from the main lobe. It follows from vy = asin@/A 
that the 3-dB width in angle space will be AO, = 2x0.5945 A/a = 1.189A/a. Thus, the 
3-dB widths are in radians and in degrees: 


Ax = 1.189 4 = 68.12° ue Ady = 0.886 is = 50.76° us (17.1.11) 
a a b b 


Example 17.1.1: Fig. 17.1.2 shows the H- and E-plane patterns for a WR90 waveguide operating 
at 10 GHz, so that A = 3 cm. The guide dimensions are a = 2.282 cm, b = 1.016 cm. The 
typical MATLAB code for generating these graphs was: 


a = 2.282; b = 1.016; la = 3; 
th = (0:0.5:90) * pi/180; 


vx = a/la * sin(th); 
vy = b/la * sin(th); 


K = sqrt(1 - Cla/(2*a))A2); % alternatively, K = 0, or, K = 1 


cE = (1 + K*cos(th))/(K+1); % normalized obliquity factors 
cH = (K + cos(th))/(K+1); 


gH = abs(cH .* dsinc(vx).A2); % uses dsinc 
gE = abs(cE .* sinc(vy)).A2; % uses sinc from SP toolbox 
figure; dbp(th,gH,45,12); dB gain polar plot 


figure; dbp(th,gE,45,12); 


The three choices of obliquity factors have been plotted for comparison. We note that the 
Huygens source cases, K = 1 and K = n/nrz, differ very slightly. The H-plane pattern 
vanishes at 0 = 90° in the PEC case (K = 0), but not in the Huygens source cases. 


The gain computed from Eq. (17.1.13)is G = 2.62 or 4.19 dB, and computed from Eq. (17.1.14), 


G = 2.67 or 4.28 dB, where K = n/nrg = 0.75 and (K + 1)?/4K = 1.02. 


This waveguide is not a high-gain antenna. Increasing the dimensions a, b is impractical 
and also would allow the propagation of higher modes, making it very difficult to restrict 
operation to the TE}, mode. o 
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H -Plane Pattern E -Plane Pattern 
\O \O 
e 0 a e 0 a 


180° 180° 


Fig. 17.1.2 Solid line has K = n/n7z, dashed, K = 1, and dash-dotted, K = 0. 


Next, we derive an expression for the directivity and gain of the waveguide aperture. 
The maximum intensity is obtained at 0 = 0°. Because cg (0) = cg (0), we have: 


2 4(ab)? 


cå (0) Eo? S 


= i Oe 1 2 Qe 1 
Umax = 2n |E(O, p) |€ = zazy ô 0 lA C0, )| = 2A2n 


The total power transmitted through the aperture and radiated away is the power 
propagated down the waveguide given by Eq. (8.7.4), that is, 


E 


|Eol?ab (17.1.12) 
4N TE 


Praa = 


It follows that the gain/directivity of the aperture will be: 


Umax 41 8 NTE 2 
Praa 7 A? Tr? par) n co) 


G = 4T 


For the PEC and ordinary Huygens cases, Cg (0)= 1. Assuming nrg = n, we have: 


4m 8 4 
G= Ve -z (ab) = 0.81 a (ab) (17.1.13) 


Thus, the effective area of the waveguide aperture is Aeff = 0.81 (ab) and the aper- 
ture efficiency e = 0.81. For the modified Huygens case, we have for the obliquity factor 
Co (0) = (K + 1)/2 with K = n/nrze. It follows that [642]: 


2 
am Bg EED (17.1.14) 


= A2 TT? 4K 


For waveguides larger than about a wavelength, the directivity factor (K + 1)*/4K 
is practically equal to unity, and the directivity is accurately given by Eq. (17.1.13). The 
table below shows some typical values of K and the directivity factor (operation in the 
TE10 mode requires 0.5A < a <A): 
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ala K (K + 1)*/(4K) 
0.6 | 0.5528 1.0905 
0.8 | 0.7806 1.0154 
1.0 | 0.8660 1.0052 
1.5 | 0.9428 1.0009 
2.0 | 0.9682 1.0003 


The gain-beamwidth product is from Eqs. (17.1.11) and (17.1.13), p = GAO, Ad, = 
4r (0.81) (0.886) (1.189) = 10.723 rad? = 35 202 deg’. Thus, another instance of the 
general formula (14.3.14) is (with the angles given in radians and in degrees): 


10.723 35 202 


oe AQ, AOy 402409 


(17.1.15) 


17.2 Horn Antennas 


The only practical way to increase the directivity of a waveguide is to flare out its ends 
into a horn. Fig. 17.2.1 shows three types of horns: The H-plane sectoral horn in which 
the long side of the waveguide (the a-side) is flared, the E-plane sectoral horn in which 
the short side is flared, and the pyramidal horn in which both sides are flared. 


Z |E NB 


H, H, 


H-plane sectoral horn E-plane sectoral horn pyramidal horn 
Fig. 17.2.1 H-plane, E-plane, and pyramidal horns. 


The pyramidal horn is the most widely used antenna for feeding large microwave 
dish antennas and for calibrating them. The sectoral horns may be considered as special 
limits of the pyramidal horn. We will discuss only the pyramidal case. 

Fig. 17.2.2 shows the geometry in more detail. The two lower figures are the cross- 
sectional views along the xz- and yz-planes. It follows from the geometry that the 
various lengths and flare angles are given by: 


A B 
Ra = Ra, Rp = — R 
a A-a A b B-b B 

A? B? 
La= Rat > L= a 
(17.2.1) 

tan & = a tnpa 

~ 2Ra’ = 2Rp 

A? B? 
Aa = b = 
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The quantities R4 and Rpg represent the perpendicular distances from the plane of 
the waveguide opening to the plane of the horn. Therefore, they must be equal, Ra = Rp. 
Given the horn sides A, B and the common length R 4, Eqs. (17.2.1) allow the calculation 
of all the relevant geometrical quantities required for the construction of the horn. 

The lengths A, and Ap represent the maximum deviation of the radial distance from 
the plane of the horn. The expressions given in Eq. (17.2.1) are approximations obtained 
when Ra > A and Rp > B. Indeed, using the small-x expansion, 


texe2i2" 
2 


we have two possible ways to approximate A,: 


(17.2.2) 
A? A2 A? 
2l 12 =L,—La,/1 = 
4 a4 ae 4L} 8La 


Fig. 17.2.2 The geometry of the pyramidal horn requires R4 = Rpg. 


The two expressions are equal to within the assumed approximation order. The 
length Ag is the maximum deviation of the radial distance at the edge of the horn plane, 
that is, atx = +A/2. For any other distance x along the A-side of the horn, and distance 
y along the B-side, the deviations will be: 


2 2 


Ap(y)= 2n (17.2.3) 


X 
A = 
a(X)= Ro 2Rp 
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The quantities kAg(x) and kAp(y) are the relative phase differences at the point 
(x,y) on the aperture of the horn relative to the center of the aperture. To account for 
these phase differences, the aperture electric field is assumed to have the form: 


Ey (x,y) = Eo cos (=) eika lx) e—JkAv(Y) | gy, (17.2.4) 


TTX Pp P 
Ey (x,y) = Eo cos (=) ekx? /2Ra g—Jky?/2Rp (17.2.5) 


We note that at the connecting end of the waveguide the electric field is Ey (x, y) = 
Eo cos(1tx/a) and changes gradually into the form of Eq. (17.2.5) at the horn end. 

Because the aperture sides A,B are assumed to be large compared to A, the Huy- 
gens source assumption is fairly accurate for the tangential aperture magnetic field, 
Ay (X,Y) = —Ey (x,y) /n, so that: 


1 Me pe 
Hy (x, y) = -7E cos (=) ekx? /2Ra ọ-jky”/2Rp (17.2.6) 


The quantities kAg, kAp are the maximum phase deviations in radians. Therefore, 
Aq/A and Ap/A will be the maximum deviations in cycles. We define: 


Aa_ A? 5 Ay B 
A - SARG? Oo = A BARS 


Sa = (17.2.7) 

It turns out that the optimum values of these parameters that result into the highest 
directivity are approximately: Sg = 3/8 and Sp = 1/4. We will use these values later in 
the design of optimum horns. For the purpose of deriving convenient expressions for 
the radiation patterns of the horn, we define the related quantities: 


A? f B? 
= AG piss 
DAR,’ 70 — 45 = SAR, 


T$ = 4Sa (17.2.8) 


The near-optimum values of these constants are Og = V4Sa = /4(3/8) = 1.2247 
and Op = V4Sp = /4(1/4) = 1. These are used very widely, but they are not quite the 
true optimum values, which are Og = 1.2593 and Oy = 1.0246. 

Replacing k = 27r/A and 2ARq = A?/o% and 2ARp = B*/o; in Eq. (17.2.5), we may 
rewrite the aperture fields in the form: For —A/2 < x < A/2 and —B/2 < y < B/2, 


Ey (x,y) = Eo cos (=) J (11/2) 03 (2x/A)? o- (10/2) oF (2y/B)? 
; A 


(17.2.9) 


mayia i 86s (=) ond (t/2)03 (2x/ A)? o7) (11/2) oF (2y/B)? 
J n A 


17.3 Horn Radiation Fields 


As in the case of the open-ended waveguide, the aperture Fourier transform of the elec- 
tric field has only a y-component given by: 
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Al2 7B/2 ee 
fy(0,) = Ey (x, y) efo dx dy 
—-A/2 J—-B/2 
A/2 TTX , , š A B/2 J ; > 3 
= Fo | cos (=) edkxxX 9 —J (1/2) 0G (2x/ A) dx. Í edkyy oJ (1/2) 07, (2y/B) dy 
-A/2 —B/2 


The above integrals can be expressed in terms of the following diffraction-like inte- 
grals, whose properties are discussed in Appendix F: 


E 9 5 
Fo (v, 0) = E eITVE eiT E gg 


i (17.3.1) 
Fı(v,o) = i cos (=) eiS g-I(m/2)0° E ge 
The function Fo (v, o) can be expressed as: 
BE 2 je! 
Fo(v, 0) = — el T/D 8/0") [e(z H c) F(Z o) | (17.3.2) 
Oo Oo Oo 


where F(x) = C(x)—jS(xX) is the standard Fresnel integral, discussed in Appendix F. 
Then, the function F; (v, 0) can be expressed in terms of Fo(v, 0): 


Fi(v,a)= S [Fotw + 0.5,0)+Fo(v — 0.5, 0) | (17.3.3) 


The functions Fo(v,o) and F,(v,s) can be evaluated numerically for any vector 
of values v and any positive scalar o (including 0 = 0) using the MATLAB function 
diffint, which is further discussed in Appendix F and has usage: 


FO diffint(v,sigma,0); % evaluates the function Fo (v, o`) 
Fl = diffint(v,sigma,1); % evaluates the function F4 (v, o) 


In addition to diffint, the following MATLAB functions, to be discussed later, fa- 
cilitate working with horn antennas: 


hband % calculate 3-dB bandedges 

heff % calculate aperture efficiency 
hgain % calculate H- and E-plane gains 
hopt % optimum horn design 

hsigma % calculate optimum values of Ca, Op 


Next, we express the radiation patterns in terms of the functions (17.3.1). Defining 
the normalized wavenumbers vx = kxA/27t and vy = kyB/2Tr, we have: 


Vy = + sin cos, Vy = = sind sind (17.3.4) 


Changing variables to § = 2y/B, the y-integral can written in terms of Fo(v, o): 
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BI? ikyy pi (rt/2)03 (2y/B)2 Borg ~j (1/2) 02 © B 
G d E E dy = al sere J(mi2on 8" gg = 3 Fo (Vy, Ob) 


Similarly, changing variables to § = 2x/A, we find for the x-integral: 


Ale TTX r j 2 2 
Í cos (=) edkxx 9 —j (1/2) 0G (2x/A) dx 
—A/2 A 


Af! ; i 2 x: A 
= Af , cos (=) eITIVE 9 J (t/2) 05 £? dé = 3 Fı (Vx, Ca) 


It follows that the Fourier transform fy (0, @) will be: 


AB 
fy (0, p) = Eo F, (Vx, Oa) Fo (Vy, Op) (17.3.5) 


The open-ended waveguide and the sectoral horns can be thought of as limiting cases 
of Eq. (17.3.5), as follows: 


1. open-ended waveguide: Og=0, A=a, o,p=0, B=b. 
2. H-plane sectoral horn: Oa>0, A>a, op=0, B=b. 
3. E-plane sectoral horn: Oa=0, A=a, Op>O, B>b. 


In these cases, the F-factors with ø = 0 can be replaced by the following simplified 
forms, which follow from equations (F.12) and (F.17) of Appendix F: 
sin (TTVy) 


4 
noge Oe oS a 


17.3.6 
Vy T 1-4 i ! 


The radiation fields are obtained from Eq. (16.5.5), with obliquity factors cg (0) = 
C (0)= (1 + cos @)/2. Replacing k = 27T/A, we have: 


—jkr 
Ar 
—jkr 
Ar 


Eo = j ——co(0) fy (0, p)sin p 


(17.3.7) 


Ep = j <— cg(0) fy (0, p) cos p 


or, explicitly, 


„eir AB /1+cos@)\ . 
( ) sing Fy (Vx, Fa) Fo (Vy, Op) 


(17.3.8) 


„eik AB (1+ cos@ 
( > ) cos pF (Vx; Fa) Fo (Vy, Op) 


Horn Radiation Patterns 
The radiation intensity is U (0, @) = r° (|Eọ|? + |Eg|?) /2n, so that: 


1 


= Zana Eol? (AB)? c (8) [Fi (vx, Oa) Fo (Vy, Ob) |? (17.3.9) 


U(0, ®) 
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Assuming that the maximum intensity is towards the forward direction, that is, at 
Vx = Vy = 0, we have: 
1 
Umax = =5~35 |Eol? (AB)? | Fi (0, ca) Fo (0, op) |” (17.3.10) 
32nAa 
The direction of maximum gain is not necessarily in the forward direction, but it 
may be nearby. This happens typically when oy > 1.54. Most designs use the optimum 
value Oy = 1, which does have a maximum in the forward direction. With these caveats 
in mind, we define the normalized gain: 


U(0,p) | 1+cos@ |? | Fi (vx, Ca) Fo (vy, Ob) 
(0, p) = = | | | (17.3.11) 
A Gs 2 F1 (0, a) Fo (0, op) 
Similarly, the H- and E-plane gains corresponding to ġ = 0° and @ = 90° are: 
1 + cos 0 |? | Fi (Vx, Ga) |? i A. 
gu (0)= | 3 | Fi(0,0,) = g(0,0°), Vx = z sind 
(17.3.12) 
1+ cos@ |° | Fo(vy, op) i B 
0) = = g(0,90° = — sin 
ge(0) | 7 | oe g(@,90°), vy 4 sin 


The normalizing values F: (0, oa) and Fo (0, op) are obtained from Eqs. (F.11) and 
(F.15) of Appendix F. They are given in terms of the Fresnel function F (x) = C (x) —jS (x) 


as follows: 
1 1 1 2 
IF (0,00)? = <5 |F (=> + a) -F ( ca) 
Oa 204 20a 
: (17.3.13) 
F (Op) 
Fo (0, 0p) |? = 4 |22 
Op 
These have the limiting values for Og = 0 and Op = 0: 
2 _ 16 2 
|Fı (0, 0)|° = |Fo(0,0)|* = 4 (17.3.14) 


T?’ 


The mainlobe/sidelobe characteristics of the gain functions gy (0) and gg(0) de- 
pend essentially on the two functions: 


Fı (Vx, Ca) 


Fı (0, Oa) (17.3.15) 


Fo (vy, Op) | 


» fo(Vy, Oa) = | Fo (0, Op) 


fi (Vx, Oa) = | 

Fig. 17.3.1 shows these functions for the following values of the o-parameters: Oa = 
[0, 1.2593, 1.37, 1.4749, 1.54] and oy = [0, 0.7375, 1.0246, 1.37, 1.54]. 

The values Og = 1.2593 and Oy, = 1.0246 are the optimum values that maximize 
the horn directivity (they are close to the commonly used values of Og = V1.5 = 1.2247 
and Op = 1.) 

The values Og = 1.4749 and Op = Oq/2 = 0.7375 are the optimum values that 
achieve the highest directivity for a waveguide and horn that have the same aspect ratio 
of b/a = B/A = 1/2. 
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Fig. 17.3.1 Gain functions for different o-parameters. 


For Og = Op = O, the functions reduce to the sinc and double-sinc functions of 
Eq. (17.3.6). The value op = 1.37 was chosen because the function fo (vy, op) develops 
a plateau at the 3-dB level, making the definition of the 3-dB width ambiguous. 

The value op = 1.54 was chosen because fo (Vy, Op) exhibits a secondary maximum 
away from vy = 0. This maximum becomes stronger as Op is increased further. 

The functions fı (v, o) and fo(v, o) can be evaluated for any vector of v-values and 
any g with the help of the function diffint. For example, the following code computes 
them over the interval 0 < v < 4 for the optimum values Og = 1.2593 and Op = 1.0246, 
and also determines the 3-dB bandedges with the help of the function hband: 


sa = 1.2593; sb = 1.0249; 


v = 0:0.01:4; 

f1 = abs(diffint(v,sa,1) / diffint(0,sa,1)); 

f0 = abs(diffint(v,sb,0) / diffint(0,sb,0)); 

va = hband(sa,1); % 3-dB bandedge for H-plane pattern 
vb = hband(sb,0); % 3-dB bandedge for E-plane pattern 


The mainlobes become wider as Og and Oy increase. The 3-dB bandedges corre- 
sponding to the optimum oss are found from hband to be va = 0.6928 and vp = 0.4737, 
and are shown on the graphs. 

The 3-dB width in angle 0 can be determined from vx = (A/A)sin@, which gives 
approximately Aĝa = (2Vq) (A/A) —the approximation being good for A > 2A. Thus, 
in radians and in degrees, we obtain the H-plane and E-plane optimum 3-dB widths: 


A 


A A A 
AO, =1. — = 79.39°—, Ady = 0.9474 — = 54.28° — 
a 3856 7 9.39 ; p = 0.9 B 5 s 


17.3.1 
A (17.3.16) 


The indicated angles must be replaced by 77.90° and 53.88° if the near-optimum os 
are used instead, that is, 0g = 1.2247 and Op = 1. 

Because of the 3-dB plateau of fo (Vy, Cp) at or near Oy = 1.37, the function hband 
defines the bandedge to be in the middle of the plateau. At op = 1.37, the computed 
bandedge is vp = 0.9860, and is shown in Fig. 17.3.1. 
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The 3-dB bandedges for the parameters Og = 1.4749 and op = 0.7375 correspond- 
ing to aspect ratio of 1/2 are Vg = 0.8402 (shown on the left graph) and vp = 0.4499. 

The MATLAB function hgain computes the gains gy (0) and gg (0) at N + 1 equally 
spaced angles over the interval [0,7r/2], given the horn dimensions A,B and the pa- 
rameters Og, Op. It has usage: 


[gh,ge,th] = hgain(N,A,B,sa,sb); % note: th = linspace(O, pi/2, N+1) 
[gh,ge, th] hgain(N,A,B); % uses optimum values Ga = 1.2593, Op = 1.0246 


Example 17.3.1: Fig. 17.3.2 shows the H- and E-plane gains of a horn with sides A = 4A and 
B = 3A and for the optimum values of the o-parameters. The 3-dB angle widths were 
computed from Eq. (17.3.16) to be: Aĝa = 19.85° and A@y = 18.09°. 


The graphs show also a 3-dB gain circle as it intersects the gain curves at the 3-dB angles, 
which are 404/2 and 40p/2. 


H -plane gain 
0° 


E -plane gain 
8 o o° 


8 8 


Fig. 17.3.2 H- and E-plane gains for A = 4A, B = 3A, and Og = 1.2593, Op = 1.0246. 


The essential MATLAB code for generating the left graph was: 


A = 4; B = 3; N = 200; 


[gh,ge,th] = hgain(N,A,B); % calculate gains 

Dtha = 79.39/A; % calculate width 40a 
dbp(th, gh); % make polar plot in dB 
addbwp (Dtha) ; % add the 3-dB widths 
addcirc(3); % add a 3-dB gain circle 


We will see later that the gain of this horn is G = 18.68 dB and that it can fit on a waveguide 
with sides a = A and b = 0.35A, with an axial length of R4 = Rg = 3.78A. (m 


17.4 Horn Directivity 


The radiated power Praa is obtained by integrating the Poynting vector of the aperture 
fields over the horn area. The quadratic phase factors in Eq. (17.2.9) have no effect on 
this calculation, the result being the same as in the case of a waveguide. Thus, 
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1 
Praa = =~ |Eo|? (AB) (17.4.1) 
4n 
It follows that the horn directivity will be: 
Umax 41 1 2 41 
G = 4 Paa TA? (AB) z | Fi (0, 0a) Fo(0,0p)| =e qo AB (17.4.2) 


where we defined the aperture efficiency e by: 


1 
e(Fa,0b)= z |Fi (0, Fa) Fo(0, op) |? (17.4.3) 


Using the MATLAB function diffint, we may compute e for any values of Og, Op. 
In particular, we find for the optimum values Og = 1.2593 and Oy = 1.0246: 


Ga = 1.2593 > |F1(0,0q) |? =|diffint(0, ca, 1) |? = 1.2520 rere 
Op = 1.0246 => |Fo(0, op) |? =|diffint(0, op, 0) |° = 3.1282 mS 
This leads to the aperture efficiency: 
1 

e= g (12520) (3.1282) = 0.49 (17.4.5) 

and to the optimum horn directivity: 
41 . F = 
G = 0.49 ro AB (optimum horn directivity) (17.4.6) 


If we use the near-optimum values of Og = V1.5 and gp = 1, the calculated efficiency 
becomes e = 0.51. It may seem strange that the efficiency is larger for the non-optimum 
Oa, On. We will see in the next section that “optimum” does not mean maximizing the 
efficiency, but rather maximizing the gain given the geometrical constraints of the horn. 

The gain-beamwidth product is from Eqs. (17.3.16) and (17.4.6), p = GAOgAOp = 
Att (0.49) (1.3856) (0.9474) = 8.083 rad? = 26535 deg’. Thus, in radians and in de- 
grees, we have another instance of (14.3.14): 


8.083 26535 
~ AOgAO, AOS AO? 


G (17.4.7) 


The gain of the H-plane sectoral horn is obtained by setting op = 0, which gives 
Fo(0,0)= 2. Similarly, the E-plane horn is obtained by setting Og = 0, with F: (0, 0) = 
4/tr. Thus, we have: 


A o l 2T 

Gu = 47 (AB) 3 |F1 (0, oa) |4 = 55 (AB) |F; (0, oa) |? 
ae ; (17.4.8) 
TT 2 2 

Ge = 9 (AB) 5 3 |Fo (0, op) |" = 745 (AB) | Fo (0, o») | 


The corresponding aperture efficiencies follow by dividing Eqs. (17.4.8) by 47TAB/A?: 
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1 2 
ep (0a) = e (0a, 0)= 5 |Fi (0, Oa) |7, ez (on) = e (0, on) = ~z | Fo(0, op) |? 


In the limit Og = Op = 0, we find e = 0.81, which agrees with Eq. (17.1.13) of the 
open waveguide case. The MATLAB function heff calculates the aperture efficiency 
e (Oa, Cp) for any values of Og, Op. It has usage: 


e = heff(sa,sb); % horn antenna efficiency 


Next, we discuss the conditions for optimum directivity. In constructing a horn an- 
tenna, we have the constraints of (a) keeping the dimensions a, b of the feeding waveg- 
uide small enough so that only the TEiọ mode is excited, and (b) maintaining the equal- 
ity of the axial lengths Ra = Rpg between the waveguide and horn planes, as shown in 
Fig. 17.2.2. Using Eqs. (17.2.1) and (17.2.8), we have: 


A-a A(A - a) B-b B(B- b) 
Ra = Ra = ; Rz= Rp = 17.4.9 
ATOA OE 20 BO B PUO 2A CRN 
Then, the geometrical constraint R4 = Rg implies; 
A(A-a) B(B-b) o B(B-b) 
= = 17.4.10 
2A0% 2A0; og A(A-a) 


We wish to maximize the gain while respecting the geometry of the horn. For a fixed 
axial distance R4 = Rg, we wish to determine the optimum dimensions A, B that will 
maximize the gain. 

The lengths R 4, Rg are related to the radial lengths Ra, Rp by Eq. (17.4.9). For A > a, 
the lengths Rg and R4 are practically equal, and similarly for Rp and Rg. Therefore, an 
almost equivalent (but more convenient) problem is to find A, B that maximize the gain 
for fixed values of the radial distances Rg, Rp. 

Because of the relationships A = Og/2ARq and B = Op /2ARzp, this problem is 
equivalent to finding the optimum values of Oa and Oy that will maximize the gain. 
Replacing A, B in Eq. (17.4.2), we rewrite G in the form: 


4 1 
G= au (oaf2àRa] (on/2AR» F | Fı (0, Ca) Fo (0, op) [* or, 


TT/RaRp 
G= —.— 
A 
where we defined the directivity functions: 


fa(Oa) fb (Cn) (17.4.11) 


fa(Oa)= Ga|Fi (0,0) |°, folop) = On| Fo(0, on) |? (17.4.12) 


These functions are plotted on the left graph of Fig. 17.4.1. Their maxima occur at 
Oa = 1.2593 and Op = 1.0246. As we mentioned before, these values are sometimes 
approximated by Og = V1.5 = 1.2244 and Oy = 1. 

An alternative class of directivity functions can be derived by constructing a horn 
whose aperture has the same aspect ratio as the waveguide, that is, 
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Directivity Functions Function f,(o) 


r =2/5, o, =1.5127 
. — falo) --- r =4/9, o, =1.4982 
3} EASY --- f,(o) 6l — r=1/2, o, =1.4749 


-- r=1, o, =1.1079 


— =- =r (17.4.13) 


The aspect ratio of a typical waveguide is of the order of r = 0.5, which ensures the 
largest operating bandwidth in the TE1ọ mode and the largest power transmitted. 

It follows from Eq. (17.4.13) that (17.4.10) will be satisfied provided o/o? =r°, or 
Op = rOa. The directivity (17.4.11) becomes: 


G = TN frora) (17.4.14) 
where we defined the function: 
fr (Oa) = fa (Ca) fo (10a) = r 02 |F: (0, Ga) Fo (0, roa) |? (17.4.15) 


This function has a maximum, which depends on the aspect ratio r. The right graph 
of Fig. 17.4.1 shows f;(o@) and its maxima for various values of r. The aspect ratio 
r = 1/2 is used in many standard guides, r = 4/9 is used in the WR-90 waveguide, and 
r = 2/5 in the WR-42. 

The MATLAB function hsigma computes the optimum 04 and Oy = rd, for a given 
aspect ratio r. It has usage: 


[sa,sb] = hsigma(r); % optimum o-parameters 


With input r = 0, it outputs the separate optimal values Og = 1.2593 and Op = 
1.0246. For r = 0.5, it gives Og = 1.4749 and Oy = Oqg/2 = 0.7375, with corresponding 
aperture efficiency e = 0.4743. 


17.5 Horn Design 


The design problem for a horn antenna is to determine the sides A, B that will achieve a 
given gain G and will also fit geometrically with a given waveguide of sides a, b, satisfying 
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the condition Ra = Rg. The two design equations for A, B are then Eqs. (17.4.2) and 
(17.4.10): 


_ 4 ofp  B(B-b) 
G=e AB, a = Aa) Zd) (17.5.1) 


The design of the constant aspect ratio case is straightforward. Because Op = rOa, 
the second condition is already satisfied. Then, the first condition can be solved for A, 
from which one obtains B = rA and R4 = A(A - a)/ (2AG2): 


4 | G 
G=e zz A (rA) A=À Tee (17.5.2) 


In Eq. (17.5.2), the aperture efficiency e must be calculated from Eq. (17.4.3) with the 
help of the MATLAB function heff. 

For unequal aspect ratios and arbitrary 0g, Op, one must solve the system of equa- 
tions (17.5.1) for the two unknowns A, B. To avoid negative solutions for B, the second 
equation in (17.5.1) can be solved for B in terms of A,a,b, thus replacing the above 
system with: 


2 2 
fı (A,B) =B a -L a(A—a) | =0 
Oa 


2 4 
(17.5.3) 
: 2G 
f2 (A,B) =AB- Tre =0 


This system can be solved iteratively using Newton’s method, which amounts to 
starting with some initial values A, B and keep replacing them with the corrected values 
A + AA and B + AB, where the corrections are computed from: 


AA alf Oafi Oshi 
Ea wher aal a 


The matrix M is given by: 


op 2A-a i _ Oj 2A-a i 
M=| of (2B-b-?2fı) =| of 2B-b 
B A B A 


where we replaced the 2f; term by zero (this is approximately correct near convergence.) 
Good initial values are obtained by assuming that A, B will be much larger than a, b and 
therefore, we write Eq. (17.5.1) approximately in the form: 
4qt o B? 
G =e- AB, +S = 17.5.4 
A2 of A? ( ) 


This system can be solved easily, giving the initial values: 


AEN Ie. sy. SIP (17.5.5) 
47re Op Atte Oa 


Note that these are the same solutions as in the constant-r case. The algorithm 
converges extremely fast, requiring about 3-5 iterations. It has been implemented by 
the MATLAB function hopt with usage: 
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[A,B,R,err] = hopt(G,a,b,sa,sb); % optimum horn antenna design 
[A,B,R,err] = hopt(G,a,b,sa,sb,N); % N is the maximum number of iterations 
[A,B,R,err] = hopt(G,a,b,sa,sb,0); % outputs initial values only 


where G is the desired gain in dB, a,b are the waveguide dimensions. The output R 
is the common axial length R = R4 = Rg. All lengths are given in units of A. If the 
parameters Og, Op» are omitted, their optimum values are used. The quantity err is the 
approximation error, and N, the maximum number of iterations (default is 10.) 


Example 17.5.1: Design a horn antenna with gain 18.68 dB and waveguide sides of a = A and 
b = 0.35A. The following call to hopt, 


[A,B,R,err] = hopt(18.68, 1, 0.35); 


yields the values (in units of A): A = 4, B = 2.9987, R = 3.7834, and err = 3.7 x 107". 
These are the same as in Example 17.3.1. o 


Example 17.5.2: Design a horn antenna operating at 10 GHz and fed by a WR-90 waveguide 
with sides a = 2.286 cm and b = 1.016 cm. The required gain is 23 dB (G = 200). 


Solution: The wavelengthis A = 3 cm. We carry out two designs, the first one using the optimum 
values Og = 1.2593, Oy = 1.0246, and the second using the aspect ratio of the WR-90 
waveguide, which is r = b/a = 4/9, and corresponds to Og = 1.4982 and op = 0.6659. 
The following MATLAB code calculates the horn sides for the two designs and plots the 
E-plane patterns: 


la = 3; a = 2.286; b = 1.016; % lengths in cm 

G = 200; Gdb = 10*10g10(G); % Gdp = 23.0103 dB 
[sal,sb1] = hsigma(0); % optimum o-parameters 
[A1,B1,R1] = hopt(Gdb, a/la, b/la, sal, sb1); % Ay, By, Rı in units of A 
[sa2,sb2] = hsigma(b/a) ; % optimum o’s for r = b/a 
[A2,B2,R2] = hopt(Gdb, a/la, b/la, sa2, sb2,0); % output initial values 

N = 200; % 201 angles in 0 < 0 < Tr/2 
[gh1,ge1,th] = hgain(N,A1,B1,sal1,sb1); % calculate gains 
[gh2,ge2,th] = hgain(N,A2,B2,sa2,sb2); 


figure; dbp(th,gh1); figure; dbp(th,gel); % polar plots in dB 
figure; dbp(th,gh2); figure; dbp(th,ge2); 


Al = Al*la; B1 = Bl1*la; R1 R1*la; % lengths in cm 
A2 = A2*la; B2 = B2*la; R2 = R2*1la; 


The designed sides and axial lengths are in the two cases: 


A, = 19.2383 cm, Bı = 15.2093 cm, R, = 34.2740 cm 
A> = 26.1457 cm, Bz = 11.6203 cm, R2 = 46.3215 cm 


The H- and E-plane patterns are plotted in Fig. 17.5.1. The first design (top graphs) has 
slightly wider 3-dB width in the H-plane because its A-side is shorter than that of the 
second design. But, its E-plane 3-dB width is narrower because its B-side is longer. 
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The initial values given in Eq. (17.5.5) can be used to give an alternative, albeit approximate, 
solution obtained purely algebraically: Compute Ao, Bo, then revise the value of Bo by 
recomputing it from the first of Eq. (17.5.3), so that the geometric constraint Ra = Rg is 
met, and then recompute the gain, which will be slightly different than the required one. 


For example, using the optimum values 0g = 1.2593 and Oy, = 1.0246, we find from 
(17.5.5): Ap = 18.9644, Bo = 15.4289 cm, and R4 = 33.2401 cm. Then, we recalculate Bo 
to be Bo = 13.9453 cm, and obtain the new gain G = 180.77, or, 22.57 dB. o 
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Fig. 17.5.1 H- and E-plane patterns. 


17.6 Microstrip Antennas 


A microstrip antenna is a metallic patch on top of a dielectric substrate that sits on 
top of a ground plane. Fig. 17.6.1 depicts a rectangular microstrip antenna fed by a 
microstrip line. It can also be fed by a coaxial line, with its inner and outer conductors 
connected to the patch and ground plane, respectively. 

In this section, we consider only rectangular patches and discuss simple aperture 
models for calculating the radiation patterns of the antenna. Further details and appli- 
cations of microstrip antennas may be found in [662-669]. 


576 Electromagnetic Waves & Antennas - S. J. Orfanidis 


Z 
A 


eee F py 
ECE 


+ |, ——_» 


ht € 


ZA 


>a be L >a = ye de 2 
fringing fields 
A a 


(hee a 


Fig. 17.6.1 Microstrip antenna and E-field pattern in substrate. 


The height h of the substrate is typically of a fraction of a wavelength, such as 
h = 0.05A, and the length L is of the order of 0.5A. The structure radiates from the 
fringing fields that are exposed above the substrate at the edges of the patch. 

In the so-called cavity model, the patch acts as resonant cavity with an electric field 
perpendicular to the patch, that is, along the z-direction. The magnetic field has van- 
ishing tangential components at the four edges of the patch. The fields of the lowest 
resonant mode (assuming L > W) are given by: 


Ez (x) = —Eo sin (T5) -4 sxs 
for w a (17.6.1) 
TTX 
H = -H — -—<y<— 
y (X) acos (7) 2553 


where Hy = —jEo/n. We have placed the origin at the middle of the patch (note that 
E, (x) is equivalent to Ep cos(7rx/L) for 0 <x < L.) 

It can be verified that Eqs. (17.6.1) satisfy Maxwell’s equations and the boundary 
conditions, that is, Hy (x)= 0 at x = +L/2, provided the resonant frequency is: 

fo >» Sos sae (17.6.2) 
I OF ie 6. 

where C = Co/,/Er, N = No/./€r, and €r is the relative permittivity of the dielectric 
substrate. It follows that the resonant microstrip length will be half-wavelength: 


(17.6.3) 


Fig. 17.6.2 shows two simple models for calculating the radiation patterns of the 
microstrip antenna. The model on the left assumes that the fringing fields extend over 
a small distance a around the patch sides and can be replaced with the fields E, that 
are tangential to the substrate surface [664]. The four extended edge areas around the 
patch serve as the effective radiating apertures. 
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Fig. 17.6.2 Aperture models for microstrip antenna. 


The model on the right assumes that the substrate is truncated beyond the extent of 
the patch [663]. The four dielectric substrate walls serve now as the radiating apertures. 
The only tangential aperture field on these walls is Ea = 2Ez, because the tangential 
magnetic fields vanish by the boundary conditions. 

For both models, the ground plane can be eliminated using image theory, resulting in 
doubling the aperture magnetic currents, that is, Jms = —2ñ x Eg. The radiation patterns 
are then determined from Jms- 

For the first model, the effective tangential fields can be expressed in terms of the 
field E; by the relationship: aEg = hEz. This follows by requiring the vanishing of the 
line integrals of E around the loops labeled ABCD in the lower left of Fig. 17.6.2. Because 
Ez = +Eo at x = +L/2, we obtain from the left and right such contours: 


f E-dl= -Eh + Eaa = 0, f E-dl= Eph - Eaa =0 > AR 
ABCD ABCD a 


In obtaining these, we assumed that the electric field is nonzero only along the sides 
AD and AB. A similar argument for the sides 2 & 4 shows that Eg = +hEz(x)/a. The 
directions of E, at the four sides are as shown in the figure. Thus, we have: 


for sides 1&3: Ea = 4180 


forsides2&4: E,=+y a ry EES sin ( ™) 


(17.6.4) 


The outward normal to the aperture plane is ñ = z for all four sides. Therefore, the 
surface magnetic currents Jms = —2N Xx Eq become: 
_ „ 2hEo 


for sides 1&3: Jins 
(17.6.5) 


2hE 
for sides 2&4: Jms = +Å Eo sin (72) 


The radiated electric field is obtained from Eq. (16.3.4) by setting F = 0 and calculat- 
ing Fm as the sum of the magnetic radiation vectors over the four effective apertures: 
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eik" e—Jkr 
E = jk ê x Fm = Jk f x [Fin + Fm2 + Fm3 + Fma] (17.6.6) 
4rr 4mr 


The vectors Fm are the two-dimensional Fourier transforms over the apertures: 


Fn (0,0)= Í Jms (X y) tiky gS 
A 


The integration surfaces dS = dx dy are approximately, dS = ady for 1 & 3, and 
dS = adx for 2 & 4. Similarly, in the phase factor e/kx*+JkyY, we must set x = FL/2 
for sides 1 & 3, and y = +W/2 for sides 2 & 4. Inserting Eq. (17.6.5) into the Fourier 
integrals and combining the terms for apertures 1 & 3 and 2 & 4, we obtain: 


< 2hEo (1? ac pete Guerin „jk 
Fini3 =Ŷ > (eE 4 ete) eY a dy 
-W/2 
_ 2hEo hl? (TIX) ; 
Fao = Í (e~JSkyW/2 — ejkyW12) sin (=) exa dx 
a =L/2 L 


Note that the a factors cancel. Using Euler’s formulas and the integrals: 


W/2 : L/2 x 2 
{ Foe ea sin(kyW/2) | sin (=) gikxX gy — JKxL cos(kxL./2) 
-W/2 kyW/2 -L/2 L T? i cS 
TT 


we find the radiation vectors: 


sin (TTV 
Fm,12 = Vy 4Enhw COS (TTVx) Sey) 
TTVy 
( ) (17.6.7) 
4v, COS (TTV. 
Fm224 = X4EghL —*———,** sin (TV 
m,24 0 aye (1TVy) 
where we defined the normalized wavenumbers as usual: 
kL L 
Vx = = = sin 0 cos $ 
kW W (17.6.8) 
Vy = ae = q sine sin $ 


From Eq. (E.8) of Appendix E, we have: 
fxŷ=fx (#sin O sing + Ê cos 0 sin $ + pcos) = ẹ cos 0 sing — Ê cos œ 
rxx=fx (# sin 0 cos œ + Ê cos 0 cos œ — È sin ¢) = pcos 0 cos + Ê sind 


It follows from Eq. (17.6.6) that the radiated fields from sides 1 & 3 will be: 


e—Jskr 
E(0, b) = jk 4 


= 4EyhW [¢ cos 0 sing — Ê cos p] F (0, p) (17.6.9) 


where we defined the function: 
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CI eC a (17.6.10) 
TTVy 
Similarly, we have for sides 2 & 4: 
e—Jkr Á k 
E(0,@) = jk ea 4EohL |p cos 0 cosp + O sinp] f (0, >) 
i ( (17.6.11) 
Vx COS (TTV. i 
f0, p) = aaa = o sin (TTVy) 
The normalized gain is found from Eq. (17.6.9) to be: 
2 
g(0,p)= ae = (cos? O sin? œ + cos? p) |F(0, p) |? (17.6.12) 
max 


The corresponding expression for sides 2 & 4, although not normalized, provides a 
measure for the gain in that case: 


g(0,p)= (cos? 0 cos? p + sin? p) |f (0, p) |° (17.6.13) 


The E- and H-plane gains are obtained by setting ¢ = 0° and ¢@ = 90° in Eq. (17.6.12): 


2 
gr(0) = [Eo = | cos (1tVvx) |°, voa Esino 
|Eo l Zax À 
2 z 2 (17.6.14) 
me eee. ep NA ys Me tees 
A C NE Pee me je R 


Most of the radiation from the microstrip arises from sides 1 & 3. Indeed, F (0, @) 
has a maximum towards broadside, Vx = Vy = 0, whereas f (0, @) vanishes. Moreover, 
f (0, ) vanishes identically for all 9 and ¢ = 0° (E-plane) or @ = 90° (H-plane). 

Therefore, sides 2 & 4 contribute little to the total radiation, and they are usually 
ignored. For lengths of the order of L = 0.3A to L = A, the gain function (17.6.13) 
remains suppressed by 7 to 17 dB for all directions, relative to the gain of (17.6.12). 


Example 17.6.1: Fig. 17.6.3 shows the E- and H-plane patterns for W = L = 0.3371A. Both 
patterns are fairly broad. 


The choice for L comes from the resonant condition L = 0.5A/,/€;. For a typical substrate 
with €, = 2.2, we find L = 0.5A/V/2.2 = 0.3371A. 


Fig. 17.6.4 shows the 3-dimensional gains computed from Eqs. (17.6.12) and (17.6.13). The 
field strengths (square roots of the gains) are plotted to improve the visibility of the graphs. 
The MATLAB code for generating these plots was: 


L = 0.5/sqrt(2.2); W= L; 


[th,ph] = meshgrid(0:3:90, 0:6:360); th = th * pi/180; ph = ph * pi/180; 


< 


x 
vy 


L * sin(th) .* cos(ph); 
W * sin(th) .* sin(ph); 
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Fig. 17.6.3 E- and H-plane gains of microstrip antenna. 
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Fig. 17.6.4 Two-dimensional gain patterns from sides 1 & 3 and 2 & 4. 


E13 = sqrt(cos(th) .A2.*sin(ph).A2 + cos(ph).A2); 
E13 = E13 .* abs(cos(pi*vx) .* sinc(vy)); 


figure; surfl(vx,vy,E13); 
shading interp; colormap(gray(32)); 


view([-40,10]); 


E24 sqrt(cos(th) .A2.*cos(ph).A2 + sin(ph).A2); 
E24 = E24 .* abs(4*vx.*dsinc(vx)/pi .* sin(pi*vy)); 


figure; surfl(vx,vy,E24); 
shading interp; colormap(gray(32)); 


The gain from sides 2 & 4 vanishes along the vx- and vy axes, while its maximum in all 
directions is \/g = 0.15 or —16.5 dB. o 


Using the alternative aperture model shown on the right of Fig. 17.6.2, one obtains 
identical expressions for the magnetic current densities Jms along the four sides, and 
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therefore, identical radiation patterns. The integration surfaces are now dS = hdy for 
sides 1 & 3, and dS = hdx for 2 &4. 


17.7 Parabolic Reflector Antennas 


Reflector antennas are characterized by very high gains (30 dB and higher) and narrow 
main beams. They are widely used in satellite and line-of-sight microwave communica- 
tions and in radar. 

At microwave frequencies, the most common feeds are rectangular, circular, or cor- 
rugated horns. Dipole feeds—usually backed by a reflecting plane to enhance their ra- 
diation towards the reflector—are used at lower frequencies, typically, up to UHF. Some 
references on reflector antennas and feed design are [642-661]. 

A typical parabolic reflector, fed by a horn antenna positioned at the focus of the 
parabola, is shown in Fig. 17.7.1. A geometrical property of parabolas is that all rays 
originating from the focus get reflected in a direction parallel to the parabola’s axis, that 
is, the z direction. 


y 

D V >z 
| feed 
a 

y | aperture 


aperture plane 
Fig. 17.7.1 Parabolic reflector antenna with feed at the focus. 


We choose the origin to be at the focus. An incident ray OP radiated from the feed 
at an angle w becomes the reflected ray PA parallel to the z-axis. The projection of all 
the reflected rays onto a plane perpendicular to the z-axis—such as the xy-plane—can 
be considered to be the effective aperture of the antenna. This is shown in Fig. 17.7.2. 

Let R and h be the lengths of the rays OP and PA. The sum R + h represents the 
total optical path length from the focus to the aperture plane. This length is constant, 
independent of y, and is given by 


R+h=2F (17.7.1) 


where F is the focal length. The length 2F is the total optical length of the incident and 
reflected axial rays going from O to the vertex V and back to O. 

Therefore, all the rays suffer the same phase delay traveling from the focus to the 
plane. The spherical wave radiated from the feed gets converted upon reflection into a 
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Fig. 17.7.2 Parabolic antenna and its projected effective aperture. 


plane wave. Conversely, for a receiving antenna, an incident plane wave gets converted 
into a spherical wave converging onto the focus. 

Since h = Rceosy, Eq. (17.7.1) can be written in the following form, which is the 
polar representation of the parabolic surface: 


R+RcosWw=2F > R= EF ; or, (17.7.2) 
1 + cosy 
2F F 
R= = 17.7. 
1+cosw  cos2(w/2) ( 3) 


The radial displacement p of the reflected ray on the aperture plane is given by 
p = R sin Y. Replacing R from (17.7.3), we find: 


| ee a) (£) (17.7.4) 
1 + cos y 2 


Similarly, using R + h = 2F or F — h = R — F, we have: 


repo SY = Fran? (£) (17.7.5) 
1 + cosy 2 


It follows that h and p will be related by the equation for a parabola: 
4F(F —h)= p° (17.7.6) 


In terms of the xyz-coordinate system, we have p* = x* + y? and Z = —h, so that 
Eq. (17.7.6) becomes the equation for a paraboloid surface: 


4F(F+z)=x? +y? (17.7.7) 
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The diameter D, or the radius a = D/2, of the reflector and its focal length F deter- 
mine the maximum angle W. It is obtained by setting p = a in Eq. (17.7.4): 


_D_ Wo D 
a= 7 = 2F tan ( 3 l yo = 2atan ( 2) (17.7.8) 


Thus, the F/D ratio determines Wo. For example, if F/D = 0.25,0.35,0.50, then 
Wo = 90°, 71°, 53°. Practical F/D ratios are in the range 0.25-0.50. 


17.8 Gain and Beamwidth of Reflector Antennas 


To determine the radiation pattern of a reflector antenna, one may use Eq. (16.4.2), 
provided one knows the aperture fields Eg, Ha on the effective aperture projected on 
the aperture plane. This approach is referred to as the aperture-field method [21]. 

Alternatively, the current-distribution method determines the current J, on the sur- 
face of the reflector induced by the incident field from the feed, and then applies 
Eq. (16.4.1) with Jms = 0, using the curved surface of the reflector as the integration 
surface (Jms vanishes on the reflector surface because there are no tangential electric 
fields on a perfect conductor.) 

The two methods yield slightly different, but qualitatively similar, results for the 
radiation patterns. The aperture fields Eg, Hg and the surface current J; are determined 
by geometrical optics considerations based on the assumptions that (a) the reflector 
lies in the radiation zone of the feed antenna, and (b) the incident field from the feed 
gets reflected as if the reflector surface is perfectly conducting and locally flat. These 
assumptions are justified because in practice the size of the reflector and its curvature 
are much larger than the wavelength A. 

We use the polar and azimuthal angles w and x indicated on Fig. 17.7.2 to charac- 
terize the direction R of an incident ray from the feed to the reflector surface. 

The radiated power from the feed within the solid angle dQ = sin y dw dx must be 
equal upon reflection to the power propagating parallel to the z-axis and intercepting 
the aperture plane through the area dA = pdp dx, as depicted in Fig. 17.7.1. 

Assuming that Ufeea (W, X) is the feed antenna’s radiation intensity and noting that 
|Eq|*/2n is the power density of the aperture field, the power condition reads: 


1 1 
= |Eal?dA = Uteea(W,x)dQ = on |Eal pdp = Uteca(W,x)sinwdw (17.8.1) 


where we divided both sides by dx. Differentiating Eq. (17.7.4), we have: 


dw 1 
2 cos?(w/2) 


dp = 2F = Rdw 


which implies that pdp = R° sin w dw. Thus, solving Eq. (17.8.1) for |Eg|, we find: 


1 
| |Ea (P, X)| = p VNU teea (W, X) | (17.8.2) 


where we think of Ea as a function of p = 2F tan(w/2) and x. Expressing R in terms 
of p, we have R = 2F — h =F + (F — h) = F + p?/4F. Therefore, we may also write: 
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4F 
|Ea(PsX)| = Perry V2NU teea (W, X) (17.8.3) 


Thus, the aperture fields get weaker towards the edge of the reflector. A measure of 
this tapering effect is the edge illumination, that is, the ratio of the electric field at the 
edge (p = a) and at the center (p = 0). Using Eqs. (17.7.3) and (17.8.2), we find: 


[Ea (a, x)| = 1+ cosWo [Uteea (Wo X) (edge illumination) (17.8.4) 


|Ea (0, x)| 2 Ufeea (0, X) 


In Sec. 16.6, we defined the directivity or gain of an aperture by Eq. (16.6.10), which 
we rewrite in the following form: 


Ga = sone (17.8.5) 
Pa 


where P4 is the total power through the aperture given in terms of Eq as follows: 


1 Wo p2T 
Pa = = Í ATE Í Utea (W, x) sin w dy dx (17.8.6) 
n JA 0 0 


and we used Eq. (17.8.1). For a reflector antenna, the gain must be defined relative to 
the total power Pfeea of the feed antenna, that is, 


47 Umax 47Umax Pa 
G = Z SGre (17.8.7) 
an Preea Pa Preea R 


The factor esp = Pa/Pfeea is referred to as the spillover efficiency or loss and repre- 
sents the fraction of the power Pfeeq that actually gets reflected by the reflector antenna. 
The remaining power from the feed “spills over” the edge of the reflector and is lost. 

We saw in Sec. 16.4 that the aperture gain is given in terms of the geometrical area 
A of the aperture and the aperture-taper and phase-error efficiencies by: 


4TA 
Ga = A eat] pel (17.8.8) 


It follows that the reflector antenna gain can be written as: 


4TrA 
Gant = Gaespl S ENDT atl Cpel Espl (17.8.9) 


The total aperture efficiency is €a = eat €pel €sp1. In practice, additional efficiency or 
loss factors must be introduced, such as those due to cross polarization or to partial 
aperture blockage by the feed. 

Of all the loss factors, the ATL and SPL are the primary ones that significantly affect 
the gain. Their tradeoff is captured by the illumination efficiency or loss, defined to be 
the product of ATL and SPL, ei = eat €spl- 

The ATL and SPL may be expressed in terms of the radiation intensity Ufeea (Y, X). 
Using p dp = R? sin ydy = pRdw = 2FR tan(w/2)dw and Eq. (17.8.2), we have: 


1 
|EaldA = \/2nU wea 2FR tan dy dx = 2F J2nUteca tan dy dx 


1 
|Eq\*dA = 2NUfeea nee sin Y dw dx = 2nUfeca sin Y dy dx 
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The aperture area is A = ma? = 1r(2F)*tan?(Wo/2). Thus, it follows from the 
definition (16.6.13) that the ATL will be: 


2 2 


f, |EqldA (2F)? if \2nUeca tan £ dy dx 


eat = = » OF, 
af |Eal?dA T (2F)?tan? (90/2) | 2NUtea sin Y dy dx 
A A 


Wo 72m y 
Í Í Uteea (W, X) tan 5 dw dx 
o Jo 2 


| 2 


1 
al = — cot? (=) (17.8.10) 
TTU 2 Wo çp2T , 
f r Ufeea (W, X) sin Y dw dx 
Similarly, the spillover efficiency can be expressed as: 
Wo p2 
P Í Uteea(W, X)sin Y dy dx 
spl : ae (17.8.11) 


-P ~ T 727 
fesa f , Urea (Ys x)sin y dy dx 


where we replaced Pfeea by the integral of Ufeeq over all solid angles. It follows that the 
illumination efficiency ej = eat sp! Will be: 


Wo 72m y 
Í Í Uteea (W, X) tan 5 dw dx 
o Jo 2 


T 2T 
Í, s Uteea (W, X) sin y dw dx 


| 2 


en = Loë (=) (17.8.12) 
TT 2 


An example of a feed pattern that approximates practical patterns is the following 
azimuthally symmetric radiation intensity [21]: 


Uocosty, if o<ys<7 
Uteea (W, X) = T (17.8.13) 
0, if —<w<T 
2 
For this example, the SPL, ATL, and ILL can be computed in closed form: 
spi = 1 — cos? Wo 
- 4 2 
eau = 40 cot? (Wo/2) [sint (Wo/2) + In(cos(Wo/2))] (17.8.14) 
1 — cos? Wo 
em = 40 cot? (Wo/2) [sin (Wo/2) + In(cos(Wo/2)) ]* 
The edge illumination is from Eq. (17.8.4): 
Pea Voy. Et ROS ed ic (17.8.15) 


|Eg(0)| 2 


Fig. 17.8.1 shows a plot of Eqs. (17.8.14) and (17.8.15) versus Wo. The ATL is a 
decreasing and the SPL an increasing function of Wo. The product ej = eat espi reaches 
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Fig. 17.8.1 Tradeoff between ATL and SPF. 


the maximum value of 0.82 at Wo = 53.31°. The corresponding edge illumination is 
0.285 or —10.9 dB. The F/D ratio is cot(Wo/2)/4 = 0.498. 

This example gives rise to the rule of thumb that the best tradeoff between ATL and 
SPL for parabolic reflectors is achieved when the edge illumination is about —11 dB. 

The value 0.82 for the efficiency is an overestimate. Taking into account other losses, 
the aperture efficiency of practical parabolic reflectors is typically of the order of 0.55- 
0.65. Expressing the physical area in terms of the diameter D, we can summarize the 
gain of a parabolic antenna: 


41tA eo 
= ĉa 


ae A 


, with ea = 0.55-0.65 (17.8.16) 


As we discussed in Sec. 14.3, the 3-dB beamwidth of a reflector antenna with diameter 
D can be estimated by rule of thumb [654]: 


AO3an = 70° È (17.8.17) 


The beamwidth depends also on the edge illumination. Typically, as the edge at- 
tenuation increases, the beamwidth widens and the sidelobes decrease. By studying 
various reflector sizes, types, and feeds Komen [655] arrived at the following improved 
approximation for the 3-dB width, which takes into account the edge illumination: 


A 
AO3an = (1.05° Acdge + 55.95°) D (17.8.18) 


where A cage is the edge attenuation in dB, that is, Acage = —2010g10 | |Ea(Wo)/Eq(0) |]. 
For example, for Aeage = 11 dB, the angle factor becomes 67.5°. 


17.9 Aperture-Field and Current-Distribution Methods 


In the previous section, we used energy flow considerations to determine the magnitude 
|Eq| of the aperture field. To determine its direction and phase, we need to start from 
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the field radiated by the feed antenna and trace its path as it propagates as a spherical 
wave to the reflector surface, gets reflected there, and then propagates as a plane wave 
along the z-direction to the aperture plane. 

Points on the reflector surface will be parametrized by the spherical coordinates 
R,wW,x as shown in Figs. 17.7.1 and 17.7.2, and points in the radiation zone of the 
reflector antenna, by the usual r, 0, œ. 

Let R, ĝ, X be the unit vectors in the R, y, x directions. The relationships of R, Y, X 
to the conventional polar coordinates of the x’y’z’ coordinate system are: R = r’, 
w = 0’, but x = —q’, so that the unit vectors are R = f, W = 6’, and X= _¢. (The 
primed system has %’ = å, ¥’ = —¥, and %’ = —Z.) In terms of the unprimed system: 


R = Xsinw cosx + sin y sinx — Zcosw 
Ñ = cos y cosx + ¥cosw siny + Zsinw (17.9.1) 
X = -xsiny + ycosx 


and conversely, 
& =Rsinw cosx + W cos y cos x — Xsinx 
ŷ =Rsinwsiny + Wcosw sinx + Xcosx (17.9.2) 
2 = —Rcos y + ĝ siny 


Because the reflector is assumed to be in the radiation zone of the feed, the most 
general field radiated by the feed, and incident at the point R, w,x on the reflector 
surface, will have the form: 


e-JkR 
E= R fi(W,x) (incident field) (17.9.3) 


Because of the requirement R - E; = 0, the vector function f; must satisfy R - f; = 0. 
As expected for radiation fields, the radial dependence on R is decoupled from the 
angular dependence on y, x. The corresponding magnetic field will be: 
1 1 eJkR 


ee R R x fi(W,x) (17.9.4) 


The feed’s radiation intensity Ufeea is related to f; through the definition: 


Pee eee 2 
Utea (W, X)=R zy Eil = zy fX) | (17.9.5) 


Assuming that the incident field is reflected locally like a plane wave from the reflec- 
tor’s perfectly conducting surface, it follows that the reflected fields E;, H; must satisfy 
the following relationships, where where ñ is the normal to the reflector: 


hx Er = -nx Ej, h- EF, =n: Ej 


A z 3 £ (17.9.6) 
û xH, =n~x Hi, n- H; = -n- Hi 


These imply that |E;| = |E;|, |H,| = |H;l|, and that: 
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E, = —E; + 2n(n- E;) 


er (17.9.7) 
H, = H; — 2n(n- Hj) 


Thus, the net electric field E; + E, is normal to the surface. Fig. 17.9.1 depicts these 
geometric relationships, assuming for simplicity that E; is parallel to w. 


aperture 


Fig. 17.9.1 Geometric relationship between incident and reflected electric fields. 


The proof of Eq. (17.9.7) is straightforward. Indeed, using fh x (E; + E;) = 0 and the 
BAC-CAB rule, we have: 


0 = (Ax (Ei + E,)) x Â = Ej + E, — Â (Ô - E; + Â- E,)= E; + E, —f(2n- Ej) 


It follows now that the reflected field at the point (R, w, x) will have the form: 


e-jkR 
E, = R fr (W,x) (reflected field) (17.9.8) 
where f, satisfies |f,| = |f;| and: 
fr = -fi + 2n(a - fi) (17.9.9) 


The condition R - f; = 0 implies that z - f, = 0, so that f, and E, are perpendicular 
to the z-axis, and parallel to the aperture plane. To see this, we note that the normal 
h, bisecting the angle 4 OPA in Fig. 17.9.1, will form an angle of w/2 with the Z axis, so 
that z - ñ = cos(wW/2). More explicitly, the vector n can be expressed in the form: 


y 
2 


y 


ysn; 


fn Ê cos = Zcos £ (cosx + ysinx)sin © (17.9.10) 


Then, using Eq. (17.9.2), it follows that: 
2. fr 


2: fi + 2 (2; ñ) (Â fi) 


—(-Rcosw + Ọ sin y) -fi 4 2cos $ ( Rcos Ý 4 ĝ sin 5 )-fi 


2 T 


—(W - fi) [siny 2cos $ sin% | =0 
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Next, we obtain the aperture field Eg by propagating E; as a plane wave along the 
z-direction by a distance h to the aperture plane: 


E o-ik(R+h) 
Ea =e jkhp, = ~p Fr YX) 


But for the parabola, we have R + h = 2F. Thus, the aperture field is given by: 


e-2ikF 
E, = R fa(W,x) (aperture field) (17.9.11) 


where we defined fa = f;, so that: 


fa = -fi + 2n(f- fi) (17.9.12) 


Because |f,| = If] = Ifil = V2nUteea, it follows that Eq. (17.9.11) is consistent with 
Eq. (17.8.2). As plane waves propagating in the z-direction, the reflected and aperture 
fields are Huygens sources. Therefore, the corresponding magnetic fields will be: 


1 1 
H, = —zxE,, Hg = —2 x Ea 
n n 


The surface currents induced on the reflector are obtained by noting that the total 
fields are E; + E, = 2n(n- E;) and H; + H, = 2H; — 2ñ (ñ - Hi). Thus, we have: 


Js = ûx (Hi + H,)= 2n x Hį = 


Jms = —n x (Ej + Ey)=0 


17.10 Radiation Patterns of Reflector Antennas 


The radiation patterns of the reflector antenna are obtained either from the aperture 
fields Eg, Ha integrated over the effective aperture using Eq. (16.4.2), or from the cur- 
rents J; and Jms = 0 integrated over the curved reflector surface using Eq. (16.4.1). 

We discuss in detail only the aperture-field case. The radiation fields at some large 
distance r in the direction defined by the polar angles 0, ¢ are given by Eq. (16.5.3). The 
unit vector f in the direction of 0, ¢ is shown in Fig. 17.7.2. We have: 


fxcosp + fy sing] 


e kr 1 + cos 0 
eel 


(17.10.1) 


e kr 1 + cos 0 
27tr 2 


[fy cos ġ — fx sind] 


where the vector f = R fx + Ŷ fy is the Fourier transform over the aperture: 


a 72m 
f(0,d)= |, ib Eq(p',x) €" p'dp'dx (17.10.2) 
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The vector r’ lies on the aperture plane and is given in cylindrical coordinates by 
r = p'p = p' (cosx + ysinx). Thus, 
k-r = kp (xcos¢sin@ + ŷsin sind + Zcos 0) - (Kcosx + Ysinx) 
= kp’ sin 0 (cos p cos x + sing sinx) = kp’ sin 0 cos (p — x) 


It follows that: 


a 727 
f0, 6) = Í Í Ea (p, x) eP %8 cos(®-x) p dp dx (17.10.3) 
0 JO 


We may convert this into an integral over the feed angles w, x by using Eq. (17.9.11) 
and dp = Rdy, p = 2F tan(w/2), and pdp = 2FR tan(w/2) dw. Then, the 1/R factor 
in E, is canceled, resulting in: 


; Wo 2 d : 
f(0, p)= 2FeWukF | Í fa (W, Re n 3 sin0 cos(ġ-x) tan dp dx| (17.10.4) 
0 0 


Given a feed pattern f;(W,x), the aperture pattern f,(W,x) is determined from 
Eq. (17.9.12) and the integrations in (17.10.4) are done numerically. 

Because of the condition R - f; = 0, the vector f; will have components only along 
the W and X directions. We assume that f; has the following more specific form: 


fi = WF, sinx + ® F2 cos x (y-polarized feeds) (17.10.5) 


where F1, F> are functions of w, x, but often assumed to be functions only of y, repre- 
senting the patterns along the principal planes x = 90° and x = 0°. 

Such feeds are referred to as “y-polarized” and include y-directed dipoles, and 
waveguides and horns in which the electric field on the horn aperture is polarized along 
the y direction (the x-polarized case is obtained by a rotation, replacing x by x + 90°.) 
Using Eqs. (17.9.1) and (17.9.10), the corresponding pattern fa can be worked out: 


fa = -Y[Fi sin? x + Fo cos? x] — 2| (Fi — F2) cos x sin x] (17.10.6) 


If Fy = Fo, we have fa = -YF,. But if Fı + Fp, the aperture field E, develops a 
“cross-polarized” component along the x direction. Various definitions of cross polar- 
ization have been discussed by Ludwig [660]. 

As examples, we consider the cases of a y-directed Hertzian dipole feed, and waveg- 
uide and horn feeds. Adapting their radiation patterns given in Sections 15.2, 17.1, and 
17.3, to the R, Y, x coordinate system, we obtain the following feed patterns, which are 
special cases of (17.10.5): 


fi(W, x)= Fa(W cos y sinx + X cosx) (dipole feed) 
fi(W, x)= Fw(w,x) (W sinx + X cos x) (waveguide feed) (17.10.7) 
fi(W,X)= Fn(w,x) (Wsinx+Xcosx) (horn feed) 


where Fg is the constant Fg = —jn (I1) /2A, and Fw, Fp are given by: 
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cos(7TVx) sin (TTVy) 
1—4yv2 TTVy 


jabE 
TTÀ 
JABEo 
BA 
where I,/ are the current and length of the Hertzian dipole, a,b and A,B are the di- 
mensions of the waveguide and horn apertures, and vy = (a/A)sinwcosx, Vy = 
(b/A) sin y sin x for the waveguide, and vx = (A/A)sinW cosx, Vy = (B/A)siny sinx, 
for the horn, and Fj, Fo are the horn pattern functions defined in Sec. 17.3. The corre- 
sponding aperture patterns fa are in the three cases: 


Fw(W,x) = °(1 + cos) 


(17.10.8) 


Fr(w,xX) = (1 + cos W) Fy (Vx, Ca) Fo (Vy, Op) 


fa(w, x)= —¥ Falcos w sin? x + cos? x] — Faf (cos y — 1)sinx cos x | 
fa(WxX) = -V Fw(W, Xx) (17.10.9) 
fa(W,x)= —y Fn(w,x) 


In the general case, a more convenient form of Eq. (17.10.6) is obtained by writing it 
in terms of the sum and difference patterns: 


Fı + Fo B F, — Fo 


A , 
2 2 


Fı=A+B, F: =5A-B (17.10.10) 


Using some trigonometric identities, we may write (17.10.6) in the form: 


fa = -9 (A - B cos 2x) — X(B sin 2x) | (17.10.11) 


In general, A, B will be functions of w, x (as in the waveguide and horn cases.) If we 
assume that they are functions only of w, then the x-integration in the radiation pattern 
integral (17.10.4) can be done explicitly leaving an integral over w only. Using (17.10.11) 
and the Bessel-function identities, 


27T 
ju cos(@—x) cos NX e .n | COS no 
f e à | ai | dx = 2nj | aag [nw (17.10.12) 
we obtain: 
f0, 6) = —¥[ fa (0)-fe(0)cos2¢] — 2[fg(0)sin2¢] (17.10.13) 


where the functions f4 (0) and fg (0) are defined by: 


, Wo 
fa(0) = 4rcFe-2hF | A(W) Jo (= tan Y sino) tan dy 
i (17.10.14) 
fe(0) = -arrFe=2E | B(w) Jeo (= nf sin 0) tan dy 
0 


Using Eq. (17.10.13) and some trigonometric identities, we obtain: 


fxcosp + fy sing = - (fa + feg) sin o 
fy cos $ — fx sing = —(fa — fg) cos 
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It follows that the radiation fields (17.10.1) are given by: 


—jkr 7 4 
Eo = 35 1 + 089 6 (9) +f5(8)] sing 

r 2 

Site ie j (17.10.15) 
Ep = -jS 5 (fa) -fe (0)] cos p 


Example 17.10.1: Parabolic Reflector with Hertzian Dipole Feed. We compute numerically the 
gain patterns for a y-directed Hertzian dipole feed. We take F = 10A and D = 40A, so that 
F/D = 0.25 and Wo = 90°. These choices are similar to those in [658]. 


Ignoring the constant Fy in (17.10.7), we have F;(w)= cos y and F2(w)= 1. Thus, the 
sum and difference patters are A(W)= (cos y + 1)/2 and B(W)= (cosw — 1)/2. Up to 
some overall constants, the required gain integrals will have the form: 


Wo Wo 
fs(0)= | Fap Ody, —f(0)= | Few, 0) aw (17.10.16) 
where ee 
Fa(w,@) = (1+cosw) Jo (Eat sino) tan 
IFE (17.10.17) 
Fg(y,0) = (1 — cos y) J2 (E at sin 0) tan $ 


The integrals are evaluated numerically using Gauss-Legendre quadrature integration, which 
approximates an integral as a weighted sum [98]: 


N 
fa(0)= X wi Fa (Wi, 0)= WEA 


i=1 


where wi, Wi are the Gauss-Legendre weights and evaluation points within the integration 
interval [0, Wo], where F4 is the column vector with ith component F4 (Yi, 0). 


For higher accuracy, this interval may be subdivided into a number of subintervals, the 
quantities w;, Y; are then determined on each subinterval, and the total integral is evalu- 
ated as the sum of the integrals over all the subintervals. 


We have written a MATLAB function, quadrs, that determines the quantities w;, Y; over 
all the subintervals. It is built on the function quadr, which determines the weights over 
a single interval. 


The following MATLAB code evaluates and plots in Fig. 17.10.1 the E- and H-plane patterns 
(17.10.15) over the polar angles 0 < 0 < 5°. 


F = 10; D = 40; psiO = 2*acot(4*F/D); % F/D = 0.25, Wo = 90° 

ab = linspace(O, psi0, 5); % 4 integration subintervals in [0, Wo] 

[w, psi] = quadrs(ab); % quadrature weights and evaluation points 
% uses 16 weights per subinterval 

c = cos(psi); t = tan(psi/2); % cosW, tan(w/2) at quadrature points 

th = linspace(O, 5, 251); % angle 0 in degrees over 0 < 0 < 5° 


for i=1:length(th), 
u = 4*pi*F*sin(th(i)*pi/180) ; %U = 2kF sind 
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Fig. 17.10.1 Parabolic reflector patterns with dipole feed. 


FA = (1+c) .* besselj(O, u*t) .* t; % integrand of f4 (0) 
fACi) = w’ * FA; % integral evaluated at 0 
FB = (1-c) .* besselj(2, u*t) .* t; % integrand of fg (0) 
fBCi) = w? * FB; 
end 
gh = abs((1+cos(th)).*(fA-fB)); gh = gh/max(gh) ; % gain patterns 
ge = abs((1+cos(th)).*(fA+fB)); ge = ge/max(ge); 
plot(-thd,ge,’-’, thd,ge, ’-’, -thd,gh,’--’,thd,gh,’--’); 


The graph on the right has Wo = 90° and D = 80A, resulting in a narrower main beam. O 


Example 17.10.2: Parabolic Reflector with Waveguide Feed. We calculate the reflector radiation 
patterns for a waveguide feed radiating in the TEiọ mode with a y-directed electric field. 
The feed pattern was given in Eq. (17.10.7). Ignoring some overall constants, we have with 
vx = (a/A)sinw cos x and vy = (b/A)sinw sin x: 


cos (TTV) sin(1tvy) . g 
t= m a (Ww sinx + X cos x) (17.10.18) 


fi = 1+cosw) 
To avoid the double integration in the w and x variables, we follow Jones’ procedure [658] 
of choosing the a,b such that the E- and H-plane illuminations of the paraboloid are 
essentially identical. This is accomplished when a is approximately a = 1.37b. Then, the 
above feed pattern may be simplified by replacing it by its E-plane pattern: 


sin (TTVy 


eae k 
R (W sinx + cosx) (17.10.19) 


fi = (1 + cosy) 


where vy = (b/A)sinw. Thus, Fı = F2 and 


sin (TTb sin Y/A) 
Th sin Y /À 


A(w)= (1+ cosy) and B(w)=0 (17.10.20) 


The radiated field is given by Eq. (17.10.15) with a normalized gain: 


1+cos@ fa(0) |? 
2 fa (0) 


g(0)= (17.10.21) 
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field strength 


where f4 (0) is defined up to a constant by Eq. (17.10.14): 


Wo AmtF 

fa(o)= | AW) Jo (tan sino) tan ay (17.10.22) 
0 

We choose a parabolic antenna with diameter D = 40A and subtended angle of Wo = 60°, 

so that F = Dcot(Wo/2)/4 = 17.3205A. The length b of the waveguide is chosen such as 

to achieve an edge illumination of —11 dB on the paraboloid. This gives the condition on 

b, where the extra factor of (1 + cos y) arises from the space attenuation factor 1/R: 


sin (TTb sin Wo/A) 
Th sin Wo/A 


|Ei(Wo)| (aes), 
|E;(0)| 2 


| 1071/20 = 9.2818 (17.10.23) 


It has solution b = 0.6958A and therefore, a = 1.37b = 0.9533A. The illumination effi- 
ciency given in Eq. (17.8.12) may be taken to be a measure of the overall aperture efficiency 


of the reflector. Because 2NUfeea = |fil* = Ifa]? = |A(w)|?, the integrals in (17.8.12) may 
be calculated numerically, giving eg = 0.71 and a gain of 40.5 dB. 


The pattern function f4 (0) may be calculated numerically as in the previous example. The 
left graph in Fig. 17.10.2 shows the E- and H-plane illumination patterns versus w of the 
actual feed given by (17.10.18), that is, the normalized gains: 


2 
(1+ cos y)? sin (Trb sin w/A) 
gE) | 4 eb sinw/A | 
2 
(1+cosw)* cos(masinw/A) 
gu (W) = | 4 1—4(trasinw/A)2 


They are essentially identical provided a = 1.37b (the graph actually plots the square 
roots of these quantities.) The right graph shows the calculated radiation pattern g (0) 
(or, rather its square root) of the paraboloid. 
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Fig. 17.10.2 Feed illumination and reflector radiation patterns. 


The following MATLAB code solves (17.10.23) for b, and then calculates the illumination 
pattern and the reflector pattern: 
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F 


17.3205; D = 40; psi0 = 2*acot(4*F/D); % Wo = 60° 


f = inline(’ (1+cos(x)).A2/4 * abs(sinc(b*sin(x))) - A’,’b’,’x’,’A’); 


Aedge = 11; 
b = fzero(f,0.8,optimset(’display’,’off’), psi0, 10A(-Aedge/20)) ; 
a = 1,37 * b; 


psi = linspace(-psi0, psi0, 201); ps = psi * 180/pi; 


Q 
m 
Ul 


abs((1+cos(psi)).A2/4 .* sinc(b*sin(psi))); 
gH = abs((1+cos(psi)).A2/4 .* dsinc(a*sin(psi))); 


figure; plot(ps,gE,’-’, ps,gH,’--"); 

[w,psi] = quadrs(linspace(0O, psi0, 5)); % quadrature weights and points 
s = sin(psi); c = cos(psi); t = tan(psi/2); 

A = (1+c) .* sinc(b*s); % the pattern A (y) 


thd = linspace(O, 5, 251); th = thd*pi/180; 


for i=1:length(th), 
u = 4*pi*F*sin(th(i)); 
FA = A .* besselj(O, u*t) .* t; 
fACi) = w? * FA; 

end 


g = abs((1+cos(th)) .* fA); g = g/max(g); 
figure; plot(-thd,g,’-’, thd,g); 
The 3-dB width was calculated from Eq. (17.8.18) and is placed on the graph. The angle 


factor was 1.05Acage + 55.95 = 67.5, so that A03ag = 67.5°A/D = 67.5/40 = 1.69°. The 
gain-beamwidth product is p = G(A@3an)2= 1045/10 (1.69°)2 = 32046 deg’. o 


Example 17.10.3: Parabolic Reflector with Horn Feed. Fig. 17.10.3 shows the illumination and 
reflector patterns if a rectangular horn antenna feed is used instead of a waveguide. The 
design requirements were again that the edge illumination be -11 dB and that D = 40A 
and Wo = 60°. The illumination pattern is (up to a scale factor): 


fi = (1 + cosw)F) (Vx, Ca) Fo (Vy, Op) (Ọ sinx + X cos x) 


The E- and H-plane illumination patterns are virtually identical over the angular range 
0 < W < Wo, provided one chooses the horn sides such that A = 1.48B. Then, the 
illumination field may be simplified by replacing it by the E-plane pattern and the length B 
is determined by requiring that the edge illumination be -11 dB. Therefore, we work with: 


5 7 B 
fi = (1 + cosw)Fo(vy, op) (Wsinx + cosx), Vy = x sin Y 
Then, A(w)= (1 + cosw)Fo (vy, p) and B(y)= 0 for the sum and difference patterns. 
The edge illumination condition reads now: 


(Lt coswo)’ 


Fo (TTB sin Wo/A, Op) 10711/20 
2 


Fo (0, Op) 
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Its solution is B = 0.7806A, and hence A = 1.48B = 1.1553A. The left graph in Fig. 17.10.3 
shows the E- and H-plane illumination gain patterns of the actual horn feed: 


(1 + cos y)? Fo (TB sin Wo/A, op) |? 
gE(W) = | 4 Fo (0, 0p) 
2 
(1 + cos y)? F, (TA sin Yo/À, Ca) 
gu (W) = | 4 F, (0,4) 


They are seen to be almost identical. The right graph shows the reflector radiation pattern 
computed numerically as in the previous example. The following MATLAB code illustrates 
this computation: 


[w,psi] = quadrs(linspace(0, psi0, 5)); % 4 subintervals in [0, Wo] 
s = sin(psi); c = cos(psi); t = tan(psi/2); % evaluate at quadrature points 
Apsi = (l+c) .* (diffint(B*s, sb, 0)); % the pattern A (y) 


thd = linspace(O, 8, 251); th = thd*pi/180; 


for i=1:length(th), 
u = 4*pi*F*sin(th(i)); 
FA = Apsi .* besselj(0O, u*t) .* t; 
fAÇCi) = w? * FA; 

end 


g = abs((1+cos(th)) .* fA); g = g/max(g); 
figure; plot(-thd,g,’-’, thd,g); 


The horn’s o-parameters were chosen to have the usual optimum values of Og = 1.2593 
and Oy = 1.0246. The 3-dB width is the same as in the previous example, that is, 1.69° 
and is shown on the graph. The computed antenna efficiency is now eg = 0.67 and the 
corresponding gain 40.24 dB, so that p = G (A03ap)?= 104°-24/19 (1.69°)2 = 30184 deg? 
for the gain-beamwidth product. o 


Example 17.10.4: Here, we compare the approximate symmetrized patterns of the previous 
two examples with the exact patterns obtained by performing the double-integration over 
the aperture variables w, x. 


Both the waveguide and horn examples have a y-directed two-dimensional Fourier trans- 
form pattern of the form: 


Wo prm 
fa (0, p)= Fy(0,6)= |. I, Fa (W, X, 0, p) dy dx (17.10.24) 


where the integrand depends on the feed pattern A (y, x): 


FA (W, X, 0,6) = A(w, x) AE anyin cos 6-2 tan E (17.10.25) 


and, up to constant factors, the function A (W, x) is given in the two cases by: 


cos(7TVx) sin (1rv,,) 
1-4vz mọ 


A(W,x) = (1+ cosy) 
(17.10.26) 


A(W,x) = (1+ cos Y) Fi (Vx, Oa) Fo (Vy, Op) 
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Fig. 17.10.3 Feed and reflector radiation patterns. 


where vx = (a/A)sinwcosx and v, = (b/A)sinw sinx for the waveguide case, and 
Vx = (A/A)sinw cos x and vy = (B/A)sinw sin x for the horn. 


Once, f4 (0, $) is computed, we obtain the (un-normalized) H- and E-plane radiation pat- 
terns for the reflector by setting p = 0° and 90°, that is, 


gu(0)= | (1 + cos 0) fa (0,0°) |°, ge(@)= | (1+ cos 0) fa(0,90°)|? (17.10.27) 


The numerical evaluation of Eq. (17.10.24) can be done with two-dimensional Gauss-Legendre 
quadratures, approximating the integral by the double sum: 


Ni N2 


fa (0, p) = 5 ms Wii Fa (Wi, Xj) W2j = wi FAwo (17.10.28) 


i=1j=1 


where {w1;, Wi} and {w2;,x,;} are the quadrature weights and evaluation points over the 
intervals [0, Wo] and [0, 27r], and F4 is the matrix F4 (Wi, Xj). The function quadrs, called 
on these two intervals, will generate these weights. 


Fig. 17.10.4 shows the patterns (17.10.27) of the horn and waveguide cases evaluated nu- 
merically and plotted together with the approximate symmetrized patterns of the previous 
two examples. The symmetrized patterns agree very well with the exact patterns and fall 
between them. The following MATLAB code illustrates this computation for the horn case: 


[w1, psi] = quadrs(linspace(O, psi0, Ni)); % quadrature over [0, Wo], Nj = 5 
[w2, chi] quadrs(linspace(O, 2*pi, Ni)); % quadrature over [0,271], Nj = 5 


sinpsi = sin(psi); cospsi 
sinchi = sin(chi); coschi 


cos(psi); tanpsi = tan(psi/2); 
cos(chi); 


for i = 1:length(chi), % build matrix A (Wi, Xj) columnwise 
Apsi(:,i) = diffint(A*sinpsi*coschi(i), sa, 1) ... 
.* diffint(B*sinpsi*sinchi(i), sb, 0); 
end 
Apsi = repmat(tanpsi.*(1+cospsi), 1, length(psi)) .* Apsi; 


th = linspace(O, 8, 401) * pi/180; 
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Fig. 17.10.4 Exact and approximate reflector radiation patterns. 


for i=1:length(th), 


u = 4*pi*F*sin(th(i)); % u = 2kF sin 0 
FH = Apsi .* exp(j*u*tanpsi*coschi’); % H-plane, p = 0° 
FE = Apsi .* exp(j*u*tanpsi*sinchi’); % E-plane, p = 90° 
fHCi) = w1? * FH * w2; % evaluate double integral 
fECi) = wl’ * FE * w2; 

end 

gH = abs((1+cos(th)).*fH); gH = gH/max(gH) ; % radiation patterns 


gE = abs((1+cos(th)).*fE); gE 


gE/max (gE) ; 


The patterns are plotted in dB, which accentuates the differences among the curves and 
also shows the sidelobe levels. In the waveguide case the resulting curves are almost 
indistinguishable to be seen as separate. (m 


17.11 Dual-Reflector Antennas 


Dual-reflector antennas consisting of a main reflector and a secondary sub-reflector are 
used to increase the effective focal length and to provide convenient placement of the 
feed. 

Fig. 17.11.1 shows a Cassegrain antennat consisting of a parabolic reflector and 
a hyperbolic subreflector. The hyperbola is positioned such that its focus F2 coincides 
with the focus of the parabola. The feed is placed at the other focus, F1, of the hyperbola. 

The focus F> is referred to a “virtual focus” of the parabola. Any ray originating from 
the point F, will be reflected by the hyperbola in a direction that appears to have origi- 
nated from the focus Fp, and therefore, it will be re-reflected parallel to the parabola’s 
axis. 

To better understand the operation of such an antenna, we consider briefly the re- 
flection properties of hyperbolas and ellipses, as shown in Fig. 17.11.2. 


tInvented in the 17th century by A. Cassegrain. 
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virtual focus 


x 


Fig. 17.11.1 Cassegrain dual-reflector antenna. 


The geometrical properties of hyperbolas and ellipses are characterized completely 
by the parameters e,a, that is, the eccentricity and the distance of the vertices from 
the origin. The eccentricity is e > 1 for a hyperbola, and e < 1 for an ellipse. A circle 
corresponds to e = 0 and a parabola can be thought of as the limit of a hyperbola in the 
limit e = 1. 


reflected ray 


reflected ray XA 


Fig. 17.11.2 Hyperbolic and elliptic reflectors. 


The foci are at distances Fı and F2 from a vertex, say from the vertex V2, and are 
given in terms of a, e as follows: 


F,=a(e+1), F,=a(e-1) (hyperbola) 
F, =a(l+e), Fo=a(l1-e) (ellipse) (17.11.1) 
The ray lengths Rı and Rv from the foci to a point P satisfy: 
Ri -R2=2 hyperbol 
: p oe (17.11.2) 


R, + Rọ = 2a (ellipse) 
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The polar representations of the hyperbola or ellipse may be given in terms of the 
polar angles Yı or W2. We have: 


24 24 
= ale ) : 2= ale ) (hyperbola) 
ecosyı- 1 ecosW2+ 1 
2 2 (17.11.3) 
poe ae) (ellipse) 
17 1T—ecosy,’ 2? 1-ecos wo P 


Note that we can write a (e? — 1)= Fı (e — 1)= Fọ(e + 1). For the hyperbola, the 
denominator of Rı vanishes at the angles Yı = + acos(1/e), corresponding to two lines 
parallel to the hyperbola asymptotes. 

In the cartesian coordinates x, Z (defined with respect to the origin O in the figure), 
the equations for the hyperbola and the ellipse are: 


(e? — 1)z? — x? = a? (e? — 1) (hyperbola) 


(1 —- e?)z? +x? =a? (1-e?) (ellipse) (7.11.4) 


The semi-major axes are b? = a° (e? — 1) or a? (1 — e?). Because of the constraints 
(17.11.2), the angles W1, Y2 are not independent of each other. For example, solving for 
W> in terms of yı, we have in the hyperbolic case: 


e? cos Yı — 2e + cos Y1 


= 17.11.5 
COSY e? — 2e cos yı +1 ( ) 
This implies the additional relationship and the derivative: 
1 + cos Wo 1 + cos Yı (=) 
ecosWo+1 \ecosyi-1})\e+1 
(17.11.6) 


dy sinw, fecosW2+1 a 
dw, siny \ecosyı-1 


The incident ray R, reflects off the surface of either the hyperbola or the ellipse as 
though the surface is locally a perfect mirror, that is, the local normal bisects the angle 
between the incident and reflected rays. The angles of incidence and reflection ġ shown 
on the figures are given by: 


(hyperbola) 
(17.11.7) 
—_ = (ellipse) 


To determine the aperture field on the aperture plane passing through F2, we equate 
the power within a solid angle dQ, = sin w,dw dx radiated from the feed, to the power 
reflected within the cone dQ2 = sin W2dW2dx from the hyperbola, to the power passing 
through the aperture dA = pdpdx: 


1 
dP = U1 (Y1, X) dQ, = U2 (Y2, X) dQ2 = py Eal aa (17.11.8) 
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where U; is the radiation intensity of the feed, and U>2 the intensity of the virtual feed. 
The second of Eqs. (17.11.8) may be solved as in Eq. (17.8.2) giving: 


1 
|Eq| = oF (1 + cos W2) 2NU2 (W2,Xx) (17.11.9) 


where F is the focal length of the parabola. From the first of Eqs. (17.11.8), we find: 


sin yıd yı ecosyı-1 
Vae sinWodWo — vr ecosW2+1 er 


Inserting this into Eq. (17.11.9) and using Eqs. (17.11.6), we obtain: 


1 e-l 
lEal = 35 (= =) (1 + cos p1) J2nUi(Wi,x) (17.11.11) 


Comparing with Eq. (17.8.2), we observe that this is equivalent to a single parabolic 
reflector with an effective focal length: 


e+1 
Fee = F 
e-l 


(17.11.12) 


Thus, having a secondary reflector increases the focal length while providing a con- 
venient location of the feed near the vertex of the parabola. Cassegrain antenna aperture 
efficiencies are typically of the order of 0.65-0.70. 


17.12 Lens Antennas 


Dielectric lens antennas convert the spherical wave from the feed into a plane wave 
exiting the lens. Fig. 17.12.1 shows two types of lenses, one with a hyperbolic and the 
other with elliptic profile. 


hyperbola 


ellipse aperture 


Fig. 17.12.1 Lens antennas. 


The surface profile of the lens is determined by the requirement that the refracted 
rays all exit parallel to the lens axis. For example, for the lens shown on the left, the 
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effective aperture plane is the right side AB of the lens. If this is to be the exiting 
wavefront, then each point A must have the same phase, that is, the same optical path 
length from the feed. 

Taking the refractive index of the lens dielectric to be n, and denoting by R and h the 
lengths FP and PA, the constant-phase condition implies that the optical length along 
FPA be the same as that for FVB, that is, 


R+nh=F+nho (17.12.1) 


But, geometrically we have R cos Y +h = F + họ. Multiplying this by n and subtract- 
ing Eq. (17.12.1), we obtain the polar equation for the lens profile: 


R(ncosw — 1)= F(n— 1) 


Ras (17.12.2) 


ncosw -1 


This is recognized from Eq. (17.11.3) to be the equation for a hyperbola with eccen- 
tricity and focal length e = n and F; = F. 

For the lens shown on the right, we assume the left surface is a circle of radius Ro 
and we wish to determine the profile of the exiting surface such that the aperture plane 
is again a constant-phase wavefront. We denote by R and h the lengths FA and PA. 
Then, R = Ro + h and the constant-phase condition becomes: 


Ro +nh+d=Ro + nho (17.12.3) 


where the left-hand side represents the optical path FPAB. Geometrically, we have 
Rcosw +d = F and F = Ro + ho. Eliminating d and Ro, we find the lens profile: 


faa) 
R= — (17.12.4) 
1- Pi cos W 


which is recognized to be the equation for an ellipse with eccentricity and focal length 
e = 1/n and F, =F. 

In the above discussion, we considered only the refracted rays through the dielectric 
and ignored the reflected waves. These can be minimized by appropriate antireflection 
coatings. 


17.13 Problems 


17.1 Cross Polarization. 
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Antenna Arrays 


18.1 Antenna Arrays 


Arrays of antennas are used to direct radiated power towards a desired angular sector. 
The number, geometrical arrangement, and relative amplitudes and phases of the array 
elements depend on the angular pattern that must be achieved. 

Once an array has been designed to focus towards a particular direction, it becomes 
a simple matter to steer it towards some other direction by changing the relative phases 
of the array elements—a process called steering or scanning. 

Figure 18.1.1 shows some examples of one- and two-dimensional arrays consisting 
of identical linear antennas. A linear antenna element, say along the z-direction, has 
an omnidirectional pattern with respect to the azimuthal angle ¢@. By replicating the 
antenna element along the x- or y-directions, the azimuthal symmetry is broken. By 
proper choice of the array feed coefficients an, any desired gain pattern g(@) can be 
synthesized. 

If the antenna element is replicated along the z-direction, then the omnidirectionality 
with respect to ¢ is maintained. With enough array elements, any prescribed polar angle 
pattern g(@) can be designed. 

In this section we discuss array design methods and consider various design issues, 
such as the tradeoff between beamwidth and sidelobe level. 

For uniformly-spaced arrays, the design methods are identical to the methods for 
designing FIR digital filters in DSP, such as window-based and frequency-sampling de- 
signs. In fact, historically, these methods were first developed in antenna theory and 
only later were adopted and further developed in DSP. 


18.2 Translational Phase Shift 


The most basic property of an array is that the relative displacements of the antenna ele- 
ments with respect to each other introduce relative phase shifts in the radiation vectors, 
which can then add constructively in some directions or destructively in others. This is 
a direct consequence of the translational phase-shift property of Fourier transforms: a 
translation in space or time becomes a phase shift in the Fourier domain. 
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array along 
y-axis 


array along 
X-axis 


a a, a, a; 


two-dimensional 


array along z2 
Z-axis 
Zi 


Zo 


Fig. 18.1.1 Typical array configurations. 


Figure 18.2.1 shows on the left an antenna translated by the vector d, and on the 
right, several antennas translated to different locations and fed with different relative 
amplitudes. 


Ja(r) 


=y =y 


x 
Fig. 18.2.1 Translated antennas. 


The current density of the translated antenna will be Jg(r) = J(r — d). By definition, 
the radiation vector is the three-dimensional Fourier transform of the current density, 
as in Eq. (13.7.5). Thus, the radiation vector of the translated current will be: 


Fa = J e* Jaan r= feya -— d) d?r = faai ay’ 
= olka Í elkt Jà) d?r = eka F 


where we changed variables to r’ = r — d. Thus, 
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Fa(k) = e/* 4 F(k) (translational phase shift) (18.2.1) 


18.3 Array Pattern Multiplication 


More generally, we consider a three-dimensional array of several identical antennas lo- 
cated at positions do, d;,d2,... with relative feed coefficients do, 41, d2,..., aS shown 
in Fig. 18.2.1. (Without loss of generality, we may set dg = 0 and do = 1.) 

The current density of the nth antenna will be J, (r)= anJ(r — dn) and the corre- 
sponding radiation vector: 


F,(k) = ap F(k) 


The total current density of the array will be: 


Jtor (1) = aoJ(r — do) tai J(r — dı) +a2J(r — d2)+--- 
and the total radiation vector: 


Foot (kK) = Fo + Fi + Fo + +++ = aoe% F(k) +aye/*% F(k) +ape!k® F(k) +--+ - 


The factor F(k) due to a single antenna element at the origin is common to all terms. 
Thus, we obtain the array pattern multiplication property: 


| Frot (k) = A(k) F(k) (array pattern multiplication) (18.3.1) 


where A (k) is the array factor: 


A(k) = age % + aqt + ape +... (array factor) (18.3.2) 


Since k = kf, we may also denote the array factor as A (f) or A (0, @). To summarize, 
the net effect of an array of identical antennas is to modify the single-antenna radiation 
vector by the array factor, which incorporates all the translational phase shifts and 
relative weighting coefficients of the array elements. 

We may think of Eq. (18.3.1) as the input/output equation of a linear system with 
A(k) as the transfer function. We note that the corresponding radiation intensities and 
power gains will also be related in a similar fashion: 


Uror (0, p) = |A(0, p) U(O, p) 


(18.3.3) 
Gia (0, p) = |A(0, b) 1? G(O, p) 


where U(0,q@) and G(0,¢@) are the radiation intensity and power gain of a single el- 
ement. The array factor can dramatically alter the directivity properties of the single- 
antenna element. The power gain |A (0, @) |? of an array can be computed with the help 
of the MATLAB function array (see Appendix) with typical usage: 


[g, phi] = array(d, a, Nph); 
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Example 18.3.1: Consider an array of two isotropic antennas at positions dọ = 0 and d; = xd 
(alternatively, at dg = —(d/2)xX and dı = (d/2)X), as shown below: 


The displacement phase factors are: 
eik-do =1, eik-d = edkxd = edkd sin 0 cos p 
or, in the symmetric case: 
ej% do = edkxd/2 = e Jk (d/2)sin 0 cos p , olk-dy = edkxd/2 = esk(d/2)sin 0 cos p 
Let a = [do, a, ] be the array coefficients. The array factor is: 


A(O0,¢) = do + a, elkasin 8 cosp 


A(0,¢) = age Jk (a/2)sin 8 cos p + a, ebk(a/2)sinO cosp (symmetric case) 


The two expressions differ by a phase factor, which does not affect the power pattern. At 
polar angle 0 = 90°, that is, on the xy-plane, the array factor will be: 


A() = ao + ajes 
and the azimuthal power pattern: 
g(b)= |A(p) I? = | ao + arelk4eos? |? 


Note that kd = 2trd/A. Figure 18.3.1 shows g(q@) for the array spacings d = 0.25A, 
d = 0.50A, d = A, or kd = Tr/2, Tr, 277, and the following array weights: 
a= [ao,a1]= [1,1] 
a= [dao,a]= [1,-1] (18.3.4) 
a= [a,a]= [1,-J] 
The first of these graphs was generated by the MATLAB code: 
d = 0.253 a = [1,1]; % d is in units of À 


[g, phi] = array(d, a, 400); % 400 phi’s in [0, Tr] 
dbz(phi, g, 30, 20); % 30° grid, 20-dB scale 
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d =0.254, a=[1, 1] d =0.25), a=[1, 4] d =0.25A, a=[1, 4] 
90° 90° 90° 


-90° 


d =À, a=[1, 4] 
90° 


-90° 


Fig. 18.3.1 Azimuthal gain patterns of two-element isotropic array. 


As the relative phase of ag and a, changes, the pattern rotates so that its main lobe is in 
a different direction. When the coefficients are in phase, the pattern is broadside to the 
array, that is, towards ¢ = 90°. When they are in anti-phase, the pattern is end-fire, that 
is, towards @ = 0° and @ = 180°. 


The technique of rotating or steering the pattern towards some other direction by intro- 
ducing relative phases among the elements is further discussed in Sec. 18.9. There, we 
will be able to predict the steering angles of this example from the relative phases of the 
weights. 


Another observation from these graphs is that as the array pattern is steered from broad- 
side to endfire, the widths of the main lobes become larger. We will discuss this effect in 
Sects. 18.9 and 18.10. 
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When d = A, more than one main lobes appear in the pattern. Such main lobes are called 
grating lobes or fringes and are further discussed in Sec. 18.6. Fig. 18.3.2 shows some 
additional examples of grating lobes for spacings d = 2A, 4A, and 8A. o 


d =2), a=[1, 1] d =8), a =[1, 1] 


Fig. 18.3.2 Grating lobes of two-element isotropic array. 


Example 18.3.2: Consider a three-element array of isotropic antennas at locations dọ = 0, 
dı = dx, and d? = 2dx, or, placed symmetrically at dọ = —dx, dı = 0, and dz = dX, as 
shown below: 


The displacement phase factors evaluated at 0 = 90° are: 
elk-do =] eik-dy ay olkxd = elk cos p olk-de = eltkxd = el2kd cos p 
Let a = [do, 4, a2] be the array weights. The array factor is: 
A (p) = do + aefa cos p + ap ek cos p 


Figure 18.3.3 shows g(p) = |A(@) |? for the array spacings d = 0.25A, d = 0.50A,d =A, 
or kd = tr/2, Tr, 277, and the following choices for the weights: 


a= [do, 41, a2]= [1,1,1] 


a= [ao, 41, a2]= [1, (-1), (-1)*J= [1,-1,1] (18.3.5) 
a = [ao, 41, a2 ]= [1, (-/), (-/)*]= [1,-j,—1] 


where in the last two cases, progressive phase factors of 180° and 90° have been introduced 
between the array elements. 


The MATLAB code for generating the last graph was: 


18.3. Array Pattern Multiplication 609 


d =0.25A, a=[1, 1, 1] d =0.254, a =[1, 4, 1] d =0.25A4, a=[1, +, 4] 
90° 90° 90° 


d =0.50A, a =[1, 4 A] 
90° 90° 90° 


-90° -90° 


d =À, a=[1,1, 1] a=[1, +] 
90° 


-90° 


Fig. 18.3.3 Azimuthal gains of three-element isotropic array. 


d = 1; a = [1,-j,-1]; 
[g, phi] = array(d, a, 400); 
dbz(phi, g, 30, 20); 


The patterns are similarly rotated as in the previous example. The main lobes are narrower, 
but we note the appearance of sidelobes at the level of —10 dB. We will see later that as 
the number of array elements increases, the sidelobes reach a constant level of about —13 
dB for an array with uniform weights. 


Such sidelobes can be reduced further if we use appropriate non-uniform weights, but at 
the expense of increasing the beamwidth of the main lobes. o 
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Example 18.3.3: As an example of a two-dimensional array, consider three z-directed half- 
wave dipoles: one at the origin, one on the x-axis, and one on the y-axis, both at a distance 
d = A/2, as shown below. 


The relative weights are do, @,,d@2. The displacement vectors are dı = xd and d2 = yd. 
Using Eq. (15.1.4), we find the translational phase-shift factors: 


elked — gikxd — ejkdsin8 cosp | gik-dz — pikyd — pikdsind sing 
and the array factor: 
A(0, p)= ao + ayelkasindcosd 4 g, eikdsind sing 
Thus, the array’s total normalized gain will be up to an overall constant: 


cos (0.571 cos 0) . 
sin 0 


Grot (0,6) = |A (8, P)’ (8, 6) = |A(8, p)1? 
The gain pattern on the xy-plane (0 = 90°) becomes: 
Jror (P) = | ao + a, etka coso + apedkdsin | 2 


Note that because d = A/2, we have kl = tr. The omnidirectional case of a single element 
is obtained by setting a; = a2 = 0 and aọ = 1. Fig. 18.3.4 shows the gain tot (P) for 
various choices of the array weights do, 41, A2. 


Because of the presence of the ap term, which depends on sin œ, the gain is not necessarily 
symmetric for negative d’s. Thus, it must be evaluated over the entire azimuthal range 
-T < $ < m. Then, it can be plotted with the help of the function dbz2 which assumes 
the gain is over the entire 277 range. For example, the last of these graphs was computed 
by: 


.5; a0=1; al=2; a2=2; 

(0:400) * 2*pi/400; 

psil = 2*pi*d*cos(phi); 

psi2 = 2*pi*d*sin(phi); 

g = abs(a0 + al * exp(j*psil) + a2 * exp(j*psi2)).A2; 
g = g/max(g); 

dbz2(phi, g, 45, 12); 


d=0 


When a; = 0, we have effectively a two-element array along the x-axis with equal weights. 
The resulting array pattern is broadside, that is, maximum along the perpendicular ¢ = 
90° to the array. Similarly, when a; = 0, the two-element array is along the y-axis and the 
pattern is broadside to it, that is, along ¢ = 0. When do = 0, the pattern is broadside to 
the line joining elements 1 and 2. o 
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Ag=1, a;=1, a2=0 Ap=1, a,=0, a=1 aọ™0, a=], a=1 
90° 90° 90° 


Ag=1, a=2, ap=2 
90° 


Fig. 18.3.4 Azimuthal gain patterns of two-dimensional array. 


Example 18.3.4: The analysis of the rhombic antenna in Sec. 15.7 was carried out with the 
help of the translational phase-shift theorem of Eq. (18.2.1). The theorem was applied to 
antenna pairs 1,3 and 2,4. 


Amore general version of the translation theorem involves both a translation and a rotation 
(a Euclidean transformation) of the type r’ = R~! (r — d), or, r = Rr’ + d, where R is a 
rotation matrix. 


The rotated/translated current density is then defined as Jra(r)= R~!J(r’) and the cor- 
responding relationship between the two radiation vectors becomes: 


Fra(k)= e*4R-!F(R-k) 


The rhombic as well as the vee antennas can be analyzed by applying such rotational 
and translational transformations to a single traveling-wave antenna along the z-direction, 
which is rotated by an angle + « and then translated. o 


Example 18.3.5: Ground Effects Between Two Antennas. There is a large literature on radio- 
wave propagation effects [19,35,45,670-686]. Consider a mobile radio channel in which 
the transmitting vertical antenna at the base station is at height hı from the ground and 
the receiving mobile antenna is at height hz, as shown below. The ray reflected from the 
ground interferes with the direct ray and can cause substantial signal cancellation at the 
receiving antenna. 
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base reflected direct 


m) i 
O|x 


The reflected ray may be thought of as originating from the image of the transmitting 
antenna at —h,, as shown. Thus, we have an equivalent two-element transmitting array. 
We assume that the currents on the actual and image antennas are I (z) and pI (z), where 
P = —Prm is the reflection coefficient of the ground for parallel polarization (the negative 
sign is justified in the next example), given in terms of the angle of incidence « by: 


n? cos & — Vn? — sin? « >» € po No 
P = —Pm™= ; - , n J €r —J 
n? cos & + Vn? — sin? « €0 WE 2TT 


TÀ 


where n is the complex refractive index of the ground, and we replaced WEo = 2TTf €o = 
2TTCo€o/A and Co€o = 1/No. Numerically, we may set No/27TT = 60 Q. From the geometry 
of the figure, we find that the angle « is related to the polar angle @ by: 


rsin@ 


tan a = — 
hı + rcos@ 


In the limit of large r, œ tends to 0. For a perfectly conducting ground (o = œ), the 
reflection coefficient becomes p = 1, regardless of the incidence angle. 


On the other hand, for an imperfect ground and for low grazing angles (« = 90°), the 
reflection coefficient becomes p = —1, regardless of the conductivity of the ground. This 
is the relevant case in mobile communications. 


The array factor can be obtained as follows. The two displaced antennas are at locations 
dı = h,z and dọ = —hj,Z, so that the displacement phase factors are: 


eik-dy = elkzhi = elkhy cos 0 elk-de — e dkzhi = e Jkhy cos 0 


where we replaced kz = k cos 0. The relative feed coefficients are 1 and p. Therefore, the 
array factor and its magnitude will be: 


A(@) = edkhi cos 0 + pe skhi cos 0 = ghros (1 + pe) 
: (18.3.6) 
|A(0)|2 = |1+pe/4|?, where A= 2kh; cos 0 


The gain of the transmitting antenna becomes Gior (0) = |A (0) |* G(@), where G(@) is the 
gain with the ground absent. For the common case of low grazing angles, or p = —1, the 
array factor becomes: 


|A(6)|2 = |1- e|? =2 2 cos(A)= 4sin? (5) 


At the location of the mobile antenna which is at height họ, the geometry of the figure 
implies that cos 0 = h»/r. Thus, we have A = 2kh, cos 0 = 2khyh>/r, and 


ae: 
r 


A(O) = asim? (4) = a2 = ( 
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where we assumed that kh,jh2/r « 1 and used the approximation sinx ~ x. Therefore, 
for fixed antenna heights hı, họ, the gain at the location of the receiving antenna drops 
like 1/r?. This is in addition to the 1/r? drop arising from the power density. Thus, the 
presence of the ground reflection causes the overall power density at the receiving antenna 
to drop like 1/r* instead of 1/r?. 


For two antennas pointing towards the maximum gain of each other, the Friis transmission 
formula must be modified to read: 


2 r 
Po _ GiG2 (>) |1 +pe4|’?, A= 2khiha _Atthihz (18.3.7) 
Py A4ttr 


r Ar 


The direct and ground-reflected rays are referred to as the space wave. When both antennas 
are close to the ground, one must also include a term in A(@) due to the so-called Norton 
surface wave [681-686]: 


A(@)=1+pe + (1-p)Fe/4 
— 1m 
space wave surface wave 
where F is an attenuation coefficient that, for kr > 1, can be approximated by [673]: 


sin? & l er 
=- 5 u = =; yn? — sin’ « 
jkr (cos & + u) n 


At grazing angles, the space-wave terms of A (0) tend to cancel and the surface wave be- 
comes the only means of propagation. A historical review of the ground-wave propagation 
problem and some of its controversies can be found in [671]. o 


Example 18.3.6: Vertical Dipole Antenna over Imperfect Ground. Consider a vertical linear an- 
tenna at a height h over ground as shown below. When the observation point is far from 
the antenna, the direct and reflected rays rı and rp will be almost parallel to each other, 
forming an angle 0 with the vertical. The incidence angle « of the previous example is 
then « = 0, so that the TM reflection coefficient is: 


n? — sin? 0 — n? cos 0 j No 


Pt = 5 no =€>—J 
vn? — sin? 0 + n? cos 0 2TT 


E, r 

fa) r 

I(z) 
h 0 E, Pry Es n 
00 
Re CNG: 

-h me 

pe 

-Pru t- 


The relative permittivity €; = €/€ọ and conductivity o (in units of S/m) are given below 
for some typical grounds and typical frequencies:* 


TITU Recommendation ITU-R P.527-3 on the “Electrical Characteristics of the Surface of the Earth,” 1992. 
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1 MHz 100 MHz 1 GHz 
ground type Ey on Er on Er o 
very dry ground 3 10-4 3 10-4 3 | 1.5x1074 
medium dry ground | 15 10-3 15 | 1.5x107-% | 15 | 3.5x1073 
wet ground 30 107? 30 | 1.5x107? | 30 | 1.5x107! 
fresh water 80 | 3x107? | 80 | 5x103 | 80 | 1.5x107! 
sea water 70 5 70 5 70 5 


According to Eq. (15.1.6), the electric fields E, and E> along the direct and reflected rays 
will point in the direction of their respective polar unit vector ô, as seen in the above figure. 
According to the sign conventions of Sec. 6.2, the reflected field p7yE> will be pointing in 
the —6 direction, opposing E. The net field at the observation point will be: 

jkr, -jkr 


a e ; a e 
E= E — prmE: = O jkn R F,(0)sin 0 — 0 jkn Inr 


PrmFz(0)sin0 


where F(@)= 2Fz(0) is the assumed radiation vector of the linear antenna. Thus, the 
reflected ray appears to have originated from an image current —prmI (z). Using the ap- 
proximations rı = r — h cos @ and r2 = r + h cos @ in the propagation phase factors e~Jk" 
and ekr2, we obtain for the net electric field at the observation point (r, 0): 

e-k 


a r s . 
E= ô jkn Ip Fz (0) sin 8 [ehs = Prue JKhoos 0] 


It follows that the (unnormalized) gain will be: 
: 2 
g(0)= |Fz(0)sin0 |? |1 — pru (O)e-2heos? | 


The results of the previous example are obtained if we set p = — pry. For a Hertzian dipole, 
we may replace F; (0) by unity. For a half-wave dipole, we have: 


g(0)= 


cos(0.57T cos 0) j ja pm(O)e 


—2jkhcos 0 | 2 
sin 0 


Fig. 18.3.5 shows the resulting gains for a half-wave dipole at heights h = A/4 andh = A/2 
and at frequencies f = 1 MHz and f = 100 MHz. The ground parameters correspond to 
the medium dry case of the above table. The dashed curves represent the gain of a single 
dipole, that is, G(@)= | cos(0.571 cos 0) / sin @ | a 


The following MATLAB code illustrates the generation of these graphs: 


sigma=le-3; ep0=8.854e-12; er=15; f=1e6; h = 1/4; 
n2 = er - j*sigma/ep0/2/pi/f; 


th = linspace(0,pi/2,301); c =cos(th); s2 = sin(th).A2; 
rho = (sqrt(n2-s2) - n2*c)./(sqrt(n2-s2) + n2*c); 


A= 1 - rho .* exp(-j*4*pi*h*cos(th)); % array factor 

G = cos(pi*cos(th)/2)./sin(th); G(1)=0; % half-wave dipole gain 
g = abs(G.*A).^2; g = g/max(g); % normalized gain 
dbp(th, g, 30, 12); % polar plot in dB 


Thus, the presence of the ground significantly alters the angular gain of the dipole. For 
the case h = A/2, we observe the presence of grating lobes, arising because the effective 
separation between the dipole and its image is 2h > A/2. o 


18.4. One-Dimensional Arrays 615 


h =A/4, f =1 MHz h =A/4, f =100 MHz 
o © 6 a © 96 


180° 180° 
h =A/2, f =1 MHz h =A/2, f =100 MHz 
o 9 o 9 


180° 180° 


Fig. 18.3.5 Vertical dipole over imperfect ground 


18.4 One-Dimensional Arrays 


Next, we consider uniformly-spaced one-dimensional arrays. An array along the x-axis 
(see Fig. 18.3.4) with elements positioned at locations Xn, n = 0,1, 2,..., will have dis- 
placement vectors dn = XX and array factor: 


A(0,)= X antt = X apen = X apen sint cosp 
n n n 


where we set kx = k sin 0 cos d. For equally-spaced arrays, the element locations are 
Xn = nd, where d is the distance between elements. In this case, the array factor be- 
comes: 


A(0, p)= $ apes? (18.4.1) 


n 


Because the angular dependence comes through the factor kxd = kd sin 0 cos ¢, we are 
led to define the variable: 


W = kxd = kd sin 0 cos œ | (digital wavenumber) (18.4.2) 
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Then, the array factor may be thought of as a function of w: 


A(W)= > ane’ (array factor in digital wavenumber space) (18.4.3) 
n 


The variable w is a normalized version of the wavenumber k, and is measured in 
units of radians per (space) sample. It may be called a normalized digital wavenumber, in 
analogy with the time-domain normalized digital frequency w = QT = 2Ttf /fs, which 
is in units of radians per (time) sample.t The array factor A(w) is the wavenumber 
version of the frequency response of a digital filter defined by 


A(w)= > ane" (18.4.4) 


We note the difference in the sign of the exponent in the definitions (18.4.3) and 
(18.4.4). This arises from the difference in defining time-domain and space-domain 
Fourier transforms, or from the difference in the sign for a plane wave, that is, 


eJwt—jk-r 


The wavenumber w is defined similarly for arrays along the y- or z-directions. In 
summary, we have the definitions: 


y = kxd = kd sin 0 cos (array along x-axis) 
y = k,d = kd sin 0 sing (array along y-axis) (18.4.5) 
Ww = k,d = kd cos 0 (array along z-axis) 


The array factors for the y- and Z-axis arrays shown in Fig. 18.1.1 will be: 


A(0, $) = X ane" = X apen sind sing 


n n 
A(0, p) = Sane = Sane? 
n n 


where yn = nd and Zn = nd. More generally, for an array along some arbitrary direction, 
we have y = kd cos y, where y is the angle measured from the direction of the array. 
The two most commonly used conventions are to assume either an array along the Z- 
axis, or an array along the x-axis and measure its array factor only on the xy-plane, that 
is, at polar angle 0 = 90°. In these cases, we have: 


W = kxd =kdcosd (array along x-axis, with 0 = 90°) 


w =k,d = kd cos 0 (array along z-axis) (18.4.6) 


For the x-array, the azimuthal angle varies over —1t < ¢ < Tr, but the array response 
is symmetric in @ and can be evaluated only for 0 < ¢ < Tr. For the z-array, the polar 
angle varies over 0 < 0 < T. 


tHere, Q denotes the physical frequency in radians/sec. 
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In analogy with time-domain DSP, we may also define the spatial analog of the z-plane 
by defining the variable z = e/” and the corresponding z-transform: 


A(z)= 5 Anz" (array factor in spatial z-domain) (18.4.7) 
n 


The difference in sign between the space-domain and time-domain definitions is also 
evident here, where the expansion is in powers of z” instead of z~". The array factor 
A(w) may be called the discrete-space Fourier transform (DSFT) of the array weighting 
sequence An, just like the discrete-time Fourier transform (DTFT) of the time-domain 
case. The corresponding inverse DSFT is obtained by 


TT 
an = eS Í Al(y)e "dy (inverse DSFT) (18.4.8) 
2T J-r 


This inverse transform forms the basis of most design methods for the array coeffi- 
cients. As we mentioned earlier, such methods are identical to the methods of designing 
FIR filters in DSP. Various correspondences between the fields of array processing and 
time-domain digital signal processing are shown in Table 18.4.1. 


Example 18.4.1: The array factors and z-transforms for Example 18.3.1 are for the three choices 
for the coefficients: 


A(w) =1+el”, A(z) =1+z 
A(w) =1-e", A(z) =1-z 
A(w) =1-jel”, A(z) =1-jz 


where z = e” and y = kd cos ¢. o 


18.5 Visible Region 


Because the correspondence from the physical angle-domain to the wavenumber y- 
domain is through the mapping (18.4.5) or (18.4.6), there are some additional subtleties 
that arise in the array processing case that do not arise in time-domain DSP. We note 
first that the array factor A (y) is periodic in w with period 271, and therefore, it is 
enough to know it within one Nyquist interval, that is, -TmT < Y < T. 

However, the actual range of variation of y depends on the value of the quantity 
kd = 2trd/A. As the azimuthal angle ¢ varies from 0° to 180°, the quantity w = 
kd cos , defined in Eq. (18.4.6), varies from y = kd to w = —kd. Thus, the overall 
range of variation of y—called the visible region—will be: 


-kd < y < kd (visible region) (18.5.1) 


The total width of this region is Wyvis = 2kd. Depending on the value of kd, the 
visible region can be less, equal, or more than one Nyquist interval: 
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discrete-time signal processing discrete-space array processing 
time-domain sampling tn = nT space-domain sampling Xn = nd 
sampling time interval T sampling space interval d 
sampling rate 1/T [samples/sec] sampling rate 1/d [samples/meter] 
frequency Q wavenumber kx 

digital frequency w = OT digital wavenumber w = kxd 
Nyquist interval -TT < W < TT Nyquist interval -TT < Y < TT 
sampling theorem Q < T/T sampling theorem kx < 1r/d 
spectral images grating lobes or fringes 
frequency response A (w) array factor A (y) 

z-domain z = ej% z-domain z = e/” 

transfer function A (z) transfer function A (z) 

DTFT and inverse DTFT DSFT and inverse DSFT 

pure sinusoid e/”o” narrow beam e~/ #0" 

windowed sinusoid w(n) e/@0” windowed narrow beam w(n) eJ¥on 
resolution of multiple sinusoids resolution of multiple beams 
frequency shifting by AM modulation | phased array scanning 

filter design by window method array design by window method 
bandpass FIR filter design angular sector array design 
frequency-sampling design Woodward-Lawson design 

DFT Blass matrix 

FFT Butler matrix 


Table 18.4.1 Duality between time-domain and space-domain signal processing. 


d<A/2 > kd<t > Wyss < 27 (less than Nyquist) 
d = À/2 kd =T Wvis = 27 (full Nyquist) (18.5.2) 
d>aA/2 >» kd>t => Wvs>2T (more than Nyquist) 


The visible region can also be viewed as that part of the unit circle covered by the 
angle range (18.5.1), as shown in Fig. 18.5.1. If kd < Tr, the visible region is the arc 
ZaZZp With the point z = el moving clockwise from Za to Zp as œ% varies from 0 to Tr. 
In the case kd = Tr, the starting and ending points, Za and Zp, coincide with the Y = Tr 
point on the circle and the visible region becomes the entire circle. If kd > Tr, the visible 
region is one complete circle starting and ending at Zą and then continuing on to Zp. 

In all cases, the inverse transform (18.4.8) requires that we know A(wW) over one 
complete Nyquist interval. Therefore, in the case kd < Tr, we must specify appropriate 
values of the array factor A (WY) over the invisible region. 


18.6 Grating Lobes 


In the case kd > Tr, the values of A (y) are over-specified and repeat over the visible 
region. This can give rise to grating lobes or fringes, which are mainbeam lobes in 
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kd < Tt 
z= el? 
invisible ; visible 
region z) region 


Fig. 18.5.1 Visible regions on the unit circle. 


directions other than the desired one. We saw some examples in Figs. 18.3.1 and 18.3.2. 

Grating lobes are essentially the spectral images generated by the sampling process 
(in this case, sampling in space.) In w-space, these images fall in Nyquist intervals other 
than the central one. 

The number of grating lobes in an array pattern is the number of complete Nyquist 
intervals fitting within the width of the visible region, that is, m = WYyis/ 27T = kd/tr = 
2d/A. For example in Fig. 18.3.2, the number of grating lobes are m = 4,8,16 for 
d = 2A, 4A, 8A (the two endfire lobes count as one.) 

In most array applications grating lobes are undesirable and can be avoided by re- 
quiring that kd < 27, or d < A. It should be noted, however, that this condition does 
not necessarily avoid aliasing—it only avoids grating lobes. Indeed, if d is in the range 
A/2 < d < A, or, T < kd < 2r, part of the Nyquist interval repeats as shown in 
Fig. 18.5.1. To completely avoid repetitions, we must have d < A/2, which is equivalent 
to the sampling theorem condition 1/d = 2/A. 

Grating lobes are desirable and useful in interferometry applications, such as radio 
interferometry used in radio astronomy. A simple interferometer is shown in Fig. 18.6.1. 
It consists of an array of two antennas separated by d > A, so that hundreds or even 
thousands of grating lobes appear. 


from radio source 


arra attern 
$ y P 


receiver 


adder or, 
cross-correlator 


Y 


Fig. 18.6.1 Two-element interferometer and typical angular pattern. 
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These lobes are extremely narrow allowing very small angular resolution of radio 
sources in the sky. The receiver is either an adder or a cross-correlator of the two 
antenna outputs. For an adder and identical antennas with equal weights, the output 
will be proportional to the array gain: 


g(p)= |1+ ecos]? = 2 + 2c08(kd cos p) 


For a cross-correlator, the output will be proportional to cos (QT), where T is the 
time delay between the received signals. This delay is the time it takes the wavefront to 
travel the distance d cos œ, as shown in Fig. 18.6.1, that is, T = (d cos ġ)/c. Therefore, 
2Trfd cos o 

c 


cos(QT)= cos ( ) = cos (kd cos œ) 


In either case, the output is essentially cos (kd cos œ), and thus, exhibits the grating- 
lobe behavior. Cross-correlating interferometers are more widely used because they are 
more broadband. 

The Very Large Array (VLA) radio telescope in New Mexico consists of 27 dish an- 
tennas with 25-m diameters. The antennas are on rails extending in three different 
directions to distances of up to 21 km. For each configuration, the number of possible 
interferometer pairs of antennas is 27 (27 — 1) /2 = 351. These 351 outputs can be used 
to make a “radio” picture of the source. The achievable resolution is comparable to that 
of optical telescopes (about 1 arc second.) 

The Very Long Baseline Array (VLBA) consists of ten 25-m antennas located through- 
out the continental US, Puerto Rico, and Hawaii. The antennas are not physically con- 
nected to each other. Rather, the received signals at each antenna are digitally recorded, 
with the antennas being synchronized with atomic frequency standards, and then the 
recorded signals are digitally cross-correlated and processed off-line. The achievable 
resolution is about one milli-arc-second. 

We note finally that in an interferometer, the angular pattern of each antenna element 
must also be taken into account because it multiplies the array pattern. 


Example 18.6.1: In Fig. 18.3.2, we assumed isotropic antennas. Here, we look at the effect of 
the element patterns. Consider an array of two identical z-directed half-wavelength dipole 
antennas positioned along the z-axis at locations Z) = 0 and Zı = d. The total polar gain 
pattern will be the product of the array gain factor and the gain of each dipole: 


cos (0.571 cos 0) z 


Grot (9) = IA (0) |? Jaipoe (0)= | ao + ayelk4crs® |? : 
sin 0 


Fig. 18.6.2 shows the effect of the element pattern for the case d = 8A and uniform weights 
a = [a, 4,]= [1,1]. The figure on the left represents the array factor, with the element 
pattern superimposed (dashed gain). On the right is the total gain. 


The MATLAB code used to generate the right graph was as follows: 


d=8; a=[1,1]; 

[g, th] = array(d, a, 400); 

gdip = dipole(0.5, 400); 

gtot = g .* gdip; 

dbp(th, gtot, 30, 12); 

dbadd(1, ’--’, th, gdip, 30, 12); 
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array gain factor total gain 


180° 180° 


Fig. 18.6.2 Grating lobes of two half-wavelength dipoles separated by d = 8A. 


18.7 Uniform Arrays 


The simplest one-dimensional array is the uniform array having equal weights. For an 
array of N isotropic elements at locations x, = nd, n = 0,1,...,N — 1, we define: 
1 
a= [do, @1,-..,4n-1]= ylides dd (18.7.1) 


so that the sum of the weights is unity. The corresponding array polynomial and array 
factor are: 


1 zN-] 
A(z) = Hz? +- + zt] = 
a a EN a 
Misa (18.7.2) 
1 - i ; le = 
A = 1 JY 4 eV 4... 4 e(N-DiV] = = 
UD ee |= wi 


where z = e/” and w = kd cos ¢ for an array along the x-axis and look direction on the 
xy-plane. We may also write A (y) in the form: 


2 ) ej N-D wie 


y (uniform array) (18.7.3) 
N sin (2) 


The array factor (18.7.2) is the spatial analog of a lowpass FIR averaging filter in 
discrete-time DSP. It may also be viewed as a window-based narrow-beam design using a 
rectangular window. From this point of view, Eq. (18.7.3) is the DSFT of the rectangular 
window. 

The array factor has been normalized to have unity gain at dc, that is, at zero 
wavenumber W = 0, or at the broadside azimuthal angle ġ = 90°. The normalized 
power gain of the array will be: 


sin((Nkd/2)cos >) i 
N sin((kd/2)cos p) 


sin(Nw/2) 
N sin(w/2) 


g(p)= |A(w) |? = (18.7.4) 


| 2 
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Although (18.7.2) defines the array factor for all w over one Nyquist interval, the 


actual visible region depends on the value of kd. 


Fig. 18.7.1 shows A (y) evaluated only over its visible region for an 8-element (N = 8) 
array, for the following three choices of the element spacing: d = 0.25A, d = 0.5A, and 


d = A. The following MATLAB code generates the last two graphs: 


d=1; N=8; 

a = uniform(d, 90, N); 

[g, phi] = array(d, a, 400); 
A = sqrt(g); 

psi = 2*pi*d*cos(phi); 
plot(psi/pi, A); 

figure(2); 

dbz(phi, g, 45, 20); 


visible !\ IAC) d=0.25A ald 
region «— mainlobe mainlobe —” 
„~ Sidelobes sidelobes —_, p 
| > y O00 OOo > xX 


dn w o n ak "jde 
sak 1 
visible “f\ IA(y)| d = 0.50A glp) 
regions | 
f ' > y oeo o e o o >x 
-2M -T 0 TT 2TT 
visible 1 JA(w)I I-A gp) 
grating grating 
J lobe lobe \, 
>x 


Fig. 18.7.1 Array factor and angular pattern of 8-element uniform array. 


As ¢ varies from 0° to 180°, the visible regions for the three cases are: 


d=0.25A, We=(t/2)cosh > -Tt/2<W<tTt/2 
d=0.5A, W=tTrcosd > —T<Ws<tT 
d=A, W = 2T cos o > —2M<ŲY<2T 


Thus, in the first case the visible region is only half of the Nyquist interval; in the 
second case, it is the full interval; and in the third case, the Nyquist interval is covered 
twice, and therefore, grating lobes will appear. Because Y = 2T cos @, the grating lobes 
at W = +277 correspond to the endfire angles of @ = 0° and 180° (the larger width of 


the endfire lobes is explained in Sec. 18.10.) 
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The N — 1 zeros of the array polynomial A(z) are the N-th roots of unity, except 

for the root at z = 1, that is, 
; 2Trk 
zr=0"; W= =A, k=1,2,...,N-1 
N 

Because these zeros lie on the unit circle, they will correspond to nulls in the angular 
pattern, as long as they lie in the visible region. For d = 0.25A, and in general for any 
d < A/2, only a subset of these zeros will fall in the visible region. The zeros of the 
8-element array patterns of Fig. 18.7.1 are shown in Fig. 18.7.2. 


d = 0.25À d = 0.5À d=À 


invisible 
region 


visible 
region 


Fig. 18.7.2 Zero locations and visible regions of 8-element uniform array. 
The two most important features of the uniform array are its 3-dB beamwidth A W3ag, 


or Ad3ap in angle-space, and its sidelobe level R. These parameters are shown in 
Fig. 18.7.3, for an 8-element uniform array with d = 0.5A. 


AIACW)I a 
+ 1 &(P) 
jj 
T 3 as) 
> < R=13 dB 
AW 3p J Asap 
f f re 0 Wan > y eee oo o >x 
-TT TT TE TT 
NO N Ea 


Fig. 18.7.3 Mainlobe width and sidelobe level of uniform array. 


For N larger than about 5-6, the sidelobe level becomes independent of N and has 
the limiting value of R = 13 dB. Similarly, the beamwidth in w-space—defined as the 
full width of the mainlobe at the half-power level—takes the simple form: 


AW3ag = 0.886 T (3-dB width in w-space) (18.7.5) 


The first nulls in the array factor about the mainlobe are at +w, = +27r/N, and 
therefore, 27t/N represents half of the base of the mainlobe. 
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The 3-dB width Ad 3qp in angle space can be obtained by differentiating the equation 
y = kd cos q, that is, dw = (0w/0d) dd = (-kdsind) dd. Evaluating the derivative 
at broadside (œ = 90°) and assuming a narrow mainlobe, we have: 


o 
AW3an = | a | Ads3az = kd Ad3ap 


Solving for Ad3qp, we obtain Ad3gz = AW 3qp/ (kd) = 0.886 (27T /N)/ (2Trd/À), or 


Ad3az = 0.886 Ka (3-dB width at broadside) (18.7.6) 


The mainlobe beamwidth gets narrower with increasing N, while the relative sidelobe 
level remains the same. To achieve better (lower) sidelobe levels, one must use non- 
uniform weights obtained from non-rectangular windows. 

The quantity D = Nd is the effective aperture of the array. Thus, we recognize 
Eq. (18.7.6) as the classical Rayleigh limit on the resolving power of an optical system, 
which states that the angular resolution achieved by an aperture of length D is essentially 
A/D. 

The beamwidth expression (18.7.5) and the 13-dB sidelobe level can be justified as 
follows. The peak of the first sidelobe occurs approximately half-way between the first 
two nulls, that is, at w = 37t/N. More precisely, it occurs at w = 2.860671/N. Thus, 
the sidelobe level in dB will be: 


R = —20 logio 


sin(1.43037Tr) | 
N sin(1.430311r/N) 


sin (1.43037) 
1.430371 


= —20 log 
A (0) EN oe 


sin (1.430371) 
N (1.43031r/N) 


le 


—20 logio 


| = 20 l0g10 


| = 13.26 dB 


where we used the small-x approximation, sinx = x, in the denominator, which is justi- 
fied when N is large. Setting x = Nw /2, the sidelobe peak corresponds to the secondary 
maximum of the approximate array factor sin x/x, which by differentiation leads to the 
equation x = tanx, having solution x = 1.430371, or Y = 2x/N = 2.860671/N. 

The 3-dB width AW3ag is twice the 3-dB or half-power frequency W3, defined to be 
the solution of the equation: 


|A(ws) I? = sna /2) | : 


Nsin(w3/2)| 2 


Because y3 is always smaller than 27r/N, it will be small for large N, and therefore, 
we may make the same approximation in the denominator as above, giving the simplified 
equation: 


a] 


sin x3 
X3 


sin(Nw3/2) |° 
Nw3/2 i 


where x3 = NwW3/2. The quantity x3 is determined to be the constant x3 = 0.4437. 
Thus, W3 = 2x3/N = 0.443 (2mT/N), and AW3ag = 2W3 = 0.886 (27T /N). 
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18.8 Array Directivity 


The value of kd has an impact also on the directivity of an array. In the array processing 
literature, the directivity of an array is usually defined with reference to a z-directed 
array consisting of isotropic radiators. The wavenumber is w = kd cos 0 and the max- 
imum of the array factor is assumed to occur at broadside 0 = 90°, or w = 0. This 
basically means that the array factor will have a lowpass shape as a function of w, with 
a maximum value at dc given by 


|A(0) | = 


N-1 
Yan 
n=0 


It follows that the normalized power gain of the array will be: 
g(0)=c|A(0)|° 


where c = 1/|A (0) |?. The corresponding beam solid angle will be: 
TT TT 
aa=2n] g0)sinodo = 27 | c|A(@)|? sin@ dé 
0 0 


Changing variables of integration from 0 to w, which varies over the visible region 
(18.5.1), we obtain: 


om ka ; onc ka aei 
Q = A =o > J (n—m) y 
A kd Pes (w)|* dw ka Na P dw 


Performing the integration, we get 


7 , sin(kd(n —m)) 
AQ = AEG aan E © 


Therefore, the directivity of the array becomes: 


2 
41 |. an 


~ AQ « sin(kd(n — m)) 
>, anam kd(n—m) 


D 


(18.8.1) 


nm 


In the particular case of half-wavelength spacing d = A/2 or kd = Tr, the sinc function 
acts as a delta function 6(n — m), and the sum simplifies into: 
N-1 2 
9 a 
D= [neo an|" (18.8.2) 
Znao lan |? 
The maximum of this quantity is reached when all the coefficients are equal to each 
other. The common value may be adjusted so that their sum is unity, that is: 


626 Electromagnetic Waves & Antennas - S. J. Orfanidis 


The maximized value of D becomes: 


max D = N (18.8.3) 


Thus, the uniform array with half-wavelength spacing achieves maximum directivity 
equal to the number of array elements. This result is analogous to finding the opti- 
mum N-tap lowpass FIR filter that minimizes the noise reduction ratio, that is, the sum 
of the squares of the coefficients. 


18.9 Array Steering 


An array is typically designed to have maximum directive gain at broadside, that is, 
at = 90° (for an array along the x-axis.) The maximum of the array factor A(w) 
corresponds to w = kd cos ¢ = 0, so that |A |max = |A (0) |. 

We wish to “electronically” rotate, or steer, the array pattern towards some other 
direction, say o, without physically rotating it. The corresponding wavenumber at the 
desired look-direction will be: 


Wo = kd cos do (steering phase) (18.9.1) 


Such steering operation can be achieved by wavenumber translation in W-space, that 
is, replacing the broadside pattern A (y) by the translated pattern A (W — Wo). Thus, 
we define: 


A’ (W)= A(wW — Wo) (steered array factor) (18.9.2) 


and the translated wavenumber variable, 


y’ = W — Wo = kd (cos ¢ — cos po) (steered wavenumber) (18.9.3) 


Then, A’(w)= A(w’). The maximum of A’ (w) will coincide with the maximum of 
A(w’), which occurs at w’ = 0, or equivalently at w = Wo, or at angle $ = œo. 
Fig. 18.9.1 illustrates this wavenumber translation process and the corresponding ro- 
tation of the angular pattern, for an 11-element uniform array with d = A/2, steered 
from broadside to o = 60°. The MATLAB code for the last two graphs was: 


d=0.5; N=11; ph0=60; 

a = uniform(d, phO, N); 

[g, phi] = array(d, a, 400); 
psi = 2*pi*d*cos(phi); 
plot(psi/pi, sqrt(g)); 
figure(2); 

dbz(phi, g, 30, 20); 


It follows from the translation theorem of Fourier transforms that the weight coef- 
ficients a, of the translated pattern A’ (y) will be given by: 


ahn = dane Yon (steered array weights) (18.9.4) 


so that we have: 


18.9. Array Steering 627 


al) 


IA(w)I 
beam pattern in 


beam pattern in angle-space 
wavenumber-space 


$y =90° 
} > y oe o o o eo ele ee py 
-T 0 TT —+ dk 
Ao) a) 


translated pattern rotated pattern 


= 60° 


| | > y oe ooo ee ele e >y 


Fig. 18.9.1 Array steering or scanning by translation in wavenumber space. 


A’ (w)= S aj,eivn = X ane v-wo)n = Vane’ = A(w’) 
n n 


n 


Because of the progressive phase factors e~/0" in the weights an, the steered or 
scanned array is sometimes called a phased or scanning array. 

The time-domain version of array steering is AM modulation, in which a baseband 
signal is translated up in frequency by modulating with it a sinusoidal carrier, much like 
Eq. (18.9.4). Frequency translation is also used in DSP for mapping a lowpass filter into 
a bandpass one and for designing filter banks. We will use it in Sec. 19.4 to design arrays 
with angular sector patterns. 

The MATLAB functions steer.m and scan.m of Appendix G can be used to imple- 
ment Eq. (18.9.4). Their usage for even or odd number of array elements is discussed in 
Sec. 19.1. 


Example 18.9.1: In Examples 18.3.1 and 18.3.2, we considered the three cases having progres- 
sive phases Wo = 0, T, 1/2. These may or may not correspond to a physical steering angle 
po, depending on whether or not Wp lies in the visible region. 


In the case Wo = Trandd = 0.25A, we have w = 0.571 cos ¢, and therefore it is not possible 
to find a solution for 0.571 cos po = Wo = Tr. However, the array factor does correspond 
to a pattern rotated towards endfire. This can be seen from the expression, 


|A(w)| = |1—e”| = 2|sin(w/2) | = 2|sin(0.257r cos œ) | 
which is maximum towards endfire and minimum towards broadside. In the case Wo = 


t/2 and d = 0.25A, there is a solution to 0.577 cos po = Wo = 0.577, that is, do = 0°, 
which corresponds to the maximum of the steered array. 
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In the case Wo = Tr and d = 0.5A, we have y = T cos œ, and the solution to the equation 
Tcosdy = T is po = 0°. However, because the phase Wo = Tr is indistinguishable 
from the phase Wo = -rT (both lead to e~/¥° = —1), we will also have the solution to 
TT cos bo = —TT, which is o = 180°. 


In the case Wo = Tr/2 and d = 0.5A, the solution to TT cos po = Tr/2 is do = 60°, which 
corresponds to the maximum, as can be seen in Fig. 18.3.1. 


In the case Wo = +T and d = A, we have y = 2r cos œ, and the solutions to 27T cos do = 
+r are do = 60° and 120°. 


Finally, in the case Wo = 1/2 and d = J, the solution to 27 cos po = Tr/2 is p? = 75.5°. 
However, there is another grating lobe maximum towards o = 138.6°, which corresponds 
to the solution of 27 cos po = —371/2. This is so because Wo = 1/2 and Wo = —37t/2 are 
indistinguishable phases, both leading to e/”0 = —j. o 


The concepts of visible region, beamwidth, and the condition for absence of grating 
lobes, translate with minor modifications to the case of a steered array. As the angle œ 
varies over 0° < @ < 180°, the translated wavenumber w’ of Eq. (18.9.3) varies over the 
shifted visible region: 


—kd(1+cos do) < w’ < kd(1 — cos Go) | (shifted visible region) (18.9.5) 


where its total width is again 2kd. The condition for absence of grating lobes is obtained 
with the help of the inequality: 


|w’| < kd| cos — cos pol < kd (| cos | + | cos pol) < kd(1 + | cos pol) 


To ensure no grating lobes, w’ must remain strictly less than 271, which results in 
the sufficient condition: kd(1 + | cos pol) < 277, or replacing kd = 211d/A, 


(no grating lobes) (18.9.6) 


1 + | cos ġo 


At broadside, po = 90°, this reduces the earlier condition d < A. At endfire, po = 0° 
or 180°, it reduces to d < A/2. 


18.10 Array Beamwidth 


Because the steered array has a mainlobe towards the direction o, the beamwidth must 
be calculated by linearizing the map w = kd cos œ about ġo, that is, 


Aw = on Ad = | — kd sin pol Ad 


0 p Po 


which leads to the 3-dB beamwidth in angle-space: 


Ad3az = AW 3ap ; (3-dB width of steered array) (18.10.1) 


1 
kd sin ġo 
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For window-based narrow-beam design methods, the beamwidth AW 3qpz is approxi- 
mately equal to the product of the beamwidth of the uniform array, Eq. (18.7.5), and a 
so-called broadening factor b, whose value depends on the choice of the window. Thus, 
we have: 


2mb 
AW3ag = b AWs-a8, uniform = 0.886 ~ (3-dB width in w-space) (18.10.2) 


Combining Eqs. (18.10.1) and (18.10.2) and replacing kd by 2trd/A, we get: 


iad, = b, (3-dB width in angle-space) (18.10.3) 

The 3-dB angles will be approximately do + Ad3qp/2. Because of the presence of 
sin do in the denominator, the beamwidth A@3qpg will broaden as the array is steered 
from broadside to endfire. 

Exactly at endfire, @o = 0° or 180°, Eq. (18.10.3) fails and the beamwidth must be 
calculated by a different procedure. At dp = 0°, the translated wavenumber w’ = 
W — Wo becomes w’ = kd(cos œ — 1). Using the approximation cosx = 1 — x*/2, we 
may relate the 3-dB angle %3 to the corresponding 3-dB wavenumber by: 


Ad3az = 


Ws = kd (cos gs ~ 1) = kd ((1~ $3/2)-1) = ~Skag 


It follows that the 3-dB width in w-space will be AW 34g = 2|W4| = kdg5. Solving for 
3, we have 3 = /AW3ap/kd. Thus, the 3-dB width in angle space will be Ad3qz = 2¢3, 


or 
Asan = 2, j Sin ,  (3-dB width at endfire) (18.10.4) 


The same expression also holds for endfire towards po = 180°. Replacing AW3ap 
from Eq. (18.10.2), we find the width in angle space: 


Ad3az = 2,/0.886 er b, (3-dB width in angle-space) (18.10.5) 


To summarize, the angular 3-dB width of the steered array can be computed in terms 
of the broadside 3-dB width in wavenumber space by: 


1 
EEE AW3dB, 
Apsas = (18.10.6) 


A 
2,/ Paa, for o = 0°, 180° 


In particular, if Eq. (18.10.2) is used: 


for 0° < do < 180° 
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0.886 A 
sin po Nd ’ 
Ades = (18.10.7) 


| A 
2 0.886 Nd b, for Po = 0°, 180° 


In degrees, Eq. (18.10.7) reads as: 


for 0° < do < 180° 


50.76° A 
sindo Nd ’ 
Apa = (18.10.8) 


107.86° , A b, for do = 0°, 180° 


In some designs such as binomial arrays, it is easier to determine AW3qg directly 
from the array factor A (yw). In other designs, it is more convenient to estimate AW3ag 
using Eq. (18.10.2). 

The broadening factor b depends on the choice of the window and its sidelobe level. 
The larger the sidelobe attenuation, the larger the broadening factor. Some examples of 
broadening factors for different windows are given as follows: 


for 0° < do < 180° 


Rectangular: b=1, (R= 13 dB) 
Hamming: b=2, (R = 40 dB) 
R+12 
Taylor-Kaiser: b= Butte) 
155 3 
2 
Dolph-Chebyshev: b = 1 + 0.636 Fe cosh ( acosh? (Ra) =r) | 
a 


where R and Ra represent the sidelobe level in dB and absolute units, respectively, 


R = 20logio(Ra) © Ra = 10%/?° (sidelobe level) (18.10.9) 


Here, R and Rg represent the attenuation of the sidelobe and, therefore, R > 0 and 
Ra > 1. The corresponding gain of the sidelobe relative to the mainlobe peak will be 
R;! = 10-8/?°, which is less than one. 

The MATLAB function bwidth.m of Appendix G implements Eq. (18.10.6). Its inputs 
are the quantities d, po, AW3ag and its output is the 3-dB width in degrees Ad3apz. Its 
usage is: 


Dphi = bwidth(d, phiO, Dpsi) 


18.11 Problems 


18.1 Show that the modified Friis formula (18.3.7) for two antennas over imperfect ground takes 
the following frequency-independent form in the limit of low grazing angles and hıh « Ar: 
Po _ ( hıh ) 
P 1 = g G2 r? 
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18.2 Consider two horizontal dipoles J over imperfect ground, oriented along the x and y direc- 
tions, as shown below. Show that the effect of the direct and ground-reflected rays can be 
obtained by considering an image dipole pI. 


By considering the relative directions of the electric field along the direct and reflected rays, 
show that the resulting in array factor has the form: 


A(@)= ejkh cos 0 E pe skh cos 0 


with p = prm for the x-directed case and p = preg for the y-directed one, where prm, Pre are 
given by Eq. (6.4.4) with n? = er — j600A. 


19 
Array Design Methods 


19.1 Array Design Methods 


As we mentioned in Sec. 18.4, the array design problem is essentially equivalent to the 
problem of designing FIR digital filters in DSP. Following this equivalence, we discuss 
several array design methods, such as: 


1. Schelkunoff’s zero placement method 

2. Fourier series method with windowing 

3. Woodward-Lawson frequency-sampling design 
4. Narrow-beam low-sidelobe design methods 

5. Multi-beam array design 


Next, we establish some common notation. One-dimensional equally-spaced arrays 
are usually considered symmetrically with respect to the origin of the array axis. This 
requires a slight redefinition of the array factor in the case of even number of array 
elements. Consider an array of N elements at locations Xm along the x-axis with element 
spacing d. The array factor will be: 


A($)= > amem e Saye eres 
m m 


where kx = k cos œ (for polar angle 0 = Tr/2.) If N is odd, say N = 2M + 1, we can 
define the element locations Xm symmetrically as: 


Xm = md, m=0,+1,+2,...,+M 


This was the definition we used in Sec. 18.4. The array factor can be written then as 
a discrete-space Fourier transform or as a spatial z-transform: 


M 
Ay) = > 


M 
Ame" =ay+ > [amei + amem | 
m=1 


(19.1.1) 


M M 
A@= Š amz” =ao+ >. [amz” +a-mz™] 
=- m=1 
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where W = kxd = kd cos ¢ and z = e/”. On the other hand, if N is even, say N = 2M, 
in order to have symmetry with respect to the origin, we must place the elements at the 
half-integer locations: 


2 [ana nea + aime RNE] 
p (19.1.2) 
M 


A(z) = lagen te Fauz e] 


In particular, if the array weights am are symmetric with respect to the origin, Am = 
a_m, as they are in most design methods, then the array factor can be simplified into 
the cosine forms: 


M 
A(y)=ao+2 Š. amcos(my), (N = 2M +1) 
TA, (19.1.3) 
A(W)=2 X amcos((m—1/2)w)), (N =2M) 
m=1 


In both the odd and even cases, Eqs. (19.1.1) and (19.1.2) can be expressed as the 
left-shifted version of a right-sided z-transform: 


N-1 
A(z)= z N-DI2 A(z) = z7(N-1)/2 5 Õnz” (19.1.4) 
n=0 
where a = [ão, ã1,..., N-11 ] is the vector of array weights reindexed to be right-sided. 


In terms of the original symmetric weights, we have: 


[do, @1,...,@n-1]= [a-M,...,A-1,40,41,..., AM], (N = 2M +1) 
Zed z (19.1.5) 
[ão, @1,.-.,4n-1]= [a_m,.--,4-1,41,-.-,am], (N = 2M) 


In time-domain DSP, a factor of z represents a time-advance or left shift. But in the 
spatial domain, a left shift is represented by z~! because of the opposite sign convention 
in the definition of the z-transform. Thus, the factor z~‘N~)/? represents a left shift by 
a distance (N — 1)d/2, which places the middle of the right-sided array at the origin. 
For instance, see Examples 18.3.1 and 18.3.2. 

The corresponding array factors in w-space are related in a similar fashion. Setting 
z =e! we have: 


N-1 
Atpyae WN (y) = eV NU Fane (19.1.6) 
n=0 
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Working with A(w) is more convenient for programming purposes, as it can be 
computed by an ordinary DTFT routine, such as that in Ref. [52], A (w)= dtft(a, -—w). 
The phase factor eJ¥‘N-1)/2 does not affect the power gain of the array; indeed, we 
have |A (y) |? = |A(w)|? = |dtft(a, —w) |’. 

Some differences arise also for steered array factors. Given a steering phase Wo = 
kd cos @o, we define the steered array factor as A’ (w)= A(W — Wo). Then, we have: 


Al ()= A (W — Yo) = eI PON DIZA (y — Yo) = eY NDA (y) 


It follows that the steered version of A (w) will be: 


A’ (w)= eo N-D/2 Aw — Wo) (19.1.7) 


which implies for the weights: 


än = G,e TV N-92 | n=0,1,...,N—1 (19.1.8) 


This simply means that the progressive phase is measured with respect to the middle 
of the array. Again, the common phase factor e/¥o‘N—1)/2 is usually unimportant. One 
case where it is important is the case of multiple beams steered towards different angles; 
these are discussed in Sec. 19.10. In the symmetric notation, the steered weights are as 
follows: 


Gin = Ameo™o, m=0,+1,+2,...,+M, (N=2M+1) 
= (19.1.9) 
a'm = Ame UDV, m=1,2,...,M, (N =2M) 


The MATLAB functions scan and steer perform the desired progressive phasing of 
the weights according to Eq. (19.1.8). Their usage is as follows: 


ascan = scan(a, psi0); % scan array with given scanning phase Wo 
asteer = steer(d, a, ph0O); % steer array towards given angle po 


Example 19.1.1: For the cases N = 7 and N = 6, we have M = 3. The symmetric and right- 
sided array weights will be related as follows: 


a = [ão, 1, 2, 43, G4, As, 4g ]= [a-3,a-2, A-1, A0, 41, A2, a3] 


a = [ão, 1, 2, 43, 4, å5]= [a-3, a-2, 4-1, 41, A2, a3] 


For N = 7 we have (N — 1)/2 = 3, and for N = 6, (N — 1)/2 = 5/2. Thus, the array 
locations along the x-axis will be: 


Xm = {-3d, —2d, —d, 0, d, 2d, 3d} 


Eq. (19.1.4) reads as follows in the two cases: 
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A(Z) = @_-3Z-° + @_2Z° + @-1Z + dọ + @|Z+ G2Z° + 43Z 
= Z3[a_-3+ a-2Z + 412" + aoz? +.a,Z* + az + .a32°] = z 3 A(z) 
A(Z) = a37? + az? 4+ aaz"? + az"? + az??? ae 


If the arrays are steered, the weights pick up the progressive phases: 


j3 j2 j -j —j2 —j3 
[a_3e! Yo. a-ze! vo, a-e”, ao, aye Jyo, ave J Yo. aze J vo] 
= ePYo[a_3, aeto, aeto, age Yo, aeo, ape Yo, aze Jo | 
[a-et ape Yo? a_el¥o!? aye Jo? ane PY? aze ~Y] 


— pi5Wo/2 -j -2j -3j -j4 -j5 
= çb Wo [a-3, a_.e JVO ae Jyo, aje UO aze J Yo. aze Jyo] 


where Wo = kd cos ġo is the steering phase. o 


Example 19.1.2: The uniform array of Sec. 18.7, was defined as a right-sided array. In the 
present notation, the weights and array factor are: 


1 Fe TZN 1 
= [@,di,...,4n-i1]= —[1,1,...,1 A(z)= — 
a= [ão @1,...,dn-i]= gbl], = J z_i 


Using Eq. (19.1.4), the corresponding symmetric array factor will be: 


1 1 zN/2 — Zz N/2 


r pz -= 
= z- (N-1)/2 = z- (N-1)/2 
A(z)=z A(z)=z N z1 NW eae 


Setting z = e/”, we obtain 


sin (=e ) 
A(W)= — (ary. (19.1.10) 
N sin (£) 
2 
which also follows from Eqs. (18.7.3) and (19.1.6). o 


19.2 Schelkunoff’s Zero Placement Method 


The array factor of an N-element array is a polynomial of degree N — 1 and therefore it 
has N — 1 zeros: 


A(z)= Gnz" = (Z — Z1) (Z—2Z2)+++(Z—Zn-1) Gn-1 (19.2.1) 
n=0 
By proper placement of the zeros on the z-plane, a desired array factor can be de- 
signed. Schelkunoff’s paper of more than 45 years ago [578] discusses this and the 
Fourier series methods. 
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As an example consider the uniform array that has zeros equally spaced around 
the unit circle at the N-th roots of unity, that is, at z; = eVi, where Wi = 277i/N, 
i= 1,2,...,N — 1. The index i = 0 is excluded as z = 1 or w = 0 corresponds to the 
mainlobe peak of the array. Depending on the element spacing d, it is possible that not 
all of these zeros lie within the visible region and, therefore, they may not correspond to 
actual nulls in the angular pattern. This happens when d < A/2 for a broadside array, 
which has a visible region that covers less than the full unit circle, Wyis = 2kd < 27T. 

Schelkunoff’s design idea was to place all N — 1 zeros of the array within the visible 
region, for example, by equally spacing them within it. Fig. 19.2.1 shows the visible 
regions and array zeros for a six-element endfire array with element spacings d = A/4 
and d = A/8. 


Uniform Schelkunoff d = A/4 Schelkunoff d = A/8 


(f\ ~ 


| | | 
hns 


T 
visible visible 
region i region 


Fig. 19.2.1 Endfire array zeros and visible regions for N = 6, and d = A/4 and d = à/8. 


The visible region is determined by Eq. (18.9.5). For an endfire (po = 0) array with 
d = à/4 or kd = Tr/2, the steered wavenumber will be w’ = kd (cos œ — cos po) = 
(cos @ — 1)7t/2 and the corresponding visible region, -mT < w’ < 0. Similarly, when 
d = à/8 or kd = Tr/4, we have w’ = (cos @—1)11/4 and visible region, —1r/2 < w’ < 0. 

The uniform array has five zeros. When d = A/4, only three of them lie in the visible 
region, and when d = A/8 only one of them does. By contrast Schelkunoff’s design 
method places all five zeros within the visible regions. 

Fig. 19.2.2 shows the gains of the two cases and compares them to the gains of the 
corresponding uniform array. The presence of more zeros in the visible regions results 
in a narrower mainlobe and smaller sidelobes. 

The angular nulls corresponding to the zeros that lie in the visible region may be 
observed in these graphs for both the uniform and Schelkunoff designs. 

Because the visible region is in both cases —2kd < w’ < 0, the five zeros are chosen 
as z; = e/¥i, where yi = —2kdi/5, i = 1,2,...,5. The array weights can be obtained 
by expanding the zero factors of Eq. (19.2.1). The following MATLAB statements will 
perform and plot the design: 


d=1/4; kd=2*pi*d; 

i= 1:5; 

psi = -2*kd*i/5; 

zi = exp(j*psi); 

a = flipIr(poly(zi)); 

a = steer(d, a, 0); 

[g, ph] = array(d, a, 400); 
dbz(ph, g, 45, 40); 
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Uniform, d =A/4 Schelkunoff, d =A/4 
90° 90° 


“30 :-20 :-10 
"OB 


“30 :-20 :-10 
"OB 


-90° 
Schelkunoff, d =A/8 


0° 


90° 


= -30 :-20 :-10 “30 :-20 :-10 


"dB: 


0° 0° 


"dB: 


-90° -90° 


Fig. 19.2.2 Gain of six-element endfire array with d = A/4 and d = A/8. 


The function poly computes the expansion coefficients. But because it lists them 
from the higher coefficient to the lowest one, that is, from zN~! to z°, it is necessary to 
reverse the vector by fliplr. When the weight vector is symmetric with respect to its 
middle, such reversal is not necessary. 


19.3 Fourier Series Method with Windowing 


The Fourier series design method is identical to the same method in DSP for designing 
FIR digital filters [51,52]. The method is based on the inverse discrete-space Fourier 
transforms of the array factor. 

Eqs. (19.1.1) and (19.1.2) may be thought of as the truncated or windowed versions 
of the corresponding infinite Fourier series. Assuming an infinite and convergent series, 
we have for the “odd” case: 


A(W)=ao+ >. [ame + a-mesm | (19.3.1) 
m=1 


Then, the corresponding inverse transform will be: 
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TT 
am = =Í A(y)e Y dw |, m = 0, +1, +2,... (19.3.2) 
2M J-r 


Similarly, in the “even” case we have: 


A(w)= > [ane mang + amet Vay] (19.3.3) 


m=1 


with inverse transform: 


1 (T ae 
dtm = =| Aly) md dyl, m=1,2,... (19.3.4) 
TE, 


In general, a desired array factor requires an infinite number of coefficients am to be 
represented exactly. Keeping only a finite number of coefficients in the Fourier series 
introduces unwanted ripples in the desired response, known as the Gibbs phenomenon 
[51,52]. Such ripples can be minimized using an appropriate window, but at the expense 
of wider transition regions. 

The Fourier series method may be summarized as follows. Given a desired response, 
say Aqa (y), pick an odd or even window length, for example N = 2M + 1, and calculate 
the N ideal weights by evaluating the inverse transform: 


TT 
aa(m)= =| Aq(wyes"’ dw, m=0,+1,...,+M (19.3.5) 
= 


then, the final weights are obtained by windowing with a length-N window w (m): 


a(m)= w(m)daa(m), m=0,+1,...,+M (19.3.6) 


This method is convenient only when the required integral (19.3.5) can be done ex- 
actly, as when Ag(w) has a simple shape such as an ideal lowpass filter. For arbitrarily 
shaped Ag(w) one must evaluate the integrals approximately using an inverse DFT 
as is done in the Woodward- Lawson frequency-sampling design method discussed in 
Sec. 19.5. 

In addition, the method requires that Ag (y) be specified over one complete Nyquist 
interval, -mT < w < Tr, regardless of whether the visible region Wyj, = 2kd is more or 
less than one Nyquist period. 


19.4 Sector Beam Array Design 


As an example of the Fourier series method, we discuss the design of an array with 
angular pattern confined into a desired angular sector. 

First, we consider the design in w-space of an ideal bandpass array factor centered 
at wavenumber Wo with bandwidth of 2Wp. We will see later how to map these spec- 
ifications into an actual angular sector. The ideal bandpass response is defined over 
-TT < Y < T as follows: 
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Jl Wo- Wo ss Wot Wp 
App (YW) = | 0, otherwise 
For the odd case, the corresponding ideal weights are obtained from Eq. (19.3.2): 
1 Tw my g 1 WotWp imy @ 
aw(m)= z | Awer m i 
BP Ot Jn BP y y Ott Jwo-wp y 
which gives: 
j i m 
awm ese SMW EIM) iha (19.4.1) 


Tm 
This problem is equivalent to designing an ideal lowpass response with cutoff fre- 
quency Wp and then translating it by Agp(w)= Arp(w’)= Arp (W — Wo), where y’ = 
W — Wo. The lowpass response is defined as: 


ry 1, -Wps y’ < Wb 
Ave (yi) = | 0, otherwise 
and its ideal weights are: 
i a a 1 [(* wa sin(wpym) 
mee A J mw! ay’ = = | i-e 9M dy’ = "+ 
arp (mM) On L. p(y )e F a e y nm 


Thus, as expected, the ideal weights for the bandpass and lowpass designs are related 
by a scanning phase: agp (m) = e ™™Yo arp (mM). 

A more realistic design of the bandpass response is to prescribe “brickwall” specifi- 
cations, that is, defining a passband range over which the response is essentially flat and 
a stopband range over which the response is essentially zero. These ranges are defined 
by the bandedge frequencies Wp and Ws, such that the passband is |Y — Wol < Wp and 
the stopband |W — Wo| = Ws. The specifications of the equivalent lowpass response are 
shown in Fig. 19.4.1. 


A A(W") = A(W-Wo) 
ideal frequency 
response N, 


|< stopband > le— passband —»« | > Aw stopband 


attenuation 


at A, 0 Vey, ne 


Fig. 19.4.1 Specifications of equivalent lowpass response. 


Over the stopband, the attenuation is required to be greater than a minimum value, 
say A dB. The attenuation over the passband need not be specified, because the window 
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method always results in extremely flat passbands for reasonable values of A, e.g., for 
A > 35 dB. Indeed, the maximum passband attenuation is related to A by the approxi- 
mate formula Apass = 17.46 dB, where 6 = 1074/20 (see Ref. [52].) 

Most windows do not allow a user-defined choice for the stopband attenuation. For 
example, the Hamming window has A = 54 dB and the rectangular window A = 21 GB. 
The Kaiser window is the best and simplest of a small class of windows that allow a 
variable choice for A. 

Thus, the design specifications are the quantities {Wp, Ws, A}. Alternatively, we can 
take them to be {Wp, Aw, A}, where Aw = Ws — Wy is the transition width. We prefer 
the latter choice. The design steps for the bandpass response using the Kaiser window 
are summarized below: 


1. From the stopband attenuation A, calculate the so-called D-factor of the window 
(similar to the broadening factor): 


A-7.95 
——— , if A>21 
D= 14.36 (19.4.2) 
0.922, if A < 21 
and the window’s shape parameter &: 
0.1102 (A — 8.7), if A > 50 
&=4 0.5842(A — 21)°4+0.07886(A — 21), if 21<A<50 (19.4.3) 
0, if A<21 


2. From the transition width Ay, calculate the length of the window by choosing the 
smallest odd integer N = 2M + 1 that satisfies: 


27D 
Ap= ay (19.4.4) 


Alternatively, if N is given, calculate the transition width Aw. 


3. Calculate the samples of the Kaiser window: 


Ig (a 1= m2/M2) 
Ip (&) i 


w(m)= m=0,+1,...,+M (19.4.5) 


where I) (X) is the modified Bessel function of first kind and zeroth order. 


4. Calculate the ideal cutoff frequency Wp by taking it to be at the middle between 
the passband and stopband frequencies: 


1 1 
Wp = 5 (Wp + Ws) = Wp t 5 AW (19.4.6) 
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5. Calculate the final windowed array weights from a(m) = w (m)agp (m): 


sin(Wpm) 
Tm 


a(m)= w(m)eJmo , m =0,+1,...,4+M (19.4.7) 


Next, we use the above bandpass design in w-space to design an array with an angular 
sector response in @-space. The ideal array will have a pattern that is uniformly flat over 
an angular sector [¢1, $2]: 


l, dis P< 2 


0, otherwise 


ad=] 


Alternatively, we can define the sector by means of its center angle and its width, 
Pec = (pı + h2)/2 and hp = 2 — pı. Thus, we have the equivalent definitions of the 
angular sector: 


pe=3 i+) i= be- Fon 
= (19.4.8) 


bv = $2- Qı p= pe + Son 


For a practical design, we may take [¢1, $2] to represent the passband of the re- 
sponse and assume an angular stopband with attenuation of at least A dB that begins 
after a small angular transition width A@ on either side of the passband. 

In filter design, the stopband attenuation and the transition width are used to deter- 
mine the window length N. But in the array problem, because we are usually limited in 
the number N of available array elements, we must assume that N is given and deter- 
mine the transition width Ad from A and N. 

Thus, our design specifications are the quantities {ġ1, $2, N, A}, or alternatively, 
{dc, Pp, N, A}. These specifications must be mapped into equivalent ones in w-space 
using the steered wavenumber w’ = kd (cos œ — cos ġo). 

We require that the angular passband [#1, $2] be mapped onto the lowpass pass- 
band [- Wp, Wp] in w’-space. Thus, we have the conditions: 


Wp = kd (cos pı — Wo) 


-Wp = kd (cos p2 — Wo) 
They may be solved for Wy and Wo as follows: 


Wp = 5kd (cos pı — cos $2) 
i (19.4.9) 
Wo = kd (cos pı + cos $2) 
Using Eq. (19.4.8) and some trigonometry, we have equivalently: 
Wp =kd sin (p<) sin( P) 
(19.4.10) 


Wo =kd cos(¢p-)cos(B) 
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Setting Wo = kd cos do, we find the effective steering angle po: 


cos do = cos(pe)cos( 2") > o = acos(cos(_) cos(Py/2)) (19.4.11) 


Note that do is not equal to œc, except for very narrow widths dp. 

The design procedure is then completed as follows. Given the attenuation A, we 
calculate the window parameters D, x from Eqs. (19.4.2) and (19.4.3). Since N is given, 
we calculate the transition width Aw directly from Eq. (19.4.4). Then, the ideal lowpass 
frequency Wp is calculated from Eq. (19.4.6), that is, 


1 f : b mD 
Wb = Wp + 34W = kd sin(ġo)sin( ® ) Wages a 

Finally, the array weights are obtained from Eq. (19.4.7). The transition width Ad 
can be approximated by linearizing w = kd cos ¢ around qj, or around ¢o2, or around 


dc. We prefer the latter choice, giving: 


(19.4.12) 


Ape Aw = 27D 
kdsing@, kd(N-1)sindc 
The design method can be extended to the case of even N = 2M. The integral (19.3.4) 
can still be done exactly. The Kaiser window expression (19.4.5) remains the same for 
m = +1,+2,...,+M. We note the symmetry w(—m)= w(m). After windowing and 
scanning with Wo, we get the final designed weights: 


(19.4.13) 


eti(m—1/2) Wo sin(w,(m = 1/2)) 


AES E m(m— 1/2) 


, mM=1,2,...,M (19.4.14) 


The MATLAB function sector implements the above design steps for either even or 
odd N. Its usage is as follows: 


[a, dph] = sector(d, phl, ph2, N, A); % A=stopband attenuation in dB 


Fig. 19.4.2 shows four design examples having sector [~ 1, $2] = [45°, 75°], or cen- 
ter dc = 60° and width pp = 30°. The number of array elements was N = 21 and 
N = 41, with half-wavelength spacing d = A/2. The stopband attenuations were A = 20 
and A = 40 GB. The two cases with A = 20 dB are equivalent to using the rectangular 
window. They have visible Gibbs ripples in their passband. Some typical MATLAB code 
for generating these graphs is as follows: 


d=0.5; phi=45; ph2=75; N=21; A=20; 
[a, dph] = sector(d, phl, ph2, N, A); 
[g, ph] = array(d, a, 400); 

dbz(ph,g, 30, 80); 

addray(ph1, ’--’); addray(ph2, ’--’); 


The basic design tradeoff is between N and A and is captured by Eq. (19.4.4). Because 
D is linearly increasing with A, the transition width will increase with A and decrease 
with N. As A increases, the passband exhibits no Gibbs ripples but at the expense of 
larger transition width. 
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N =21,A =20 dB N =21, A =40 dB 


Fig. 19.4.2 Angular sector array design with the Kaiser window. 


19.5 Woodward-Lawson Frequency-Sampling Design 


As we mentioned earlier, the Fourier series method is feasible only when the inverse 
transform integrals (19.3.2) and (19.3.4) can be done exactly. If not, we may use the 
frequency-sampling design method of DSP [51,52]. In the array context, the method is 
referred to as the Woodward-Lawson method. 

For an N-element array, the method is based on performing an inverse N-point DFT. 
It assumes that N samples of the desired array factor A (y) are available, that is, A (Yi), 
i=0,1,...,N — 1, where wy; are the N DFT frequencies: 


_ 2mi 


iN i=0,1,...,N-1, (DFT frequencies) (19.5.1) 


The frequency samples A(w;) are related to the array weights via the forward N- 
point DFT’s obtained by evaluating Eqs. (19.1.1) and (19.1.2) at the N DFT frequencies: 
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M 
A(Wi) =ao+ > | amem: + ame sm , (N=2M+1) 
m] 
á (19.5.2) 
M r > 
A(Wi) = >, [amel V an n] (N = 2M) 
m=1 


where W; are given by Eq. (19.5.1). The corresponding inverse N-point DFT’s are as 
follows. For odd N = 2M +1, 


N-1 
1 wni; 
am = N > A(wije J: j m = 0, +1, 2,..., +M (19.5.3) 
i=0 


and for even N = 2M, 


asm — > Alger dvi]  m=1,2,...,M (19.5.4) 


There is an alternative definition of the N DFT frequencies w; for which the forms of 
the forward and inverse DFT’s, Eqs. (19.5.2)-(19.5.4), remain the same. For either even 
or odd N, we define: 


r? 2m(i— K) 
I~ N y 
where i = 0,1,..., N—1 and K = (N -1)/2. 

This definition makes a difference only for even N, in which case the index i— K takes 
on all the half-integer values in the symmetric interval [—K, K]. For odd N, Eq. (19.5.5) 
amounts to a re-indexing of Eq. (19.5.1), with i— K taking values now over the symmetric 
integer interval [—K, K]. 

For both the standard and the alternative sets, the N complex numbers z; = e/”' are 
equally spaced around the unit circle. For odd N, they are the N-th roots of unity, that 
is, the solutions of the equation z = 1. For the alternative set with even N, they are 
the N solutions of the equation z = -1. 

The alternative set is usually preferred in array processing. In DSP, it leads to the 
discrete cosine transform. The MATLAB function woodward implements the inverse DFT 
operations (19.5.3) and (19.5.4), for either the standard or the alternative definition of 
Wi. Its usage is as follows: 


(alternative DFT frequencies) (19.5.5) 


a = woodward(A, alt) % alt=0,1 for standard or alternative 


The frequency-sampling array design method is summarized as follows: Given a set 
of N frequency response values A (Wi), i = 0,1,...,N-—1, calculate the N array weights 
a(m) using the inverse DFT formulas (19.5.3) or (19.5.4). Then, replace the weights by 
their windowed versions using any symmetric length-N window. The final expressions 
for the windowed weights are, for odd N = 2M + 1, 
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N-1 
1 are 

a(m)=w(m)<  A(wpew™' |, m=0,+1,+2,...,4M (19.5.6) 

i=0 
and for even N = 2M, 

1 Nol 

a(+m)= wiem S Ape ee WS Baier ME (19.5.7) 

i=0 


As an example, consider the design of a sector beam with edges at @; = 45° and 
2 = 75°. Thus, the beam is centered at pe = 60° and has width dp = 30°. 

As # ranges over [¢@1, $2], the wavenumber y = kd cos ¢ will range over kd cos 2 
< w < kdcos q). For all DFT frequencies Wj; that lie in this interval, we set A (Wj) = 1, 
otherwise, we set A(w;)= 0. Assuming the alternative definition for Yi, we have the 
passband condition: 


kd cos h? < 


2m (i— K 
PE < kd cos ġı 


Setting kd = 2Trd/A and solving for the DFT index i — K, we find: 


Jji<si-K <j, where jı = Nf cos da, J= `f cos gy 
This range determines the DFT indices i for which A(w;)= 1. The inverse DFT 
summation over i will then be restricted over this subset of i’s. Fig. 19.5.1 shows the 
response of a 20-element array with half-wavelength spacing, d = A/2, designed with a 
rectangular and a Hamming window. The MATLAB code for generating the right graph 
was as follows: 


d=0.5; N=20; phi=45; ph2=75; alt=1; K=(N-1)/2; 


jl = N*d*cos(ph2*pi/180) ; 

j2 = N*d*cos(ph1*pi/180) ; 

i = (O:N-1); % DFT index 

j = i - alt*K; % alternative DFT index 
A = (j>=j1)&(j<=j2); % equals 1, if jy < j < j2, and 0, otherwise 
a = woodward(A, alt); % inverse DFT 

w = 0.54 - 0.46*cos(2*pi*i/(N-1)); % Hamming window 
awind = a .* w; % windowed weights 
[g,ph] = array(0.5, awind, 400); % array gain 

dbz(ph, g, 30, 80); 

addray(ph1,’--’); addray(ph2,’--’); 


The sidelobes of the Hamming window are down approximately at the expected 54- 
dB level (they reach 54 dB for larger N.) The design is comparable to that of Fig. 19.4.2. 
The power of this method lies in the ability to specify any shape for the array factor 
through its frequency samples. The method works well for half-wavelength spacing 
d = A/2, because all N DFT frequencies y; lie within the visible region, which coincides 
in this case with the full Nyquist interval, -mT < Y < T. 
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Rectangular window Hamming window 


Fig. 19.5.1 Angular sector array design with Woodward-Lawson method. 


As another example, we consider the design of an array with a secant-squared gain 
pattern, which is relevant in air search radars as discussed in Sec. 14.11. We consider an 
array of N elements along the z-direction with half-wavelength spacing d = A/2. The 
corresponding wavenumber y will be w = k_d, or 


Ww = kd cos 0 


The design of the secant-squared gain pattern requires that the array factor itself 
have a secant dependence. Indeed, 


K Kil 


|A(w)| = 


= 2 
g(0)= |A(w)|* = ~ | cos @| 


cos? 0 


Because the secant pattern is defined only up to an angle Omax, we may define the 
theoretical array factor in the normalized form: 


cosOmax . 
> max EO 0. 2 0 
A(0)= cos 0 — (19.5.8) 


1, if Omax < 0 < 90° 


As 0 varies over [0, Omax], the wavenumber w = kd cos 0 will vary over [ Ymax, kd], 
where Wmax = kd cos Omax. Because d = A/2, we have kd = Tr and the w-range becomes 
[Wmax, T]. Noting that cos O@max/ cos O = Wmax/W, we can rewrite Eq. (19.5.8) in terms 
of w: 


W max . 
——, if Wmax sYT 
A(wW)= y iý ” (19.5.9) 


1, if 0 < Y < Ymax 


We symmetrize A(—w)= A(w) to cover the entire 27r Nyquist interval in w. Eval- 
uating Eq. (19.5.9) at the N DFT frequencies Y; = 2tTri/N, we obtain the array weights 
by doing an inverse DFT and then windowing the array coefficients with a Hamming 
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window. Fig. 19.5.2 shows a design case with N = 21 and Omax = 70°. The figure com- 
pares the Hamming and rectangular window designs to the exact expression (19.5.8). 
The details of the design are indicated in the MATLAB code: 


N=21; K=(N-1)/2; d=0.5; thmax=70; 
psmax = 2*pi*d * cos(thmax*pi/180) ; 


Ai = ones(1,K+1); 
psi = 2*pi*(0:K)/N; % half of DFT frequencies 


j = find(psi); % non-zero W’s 
Ai(j) = psmax*(psi(j)>=psmax)./psi(j) + (psi(j)<psmax);  % half of the DFT values 


Ai = [Ai, AiCK:-1:1)]; % all the DFT values 
a = woodward(Ai, 0) / N; % inverse DFT with alt=0 
aw =a .* (0.54 - 0.46*cos(2*pi*(0:N-1)/(N-1))); % Hamming 


th = (0:200) * 90 / 200; 
ps = 2*pi*d * cos(th*pi/180) ; 


A = abs(dtft(a, -ps)); % rectangular design 

Aw = abs(dtft(aw,-ps)); % Hamming design 

AO = psmax*(ps>=psmax)./ps + (ps<psmax) ; % exact pattern 
Hamming window Rectangular window 


— designed 
--- exact 


— designed 
--- exact 


Chee Chee 
O [o] 
0.47 0.44 
0.2 0.2 
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90 
8 8 


Fig. 19.5.2 Woodward-Lawson design of secant-squared array gain. 


19.6 Narrow-Beam Low-Sidelobe Designs 


The problem of designing arrays having narrow beams with low sidelobes is equivalent to 
the DSP problem of spectral analysis of windowed sinusoids. A single beam corresponds 
to a single sinusoid, multiple beams to multiple sinusoids. 
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To understand this equivalence, suppose one wants to design an infinitely narrow 
beam toward some look direction @ = do. In w-space, the array factor (spatial or 
wavenumber spectrum) should be the infinitely thin spectral line:* 


A(W)= 2776 (w — Wo) 


where W = kdcos¢ and Wo = kdcos ġo. Inserting this into the inverse DSFT of 
Eq. (19.3.2), gives the double-sided infinitely-long array, for —co < m < œ: 


a(m)= =| Alpe Ydy = =| 2165 (Y — poe dy = eiom 


This is the spatial analog of an infinite sinusoid a(n) = e/“°" whose spectrum is the 
sharp spectral line A(w)= 2mTô(w — Wo). A finite-duration sinusoid is obtained by 
windowing with a length-N time window w (n) resulting in a(n) = w(n) eeo”, 

In the frequency domain, the effect of windowing is to replace the spectral line 
6(W — wo) by its smeared version W (w — Wo), where W (w) is the DTFT of the window 
w(n). The spectrum W (w — Wo) exhibits a main lobe at w = wọ and sidelobes. The 
main lobe gets narrower with increasing N. 

A finite N-element array with a narrow beam and low sidelobes, and steered towards 
an angle do, can be obtained by windowing the infinite narrow-beam array with an 
appropriate length-N spatial window w (m). For odd N = 2M + 1, or even N = 2M, we 
define respectively: 


a(m) =e4™ow(m), m=0,+1,+2,...,4M 
(19.6.1) 


a(+m) = e*4(™-1/2)Yow(+m), m=1,2,...,M 


In both cases, the array factor of Eqs. (19.1.1) and (19.1.2) becomes: 


A(W)= W(wW — Wo) | (narrow beam array factor) (19.6.2) 


where W (y) is the DSFT of the window, defined for odd or even N as: 


M 
W(w) = w(0)+ DS [ wom) J + w(—-m)e aa) 
m=1 


(19.6.3) 


M 
W (y) S [w(m) elim-1/2)¥ + w(-m)e ee 


Assuming a symmetric window, w(—m) = w(m), we can rewrite: 


M 
W(w) =w(0)+2 X w(m)cos(mw) (N = 2M +1) 


m=1 


(19.6.4) 
W(w) oo w(m)cos((m— 1/2) w) (N = 2M) 


TTo be periodic in y, all the Nyquist replicas of this term must be added. But they are not shown here 
because Wo and w are assumed to lie in the central Nyquist interval [—11, Tr]. 
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At broadside, Wo = 0, po = 90°, Eq. (19.6.1) reduces to a(m) = w(m) and the array 
factor becomes A(w) = W (w). Thus, the weights of a broadside narrow beam array are 
the window samples a(m) = w(m). The steered weights (19.6.1) can be calculated with 
the help of the MATLAB function scan, or steer: 


a = scan(w, psi0); 
a = steer(d, w, phi); 


The primary issue in choosing a window function w(m) is the tradeoff between fre- 
quency resolution and frequency leakage, that is, between main-lobe width and sidelobe 
level [51,52]. Ideally, one would like to meet, as best as possible, the two conflicting 
requirements of having a very narrow mainlobe and very small sidelobes. 

Fig. 19.6.1 shows four narrow-beam design examples illustrating this tradeoff. All 
designs are 5-element arrays with half-wavelength spacing, d = A/2, and steered to- 
wards 90°. The Dolph-Chebyshev and Taylor-Kaiser arrays were designed with sidelobe 
level of R = 20 dB. 


Uniform Dolph-Chebyshev 


90° 


A i T 
-30 :-20 :—10 


Fig. 19.6.1 Narrow beam design examples. 


Shown on the graphs are also the half-power 3-dB circles being intersected by the 
angular rays at the 3-dB angles. For comparison, we list below the designed array weights 
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(normalized to unity at their endpoints) and the corresponding 3-dB angular widths (in 
degrees): 


Uniform | Dolph-Chebyshev | Taylor-Kaiser | Binomial 
1 1.0000 1.0000 1 
1 1.6085 2.2752 4 
1 1.9319 2.8427 6 
1 1.6085 2.2752 4 
1 1.0000 1.0000 1 
20.3° 23.5° 25.2° 29.9° 


The uniform array has the narrowest mainlobe but also the highest sidelobes. The 
Dolph-Chebyshev is optimum in the sense that, for the given sidelobe level of 20 dB, it 
has the narrowest width. The Taylor-Kaiser is somewhat wider than the Dolph-Chebyshev, 
but it exhibits better sidelobe behavior. The binomial array has the widest mainlobe but 
no sidelobes at all. 

Fig. 19.6.2 shows another set of examples. All designs are 21-element arrays with 
half-wavelength spacing, d = A/2, and scanned towards 60°. 


Uniform Dolph-Chebyshev 


90° 


0° 


-90° 


Fig. 19.6.2 Comparison of steered 21-element narrow-beam arrays. 
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The Dolph-Chebyshev and Kaiser arrays were designed with sidelobe level of R = 25 
dB. The uniform array has sidelobes at R = 13 dB. Because N is higher than in Fig. 19.6.1, 
the beams will be much narrower. The 3-dB beamwidths are in the four cases: 


Ad3azg = 5.58° Uniform 

Ad3az = 6.44° — Dolph-Chebyshev 
Ad3ap = 8.00° Taylor-Kaiser 
Ad3ap = 15.64° Binomial 


The two key parameters characterizing a window are the 3-dB width of its main lobe, 
AW 3ag, and its sidelobe level R (in dB). For some windows, such as Dolph-Chebyshev 
and binomial, AW3qg can be calculated exactly. In others, such as Taylor-Kaiser and 
Hamming, it can be calculated approximately by Eq. (18.10.2), that is, 


mb 
AW3ag = 0.886 ~ (3-dB width in w-space) (19.6.5) 


where b is a broadening factor that depends on the choice of window and increases 
with the sidelobe attenuation R. As discussed in Sec. 18.10, once AW 3qp is known, the 
angular 3-dB width of the steered array can be computed approximately by: 


AW 3aB 
f (0) 1 o 
kdsin d. ao or 0° < do < 180 


Ad3az = (19.6.6) 


2 [Psa for do = 0°, 180° 


This is an adequate approximation in practice. In succeeding sections, we discuss 
the binomial, Dolph-Chebyshev, and Taylor-Kaiser arrays in more detail. 

We finish this section by summarizing the uniform array, which is based on the 
rectangular window and has b = 1 and sidelobe level R = 13 GB. Its weights, symmetric 
DSFT, and symmetric z-transform were determined in Example 19.1.2: 


1 
Say 1, 1, 1 
w nL ] 
N 
pe Ga 
W(w) = y (19.6.7) 
N sin (2) 
2 
W2) 5 1 zN/2 — z-Nl2 _ 7-0-92 1 ZN =i 
N z"? — z712? N z-1 
19.7 Binomial Arrays 
The weights of an N-element binomial array are the binomial coefficients: 
N-11)! 
( ) n=0,1,...,N-1 (19.7.1) 


ni(N —1—n)!’ 
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For example, for N = 4 and N = 5 they are: 
w = [1,3,3,1] 
w = (1,4, 6,4, 1] 


The binomial weights are the expansion coefficients of the polynomial (1 + z)N~!. In- 
deed, the symmetric z-transform of the binomial array is defined as: 


W(z)= (22 + z-V2)N Ft = z7 N-D/2 (1 + z)N-1 (19.7.2) 


Setting z = e/”, we find the array factor in w-space: 


N-1 
W(w)= (ef¥/2 4 ew) N = [2 cos(%) | (19.7.3) 


This response falls monotonically on either side of the peak at w = 0 until it becomes 
zero at the Nyquist frequency w = +r. Indeed, the z-transform has a multiple zero of 
order N — 1 at z = —1. 

Thus, the binomial response has no sidelobes. This is, of course, at the expense of 
a fairly wide mainlobe. The 3-dB width AW3gg can be determined by finding the 3-dB 
frequencies +y; that satisfy the half-power condition: 


\W(ws)l? _ 1 [eos M8) aa 
IW (0)? 2 2 
The solution is: 

W3 = 2 acos (2705/N-0 ) 


Therefore, the 3-dB width will be AWY3ag = 243: 


AW3an = 4acos (2-05/(-1)) (19.7.4) 


Once AW3ag is found, the 3-dB width Ad3ag in angle space, for an array steered 
towards an angle do, can be found from Eq. (19.6.6). The MATLAB function binomial 
generates the array weights (steered towards o) and 3-dB width. Its usage is: 


[a, dph] = binomial(d, phO, N); 


For example, the fourth graph of the binomial response of Fig. 19.6.1 was generated 
by the MATLAB code: 


[a, dph] = binomial(0.5, 90, 5); % array weights and 3-dB width 
[g, ph] = array(0.5, a, 200); % compute array gain 

dbz(ph, g, 45, 40); % plot gain in dB with 40-dB scale 
addcirc(3, 40, ’--’); % add 3-dB grid circle 
addray(90 + dph/2, ’-’); % add rays at 3-dB angles 


addray(90 - dph/2, ’-’); 
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19.8 Dolph-Chebyshev Arrays 


Most windows have largest sidelobes near the main lobe. If a window is designed to 
achieve a minimum sidelobe attenuation of R dB, then typically R will be the atten- 
uation of the sidelobes nearest to the mainlobe; the sidelobes further away will have 
attenuations higher than R. 

Because of the tradeoff between mainlobe width and sidelobe attenuation, the extra 
attenuation of the furthest sidelobes will come at the expense of increased mainlobe 
width. If the attenuation of these sidelobes could be decreased (up to the level of the 
minimum R), then the mainlobe width would narrow. 

It follows that for a given minimum desired sidelobe level R, the narrowest mainlobe 
width will be achieved by a window whose sidelobes are all equal to R. Conversely, 
for a given maximum desired mainlobe width, the largest sidelobe attenuation will be 
achieved by a window with equal sidelobe levels. 

This “optimum” window is the Dolph-Chebyshev window, which is constructed with 
the help of Chebyshev polynomials. The mth Chebyshev polynomial Tm (x) is: 


Tm (x) = cos(macos(x) ) (19.8.1) 


If |x| > 1, the inverse cosine acos(x) becomes imaginary, and the expression can be 
rewritten in terms of hyperbolic cosines: T(x) = cosh (m acosh(x)). 

Setting x = cos 0, or 0 = acos(x), we see that Tm (x)= cos(m@). Using trigonomet- 
ric identities, the quantity cos(m@) can always be expanded as a polynomial in powers 
of cos 0. The expansion coefficients are precisely the coefficients of the powers of x of 
the Chebyshev polynomial. For example, we have: 


cos(00)= 1 To (X)= 1 

cos(10) = cos T,(X)=xX 
ce et > To(x)= 2x2-1 
cos(30) = 4cos? 0 — 3 cos 0 T3(x) = 4x3 — 3x 
cos(4@) = 8cos* 0 — 8cos? 0 + 1 T4 (x) = 8x4 — 8x? + 1 


For |x| < 1, the Chebyshev polynomial has equal ripples, whereas for |x| > 1, it 
increases like x™. Moreover, Tm (x) is even in x if m is even, and odd in x if m is odd. 
Fig. 19.8.1 depicts the Chebyshev polynomials T9(X) and Tı0(xX). 


Fig. 19.8.1 Chebyshev polynomials of orders nine and ten. 
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The Dolph-Chebyshev window is defined such that its sidelobes will correspond to 
a portion of the equi-ripple range |x| < 1 of the Chebyshev polynomial, whereas its 
mainlobe will correspond to a portion of the range x > 1. 

For either even or odd N, Eq. (19.6.4) implies that any window spectrum W (y) can 
be written in general as a polynomial of degree N — 1 in the variable u = cos(w/2). 
Indeed, we have for the mth terms: 


cos(mW) = cos (2m) = Tom (U) 


cos((m — 1/2) W)= cos (cam - 1) £) = T2m-1(U) 

Thus in the odd case, the summation in Eq. (19.6.4) will result in a polynomial of 
maximal degree 2M = N — 1 in the variable u, and in the even case, it will result into a 
polynomial of degree 2M -1 = N - 1. 

The Dolph-Chebyshev [579] array factor is defined by the Chebyshev polynomial of 
degree N — 1 in the scaled variable x = xọ cos(w/2), that is, 


W(wW)= Tyn- (X), X=Xo cos( $) (Dolph-Chebyshev array factor) (19.8.2) 


The scale factor Xo is always Xp > 1 and is determined below. For a broadside design, 
as the azimuthal angle ¢ ranges over the interval 0° < p < 180°, the wavenumber y = 
kd cos ¢ will range over the visible region -kd < w < kd. The quantity x = Xo cos(w/2) 
will range from Xin = Xo cos (kd/2) to the value x = Xo, which is reached broadside at 
œ = 90° or y = 0, and then x will move back to Xmin. Thus, the range of variation of x 
will be Xmin < X < Xo. 

Assuming that Xmin is in the interval -1 < Xmin < 1, we can split the interval 
[Xmin, Xo] into the two subintervals: [Xmin, 1] and [1, Xo], as shown in Fig. 19.8.2. We 
require that the subinterval [Xmin, 1] coincide with the sidelobe interval of the array 
factor W (y), and that the subinterval [1, xo] coincide with the mainlobe interval. The 
zeros of the Chebyshev polynomial within [Xmin, 1] become the sidelobe zeros of the 
array factor and get repeated twice as œ varies over [0°, 180°]. 

In Fig. 19.8.2, for spacing d = A/2, we have kd = Tr and Xmin = Xo cos(kd/2) 
= Xo cos (TT/2)= 0. Similarly, we have Xmin = Xo cos (3711/4) = —0.707X9 for d = 3A/4, 
and Xmin = Xo cos (1T/4) = 0.707Xo for d = A/4. 

The relative sidelobe attenuation level in absolute units and in dB is defined in terms 
of the ratio of the mainlobe to the sidelobe heights: 


W. j 
Ra = —™, R =20logio(Ra), Ra = 108 
W side 


Because the mainlobe peak occurs at W = 0 or X = Xo, we will have Wmain = 
Tyn-ı (Xo), and because the sidelobe level is equal to the Chebyshev level within |x| < 1, 
we will have Weige = 1. Thus, we find: 


Ra = Ty-1(X0) = cosh((N — 1)acosh(xo) ) | (19.8.3) 
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A WW) = T(x) A IW(p)l = IROI 
R 


a 


Fig. 19.8.2 Chebyshev polynomials and array factors for d = A/2, d = 3A/4, and d = A/4. 


which can be solved for Xo in terms of Ra: 


(19.8.4) 


(Sone ) 
Xo = cosh 


N-1 


Once the scale factor xo is determined, the window samples w (m) can be computed 
by constructing the z-transform of the array factor from its zeros and then doing an 
inverse z-transform. The N — 1 zeros of Ty-ı (Xx) are easily found to be: 
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i — 1/2 
Tyn-1ı (x)= cos( (N — 1)acos(x)) = 0 xi = cos (= or) 
for i = 1,2,...,N — 1. Solving for the corresponding wavenumbers through x; = 
Xo cos(W;/2), we find the pattern zeros: 
yi = 2acos("*), z=e, (=1,2,...,N—-1 
0 


We note that the zeros x; do not have to lie within the sidelobe range [Xmin, 1] and 
the corresponding W; do not all have to be in the visible region. 

The symmetric z-transform of the window is constructed in terms of the one-sided 
transform using Eq. (19.1.4) as follows: 


N-1 
Wize BNA Waa ee ] | (z-z) (19.8.5) 
i=1 
The inverse z-transform of W (z) are the window coefficients w (m). The MATLAB 
function dolph.m of Appendix G implements this design procedure with the help of 
the built-in function poly.m, which finds the coefficients from the zeros. The typical 
MATLAB code in dolph.m is as follows: 


N1 = N-1; % number of zeros 

Ra = 10A(R/20); % sidelobe level in absolute units 

x0 = cosh(acosh(Ra)/N1); % scaling factor 

i = 1:N1; 

xi = cos(pi*(i-0.5)/N1); % N1 zeros of Chebyshev polynomial 

psi = 2 * acos(xi/x0); % N1 array pattern zeros in psi-space 

zi = exp(j*psi); % N1 zeros of array polynomial 

a = real(poly(zi)); % zeros-to-polynomial form (N coefficients) 


The window coefficients resulting from definition (19.8.5) are normalized to unity 
values at their end-points. This definition differs from that of Eq. (19.8.2) by the scale 
factor x\~1/2. 

The function dolph.m also returns the 3-dB width of the main lobe. The 3-dB fre- 
quency W3 is defined by the half-power condition: 


W(Wa)= Twa ty) = APO = XS cosh((N = 1)acosh(x3)) = “2 
Solving for x3 and the corresponding 3-dB angle, X3 = Xo cos(W3/2), we have: 
X cosh acosh (Ra/ v2) = 2 acos (=) (19.8.6) 
30> N-1 ’ y3 = Xo 0. 


which yields the 3-dB width in w-space, AW3apn = 2W3. The 3-dB width in angle space, 
Ad3ap, is then computed from Eq. (19.6.6) or (18.10.6). 


Example 19.8.1: The second graph of Fig. 19.6.1 was generated by the MATLAB commands: 
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[a, dph] = dolph(0.5, 90, 5, 20); % array weights and 3-dB width 
[g, ph] = array(0.5, a, 200); % compute array gain 
dbz(ph, g, 45); % plot gain in dB 
addcirc(3, 40, ’--’); % add 3-dB gain circle 
addray(90 + dph/2, ’--’); % add 3-dB angles 
addray(90 - dph/2, ’--’); 


The array weights and 3-dB width were given previously in the table of Fig. 19.6.1. The 
weights are constructed as follows. The scale parameter xo is found to be Xp = 1.2933. 
The zeros X;, Wi, and Z; are found to be: 


Xi | Wi | Zi 
0.9239 | 1.5502 0.0206 + 0.9998] 
0.3827 | 2.5408 | —0.8249 + 0.5653) 
—0.3827 | 3.7424 | —0.8249 — 0.5653) 
—0.9239 | 4.7330 0.0206 — 0.9998] 


Ae WN | 


It follows that the one-sided array polynomial will be: 


W(z)= (Z = Z1) (Z — Z2) (Z — Z3) (Z — Z4) = z* + 1.60852? + 1.9319Zz? + 1.6085z + 1 


and the symmetric z-transform: 
W(z)= z7? Ŵ (z) = z? + 1.6085z + 1.9319 + 1.6085z7! + z7? 
resulting in the array weights w = [1.0000, 1.6085, 1.9319, 1.6085, 1.0000]. We note 


that the array zeros come in conjugate pairs. Only the first two x; and yj; lie in the visible 
region and show up as pattern zeros in the array factor. o 


Example 19.8.2: The second graph of Fig. 19.6.2 was generated by the MATLAB commands: 


[a, dph] = dolph(0.5, 60, 21, 25); 
[g, ph] = array(0.5, a, 200); 
dbz(ph, g); 


The function dolph.m was called with the parameters N = 21, R = 20 dB and was steered 
towards the angle o = 60°. o 


Example 19.8.3: As another example, consider the design of a nine-element broadside Dolph- 
Chebyshev array with half-wavelength spacing and sidelobe attenuation level of R = 20 
dB. The array factor is shown in Fig. 19.8.2. 


The absolute attenuation level is Rg = 10%/2° = 1070/20 = 10, that is, if the peak is 
normalized to height Ra = 10, the sidelobes will have height of unity. The scale factor xo 
is found to be Xo = 1.0708, and the array weights: 


w = [1.0000, 1.0231, 1.3503, 1.5800, 1.6627, 1.5800, 1.3503, 1.0231, 1.0000] 


The array zeros are constructed as follows: 
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i Xi Wi Zi 

1 0.9808 | 0.8260 0.6778 + 0.7352) 
2 0.8315 | 1.3635 0.2059 + 0.9786) 
3 0.5556 | 2.0506 | —0.4616 + 0.8871) 
4 0.1951 | 2.7752 | —0.9336 + 0.3583) 
5 | —0.1951 | 3.5080 | —0.9336 — 0.3583) 
6 | —0.5556 | 4.2326 | —0.4616 — 0.8871) 
7 | —0.8315 | 4.9197 0.2059 — 0.9786) 
8 | —0.9808 | 5.4572 0.6778 — 0.7352) 

The 3-dB width is found from Eq. (19.8.6) to be A¢3qg = 12.51°. o 


In order for the Chebyshev interval [Xmin, 1] to be mapped onto the sidelobe region 
of the array factor, we must require that Xmin = —1. 

Ifd < A/2, then this condition is automatically satisfied because kd < 1/2 and 
Xmin = Xo cos(kd/2)> 0. (In this case, we must also demand that Xmin < 1. However, 
as we discuss below, when d < A/2 Dolph’s construction is no longer optimal and is 
replaced by the alternative procedure of Riblet.) 

If A/2 < d < À, then m < kd < 27 and Xmin < 0 and can exceed the left limit 


x = -1. This requires that for the given sidelobe level R, the array spacing may not 
exceed a maximum value that satisfies Xmin = Xo cos (Kdmax/2) = —1. This gives: 
1 A 1 
kdmax = 2 acos (-=) > dmax = — acos (-=) (19.8.7) 
Xo TT Xo 


An alternative way of phrasing the condition Xmin = —1 is to say that for the given 
value of the array spacing d (such that A/2 < d < A), there is a maximum sidelobe 
attenuation that may be designed. The corresponding maximum value of Xo will satisfy 
Xmin = X0,max COS (kd/2) = —1, which gives: 


1 
X0,max cos (kd/2) Ramax = TN-1 (Xo,max) (19.8.8) 


Example 19.8.4: Consider the case d = 3A/4, R = 20 dB, N = 9. Then for the given R, the 
maximum element spacing that we can have is dmax = 0.8836A. 


Alternatively, for the given spacing d = 3A/4, the maximum sidelobe attenuation that we 
can have is Ramax = 577, or, Rmax = 55.22 dB. 


An array designed with the maximum spacing d = dmax will have the narrowest mainlobe, 
because its total length will be the longest possible. For example, the following two calls 
to the function dolph will calculate the required 3-dB beamwidths: 


[w, dph1] 
[w, dph2] 


dolph(0.75, 90, 9, 20); % spacing d = 3/4 
dolph(0.8836, 90, 9, 20); % spacing d = dmax 


We find Ad, = 8.34° and Ad» = 7.08°. The array weights w are the same in the two cases 
and equal to those of Example 19.8.3. The gains are shown in Fig. 19.8.3. o 
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Q 
ll 


dmax = 0.88362 


Fig. 19.8.3 Chebyshev arrays with N = 9, R = 20 dB, d = 3A/4 and d = 0.8836A. 


As pointed out by Riblet [580], Dolph’s procedure is optimal only for element spac- 
ings that are greater than half a wavelength, d > A/2. For d < A/2, it is possible to 
find another set of window coefficients that would result into a narrower main lobe. 
Riblet modified Dolph’s method to obtain an optimal design for both cases, d < A/2 
and d = A/2, but only for an odd number of array elements, N = 2M + 1. 

It follows from Eq. (19.6.4) that if N is odd, the array factor W (w) can be expressed 
either as a polynomial in the variable cos(w/2) or as a polynomial in the variable cos y. 

Dolph’s original definition of Eq. (19.8.2) used a Chebyshev polynomial Tm (x) of 
order 2M = N — 1 in the variable x = xp cos(w/2). Riblet used instead a Chebyshev 
polynomial Ty (y) of order M in the new variable y = A cos w + B, where the constants 
A, B are to be determined from the desired spacing d and sidelobe attenuation R. The 
array factor is defined as: 


W(w)=Tmy(y), y=Acosw+B | (Riblet’s modification) (19.8.9) 


The mainlobe peak of height Rg at ¢ = 90° (or w = 0) will correspond to a value yo 
such that: 


Ra = Tm (Vo) = cosh(M acosh(yo) ) (19.8.10) 


which may be solved for yo: 


acosh (Ra) ) 


Yo = cosh ( M 


(19.8.11) 


We note that yo is related to Xo of Eq. (19.8.3) by yo = 2x5 — 1. This follows from the 
general property of Chebyshev polynomials that: 
y=2x°? -1 > Tom(x)= Tm(y) (19.8.12) 


Indeed, setting x = cos and y = cos(20)= 2cos? 0 — 1 = 2x? — 1, we have 
0 = acos(x) and 20 = acos (y), and therefore: 
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Tom (x) = cos((2M) 0) = cos(M(20)) = Tu (y) 


As the azimuthal angle œ% varies over 0° < @ < 180° and the wavenumber w over 
the visible region -kd < w < kd, the quantity c = cos ų will vary from c = cos(kd) at 
œ = 0° toc = 1 at @ = 90°, and then back to c = cos(kd) at p = 180°. 

If A/2 < d <A, then mT < kd < 2T and w = kd cos œ will pass through the value 
Ww = T before it reaches the value y = kd. It follows that the quantity c will go through 


c = —1 before it reaches c = cos(kd). Thus, in this case the widest range of variation 
ofc =cosw is-l<c< 1. 
On the other hand, if d < A/2, then kd < Tr and c never reaches the value c = —1. 


Its minimum value is c = cos(kd), and the range of c is [cos(kd),1]. To summarize, 
the range of variation of c will be the interval [co, 1], where 


(19.8.13) 


_§ -1, ifd > A/2 
Co cos(kd), ifd <A/2 


Assuming A > 0, it follows that the range of variation of y = A cos w + B will be the 
interval [Aco + B, A + B]. The parameters A, B are fixed by requiring that this interval 
coincide with the interval [—1, yo] so that the right end will correspond to the mainlobe 
peak, while the left end will ensure that we use the maximum size of the equi-ripple 
interval of the Chebyshev variable y. Thus, we require the conditions: 


Aco+B=-1 
(19.8.14) 
A+B= Vo 
which may be solved for A, B: 
a= 170 
1 — Co 
(19.8.15) 
1+ YoCo 
B = -=~ 
l — Co 


For d > A/2, the method coincides with Dolph’s original method. In this case, 
Co = —1, and A, B become: 


+1 
A= a = x4 
g (19.8.16) 
p= Pag 


where we used yo = 2x6 — 1, as discussed above. It follows that the y variable will be 
related to the Dolph variable x = xo cos(w/2) by: 


Y 


)-1=2x?-1 
2 


Y = X cos Y + xp — 1 = x$ (cos Y + 1)—1 = 2x6 cos? ( 


and therefore, Eq. (19.8.12) implies that W(w)= Ty (vy) = Tom (X). 
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Once the parameters A, B are determined, the window w(m) may be constructed 
from the zeros of the Chebyshev polynomials. The M zeros of Ty (y) are: 


(i—1/2)tr 
M 


yi = cos ( E i=1,2,...,M 


The corresponding wavenumbers are found by inverting y; = A cos Yi + B: 


yi- B 
A 


yi = acos ( K i=1,2,...,M 
The 2M = N — 1 zeros of the z-transform of the array are the conjugate pairs: 


{eti ei}, 7 =1,2,...,M 


The symmetrized z-transform will be then: 


W(z)=z2™W(z)=2™ ((z — el) (z — ei) ) 


e 


ll 
e 


The inverse z-transform of W(z) will be the desired array weights w(m). This 
procedure is implemented by the MATLAB function dolph2.m of Appendix G. We note 
again that this definition differs from that of Eq. (19.8.9) by the scale factor A™ /2. 

The function dolph2 also returns the 3-dB width of the main lobe. The 3-dB fre- 
quency W3 is computed from the half-power condition: 


T R acosh(Rq/V/2 
W (w3)= Tu (y3) m (Yo) 4 y3 = cosh (Ra/ V2) 
2 2 M 
Inverting y3 = A cos W3 + B, we obtain the 3-dB width in w-space: 
-B 
W3 = acos (2) » AW3an = 2W3 (19.8.17) 


For the case d = A/2, the maximum element spacing given by Eq. (19.8.7) can also 
be expressed in terms of the variable yo as follows: 


1 3- 
dras =A |: = acos (20) | (19.8.18) 
This follows from the condition Xmin = Xo coS(Kdmax/2)= —1. The corresponding 


value of y will be y = 2X2 in — 1 = 1. Using Eq. (19.8.16), this condition reads: 


+1 =1 3- 
yain o si Ss cos(kdmax)= 75 


cos(Kdmax) + 


Because the function acos always returns a value in the range [0, Tt], and we want a 
value kdmax > TT, We must invert the cosine as follows: 


(2 2) 


kd = 2T — acos 


which implies Eq. (19.8.18). 
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Example 19.8.5: The bottom two graphs of Fig. 19.8.2 show the array factor designed using 
Dolph’s and Riblet’s methods for the case N = 9, R = 20 dB, and d = A/4. The Dolph 
weights are the same as those given in Example 19.8.3. The Riblet weights computed by 
dolph2 are: 


w = [1, —3.4884, 7.8029, —11.7919, 13.6780, —11.7919, 7.8029, —3.4884, 1] 


The corresponding array gains in dB are shown in Fig. 19.8.4. The 3-dB widths of the Dolph 
and Riblet designs are Ad3qg = 25.01° and Ad3ag = 17.64°. o 


Dolph design Riblet design 


90° 


Fig. 19.8.4 Dolph and Riblet designs of Chebyshev array with N = 9, R = 20 dB, d = A/4. 


Next, we discuss steered arrays [581]. We assume a steering angle 0° < o < 180°. 
The endfire case po = 0°, 180° will be treated separately [582]. The steered wavenumber 
will be: 


y’ = W — Wo = kd (cos ¢ — cos po) (19.8.19) 


where Wo = kd cos do. The corresponding array weights and array factor will be: 


a(m) = e™Yow(m), -M<m<M 
, ; i g (19.8.20) 
A(W) =W(w-Wo)=W(w')=Tu0"), y =Acosy+B 
where we assumed that N is odd, N = 2M + 1. The visible region becomes now: 


kd (1 — | cos pol) < Y’ < kd (1 + | cos pol) 


In order to avoid grating lobes, the element spacing must be less than the maximum: 


À 


dy = ———__ 
2 1 + | cos ġol 


(19.8.21) 


which satisfies kdo (1 + | cos pol) = 27r. 
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The Chebyshev design method is carried out in the same way, except instead of using 
the half-wavelength spacing A/2 as the dividing line between the Riblet and the Dolph 
methods, we must use do/2. Thus, the variable c = cos Y’ = cos(W — Wo) will vary in 
the interval [co, 1], where Eq. (19.8.13) is now replaced by 


ot Si, if d > do/2 
Co cos(kd(1+|cosqo|)), ifd < do/2 


Replacing 1 + | cos pol = A/do, we can rewrite this as follows: 


=i if d > dọ/2 


ifd <do/2 (19.8.22) 


z 2rd 
cy cos ( 


D? 


The solutions for A, B will still be given by Eq. (19.8.15) with this new value for Co. 
Note that when d < dọ/2 the quantities A, B, and hence the array weights w (m), will 
depend on ġo. Therefore, the weights must be redesigned for each new value of ¢o, 
instead of simply steering the broadside weights [581]. 

When d = dọ/2, we have Cy = —1 and the weights w(m) become independent of 
ġo. In this case, the steered weights are obtained by steering the broadside weights. 


Example 19.8.6: Fig. 19.8.5 shows the gain of an array steered towards do = 60°, with N = 9, 
R = 20 GB, and element spacing d = A/4. 


The grating lobe spacing is dọ = A/(1 + cos(60°)) = 2A/3, and the dividing line between 
Dolph and Riblet designs will be do/2 = A/3. The second graph shows the gain of a 
broadside array, which is steered towards 60°. It demonstrates that the plain steering of 
a broadside design will not work for d < do/2. The array weights were computed by the 
MATLAB commands: 


al = dolph2(1/4, 60, 9, 20); % steered array 
w = dolph2(1/4, 90, 9, 20); % broadside array 
a2 = steer(1/4, w, 60); % steered broadside array 


The 3-dB width was Ad3qg = 26.66°. It was obtained using Eq. (19.8.17) and the approx- 
imation Eq. (19.6.6). The first graph also shows the 3-dB gain circle intersecting the rays 
at the 3-dB angles do + Ad3ag/2, that is, at 46.67° and 73.33°. We note also that the 
broadside weights w were given in Example 19.8.5. o 


Endfire Dolph-Chebyshev arrays require special treatment. DuHamel has shown how 
to modify Riblet’s design for this purpose [582]. The key idea is not to use a steering 
angle do = 0° or do = 180°, but rather to make ġo, and the corresponding steering 
phase Wo = kd cos ġo, a free design parameter. 

The steered wavenumber will still be y’ = kd cos œ — kd cos po = kd cos œ — Wo 
and the array factor and array weights will still be given by Eq. (19.8.20). 

The three parameters {A, B, Wo} are determined by the following conditions. For a 
forward endfire array (with mainlobe peak towards œ = 0°,) we require that y’ = yo at 
œ = 0, or, at w’ = kd — Wo. Moreover, we require that the two endpoints y’ = —1 and 
y’ = 1 of the equi-ripple range of the Chebyshev polynomial are reached at w’ = 0 and 
at @ = 180°, or, Y” = —kd — Wo. These three conditions can be stated as follows: 
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Steered design Steered broadside 


==. 39°20 --10 


dB 


Fig. 19.8.5 Nine-element array with d = A/4 steered towards 60°. 


Acos(kd — Wo)+B = yo 


A+B=-1 (19.8.23) 


Acos(kd + Wo) +B =1 


For a backward endfire array (with mainlobe towards @ = 180°,) we must replace 
Wo by — Wo. The solution of Eqs. (19.8.23) is: 


A Yo + 3 + 2cos(kd) V2 (Yo + 1) 
7 2 sin? (kd) 
B=-1-A (19.8.24) 
eer | 
vos masm ( 2A sin(kd) 


where in the solution for Wo, the plus (minus) sign is chosen for the forward (backward) 
endfire array. Bidirectional endfire arrays can also be designed. In that case, we set 
Wo = 0 and only require the first two conditions in (19.8.23), which become 


Acos(kd)+B = yo 


(19.8.25) 
A+B=-1 
with solution 
Yo + 1 
A = -> 
1 — cos(kd) 
(19.8.26) 


_ yo + cos (kd) 
~ 1—cos(kd) 
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In all three of the above endfire designs, we must assume d < A/2 in order to avoid 
grating lobes. The MATLAB function dolph3.m of Appendix G implements all three 
cases. 


Example 19.8.7: Fig. 19.8.6 shows three endfire designs for a nine-element array with quarter- 
wavelength spacing d = A/4, and sidelobe level of R = 20 dB. The array weights and 3-dB 
widths were computed as follows: 


[al, dph1] = dolph3(1, 1/4, 9, 20); % forward endfire 
[a2, dph2] = dolph3(-1, 1/4, 9, 20); % backward endfire 
[a3, dph3] = dolph3(2, 1/4, 9, 20); % bidirectional endfire 


The first argument of dolph3 takes on one of the three values {1,—1,2}, for forward, 
backward, and bidirectional designs. In the forward and backward cases, the array weights 
are already scanned by the effective scanning phase +W . The calculated array weights 
are in the three cases: 


weights forward backward bidirectional 
do 18.3655 18.3655 20.4676 
a = až; —15.8051 — 1.0822j —15.8051 + 1.0822j -17.5583 
az = až, 9.8866 + 1.3603j 9.8866 — 1.3603j 10.8723 
a3 =a*; —4.1837 — 0.8703) —4.1837 + 0.8703) —4.5116 
a4 = a*4 0.9628 + 0.2701j 0.9628 — 0.2701j 1.0000 


Because the backward case is obtained by the replacement Wo > — Wo, its weights will be 
the conjugates of those of the forward case. 


The 3-dB widths are in the three cases: Ad@3qg = 22.85°, 22.85°, 22.09°. The graphs also 
show the 3-dB gain circles intersecting the gains at the 3-dB angles. o 


Forward Backward Bidirectional 


Fig. 19.8.6 Forward, backward, and bidirectional endfire designs. 


19.9 Taylor-Kaiser Arrays 


In Sec. 19.4, we used the Kaiser window to design a sector array pattern. That de- 
sign problem was equivalent to designing an FIR lowpass digital filter using the window 


666 Electromagnetic Waves & Antennas - S. J. Orfanidis 


method. Here, we use the Kaiser window to design a narrow beam array. The Kaiser 
window will be used in exactly the same way as in the problem of spectral analysis of 
sinusoids [51,52,593]. 

The broadside array weights are equal to the window coefficients a(m)= w(m), 
which are assumed to be normalized to unity at their endpoints: 


w(m)= To( oe = m?/M?) (19.9.1) 


where m = +1,+2,...,+M, orm = 0, +1, +2,..., +M, for even or odd number of array 
elements, N = 2M or N = 2M +1. 

Taylor [589] was the first to use this window function in array problems and, in his 
notation, the window shape parameter « was denoted by « = TrB. The relationship of 
« to the sidelobe level Ra (in absolute units) is given by: 


inh (rB inh 
Ra = 4.60333 sone) =460333 =A 


(19.9.2) 


To avoid having to solve this equation for « for a given Ra, Kaiser and Schafer 
[593] have developed an empirical formula for « in terms of the sidelobe level in dB, 
R = 20l0g;ọ Ra, which is valid across the range 13 < R < 120 dB: 


0, R < 13.26 
&= -4 0.76609(R — 13.26)°-4+0.09834(R — 13.26), 13.26 < R < 60 (19.9.3) 
0.12438 (R + 6.3), 60 < R < 120 


For R < 13.26, w(m) becomes the rectangular window. The broadening factor b, 
and the 3-dB width in w-space can also be expressed in terms of the dB sidelobe level 
R, as follows [593]: 

6(R +12) 2Trb 
b = ——_— A = 0. ae 19.9.4 
55” Wap = 0.886 N (19.9.4) 
The 3-dB width in angle space, Ad3ap, is then calculated from Eq. (19.6.6). 

The array weights w(m) can be steered towards an angle o using Eq. (19.6.1). In 

this case, to avoid grating lobes, the element spacing must be less than the maximum: 


A 


a 
9 1 + | cos ġol 


(19.9.5) 


As discussed in Sec. 19.8, in order for the visible region is w-space to cover at least 
one Nyquist period, the element spacing d must be in the range: 
do 


z <d < do (19.9.6) 


The MATLAB function taylor .m of Appendix G implements this design procedure. 
The outputs of the function are the steered array weights and the 3-dB width. 
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Example 19.9.1: Fig. 19.9.1 depicts the gain of a 14- and a 15-element Taylor-Kaiser array with 
half-wavelength spacing d = A/2, steered towards ¢y = 60°. The sidelobe level was 
R = 20 GB. The array weights were obtained by: 


[al, dph1] = taylor(0.5, 60, 14, 20); 
[a2, dph2] = taylor(0.5, 60, 15, 20); 


The array weights are already steered towards 60°. The designed unsteered weights were 
in the two cases: 


wı = [1.0000, 1.3851, 1.7653, 2.1171, 2.4180, 2.6485, 2.7933, 
2.7933, 2.6485, 2.4180, 2.1171, 1.7653, 1.3851, 1.0000] 


w2 = [1.0000, 1.3851, 1.7653, 2.1171, 2.4180, 2.6485, 2.7933, 2.8427, 
2.7933, 2.6485, 2.4180, 2.1171, 1.7653, 1.3851, 1.0000 


The corresponding 3-dB widths were Ad3qg = 10.37° and Ad3qz = 9.68°, with the second 
being slightly narrower because the array is slightly longer. The maximum and minimum 
array spacings are from (19.9.5): dg = 2A/3 and dọ/2 = A/3. o 


N =14 N =15 


Fig. 19.9.1 Taylor-Kaiser arrays with N = 14 and N = 15, and d = A/2. 


Example 19.9.2: Fig. 19.9.2 depicts the gain of a 31-element endfire array with spacing d = A/4 
and sidelobe level R = 20 dB, steered towards the forward direction, pọ = 0°, and the 
backward one, o = 180°. 


The maximum and minimum array spacings, calculated from Eq. (19.9.5) for po = 0° and 
do = 180°, are dy = A/2 and dọ/2 = A/4. We have chosen d = dọ/2 = A/4. 


The 3-dB widths are in both cases Ad3qg = 43.12°. The graphs also show the 3-dB circle 
intersecting the 3-dB angle rays. o 
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Forward Backward 


Fig. 19.9.2 Taylor-Kaiser endfire arrays with N = 31 and d = A/4. 


19.10 Multibeam Arrays 


An array can form multiple narrow beams towards different directions. For example, 
suppose it is desired to form three beams towards the steering angles ¢1, $2, and @3. 
The weights for such a multibeam array can be obtained by superimposing the weights 
of a single broadside array, say w (m), steered towards the three angles. Defining the 
corresponding scanning phases W; = kd cos ¢j, i = 1, 2,3, we have: 


a(m)= Aye J™1w(m) +Are J"? w(m) +A3e 93 w(m) 


where m = 0,+1,+2,...,+M and we assumed an odd number of array elements N = 
2M + 1. The complex amplitudes A1, A2, A3 represent the relative importance of the 
three beams. The corresponding array factor becomes: 


A(W)= AiW(W — W1) +A2W (WY — W2)+A3W (yY — W3) 


and will exhibit narrow peaks towards the three steering angles. More generally, we 


can form L beams towards the angles ¢;, i = 1,2,...,L by superimposing the steered 
beams: 
L . 
a(m)= > Ajet"¥iw(m) |, =m =0,+1,£2,...,4M (19.10.1) 
i=1 
where W; = kd cos ¢j, i = 1,2,...,L. For an even number of array elements, N = 2M, 


we replace Eq. (19.10.1) with: 


L 
a(tm)= > AjeV™l23¥iw(+m)|,  m=1,2,...,M (19.10.2) 
i=1 


For either even or odd N, the corresponding array factor will be the superposition: 
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L 


A(W)= 5 AiW (W — Wi) (multi-beam array factor) (19.10.3) 
i=1 


The basic broadside array weights w(m) can be designed to achieve a desired side- 
lobe level or beam width. As the broadside beam w(m) is steered away from 90°, the 
beamwidths will broaden. To avoid grating lobes, the element spacing d must be less 
the quantity do (and greater than do/2): 


A 
1+ |cos@i|’ 


do = mindi, where di = $23 1,2)005 D 

This minimum is realized at the beam angle closest to endfire. If the steering angles 
are closer to each other than about one 3-dB beamwidth, the mainlobes will begin to 
merge with each other reducing the resolvability of the individual beams. This behavior 
is analogous to the problem of frequency resolution of multiple sinusoids. 

The MATLAB function multbeam.m of Appendix G implements Eqs. (19.10.1) and 
(19.10.2). Its inputs are the vector of broadside array weights w—which can be designed 
beforehand using for example dolph2 or taylor—and the beam angles and amplitudes 


Pi, Ai. 


Example 19.10.1: Fig. 19.10.1 shows the gains of two 21-element three-beam arrays with half- 
wavelength spacing, and steered towards the three angles of 45°, 90°, and 120°. The 
broadside array was designed as a Taylor-Kaiser array with sidelobe level of R = 20 and 
R = 30 dB. 


The relative amplitudes of the three beams were equal to unity. The MATLAB code used 
to generate the right figure was: 


w = taylor(0.5, 90, 21, 30); % unsteered weights 

a = multbeam(O.5, w, [1,1,1], [45, 90, 120]); % equal-amplitude beams 
[g, ph] = array(d, a, 400); % compute gain 
dbz(ph, g); % plot gain in dB 
addray(45); addray(-45); % add + 45° grid rays 


We note the broadening of the beam widths of the larger beam angles. The left array 
has narrower mainlobes than the right one because its sidelobe attenuation is less. But, it 
also exhibits more constructive interference between mainlobes causing somewhat smaller 
sidelobe attenuations than the desired one of 20 dB. o 


Equations (19.10.1) and (19.10.2) generalize the Woodward-Lawson frequency sam- 
pling design equations (19.5.6) and (19.5.7) in the sense that the steering phases w; can 
be arbitrary and do not have to be the DFT frequencies. 

However, if the w; are chosen to be the DFT frequencies given by Eq. (19.5.1) or 
(19.5.5), and the broadside array is chosen to be a length-N uniform array, w(m)= 1, 
then the inverse DFT expressions (19.5.6) and (19.5.7) can be thought of as defining 
N beams—called the Woodward-Lawson-Butler beams—steered towards the DFT angles 
di = acos(w;/kd), that is, towards 
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R =30 dB 


90° 


-90° 


Fig. 19.10.1 Multi-beam arrays with R = 20 and R = 30 GB sidelobes. 


Wi = (2 ; z 
$i = acos ( #5) = acos (7 = acos Nd)? i=0,1,...,N-1 (19.10.4) 


The array weights will be given then by the inverse DFT: 


N-1 
1 ; 
a(m)= Ș X Apem (19.10.5) 
i=0 
and the corresponding array factor by: 
N-1 
1 
AW)= 5 È AWWW - Wd) (19.10.6) 
i=0 


where W(w)= sin(Nw/2)/sin(w/2) is the array factor of the uniform window. The 
DFT values are identified as the relative beam weights Aj = A(w;)/N. 

A single Butler beam, say the jth beam, can be turned on by choosing Aj = dj. By 
successively turning on the Butler beams one by one, the array will act as a scanning 
array. Fig. 19.10.2 depicts such a multi-beam array structure. The inverse DFT box 
implements Eq. (19.10.5). The inputs are the “beams” A; and the outputs are the weights 
a(m). 

Somewhat before the advent of the FFT algorithm, Butler proposed a hardware real- 
ization of the inverse DFT network, which was quickly recognized to be equivalent to the 
FFT algorithm [594,595,597-600]. The DFT matrix realization of this network is called 
the Blass matrix in the antenna array context [18,10]. 


Example 19.10.2: Fig. 19.10.3 shows the individual Butler beams turned on successively for 
an eight-element array. Both the standard and alternative DFT frequency sets are shown. 
There are eight beams in each graph. For the standard DFT set, the two endfire beams 
count as one, that is, the i = 0 beam. 


The sidelobes are at the 13-dB level because these are scanned versions of the uniform 
array. The mainlobes intersect exactly half-way between the DFT frequencies yj, that is, 
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a| a| a| a| ay; as| ag} a, 
inverse DFT network 
Ay A, A, A; Ay As Ag Ay 


Fig. 19.10.2 Woodward-Lawson-Butler beam matrix network for N = 8. 


the ith beam intersects the neighboring ones at w = Yi + T/N = 2T (i + 0.5)/N. These 
intersection points are approximately 4 dB down (3.92 dB to be exact) from the main peaks. 
The 4-dB gain circle intersects the gain curves at these points. o 


Standard DFT Beams Alternative DFT Beams 


Fig. 19.10.3 Woodward-Lawson-Butler beams for N = 8. 


19.11 Problems 


20 


Currents on Linear Antennas 


20.1 Hallén and Pocklington Integral Equations 


In Sec. 13.4, we determined the electromagnetic fields generated by a given current 
distribution on a thin linear antenna, but did not discuss the mechanism by which the 
current distribution is set up and maintained. In Chap. 15, we assumed that the currents 
were sinusoidal, but this was only an approximation. Here, we discuss the integral 
equations that determine the exact form of the currents. 

An antenna, whether transmitting or receiving, is always driven by an external source 
field. In transmitting mode, the antenna is driven by a generator voltage applied to its 
input terminals, and in receiving mode, by an incident electric field (typically, a uniform 
plane wave if it is arriving from far distances.) In either case, we will refer to this external 
source field as the “incident” field En. 

The incident field Ein induces a current on the antenna. In turn, the current generates 
its own field E, which is radiated away. The total electric field is the sum Etot = E+ 
En. Assuming a perfectly conducting antenna, the boundary conditions are that the 
tangential components of the total electric field vanish on the antenna surface. These 
boundary conditions are enough to determine the current distribution induced on the 
antenna. 

Fig. 20.1.1 depicts a z-directed thin cylindrical antenna of length / and radius a, with 
a current distribution I (Zz) along its length. We will concentrate only on the z-component 
Ez of the electric field generated by the current and use cylindrical coordinates. 

For a perfectly conducting antenna, the current is essentially a surface current at ra- 
dial distance p = a and surface density J; (Zz) = zI(z)/2Tra. The corresponding volume 
current density will be as in Eq. (13.4.2): 

J(r) = Js(Z) 6 (p — a) = 21(Z)6(p — a) —— Ira 
Following the procedure of Sec. 13.4, we obtain the z-component of the vector potential: 


u I(z')6(p' — aje™ 
Att Jv’ 2TtaR 


1/2 2m —jkR 
12) J ae 
~ Art A a a wee S 
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kR 
Az(Zz,p, p) = p'dp'dd' dz’ 
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| T 
ree 
y Iz’) | z'¢ B 


— cS 


Fig. 20.1.1 Thin-wire model of cylindrical antenna. 


where R = |r- r'| = Je z')?+|p — p’|?. Because p’ = a, we have: 


2 


lp —p'|? =p? + a’ -2p p = p* + a’ — 2pacos(¢’ - p) 


Because d’ appears only through the difference p’ — p, we may change the variable 


of integration from ¢’ to p’ — p. This implies that Az will be cylindrically symmetric, 
that is, independent of @. It follows that: 


1/2 
Az(Z, p)= EÍ I(z')K(z—2z’',p)dz’ (20.1.1) 
4TT J-1/2 


where we defined the kernel: 


1 21 eJkR 
K ‘p= dq’ 20.1.2 
(z-2z',p) i f R $ (20.1.2) 


with R = Je z')*+p2 + a? — 2pa cos ġ'. In the limit of a thin antenna, a — 0, 
Eq. (20.1.1) reduces to: 


1/2 
Az (z, p)= i Í „IZ)GZ-z',p)dz' (20.1.3) 


where G (z — z’, p) is the reduced thin-wire kernel: 


e-kR 
G(z-z',p)= R’ R = 4| (z = Zz')2?+p? (20.1.4) 


Eq. (20.1.3) is the same as (13.4.3) because the limit a = 0 is equivalent to assuming 
that the current density is a line current J(r) = ZI(z)6 (x) 6(y), as given by Eq. (13.4.1). 
In practice the thin-wire approximation is adequate. 

Given the vector potential Az, the z-component of the electric field generated by the 
current is obtained from Eq. (13.4.6): 


jwpucE, = (02 + k?) Az (20.1.5) 
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Even though we took the limit as a — 0, itis still meaningful to consider the boundary 
conditions at the cylindrical surface of the antenna, as shown on the right of Fig. 20.1.1. 
Evaluating Eqs. (20.1.3) and (20.1.4) at p = a, we obtain: 


1/2 
Ae". Í I(z')G(z—z')dz' (20.1.6) 
47 J-1/2 


where we denoted A;(z)= Az(z,a) and G(z — z’)= G(z-—2z’,a): 


e—JKkR 
G(z-z’')= ip R=, (z-—2z’')?+a? (20.1.7) 


The boundary condition on the surface is that the z-component of the total electric 
field vanish, that is, at p = a: 


Eztot (z,p)= Ez(Z, p) +Ezin(Z, p)= 0 


Thus, with Ez (z)= E,(Z,a) and Ei) (Z)= Ezin(Z, a), we have Ez (z)= —Ejn (Z), and 
Eq. (20.1.5) can be expressed in terms of the z-component of the incident field: 


(02 + k?) Az (z) = —jwueEin (Z) (20.1.8) 


To summarize, given an incident field Ej, (Z) that is known along the length of the 
antenna, Eq. (20.1.8) may be solved for A,(z) and then the integral equation (20.1.6) 
can be solved for the current I (z). 

Depending on how this procedure is carried out, one obtains either the Hallén or 
the Pocklington equations. Solving Eq. (20.1.8) by formally inverting the differential 
operator (03 + k?) and combining with (20.1.6), we obtain Hallén’s integral equation: 


1/2 
K Í I(z')G(z-z')dz' = —jwpe(02 +k?) Ein (z) (20.1.9) 
ATT J-1/2 


Alternatively, applying the differential operator (03 +k?) directly to Eq. (20.1.6) and 
combining with (20.1.8) , we obtain Pocklington’s integral equation: 


1/2 
H Í I(z') (@2 + k?)G (z - z')dz' = -jwpeEm (z) (20.1.10) 
4TT J -1/2 


The two integral equations must be solved subject to the constraint that the current 
I (z) vanish at the antenna ends, that is, I (1/2)= I(—1/2) = 0. 

Hallén’s equation involves a simpler and numerically better-behaved kernel than 
Pocklington’s. The inverse differential operator in the right-hand side of Eq. (20.1.9) can 
be rewritten as an integral convolutional operator acting on Ein. We discuss this in detail 
in Sec. 20.3. 
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20.2 Delta-Gap and Plane-Wave Sources 


Although the external source field Ein (Z) can be specified arbitrarily, there are two spe- 
cial cases of practical importance. One is the so-called delta-gap model, which imitates 
the way a transmitting antenna is fed by a transmission line. The other is a uniform 
plane wave incident at an angle on a receiving antenna connected to a load impedance. 
Fig. 20.2.1 depicts these cases. 


ZA 
7 cali 
A 
1/2 Kz) 
y + 4 
VO. ttt Ein Az 


1/2 


AA — -2a 


Fig. 20.2.1 External sources acting on a linear antenna. 


The left figure shows the delta-gap model of a generator voltage applied between 
the upper and lower halves of the antenna across a short gap of length Az. The applied 
voltage Vo can be thought of as arising from an electric field—the “incident” field in this 
case—which exists only within the gap, such that 


Az/2 
Vo = Í Ein (z) dz (20.2.1) 
/2 


-AZ 
A simplified case arises when we take the limit Az — 0. Then, approximately, Vo = 
Enz, or Ein = Vo/AzZ. In order to maintain a finite value of Vo in the left-hand side of 
Eq. (20.2.1), Ein must become commensurately large. This means that in this limit, 


Ein (Z) = Vd (z) (delta-gap model of incident field) (20.2.2) 


King [3] has discussed the case of a finite Az. Fig. 20.2.1 shows on the right a 
receiving antenna with a uniform plane wave incident at a polar angle 0 and such that 
the propagation vector k is co-planar with the antenna axis. 

The electric field vector is perpendicular to k and has a space dependence Eye~/**. 
For a thin antenna, we may evaluate the field along the z-axis, that is, we set x = y = 0 
so that eJk? = eJkzz = ejkzcos0 because kz = —k cos 0. Then, the z-component of the 
incident field will be: 


Ein (z) = Eo sin 0 ekz 8 9 (incident uniform plane wave) (20.2.3) 


If the wave is incident from broadside (0 = 1r/2), then Ej, (Z) = Eo, that is, a constant 
along the antenna length. And, if 0 = 0 or Tr, then Em (z)= 0. 


676 Electromagnetic Waves & Antennas - S. J. Orfanidis 


20.3 Solving Hallén’s Equation 


Instead of working with the vector potential A, (Z) it proves convenient to work with a 
scaled version of it that has units of volts and is defined as: 


V (Zz) = 2jcAz(Z) (20.3.1) 


where cis the speed of light. We note that V (z) is not the scalar potential œ (z) along the 
antenna length. From the Lorenz condition, Eq. (13.4.5), we have 0,A; = -jwpeg (z). 
Multiplying by 2jc and noting that cweu = w/c = k, we find: 


02V (z)= 2ky(z) (20.3.2) 


Multiplying both sides of Eq. (20.1.8) by 2jc, we can rewrite it as: 


(02 + k2)V(z) = 2kEin (Z) (20.3.3) 


Similarly, Eq. (20.1.6) becomes: 


h 
Í k Z(z-z')I(z) dz = V (z) (20.3.4) 


where for later convenience, we introduced the half-length of the antenna h = 1/2 and 
defined the “impedance” kernel: 


jn eJkR 
27 R 


Z(z z= ILG z’) R=, (z - z')? +a? (20.3.5) 


where n = ule. Eqs. (20.3.3)-(20.3.5) represent our rescaled version of Hallén’s equa- 
tions. Formally, we can write V(z)= 2k(03 + k*)~'Ein(z), but we prefer to express 
V(z) as an integral operator acting on Ein (Z). 

A particular solution of (20.3.3) is obtained with the help of the Green’s function 
F(z) for this differential equation: 


(02 +k?) F(z) = 2k6(z) (20.3.6) 


The general solution of Eq. (20.3.3) is obtained by adding the most general solution 
of the homogeneous equation, (0% + k?) V (z) = 0, to the Green’s function solution: 


h 
V (z)= Cie + Coe JK + Í F(z- z')Em(z')dz' (20.3.7) 
-h 
With a re-definition of the constants C1, C2, we can also write: 
h 
V(z)= Cı coskz + Co sinkz + Í F(z—2’')Ein(z’)dz’ (20.3.8) 
-h 


In fact, F (z) itself is defined up to an arbitrary solution of the homogeneous equa- 
tion. If F(z) satisfies Eq. (20.3.6), so does F; (Z) = F (z)+C,e4k2 + Coe Jk2, with arbitrary 
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constants C1, C2. Some possible choices for F(z) are as follows. They differ from each 
other by a homogeneous term: 


F,(z) = jel = Fo(z) +j coskz 
F(z) = sink|z| = F3(z) —sinkz 
(20.3.9) 
F3(z) = 2sin(kz)u(z) = F4(z) +2 sinkz 


F(z) = —2sin(kz) u(—z) 


where u(Z) is the unit-step function. All satisfy Eq. (20.3.6) as well as the required 
discontinuity conditions on their first derivative, that is, 


F' (0+) —F’ (0—) = 2k (20.3.10) 


This discontinuity condition is obtained by integrating Eq. (20.3.6) over the small 
interval —€ < Z < € and then taking the limit € — 0 and assuming that F(z) itself is 
continuous at Z = 0. Depending on the choice of F (z), the corresponding solution V (z) 
can be written in the equivalent forms (each with different C1, C2): 


h 
V(z) = Cie + Coe Jkz A Í „Je ne? En (z) dz’ 


h 
V (z) = Ciel + Cpe + Í sin(k|z — z’|) Ein (z’) dz’ 
= (20.3.11) 


zZ 
V (z) = Cie? + Coe J + 2| sin(k (z — z’)) Ein (z') dz’ 
-=h 


h 
V (z) = Cie? + Cpe — 2| sin(k (z — z’)) Ein (z’) dz’ 


Zz 


We will use mostly the first and second choices for F(z), that is, F (z)= je skl2! 
and F(z)= sink|z|. Combining the solution for V (z) with Eq. (20.3.4), we obtain the 
equivalent form of Hallén’s integral equation: 


h h 
Í . Z(z—z')I(z')dz’ = Cieľ + Coe Sk + Í „EC —z')Em(z’)dz’| (20.3.12) 


or, alternatively, 
h h 
Í Z(z—z')I(z')dz’ = Cı coskz + Co sinkz + Í F(z —2’')Ein(z’)dz’ 
-h -h 
The constants C,,C2 are determined from the end conditions I(h)= I(—h)= 0. 
Next, we consider the particular forms of Eq. (20.3.12) in the delta-gap and plane-wave 


cases. In the delta-gap case, we have Ein (Z) = Voô (Z) and the integral on the right-hand 
side can be done trivially, giving: 


h h 
Í e — zZ')Ein(z’)dz’ = Í F — Z')V00(z')dz’ = VoF (z) 
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Thus, we have the integral equation: 


h 
Í ; Z(z—2z')I(z')dz’ = Cı coskz + Co sinkz + VoF (z) 


We expect the current I (Z) to be an even function of z (because Ein (Z) is), and thus 
we may drop the C term. Using F(z)= sink|z| as our Green’s function choice, we 
obtain Hallén’s equation for the delta-gap case: 


h 
| Í Z(z—z')I(z')dz’ = V(z)= Cı coskz + Vo sink|z| (20.3.13) 
-h 


This equation forms the basis for determining the current on a center-driven lin- 
ear antenna. We will consider several approximate solutions of it as well as numerical 
solutions based on moment methods. 

We can verify that V (z) correctly gives the potential difference between the upper 
and lower halves of the antenna. Differentiating V (z) about z = 0 and using Eq. (20.3.2), 
we have: 


V’ (0+) —V’ (0-) = 2kVo = 2k(p (0+) —p(0-)) (0+) —p(0-) = Vo 


As a second example, consider the case of an antenna receiving a uniform plane wave 
with incident field as in Eq. (20.2.3). Using F(z) = jek! as the Green’s function, the 
convolution integral of F(z) and Em (Z) can be done easily giving: 


h 
Í jeJk2-2'l Eo sin OeskZ' cos? qz’ = _2Eo ake cosO | (homogeneous terms) 
-h k sin 0 
where the last terms are solutions of the homogeneous equation, and thus, can be ab- 
sorbed into the other homogeneous terms of V (z). Because the current is not expected 
to be symmetric in zZ, we must keep both homogeneous terms, resulting in Hallén’s 
equation for a receiving antenna: 


2Eo jkzcos@ 
20.3.14 
ksin 0 s PURS 


h 
Í Z(z -zI (zdz = V(z)= Cie + Ce + 
-h 


20.4 Sinusoidal Current Approximation 


Here, we look at simplified solutions of Eq. (20.3.13), which justify the common sinu- 
soidal assumption for the current. 

Inspecting the kernel Z (z — z’) or G(z — z')= eJkR7R of the integral equation 
(20.3.13), we note that as the integration variable z’ sweeps past z, the denominator 
becomes very large, because R = a at z’ = z. Therefore, the integral is dominated by 
the value of the integrand near z’ = z. We can write approximately, 


h 
Í l Z(z—2z')I(z')dz’ = Ž(z)I(z)= ŽI (z) (20.4.1) 
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where Z(z) is a sort of an average value of Z(z — z’) in the neighborhood of z’ = zZ. 
This quantity varies slowly with z and we may approximate it with a constant, say Z. 
Then, Hallén’s equation (20.3.13) becomes approximately: 


ZI(z)= V(z)= C; coskz + Vo sink|z| 


This shows that I (Zz) is approximately sinusoidal. The constant Cı is fixed by the 
end-condition I (h) = 0, which gives: 


sinkh 
0 coskh 


Cı coskh + Vosinkh = 0 Ci= 
so that I (z) becomes: 


[sin kh coskz — cos kh sin k|z|] = syi sin(k(h — |z|)) 


AAS SVD coskh 


1 
coskh 


Solving for I (z), we obtain the common standing-wave expression for the current: 


sin(k(h — |z|)) 
sinkh i 


_ Vosinkh 
Zcoskh 


I(z)=I1(0) I(0)= (20.4.2) 
where I (0) is the input current at z = 0. The crude approximation of Eq. (20.4.1) can 
be refined further using King’s three-term approximation discussed in Sec. 20.6. From 


Eq. (20.4.2), the antenna input impedance is seen to be: 


Za = —— = —Zcotkh (20.4.3) 


20.5 Reflecting and Center-Loaded Receiving Antennas 


A similar approximation to Hallén’s equation can be carried out in the plane-wave case 
shown in Fig. 20.2.1. We distinguish three cases: (a) Z; = 0, corresponding to a reflecting 
parasitic antenna with short-circuited output terminals, (b) Z; = œ, corresponding to 
open-circuited terminals, and (c) arbitrary Zz, corresponding to a center-loaded receiving 
antenna. See Ref. [12] for more details on this approach. 

By finding the short-circuit current from case (a) and the open-circuit voltage from 
case (b), we will determine the output impedance of the receiving antenna, that is, the 
Thevénin impedance Z4 of the model of Sec. 14.4, and show that it is equal to the 
input impedance (20.4.3) of the transmitting antenna, in accordance with the reciprocity 
principle. We will also show from case (c) that the angular gain pattern of the receiving 
antenna agrees with that of the transmitting one. 

Starting with the short-circuited case, the approximation of Eq. (20.4.1) applied to 
(20.3.14) gives: 


7 j ; 2E , 
ZI(z)=V(z)= C,ekz + Coe Jkz +4 £0 _ gjkzcos 0 

k sin 0 

The end-point conditions I (h)= I(—h)= 0 provide two equations in the two un- 


knowns C1, C2, that is, 
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2Eo 


i jkhcosO _ 0 
ksin@ 


Celh + Coe th 4 


, , 2E , 
Cie skh ai Coelkh 7 0 eskhcos® _ Q 


" ksin 0 
with solution: 
G2 Eo sin(kh (1 + cos 0)) © Gye Eo sin(kh(1 — cos @)) 
k sin 0 sin kh coskh k sin 0 sinkh cos kh 
Then, the current I (z) becomes: 
I(z)= slice Cpe + rag ee (20.5.1) 


For normal incidence, 0 = 90°, we have Cı = Co and Eq. (20.5.1) becomes: 


2E 
I(z)= Ao (coskh — cos kz) (20.5.2) 
For 0 = 0 and 0 = Tr, the z-component of the incident field is zero, Ei (Z) = 0, and 
we expect I (z)= 0. This can be verified by carefully taking the limit of Eq. (20.5.1) at 
0 = 0,71, with the seemingly diverging term 2E9/k sin 0 getting canceled. 
The short-circuit current at the output terminals is obtained by setting z = 0 in 


Eq. (20.5.1): 


1 2Eo 
Is: = I(0) = zlc: + C24 bend! 


Inserting the expressions for C1, C2, we find: 


2Eo coskh — cos(khcos 0) 


Tse = Zk cos kh sin 0 


(20.5.3) 


For the open-circuit case, the incident field will induce an open-circuit voltage across 
the gap, and therefore, the scalar potential o (z) will be discontinuous at z = 0. In 
addition, the current must vanish at z = 0. Therefore, we must apply Eq. (20.3.14) 
separately to the upper and lower halves of the antenna. Using cos kz and sinkz as the 
homogeneous terms, instead of e*/*7, we have the approximation: 


2E ; 
Cı coskz + Co sinkz + —— 2 ejkzcos 0 z=0 
> > z k sin 0 
ZI(z)=V(z)= OF 
Dı coskz + D2 sinkz + “20 ojkzcos 6 z<0 


k sin 0 


The conditions I (0+)= I(h)= 0 and I(0-)= I(—h) = 0 provide four equations in 
the four unknowns C1, C2, D1, D2. They are: 


2Eo 


+ 5 kh + Co sinkh + ——°— elkhcos 0 — 
Cy ksinO 0, Cı cos C> sin keng? 0 
2Eo : 2Eo -jkhcosð _ 
ae = 0, D, coskh — Do sinkh + ksng? =0 


20.5. Reflecting and Center-Loaded Receiving Antennas 681 


with solution: 


oi ays 2Eo 
Nae ae k sin 0 
C 2Eo (cos kh — eJkhcos®) 2Eo (cos kh — e~Jskhcos@) 
ial k sin @ sinkh : oe k sin 0 sinkh 


The open-circuit voltage is Voc = o (0+) —m(0—). Using Eq. (20.3.2), we have: 


$ 1 1 
V'(0+)-V' (0-) = 2kVoe =k(C2- D2) > Voc = z (C2 — D2) 


and using the solution for C2, D2, we find: 


2Ey coskh — cos(khcos 0) 
œ% ksinkh sin 0 


(20.5.4) 


Having found the short-circuit current and open-circuit voltage, we obtain the cor- 
responding output Thevénin impedance by dividing Eq. (20.5.4) and (20.5.3): 


Za = —-—~ = —Zcotkh (20.5.5) 


where the minus sign is due to the fact that Isc is flowing into (instead of out of) the top 
antenna terminal. We note that Eq. (20.5.5) agrees with (20.4.3) of the transmitting case. 

Equations (20.5.3) and (20.5.4) are special cases of a more general result, which is a 
consequence of the reciprocity principle (for example, see [35]). Given an incident field 
on a receiving linear antenna, the induced short-circuit current and open-circuit voltage 
at its terminals are given by: 


(20.5.6) 


1 fh 1h 
Ie = 7 | Em (z)I(z)dz, Voc = -= | Ey (z)I(z)dz 
Vo J-h Io J-h 


where I (z) is the current generated by Vp when the antenna is transmitting. Inserting 
Eq. (20.4.2) into (20.5.6), we can easily derive Eqs. (20.5.3) and (20.5.4). We will use 
(20.5.6) in Sec. 21.2 to derive the mutual impedance between two antennas. 

Finally, we consider case (c) of an arbitrary load impedance Zz. The current will be 
continuous across the gap but it does not have to vanish at z = 0. The voltage difference 
across the gap will be equal to the voltage drop across the load, that is, V; = —Z,I(0). 
The approximate Hallén equation is now: 


2E ; 
Cı coskz + Co sinkz + ——2~eskz 00s 0 z=0 
5 ksin@ 
Z1(z)=V(z)= OF 
Dı coskz + D2 sinkz + ee kzcos@ z<0 
k sin 0 


where Dı = C, because of the continuity of I (z) at z = 0. The end conditions, I (h) = 
I(—h)= 0, give: 
2Eo 
ksin 
2Eo 
' k sin 0 


Cı coskh + Co sinkh 4 gikhcos@ _ Q 


Cı coskh — Dz sinkh 4 eskhcos® _ Q 
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Moreover, we have the discontinuity condition: 


V' (0+) —V’ (0—) = 2kV; = k(C2 — D2) > Vi = 5 (C2- De) 


Ohm’s law at the load gives: 


Z 2E Z 2E 
Vz, = -ZI (0)= AGE o ) L ( 0 


ksinO/ Za 14 caine) corkh 


where we used Eq. (20.5.5). Solving the above four equations for C1, C2, D2, Vz, we find 
eventually: 


ZL 2E9 coskh — cos(kh cos 0) VocZL 
~ Za +Z,ksinkh sin 0 ~ Zat+Z, 


VL (20.5.7) 

This is equivalent to the Thevénin model that we used in Sec. 14.4. The power 
delivered to the load will be proportional to |V;|?, which is proportional to the gain 
pattern of a transmitting dipole, that is, 


cos kh — cos (kh cos 0) £ 
sin 0 


20.6 King’s Three-Term Approximation 


To improve the crude sinusoidal approximation of Eq. (20.4.1), we must look more care- 
fully at the properties of the impedance kernel. Separating its real and imaginary parts, 
we have: 


Z(z-z')= jn eè _ kn ES JEE] 
2m R 2TT kR kR 

For R near zero, the imaginary part becomes very large and we may apply the ap- 

proximation (20.4.1) to it. But, the real part remains finite at R = 0. For kR < Tr, 

which will be guaranteed if kh < Tr, the sinc function can be very well approximated by 

cos(kR/2) ~ cos(k|z—z’ |/2) as can be verified by plotting the two functions. Therefore, 


sinkR T 


aa 
kR 


2 


k(z-z') 
2 


) = cos( Ms for kR <t 


Using this approximation for the real part of the kernel, and applying the approx- 


imation of Eq. (20.4.1) to its imaginary part, King has shown [4,74] that an improved 
approximation of the convolution integral is as follows: 


h k 
Í Z(z-z)I(z)dz = Reos(—) + jXI(z) 
-h 
where R, X are appropriate constants, which are real if I (z) is real. This approximation 
also assumes that the current is symmetric, I(z)= I(—z). Thus, Hallén’s equation 


(20.3.13) can be approximated as: 


R cos(%Ž) + jXI(z)= V(z) = Cı coskz + Vo sink|z| 
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It shows that the current I (z) is a linear combination of the sinusoidal terms sin k|z], 
coskz, and cos(kz/2). This leads to King’s three-term approximation for the current 
[4,74], which incorporates the condition I(h)= 0. There are two alternative forms: 


I(z)= Alı (Z) +Aol2 (Z) +A3I3 (Z) = Aj (Z) +A5T5 (Z) +A515 (Z) (20.6.1) 


where the expansion currents are defined by: 


I, (z) = sink|z| — sinkh I, (z) = sin(k(h — |z|)) 
I> (Zz) = coskz — coskh , | 15(z) = coskz —coskh (20.6.2) 
I3(z) = cos(kz/2) — cos(kh/2) I} (z) = cos(kz/2)-cos(kh/2) 


Using the trigonometric identity I; (z) = I; (z) tankh—I} (z)/ cos kh, the relationship 
between the primed and unprimed coefficients is: 


Aj 

coskh’ 

The transformation between the primed and unprimed currents breaks down when 
coskh = 0, that is, when / = 2h is an odd-multiple of A/2. In that case, only the 
unprimed form may be used. Otherwise, the primed form is preferable because the 
term I) (z)= sin(k(h — |z|)) has the conventional standing-wave form. We will work 
with the unprimed form because it is always possible. 

To determine the expansion coefficients A1, A2, A3, we insert Eq. (20.6.1) into Hallén’s 
equation (20.3.13) and get: 


Al = Al =A,+Aotankh, Aj =A; (20.6.3) 


AiV1(z)+A2V2 (Z)+A3V3 (z) = V(z)= Cı cos kz+ Vo sin k|z| (20.6.4) 


where 


Vi(z)= k Z(z-z)Ii(z)dz, i= 1,2,3 (20.6.5) 
At z = h, we have: 
AıVı(h)+A2Və2(h)+A3V3(h)= V(h)= Cı coskh + Vo sinkh (20.6.6) 
Subtracting Eqs. (20.6.4) and (20.6.6), and defining Vqj(z) = Vi(z) —Vi(h), we have: 
AiV qi (Z) +A2V qo (Z) +A3V q3 (Z) = C) (coskz — coskh) +Vo(sink|z| — sin kh) 
Using the definition (20.6.2), we can write: 


AiVai(Z) +A2Va2(Z) +A3Va3(Z) = Cil2(Z) +Voli (Z) (20.6.7) 


Introducing the difference kernel Zg(z — z’)= Z(z — z’)—Z(h — z’), we have: 


h 
Vai(z)= Í „Za (Z-Z) (Zz) dz", P= 1,23 (20.6.8) 
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The improved approximation applied to the difference kernel gives: 
(pe Za(z— z')I(z')dz’ = R(cos(kz/2)—cos(kh/2)) + jXI(z)= RI3(Z)+jXI(z) 
Therefore, applying it to the three separate currents J, (Z), I2 (Z), I3 (Zz), we obtain: 
Vai(Z) = Vi(z)—Vi(h) = Ril3 (Zz) +jXili (Zz) , i= 1,2,3 (20.6.9) 
Inserting these approximations in Eq. (20.6.4), we have: 
Ai [Rils (z) +jX1h (z) | + A2 [R213 (Z)+jX2I2 (z) | + A3[R;3I;(z)+jX;I3(z)] = 
= Cil (Zz) +Vol (Z) 


Defining Z3 = R3 + jX3 and matching the coefficients of I; (Z),I2(z),I3(z) in the 
two sides, gives three equations in the four unknowns A), A>, A3, Cy: 


IMA = Vo, JX2A2 -Cı =0, R1ıAı + RoA2 + Z343 = 0 


The fourth equation is (20.6.6). Thus, we obtain the linear system: 


jx 0 0 0 A Vo 
0 jX 0 =i Ar | 0 
Ry Ro Z 0 A, |7 0 (20.6.10) 
Vi (h) V2(h) V3(h) —coskh Ci Vo sinkh 


The matrix elements can be determined by evaluating the defining approximations 
(20.6.9) at z-points at which the currents J;(Zz) take on their maximum values. For I; (Z), 
the maximum occurs at Zı = 0 if h < A/4 and at zı =h-—A/4ifA/4<h <5A/8. For 
Ip (z) and I; (zZ), the maxima occur at z = 0. Thus, the defining equations for the matrix 
elements are: 


Vai (Z1) = Vi (21) —Vi1 (A) = R13 (21) +) X1h (21) 


Va3 (0) = V3(0) -V3 (h) = 2313 (0) 


The coefficients R1, X1, R2, X2 are obtained by extracting the real and imaginary 
parts of these expressions. The left-hand sides can be computed by direct numerical 
integration of the definitions (20.6.5). The expected range of applicability of the 3-term 
approximation is for antenna lengths | < 1.25A (see [4,74].) However, it works well even 
for longer lengths. 

The MATLAB function king implements the design equations (20.6.10) and (20.6.11). 
It has usage: 


A = king(L,a); % King’s 3-term sinusoidal approximation 


where L, a are the antenna length and its radius in units of A and the output A is the 
column vector of the coefficients A;. If the length is an odd-multiple of A/2, then A = 
[A1, A2, A317, otherwise, A = [Aj, Ab, A3]7. 

The numerical integrations are done with a 32-point Gauss-Legendre quadrature in- 
tegration routine implemented with the function quadr, which provides the appropriate 
weights and evaluation points for the integration. 
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Example 20.6.1: Fig. 20.6.1 compares the tree-term approximation to the standard sinusoidal 
approximation, I(z)= sin(k(h — |z|)), and to the exact numerical solution of Hallén’s 
equation for the two cases of l = A and] = 1.5A. The antenna radius was a = 0.005A. 


2.5) 


0.5) 


| =1.0A, a =0.005A 


| 1(z)| (mA) 


— threeterm 
--- sinusoidal 
e numerical 


0.25 
Zr 


0.5 


| 1(z)| (mA) 


| =1.5A, a =0.005A 


— threeterm 
--- sinusoidal 
e numerical 


0.25 0.5 


Fig. 20.6.1 Three-term approximation for l = A and! = 1.5A. 


0.75 


In the full-wavelength case, the sinusoidal approximation has I (0) = 0, which would imply 
infinite antenna impedance. The three-term approximation gives a nonzero value for I (0). 
The computed three-term coefficients are in the two cases: 


—3.0409j 
=10°3] 0.3573 + 0.3686) 
0.3044 + 0.3369) 


Ay — 2.4348] 
Az | =1073] 7.8154 — 3.6654) 
A3 0.9416 + 2.8503j 


We used the primed representation of Eq. (20.6.1) for the full-wavelength case, and the 
unprimed one for / = 1.5A. The graphs were generated by the following example code: 


Fae re 
Ul 


A 
Zz 


M= 


1.0; 
0.008; 
L/2; 
2*pi; 


king(L,a); 


= 0: h/100 : h; 
Ik = kingeval(L,A,z); 
Is = sin(k*(h-abs(z))); 


30; 


[In,zn,cnd] = hallen(L,a,M); 


In = In(M+1:end); % upper-half of the current 

zn = zn(M+1:end); % centers of upper-half segments 

mk = max(abs(Ik)); % scale factors 

ms = max(abs(Is)); 

mn = max(abs(In)); 

plot(z, abs(Ik)*mn/mk, z, abs(Is)*mn/ms, ’--’, zn, abs(In), ’.’); 


% length in wavelengths 
% radius in wavelengths 


% wavenumber in rads/wavelength 


% 3-term coefficients 


% evaluate 3-term approximation 
% sinusoidal approximation 


% number of upper-half segments 
% numerical solution 


The function kingeval simply evaluates the three-term approximation (20.6.1) at a given 


number of 


Z-points. 


Oo 
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20.7 Numerical Solution of Hallén’s Equation 


In the past three sections, we looked at approximate solutions of Hallén’s equation 
obtained by simplifying the convolution integral. 

Here, we discuss numerical solutions of the full integral equation based on mo- 
ment methods. We consider both the delta-gap case of a center-driven antenna and 
the more general case of an arbitrary incident field. The relevant Hallén equations are 
Eqs. (20.3.12) and (20.3.13), that is, 


h 
Í Z(z—2z')I(z')dz’ = V(z)= Cı coskz + Vosink|z| (20.7.1) 
-h 


h h 
Í Z(z-z')I(z) dz! =V(z)= Cie + Coe SR + Í F(z—2')Ein(z’)dz’ (20.7.2) 
-h -h 


A numerical solution attempts to discretize these equations and convert them to 
a system of linear equations. Perhaps, the simplest scheme is to replace the current 
I (z) by its sampled version, sampled at N = 2M + 1 equally-spaced z-points along the 
antenna length, that is, 


M 
I(z')= > I(2m)6(z! — 2m) Az (20.7.3) 
m=-M 
where for -M < m < M, 
Zm = MAZ AZ = k = wie (type-0) (20.7.4) 


Such a discretization scheme is shown on the lower part of Fig. 20.7.1, labeled as 
“type-0”, for the case of N = 11 and M = 5. The spacing interval Az appears as a factor 
in Eq. (20.7.3) in order to have the right dimensions for I (z). Note that the last sample 
coincides with the end-point of the antenna, Zy = MAz = h. The antenna length is 
divided into N — 1 segments of length Az and two half-segments of length Az/2 at the 
two ends. 

The sharp delta function 6(z — Zm) Az can be replaced by a finite pulse of width Az 
centered around the point Zm, as shown in Fig. 20.7.1. We will consider this case later. 
Inserting Eq. (20.7.3) into (20.7.1), the integration can be done trivially giving: 


M 
$. Z(Z- Zm)1(Zm) Az = V(z) = Cı coskz + Vo sink|z| 
m=—M 


If we evaluate this equation at the same sampled points Zn = nAz, we will obtain an 
NXN system of linear equations in the unknowns I (Zm), that is, 


M 
$ Z(Zn — Zm)1(Zm) AZ = V (Zn) = C1 cos kZn + Vo sink|Zn| (20.7.5) 
m=—M 
for -M <n <M. The constant Cı will be chosen in order to satisfy the end condition 
I(Zy) = I(h)= 0. Eq. (20.7.5) can be written in the compact matrix form: 
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ad 


Z5 4 £5 £9 Za Z0 Zi %2 Z3 Z4 Z5 


D h >ja h >| 


Fig. 20.7.1 Sampling schemes along an antenna, with N = 11, M = 5. 


ZI=v=(C\c+ Vos (20.7.6) 


where Z is the NXN matrix Znm = Z (Zn — Zm) Az and I, s, and c are the column vectors 
with elements I, = I(Zn), Cn = coskZpņ, and Sy = sink|Zy|, and vn = CıCn + VoSn, 
for n = —M,...,M. All of these vectors are symmetric about their middle, that is, 
I(Z_n)= I (Zn), and similarly for the others. Therefore, we have: 


Iu VM CM SM 
Ty V1 Cl Sı 
I= Io » V= Vo », C= Co » SS So (20.7.7) 
I, vı C1 Sı 
Im VM CM SM 


The matrix Z is a symmetric Toeplitz matrix because the nmth matrix element de- 
pends only on the difference |n — m|, indeed, 


jn e 
2m R 
Taking advantage of the Toeplitz nature of Z and the symmetry of the vectors 
(20.7.7), the matrix system (20.7.6) can be replaced by one essentially half its size, thus, 
speeding up the solution. To see this, we partition the vector Tinto its upper (negative-z), 
middle, and lower (positive-Z) parts: 


Znm = Z (Zn —Zm)AzZ = Az , R= a? + Az? (n — m)? (20.7.8) 


I Im 

IR I 
I=| b |, deel) . le AES] = 
L è Ip 
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The upper part IR is the reverse of the lower part h. The reversal operation can be 
expressed as a matrix operation: 


0 O 1 

0 1 0 
R=jJh, J= 

1 0 O 


where J is the MxM reversing matrix J, that is, the matrix with ones along its antidiag- 
onal. Then, the impedance matrix Z and Eq. (20.7.6) can be partitioned in a compatible 
way as follows: 


| AR ak BRÈ | | IÈ vi 
ant ao al Io = Vo (20.7.9) 
B a A i vi 


where we have separated out the middle column and row of Z. Because Z satisfies the 
reversal invariance condition Z(n,m)= Z(—n,—m), the upper-left block A£ will be 
the reverse of the lower-right block A, and the upper-right, the reverse of the lower- 
left. Moreover, because Z is symmetric, we have az = aj, and also for the Toeplitz 
submatrices, Ak = AT = A and BR = BT. 

The reverse of a matrix is obtained by reversing its columns and then reversing its 
rows, an operation which is equivalent to multiplication by the reversing matrix J from 
left and right: 

A? = JAJ 


Writing out the three sub-block equations of Eq. (20.7.9), we obtain: 
ARIE + ak Ig + BRI, = vè 
age ER + aoIo + ad, = Vo 
Bik + aIo + Al =v, 


But, the first is exactly the reverse of the last, and therefore redundant. Noting that 
aTRIÈ = al I and BIÈ = BJL, we obtain the reduced system: 


aolo + 2a? h = Vo 
ailo+ (A+ BJ)h = vı 


which can be written in the reduced block matrix form: 


ao 2af Io a Vo 
| a GARRY EI S (20.7.10) 
Thus, we can replace the NXN system (20.7.6) or (20.7.9) by the (M + 1)x(M + 1) 


system (20.7.10) acting only on half-vectors. We will write Eq. (20.7.10) in the following 
compact form: 


ZI = v= Cic + Vos (20.7.11) 


where Z is constructed from Z according to (20.7.10) and the vectors are the half-vectors: 
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Io Vo Co So 
lh V1 Cl S1 

I= d ; v= f , C= . , S= : (20.7.12) 
Im VM CM SM 


Next, we impose the condition that Im = 0. It can be written vectorially in the form 
uI = 0, where u! = [0,...,0,1]. Solving (20.7.11) for I, we obtain: 


I= (C\Z7!e+VoZ7'!s (20.7.13) 


Multiplying both sides by u”, we obtain the condition: 
uI = Ciu! Zate + Vou! Z's =0 


which may be solved for Cy: 


T7-1 
wes (20.7.14) 


Ci = -Vo aT Zie 


The two equations (20.7.13) and (20.7.14) provide the complete solution of the dis- 
cretized Hallén equation. The MATLAB function hallen implements this solution pro- 
cedure. It has usage: 


[I,z,cnd] = hallen(L,a,M); % solve Hallen’s integral equation with delta-gap input 


The function solves the half system (20.7.11) but returns the full N-dimensional 
symmetric vector Iof Eq. (20.7.7). The quantity z is the N-dimensional vector of sampled 
Z-points (20.7.4), and cnd is the condition number of the matrix Z that is being inverted. 
The quantities L, a are the antenna length and radius in units of A, and M has the same 
meaning as above. It assumes Vo = 1. Therefore, the input impedance of the antenna 
will be Za = Vo/Io = 1/Io. 

Because the submatrices A, B in (20.7.10) are Toeplitz, it follows that the row-reversed 
matrix BJ will be Hankel. These matrices are constructed with the help of the MATLAB 
functions toeplitz and hankel. No inverse of Z is computed. Instead we perform 
the single MATLAB operation Z\[c,s], from which the rest of the solution can be con- 
structed. 

Fast Toeplitz solvers can also be used, based on the Levinson recursion and fast 
Cholesky factorizations [52]. However, we found that the built-in linear system solver 
of MATLAB is much faster for sizes of the order M = 20-100. 


20.8 Numerical Solution Using Pulse Functions 


The delta function discretization scheme works well. An example was seen in Fig. 20.6.1. 
An alternative to this discretization is to replace the delta functions with finite pulses 
of width Az, that is, 

0(Z—Zm)AzZ > A(Z — Zm) 
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where A(z) is the unit-pulse centered at the origin: 


. 1 
A(z)=ulz+Azi2)-u(z—Azi2y-4 b # lls 542 (20.8.1) 
0, otherwise 
The delta function is obtained in the limit Az — 0: 
SAS 
Az-0 AZ 
The sampled current (20.7.3) is now replaced by: 
M 
I(Z')= >. Mem) A(Z =Zm) (20.8.2) 
m=-M 


and Hallén’s equation becomes: 


M h 
S Izm) | „ZEZ =- Z’) A(Z’ — Zm)dz’ = V (z)= Cı cos kz + Vo sink|z| 
m=-M a 


Evaluating it at the sampled points Zz, = nAz, for -M < n < M, we have: 
M h 
De 1m) | Z(Zn —2') A(z’ —Zm)dz’ = V (Zn) = Cı coskZn + Vo sink|Zy| 
m=-M =h 
We define the impedance matrix by: 


h 
Znm = Í 2 en -= Z')A(Z' —Zm)dz’ (20.8.3) 


Changing variable of integration to Z” = Z’ — Zm, and noting that A(z”) has unity 
height and support on the Az-interval centered at the origin, the above integration range 
reduces to:t 

Az/2 


Az/2 
Znm = | Z(Zn — Zm — Z”) A(z” )dz” -Í Z(Zn = Zm z Jdz“ 
-Az/2 -Az/2 


Changing variables again to Z” = xAz, we have the final form of the matrix: 


1/2 
Znm = az f Z(Zn — Zm — XAZ) dx (20.8.4) 
-1/2 
where ER 
mod 
Z(Zn — Zm — XAZ) = n Ea R = a +t Az? (n -m -— x)? 


The resulting discrete Hallén equation becomes: 


Ť Strictly speaking, at the two ends of the antenna, the z” segment is only half as long as the other 
segments. However, very little loss of accuracy arises if we artificially extend these end-segments to full 
length Az. This issue does not arise in the type-1 case. 


20.8. Numerical Solution Using Pulse Functions 691 


M 
5 Znmlm = V (Zn) =] Cı COS KZn + Vo sin k|Zy| (20.8.5) 
m=—M 


and can be written in a similar matrix form as (20.7.6): 
ZI=v=C\c+ Vos (20.8.6) 


The only difference between this and (20.7.6) is in the definition of the sampled 
impedance matrix Z. In this case too, Z is Toeplitz, symmetric, and invariant un- 
der reversal. Therefore, it can be wrapped to half-size in exactly the same fashion as 
Eq. (20.7.11). 

The MATLAB function hallen also implements this case. The required integration 
over x is done using Gauss-Legendre quadrature integration with Nin points. The MAT- 
LAB function quadr is used to provide the Nint weights and evaluation points: 


[w,x] = quadr(-1/2, 1/2, Nint); 
The integral in (20.8.4) is then calculated by the dot product: 
Znm = WZ (Zn — Zm — XAZ) AZ (20.8.7) 


where Z (Zn — Zm — XAZ) is the column vector of values of the integrand at the Gauss- 
Legendre evaluation points x. Some examples of weights and evaluation points are given 
below for Nint = 1, 2, 3: 


0.2778 
w= [1], = R ; w= | 0.4444 
0.5000 0.2778 
-0.2887 —0.3873 
x = [0], = 0.2887 |” x= 0.0000 
i 0.3873 


We note in particular, that the case Nint = 1 has unity weight and evaluation point 
x = 0 so that Eq. (20.8.7) becomes identical to (20.7.8). Thus, the delta-function case is 
obtained as a special case of our implementation of the pulse case. The function hallen 
can be called with an extra input parameter to specify the number of integration points: 


[I,z,cnd] = hallen(L,a,M,Nint); % Hallen’s integral equation with delta-gap input 


The function also has an additional optional input variable, type, which takes on the 
values 0, 1 and specifies the desired sampling scheme, as shown in Fig. 20.7.1. Thus, 
the full set of input parameters of the function is: 


[I,z,cnd] = hallen(L,a,M,Nint,type); % Hallen’s integral equation with delta-gap input 


The type-1 case corresponds to dividing the antenna into N = 2M + 1 equal subin- 
tervals, instead of the (N — 1) of the type-0 case. Now, the sampling points are defined 
as follows, for -M < m < M, 
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Zm = MAZ, AZ = T = (type-1) (20.8.8) 

The last sample does not quite reach the end of the antenna, Zm = MAz = h—Az/2. 
However, our solution still enforces the end-point condition I (Zm)= 0. This can be 
justified by thinking of I (Zm) as representing the value of entire last pulse interval, 


which does extend to the end of the antenna. 


Example 20.8.1: To clarify the structure of the impedance matrix (20.8.4) and show how to wrap 
it efficiently into the half-size of (20.7.10), consider the case N = 7 or M = 3. Because Z 
is Toeplitz and symmetric, it can be built from the knowledge of its first column or first 
row. The first row is Zn-m = Zn+m0, for -M < n < M. Setting m = n + M, so that 
m = 0,1,...,2M, the first row consists of the numbers: 


jn (1? eR 
Am = Az dx, R=\a2+Az?(m-—x)2 (20.8.9) 
27 J-1/2 R 


Therefore, the full matrix Z will have the form: 


40 4, æ@2 | 43} a4 a5 aç 
4, ao ıı | A2 | a3 A4 a5 
a2 A, Ao | 4, | a2 A3 a4 
Z=| a} @ a |a|ar a a3 
d4 43 2| a | ao a, a2 
45 A4 43 | a2 |a do ay 
46 45 4&4 | A3 | a2 a, do 


49 a, a2 a4 a3 a2 a, 
A=] a a a |, B=] a5 a4 @ |, a=a=| a 
42 a, ao 46 a5 a4 a3 


do 2a, 22 243 
T 
ao 2a5 ayı Agta. a,+a3 aA+a4 
Z= = 20.8.1 

es ai | a? @,+@3 Ajpt+a4 ayt+as (20.8.10) 

az- Aat üa a,+a;5; -aot äg 
This matrix can be constructed quickly as follows. Once the numbers am, m = 0,1,...,2M 
are computed, take the first and last M + 1 numbers, that is, define the two row vectors 


at, ah: 


a = [ao, a1, a2, 43, 44,45,46] => ar = [a0, 41, A2,A3], an = [43, 4, A5, a6] 


Then, form the Toeplitz matrix whose first column and first row are a;, and add it to the 
Hankel matrix whose first column is a; and last row is ay. This is accomplished easily by 
the built-in MATLAB functions toeplitz and hankel: 
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2dao 2a, 2d2 2a3 
, 20, Agta. a,+a3 A+d4 
toeplitz (aç, ay) + hankel (aç, an) = 
242 @,+a3 Ajp+a4 a,+a4s5 
203 Qr2+a4, a,+a5 d+ ade 


Then, replace the first column by half its value. These procedures are incorporated into 
the function hallen. (m 


Example 20.8.2: Another numerical issue is the accuracy of the Gauss-Legendre integration. 
The accuracy can be improved by increasing Nin (typical values are 16-32.) But a better 
method is to keep Nin fixed at some value, say 16, and split the integration interval into 
several subintervals, for example, 


1/2 -ő 6 1/2 
esate, 
-1/2 —1/2 -6 ô 


Then, compute the Legendre weights and evaluation points in each subinterval: 


[w1,x1] = quadr(-1/2, -delta, Nint); 
[w2,x2] = quadr(-delta, delta, Nint); 
[w3,x3] = quadr(delta, 1/2, Nint); 


And, finally, add the values of the sub-integrals. This procedure is not implemented into 
hallen, but is implemented into the king function and also into imped, which calculates 
the self and mutual impedance of dipole antennas. (m 


20.9 Numerical Solution for Arbitrary Incident Field 


The numerical solution of Hallén’s equation with arbitrary incident field, Eq. (20.7.2), 
can be accomplished in the same way as in the delta-gap case. Assuming a pulse basis 
expansion for both the current and the incident field, we have: 


M 
[Z)= $ I(Zm)A (Z — Zm) 
F (20.9.1) 
M 
Em(z') = >) Em(Zm)A (Z - Zm) 
m=-M 


Sampled at the points Zn = NAZ, —M < n < M, the convolution of the incident field 
with the Green’s function F (z) becomes: 


h M h 
| Fen-z)Enzdz = X EnZm)| Fen —2VA (2! - Zm)dz' 
-h m=-M -h 


As in Eq. (20.8.3), we define the Green’s matrix: 


h 
Fim = Í g n — Z')A (Z — Zm) dz’ (20.9.2) 
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Changing integration variable to Z’ = Zm + xAz, we may rewrite this as: 
1/2 


Frum = az| F (Zn — Zm — XAZ) dx (20.9.3) 
-1/2 


And, in particular, if we use F (Z) = je Jklz! as the Green’s function: 
1/2 : 
Fam = az| je RAZ RRM Gx (20.9.4) 
-1/2 


The integration can be done exactly giving the matrix elements: 


1 — cos (kAz/2) 


sin(kKAZ/2) . _ikAzin- 
Fum = Onm 4 JNA á 20.9. 
nm z| kAz/2 nm+ Rg ee) 
The discretized Hallén equation (20.7.2) then takes the form: 
M l M 
$ ZnmIm Ci + Coent S FumEm (20.9.6) 
m=-M m=-M 


where we denoted Em = Ein (Zm). Eq. (20.9.6) can be written in the compact form: 
ZI= Cis} + C28 +FE (20.9.7) 


where s; and sz are the vectors with elements sı (n) = e/k2n and s(n) = eJk2n, Defining 
the Nx2 matrix S = [s1, S2] and the two-dimensional column vector of constants C = 
[C1, Co]7, we write Eq. (20.9.7) in the form: 


ZI=SC+FE (20.9.8) 


It is not possible to wrap this equation in half because Eis not necessarily symmetric 
about its middle. The constants C must be found by imposing the two independent end 
conditions I (zy) = I(—Zm) = 0. These conditions can be written compactly as: 


UTI=0 
where U = [Utop, Ubot] and Utop = [1,0,.. .,0]7 selects the top entry of the vector I, 
while upot = [0,..-,0, 1]? selects the bottom entry. Solving for I, we have: 
I= Z'SC+2Z FE (20.9.9) 


Multiplying from the left by the matrix UT, we obtain the condition: 
U'I=U'Z'SC+U'Z'FE=0 


which may be solved for C: 


c=-(U'z's)(U'Z'F)E (20.9.10) 


The two equations (20.9.9) and (20.9.10) describe the complete solution of the dis- 
crete Hallén equation (20.9.8). The MATLAB function hal1en2 implements this solution 
procedure. Its usage is: 
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[I,z,cnd] = hallen2(L,a,E,Nint,type); %Hallen’s equation with arbitrary incident E-field 


where instead of the parameter M, it has as input the vector E of the samples of the 
incident field. The dimension N = 2M + 1 is extracted from the length of E. The default 
values of the last two input parameters are Nint = 16 and type = 1. 

The functions hal len and hallen2 produce practically identical output in the delta- 
gap case, that is, when the incident field is: 


1 
E= [0,0,...,0, —,0,...,0,0]7 (20.9.11) 
En AZ C 
M zeros M zeros 


The middle entry imitates the delta-gap Voô(z)= VoA(Z)/AZ = Vo/Az. For the 
case of a field incident at a polar angle 0 as in Eq. (20.2.3), the sampled vector E will 
have entries, for -M < n < M: 


En = Eo sin 0 efK2n 8 8 (20.9.12) 


20.10 Numerical Solution of Pocklington’s Equation 


Pocklington’s equation (20.1.10) is an alternative equation for determining the current 
I(z) induced by a given incident field Ej, (Z). It can be solved numerically by simi- 
lar discretization techniques as in the previous section. Rearranging the constants in 
Eq. (20.1.10), we can write it in the form: 


h 
j „T0 Z(z-z’)dz' = Ein (Z) (20.10.1) 


where we defined the Pocklington impedance kernel by: 


Jina 


Z(Z-Z)= 8172 


(02 + k?)G(z-z’) (20.10.2) 


Assuming a pulse function expansion of the type of Eq. (20.8.2) and evaluating 
(20.10.1) at the sampling points Zn = nAz, we obtain the discretized version: 


M h 
5 Izm | Z(Zn — Z')A(Z' — Zm) dz’ = E (Zn) (20.10.3) 
m=-M -h 


As before, we define the impedance matrix (it has units of ohm/m): 


h Az/2 
Zim = Í ; Z(Zn- Z )A (Z —Zm)dz’ = Í Z(Zn — Zm — Z” )dz” (20.10.4) 
2 -4z/2 


Part of this integral can be done directly, with no approximations. We have: 


Az/2 


_ Jjna (62) + k?)G(Zn = Zm - z” dz" 
/2 


Znm = 
81r? J_az 


where we replaced o? by ð a Integrating the first term, we obtain: 
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Jina Az/2 
Zyma MA 2/G(Ry)—87rG(R-)+K° | G(Zn — Zm — Z” )dz" 
8T? -4z/2 
where i 
R, = ya? + (Zim)?, Zim = Zn- Zm- 34Z 
i (20.10.5) 
R_ =a? + (Znm)?, 9 Zam = Zn — Zm + 534Z 


Using the derivative 0,,G(R)= (z- z’) (1 + JKR) e JKR / RS, we obtain: 


oe es | E 
TE = E (14 jkR,)eJkR+ — el + jkR_)eJkR- + Gnn (20.10.6) 
3 3 


where 
Az/2 
Gnm = el G(Zn — Zm — 2”) dz” (20.10.7) 
2 


This term must be evaluated by numerical integration. With definitions (20.10.5)- 
(20.10.7), the discretized Pocklington equation (20.10.3) becomes: 


M 
5 Zumlm = Em (20.10.8) 
m=-M 


which can be written in the matrix form 
ZI=E (20.10.9) 


with solution I = Z~'E. The MATLAB function pockling implements this solution 
procedure. It has the same inputs and outputs as hallen2 with usage: 


[I,z,cnd] = pockling(L,a,E,Nint, type) ; % solve Pocklington’s integral equation 


Because the Pocklington kernel depends on R like 1/R?, the impedance matrix of 
Eq. (20.10.9) will be more singular than in the Hallén case which has a kernel that varies 
like 1/R. 

Specifically, for the same value of M, the condition number of Eq. (20.10.9) can be 
one to two orders of magnitude larger than that of Eq. (20.7.11) or (20.9.8). Moreover, the 
Pocklington solution requires a much higher value of M to converge to the true solution. 
These remarks are illustrated in the examples below. 


Example 20.10.1: For antennas of length near A/2, the sinusoidal assumption for the current 
distribution is approximately correct. Assuming it to be exactly sinusoidal will simplify, 
in Chap. 21, the treatment of parasitic arrays, such as Yagi-Uda arrays. 


In this example, we calculate Hallén’s and Pocklington’s solutions for the currents in the 
three cases 1 = 0.45A, 0.50A, 0.55A and compare them to the sinusoidal current. The 
antenna radius was a = 0.001A in all cases. Fig. 20.10.1 shows the computed currents for 
the cases M = 20 and M = 40. 
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Fig. 20.10.1 Comparison of Hallen and Pocklington solutions for l = 0.45A, 0.50A, 0.55A. 


The Hallén solution converges for both values of M, but the Pocklington one, only for M = 
40. Also, the condition numbers of the linear systems (20.7.11) and (20.10.9) are widely 
different. For example, for the half-wavelength antenna, the Hallén condition numbers 
are 3.24 and 5.16 for M = 20 and M = 40, but the Pocklington numbers are 943.44 and 
4519.76, respectively. These graphs were produced by the following typical MATLAB code: 


L = 0.50; h = L/2; 
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a = 0.001; type = 1; Nint = 16; M = 20; 
Dz = h/(M+type*0.5); spacing interval 


E = zeros(2*M+1,1); E(M+1) = 1/Dz; delta-gap incident field 


[Ih,zh,ch] = hallen(L,a,M,Nint, type) ; 


[Ip,zp,cp] = pockling(L,a,E,Nint, type); zp is the same as zh 
Ih = abs(Ih(M+1:end)); upper half of the current 
zh = zh(M+1:end); upper half of sampled z-points 


Ip = abs(Ip(M+1:end)); 


A = max(Ih); scale factor 

z = 0 : Dz/20: h; dense set of z-points 
I = kingeval(L,A,z); sinusoidal current at z 
plot(zh,Ih,’.’, z,I,’:’, zh,Ip,’o’); 


In the above code, A is the maximum value of the Hallén current and serves as a scale 
factor for the sinusoidal current, that is, [(z) = A sin(k(h — |z|) ). The function kingeval 
simply evaluates the sinusoidal expression at a dense set of z-points. o 


Example 20.10.2: As another example, consider the cases l = A, 1.5A, 2A. Fig. 20.10.2 shows 
the computed currents with M = 30 and M = 60. 


The same slow convergence behavior of the Pocklington case is observed again. The sinu- 
soidal current I(z) = A sin(k(h — |z|) ) is not a good approximation at z = 0 for the cases 
l = À and l = 2A, but works well for l = 1.5A. (m 


Example 20.10.3: Next, we consider the case of a field incident at broadside (9 = 90°) on a 
linear antenna of length / = 1.2A and radius a = 0.001A. Fig. 20.10.3 shows the computed 
currents according to Hallén and Pocklington equations, for M = 30 and M = 40. 


The Hallén current was computed with the function hal1en2. Superimposed on each graph 
is the current based on the sinusoidal approximation of Eq. (20.5.1), or rather, (20.5.2), 
that is, I (z)= coskh — cos kz. The sinusoidal current has been normalized such that its 
maximum value agrees with the maximum from Hallén. Typical MATLAB code for this 
example was as follows: 


L = 1.2; h 


= L/2; a = 0.001; 
k = 2*pi; th = 


pi/2; M = 30; 


Dz = h/(M+0.5); 
zm=(-M:M)*Dz; 
E = exp(j*k*zm*cos(th)); 


[Ih,zh,ch] = hallen2(L,a,E,16,1); 
[Ip,zp,cp] = pockling(L,a,E,16,1); 


z = -h:(Dz/20):h; I = cos(k*h) - cos(k*z); 


Ih = abs(Ih); Ip = abs(Ip); I = abs(I); mh = max(Ih); mp = max(Ip); 
I = I/max(I) * mh; 
plot(zh, Ih, ’.’, z, I, ’:’, zh, Ip, 70’); 
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Fig. 20.10.2 Comparison of Hallen and Pocklington solutions for l = A, 1.5A, 2A. 


Just to emphasize the dependence of the induced current on the type of incident field, 
we also show in Fig. 20.10.4 the current for the delta-gap case and compare it with the 


sinusoidal current I (z) = A sin(k(h—|z|)). In all cases, the Pocklington solution improves 
with increasing M. 


We observe in all of the above examples that the Pocklington current is not required 
to vanish at the last sampling point, like the Hallén case. This condition was not incor- 


Oo 
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Fig. 20.10.4 Hallen and Pocklington solutions in delta-gap case. 


porated into the Pocklington equation. Nevertheless, the Pocklington currents tend to 
zero at the antenna end-points as M becomes larger. 

This entire chapter dealt with the nature of the currents on a single linear antenna. 
The case of several antennas forming an array and interacting with each other is treated 
in Chap. 21. 

Hallén’s and Pocklington’s integral equations generalize into a system of several 
integral equations for the currents induced on the antennas. We solve the coupled 
Hallén equations in the case of delta-gap center-driven antennas. The linearity of the 
equations allows us to collect them together into a block matrix system from which the 
currents on each antenna can be obtained. 

One simplification arises in the case of an array of identical antennas. Then, the 
block linear system can be wrapped in half much like it was done in Sec. 20.7, thus, 
drastically reducing the computational cost. The MATLAB function hal 1en3 implements 
this special case. 

The case of an array of non-identical antennas is also considered and we obtain 
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solutions for Yagi-Uda arrays with parasitic reflector and director antennas. This case 
is implemented by the MATLAB function hallen4. 


20.11 Problems 


21 


Coupled Antennas 


21.1 Near Fields of Linear Antennas 


In calculating mutual coupling effects between closely-spaced linear antennas, we need 
to know the fields produced by an antenna at near distances. The fields produced by a 
thin wire antenna with current I (z) were worked out in Sec. 13.4. 

We summarize these results here. All field components can be obtained from the 
knowledge of the z-component of the magnetic vector potential A; (zZ, p): 


; R = /p2 + (z - z’)? (21.1.1) 


where h is the half-length of the antenna, h = 1/2, and the geometry is shown in 
Fig. 21.1.1. Then, the non-zero field components Ez, Ep, Họ can be constructed from 
the two alternative sets of formulas: 


e-JkR 
R 


dz’ 


u (h 
A; (z,p)= Ef o 


7‘ 
h Kz’) 
y cd 


Fig. 21.1.1 Fields of a thin wire antenna. 
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jopeE, = 02A,+k*A, jwpucE, = 02A,+k?A, 
JWUEE, = 0907Az , 0p(pH¢g) = jwe pEz (21.1.2) 
HH gy = —0pAz JWweE, = —07zH¢ 


As a first approximation, we will assume that the current I (Zz) is sinusoidal. This is 
justified only when the antenna length is near half a wavelength A/2, as we saw in the 
examples of Sec. 20.10. Most coupled antenna arrays that are used in practice, such as 
Yagi-Uda, satisfy this condition. Thus, we assume that: 


sin(k(h — |z|)) 
sinkh 


where we distinguish between the current Jo at z = 0 and the maximum current Im = 
Io/ sinkh. For half-wavelength antennas, we have kh = tr/2, Io = Im, and the current 
becomes I (Z) = Ig cos kz. 

In principle, one could insert Eq. (21.1.3) into (21.1.1) and perform the required 
integrations to get Az. However, for the purpose of determining the fields, this is not 
necessary. Combining (21.1.1) and (21.1.2), we obtain Pocklington’s equation: 


I(z)= Io = Imsin(k(h — |z|)) (21.1.3) 


h 
jwueE, = 024A, + kA, = Ef 1(z') (02, + kK?)G(z - 2") dz’ (21.1.4) 
-h 


where we denoted G (z — z’) = eJkR/R and replaced 03 by Ces Next, we use the differ- 
ential identity: 


1(0%, + k?)G — G(02, + k*)I = 07 [l0zG — GozT] 

Because of the assumed form (21.1.3), I (Z) satisfies the Helmholtz equation, (02, + 
k?)I(z’)= 0, and therefore, the integrand of (21.1.4) becomes a complete derivative: 

I(z') (02, + k?)G(z—z')= 07 [I(z')0,7G(z—2')-G(z—-z')dzI(z')] (21.1.5) 
Integrating the first term, we obtain: 

h 
Í ; dz [I (z')07G(z-2z')]dz’ = I(h)07G(z—h)-I(-h)d7G(z+h)=0 

where we used the end-conditions I(h)= I(—h)= 0. The second term in (21.1.5) is a 


little trickier because 0,I(z’) is discontinuous at z = 0. Splitting the integration range, 
we obtain: 


h 0 h 
L dz [G(z—z')dz1(z’) |dz’ = (J) f ) 07 [G(z - z')ðzI(z')]dz 


= [G(z)I' (0-)-G(z + h)T' (-h)] + [G(z - h)I' (h)-G(z)I' (04) ] 
= kIm[2 coskhG(z)—-G(z —h)-G(z +h)] 
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where we used I’(0+)= +kImcoskh and I'(+h)= ¥kIm. Inserting this result into 
Eq. (21.1.4) and rearranging some constants, we find: 


E,(z,p)= Pm igg h)+G(z+h)—2coskhG(z) | (21.1.6) 
The quantities G (z — h),G(z + h), G(z) can be written conveniently as follows: 
e—JkRo 
G(z) = Ry Ro = Vp? + z? 
eIkR1 
G(z—h) = ame R, =4/p? + (z — h)? (21.1.7) 
1 
eSkR2 
G(z+h) = RB? Ro =p? + (z + h)? 
2 


where Ro, Ri, R2 are recognized to be the distances from the center and the two ends 
of the antenna to the observation point, as shown in Fig. 21.1.1. Thus, we can write: 


(21.1.8) 


inl —JkRi —jkR2 —jkRo 
E,(z,p)= Mn fe : f 


H 2coskh 
4TT Rı R2 ale Ro 


Next, we determine Hg from Ampere’s law in (21.1.2) by noting that pE; is a complete 
derivative with respect to p. Indeed, for any of the quantities R, we have: 
e—JkR e-ikR 1 


—jkRy_ _į —jkR . = —jkR 
Op(e!™*) = —jk(OpR)e Jkp— R o ) 


Applying this result to all three terms of Eq. (21.1.8), we have: 
pEz (z, p) = ———" — 0p [eR + eR — 2 coskh eFkRo] 


Inserting this into Ampére’s law, 0p (pPH¢ẹ)= jwe pEz, and rearranging some con- 
stants, we find: 


õp (pHg) = Pima se HRs + eSkR2 _ 2 cos kh eJkRo | 


which can be integrated trivially, giving: 


JIm 


ina [eJRRi + eJKR2 — 2 cos kh eJkRo] (21.1.9) 


H4(Z, p)= 


A possible integration constant in p is dropped because the field must vanish when 
its source vanishes, that is, when Im = 0. Finally, we obtain Ep from Faraday’s law in 
(21.1.2). Noting the differentiation property: 


dz (eR) = —jk aaa R= p2 +z? 


we obtain from jweE, = —0,H¢: 
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int -h |, +h _. ; 
Ep(Zz,p)= os eJkRi 4 eJkRe 2 coskh = ete | (21.1.10) 


It is worth also to verify that the exact expressions for the fields give correctly the 
radiation fields that were derived in Sec. 15.3. At large distances, we can make the 
approximations: 


Ro=r, R, =r—hcos@, Rə=r+hcos0 


where r is the radial distance and 0 the polar angle. Replacing p = r sin 0, the magnetic 
field (21.1.9) becomes approximately: 


Hg(r,0)= JIm [e-ik(r-hcos0) 4 g-Jk(r+heos 9) _ 2 cos kh e-k" ] 
4rrr sin 0 


which simplifies into: 


JIme*" cos(kh cos 0) —coskh 
2Ttr sin 0 


Hg(r, 0)= (21.1.11) 


This agrees with the results of Sec. 15.3. 


21.2 Self and Mutual Impedance 


The mutual coupling between antennas cannot be ignored if the antennas are near each 
other. The mutual impedance is a measure of such coupling effects. 

Consider two parallel center-driven linear dipoles, as shown in Fig. 21.2.1. Their 
distance along the x-direction is d and their centers are offset by b along the z-direction. 


d ——> 


Fig. 21.2.1 Parallel linear dipoles. 


If antenna-1 is driven and antenna-2 is open-circuited, the near field generated by 
the current on antenna-1 will cause an open-circuit voltage, say V21,oc on antenna-2. The 
mutual impedance of antenna-2 due to antenna-1 is defined to be: 
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Ii 
where I; is the input current on antenna-1. Reciprocity implies that Z;2 = Z21. More 
generally, if both antennas are driven, then, the relationship of the driving voltages to 
the input currents is given by: 


Zo = (21.2.1) 


Vi = Zuh + 21212 
V2 = Zalı + Z22I2 


(21.2.2) 


The quantities Z11, Z22 are the self impedances of the two antennas and are approx- 
imately equal to the input impedances of the isolated antennas, that is, when the other 
antenna is absent. If antenna-2 is open-circuited, so that I2 = 0, then the second of 
Eqs. (21.2.2) gives (21.2.1). 

In order to derive convenient expressions that allow the calculation of the mutual 
and self impedances, we use the reciprocity result given in Eq. (20.5.6) for the short- 
circuit current and open-circuit voltage induced on a receiving antenna in the presence 
of an incident field. 

If antenna-2 is open-circuited and the z-component of the electric field generated 
by antenna-1 and incident on antenna-2 is E2;(z), then according to Eq. (20.5.6), the 
induced open-circuit voltage will be: 


h2 


V21,0¢ = <b E>, (Zz) I> (z)dz (21.2.3) 
he 


where ho = 15/2, and Ip (z), I2 = I (0) are the current and input current on antenna-2 
when it is transmitting. It follows from definition (21.2.1) that: 


Vor oc 1 he 
Z21 = = = -—=_ Eo1(z)Io(z)dz (21.2.4) 
Ih Dilz J-he 
Assuming that the currents are sinusoidal, 
sin(k (hı — |z|)) 
I =! =! k(hy - 
(Z) =], ue mı Sin(k (hı — |z|)) 
sin(k (hə — |z , 
haan ED) oa yki 
sin kh» 
then, according to Eq. (21.1.8) the electric field E2; (Z) along antenna-2 will be: 
JnImi eIkR1 eSkR2 eJkRo 
E } 2 kh 21.2. 
z (z) ir | R, R cos kh, Ro ( 5) 
where —ho < z < ho, and Rj, Ro, Ro are defined in Fig. 21.2.1: 
Ro =\ d? (z b)2 
Rı = Jå? + (z +b — hı)? (21.2.6) 
Ry = Jd? + (z +b + hı)? 
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Inserting Eq. (21.2.5) into (21.2.4) and rearranging some constants, we find the final 
expression for the mutual impedance Z21: 


jn he r 
Z21 = Art sinkh, sin kho eee) cA (21.2.7) 

F e JKR e JkR2 kh eJkRo A k h 
(2)= R Ro 2 coskhı Ro sin(k (hə — |z|)) (21.2.8) 


This is the mutual impedance referred to the input terminals of the antennas. If 
one or both of the antennas have lengths that are multiples of A, then one or both of 
the denominator factors sin kh,, sin khz will vanish resulting in an infinite value for the 
mutual impedance. 

This limitation is caused by the sinusoidal current assumption. We sawin Sects. 20.7- 
20.10 that the actual input currents are not zero in a real antenna. On the other hand, 
in most of applications of Eq. (21.2.7) the lengths differ slightly from half-wavelength 
for which the sinusoidal approximation is good. 

The definition (21.2.4) can also be referred to the maximum currents by normalizing 
by the factor ImıIm2, instead of IıI2. In this case, the mutual impedance is Z21m = 
Z>, sinkh, sinkhy», that is, 


jn (™ 
Zim = — F(z)dz (21.2.9) 
4T J-h; 
The self-impedance of a single antenna can be calculated also by the same formula 
(21.2.7). Evaluating the near-field on the surface of the single antenna, that is, at d = a, 
where a is the antenna radius, and setting họ = hı and b = 0 in Eq. (21.2.6), we find: 


1 hı d jn hı P 
Zii =-5 E I = — = F 21.2.1 
11 rae 11 (2) (2) dz Asin kg) (z)dz ( 0) 
eIkR1 eJkR2 eJkRo 
F(z)= R tR 2coskhı Ro sin(k (hı — |z|)) (21.2.11) 


Ro = Va? + z2, Ry = a2 + (z—h,)?, Ro = a2 + (z + hı)? (21.2.12) 


The MATLAB function imped implements Eq. (21.2.7), as well as (21.2.10). It returns 
both Z2; and Z21m and has usage: 


[Z21,Z21m] = imped(L2,L1,d,b) % mutual impedance of dipole 2 due to dipole 1 
([Z21,Z21m] = imped(L2,L1,d) % b = 0, side-by-side arrangement 
[Z,Zm] = imped(L,a) % self impedance 
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where all the lengths are in units of A. The function uses 16-point Gauss-Legendre 
integration, implemented with the help of the function quadr, to perform the integral 
in Eq. (21.2.7). 

In evaluating the self impedance of an antenna with a small radius, the integrand 
F(z) varies rapidly around z = 0. To maintain accuracy in the integration, we split the 
integration interval into three subintervals, as we mentioned in Sec. 20.8. 


Example 21.2.1: Because the function imped uses an even length (that is, 16) for the Gauss- 
Legendre integration, the integrand F (z) is never evaluated at z = 0, even if the antenna 
radius is zero. This allows us to estimate the self-impedance of an infinitely thin half- 
wavelength antenna by setting L = 0.5 and a = 0: 


Z = imped(0.5, 0) = 73.0790 + 42.5151j Q 


Similarly, for radii a = 0.001A and 0.005A, we find: 


Z = imped(0.5, 0.001) = 73.0784 + 42.2107j Q 
Z = imped(0.5, 0.005) = 73.0642 + 40.6319j Q 


A resonant antenna is obtained by adjusting the length L such that the reactance part of Z 
becomes zero. The resonant length depends on the antenna radius. For zero radius, this 
length is L = 0.48574823 and the corresponding impedance, Z = 67.1843 Q. o 


Example 21.2.2: Consider two identical parallel half-wavelength dipoles in side-by-side arrange- 
ment separated by distance d. The antenna radius is a = 0.001 and therefore, its self 
impedance is as in the previous example. If antenna-1 is driven and antenna-2 is parasitic, 
that is, short-circuited, then Eq. (21.2.2) gives: 


Vi = Zul + Zil 
0 = Zali + Zo2l2 


Solving the second for the parasitic current Iz = —I,Z2,/Z22 and substituting in the first, 
we obtain driving-point impedance of the first antenna: 


Vi Zi2Zo1 Zi 
Zi Z Z 1 
in A 11 Zo 11 ( Za 


where we used Zi? = Z21ı and Z22 = Zıı. The ratio Zol quantifies the effect of the 
coupling and the deviation of Zin from Z11. For example, we find the values: 


d | 0.125A 0.25A 0.50A 0.75A 1.00À 
IZn/Zul | 0.58 0.35 0.15 0.08 0.05 


Thus, the ratio decreases rapidly with increasing distance d. o 
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(x,¥,2) 


ve 


Oe 
ee 


-— 2a, 


Fig. 21.3.1 Array of two linear antennas. 


21.3 Coupled Two-Element Arrays 


Next, we consider a more precise justification of Eq. (21.2.2) and generalize it to the 
case of an arbitrary array of parallel linear antennas. Fig. 21.3.1 shows two z-directed 
parallel dipoles with centers at locations (x1, y1) and (X2,y2). 

We assume that the dipoles are center-driven by the voltage generators V1, V2. Let 
I, (z),I2(z) be the currents induced on the dipoles by the generators and by their mu- 
tual interaction, and let hı, họ be the half-lengths of the antennas, and qj, do, their 
radii. Then, assuming the thin-wire model, the total current density will have only a 
z-component given by: 


Jz(x', y, z) = h (zZ) (xX — xı) — y1) 12 (2) 6 (x — X2) 6 (Y — y2) (21.3.1) 


It follows that the magnetic vector potential will be: 


u (ec JkR 
A = 
z(X,y,Z) ATt R 


J2(x',y',z)dx'dy'dz’, R= |r-r 
Inserting (21.3.1) and performing the x’, y’ integrations, we obtain: 


hı e JKR hz oe JkR2 


I (2')dz’ + Ef Io(z')dz’ (21.3.2) 
41 


u 
Aya E| Ho 


-h Rı 


where, as shown in Fig. 21.3.1, R1, R2 are the distances from the z’ point on each antenna 
to the (x,y, Z) observation point, that is, 


Ri = (z -= z')?+ (x = x1)?+ (y - y1)? 


Ro = (z—2/)24 (xX — x2)2+ (Y — y2)? 


The z-component of the induced electric field will be: 
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jwepE, = (05 +k’) Az 


Working with the rescaled vector potential V (x, y, Z) = 2jcAz (x,y, Z), we rewrite: 


; hı p-jkRı ; h2 p-jkRz 
Jn e ' , Jn e E , 
V = I dz + =— I d 21.3. 
(x,y, Z) ane Ri ı(z )dz Dar ie. RS 2(Z )dz (21.3.3) 
(02 + k?) V (x,y, Z) = —2KEz (x,y, Z) (21.3.4) 


Denoting by V; (Z) and V2(z) the values of V (x,y, Z) on the surfaces of antenna-1 
and antenna-2, we obtain from Eq. (21.3.3): 
V1 (Z)= Vii (Z) +Vi12(Z) 


(21.3.5) 
V2(Z) = V21 (Z) +V22(Z) 


The z-components of the electric fields induced on the surfaces of antenna-1 and 
antenna-2 are obtained by applying Eq. (21.3.4) to each term of (21.3.5): 


E,(Z)= E11 (z) +£12(Z) 


(21.3.6) 
E> (z) = E21 (Z) + E22(Z) 
where we defined, for p,q = 1, 2: 
Ng 
Vyq(Z) = Í : Zpq(Z — 2’ )Ig(z') dz’ (21.3.7) 
mrg 
(33 + k?) Vpa (Z) = —2kEpq (Z) (21.3.8) 


and the impedance kernels, as in Eq. (20.3.5): 


, j i in eSkRvq 
Zpq(Z—Z)= I Gpa (2 Zz’) Jn , Rpa=Ņ(Zz-z')?+dĝq4 (21.3.9) 


2T Rpg 


If p # q, then dyg is the xy-distance between the antennas, and if p = 4q, it is the 
radius of the corresponding antenna, that is, 


di2 = d21 Nica x2)?+(yı -y2)°, dı =a, d22 = az (21.3.10) 


Thus, Epq (Z) is the z-component of the electric field induced on antenna-p by the 
current Ig (Z) on antenna-q. 

Now, on the surface of the first antenna, the electric field Ez must cancel the field of 
the delta-gap generator in order for the total tangential field to vanish, that is, E; (Z) = 
—E\,n(Z)= —V16(z). Similarly, on the surface of the second antenna, we must have 
E> (Z)= —E2in(Z) = —V26(z). Then, Eq. (21.3.6) becomes: 
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E11 (Z) +E12(z) = —V16 (Zz) 
E21 (Z) + E22(Z) = -V20 (Z) 


(21.3.11) 


Combining these with the Eq. (21.3.7), we obtain the coupled version of the Hallén- 
Pocklington equations: 


(02 + k*) [Vi (Z) +Vi2(z) | = 2kV16(z) 
(0 + k?) [V21 (Z) +V22(z)] = 2kV28 (z) 


(21.3.12) 


We will solve these numerically in Sec. 21.6. Next, we derive Eq. (21.2.2). Accord- 
ing to definitions (21.2.4) and (21.2.10), the mutual impedance between antenna-p and 
antenna-q can be restated as follows, for p,q = 1,2: 


1 Fs 
Zp = -77 Epqa(Z)Ip(z)dz (21.3.13) 
Iplą =p 
and, more explicitly: 
1 ø" 1 ø" 
Zil = SS Eii (z) I; (z)dz, Z\2 SS E\2 (z)Iı (z)dz 
Ty], J-ny, Iil J-n, 
1 (+ 1 fh 
Z21 = ->— E2 (z)Io(z)dz, Z223 = —-—— E22 (z)I2 (z)dz 
II, J-hn, I2I2 J-h, 
Using these definitions and Eq. (21.3.11), we find: 
1 ¢™ 
Zul + Zil = al p [E1 (z) +E12(z) JI (z)dz 
TEN 


hı 
-=-+Í [-V16(z) ]h (z)dz = AiO: 
=hı Ty 


where, by definition, J; (0) = I,. Similarly, we can show the second of Eq. (21.2.2). 

The mutual impedance defined in Eq. (21.3.13) actually satisfies the reciprocity sym- 
metry condition, Zpą = Zqp. To write it in a form that shows this condition explicitly, we 
replace Eyg (Z) by Eq. (21.3.8) and (21.3.7), and obtain the alternative symmetric form: 


1 hp hq Ip(Z)Ig(z’) 2 2 A E 
Zpq = Ok le Su Tpl; (05 + k€) Zpa(Z —- Z )dz dz (21.3.14) 


In the rest of this section, we will make the simplifying assumption that the currents 
are sinusoidal, that is, for p = 1, 2: 


sin(k (hp — |z|) ) 
sin khp 


Ip(z)= Ip (21.3.15) 

Therefore, in Eq. (21.3.14) the ratios Ip(Z)/Ip and hence Zņpą are independent of 
the input currents at the antenna terminals and depend only on the geometry of the 
antennas. 
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21.4 Arrays of Parallel Dipoles 


The above results on two antennas generalize in a straightforward fashion to several 
antennas. Fig. 21.4.1 depicts the case of K parallel dipoles in side-by-side arrangement 
with centers at positions (Xp, Yp), and driving voltages, lengths, half-lengths, and radii, 
Vp, lp, hp, ap, Where p = 1,2...,K. 


Z 
antenna-2 
Al i antenna-1 
antenna-3 A f bz’) 
pe) i fic y 
Cap he aed 
aie: — Vinee ee eee S... d,s 
pa (Xq,¥q) 
antenna-p 
antenna-q 


Fig. 21.4.1 Two-dimensional array of parallel dipoles. 


Assuming sinusoidal currents as in Eq. (21.3.15), we define the mutual impedances 
Zpą by Eq. (21.3.13) or (21.3.14), where p,q take on the values p,q = 1,2...,K. The 
Hallén-Pocklington equations (21.3.12) generalize into: 


K K 
(02 +k?) X Vpg(z) = -2k >) Epg(z)= 2kVp6(z) |, p=1,2,...,K (21.4.1) 
q=1 q=1 


where Vpq (Z) is defined by Eqs. (21.3.7) and (21.3.9). The mutual distances are: 


_ 2 _ 2). i 
Oni = f Y&p Xq) + (Yp Yq) , t p # q (21.4.2) 
ap, if p=q 
Multiplying Eq. (21.4.1) by Ip (z) and integrating along the length of the pth antenna, 
and using the mutual impedance definitions (21.3.13), we obtain the generalization of 
Eq. (21.2.2) to the case of K antennas: 


K 
Vp = Š Zplą|, p= 1,2,...,K (21.4.3) 
q=1 


where I is the input current at the center of the qth antenna. Eq. (21.4.3) may be written 
in a compact matrix form: 


V=ZI (21.4.4) 


where Z is the impedance matrix. For example, in the case K = 4, we have: 
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Vi Zu Zi2 Zi Zu lh 
V2 Z21 Z2 Z3 Lo4 Iz 
v= = i =ZI 
V3 Z31 232 233 Z3 I; 
V4 Za, Zaą2 Za3 Z% I4 


We note that Z is a symmetric matrix, Z = Z", as a consequence of the reciprocity 
relations Zpg = Ząp- 

Given the driving voltages Vp», Eq. (21.4.4) may be solved for the input currents Ip, 
which completely define the assumed sinusoidal currents Ip (Z) of Eq. (21.3.15). From 
the knowledge of the currents Ip (Z), one can obtain the radiation pattern of the array. 
Indeed, the radiation fields are obtained from Eq. (15.1.6), that is, 


x a e—skr 

E= 0E9 = 0 jkn ae F,(0,@)sin0 
(21.4.5) 

in a e—Jkr o ing 

H= $H¢ = $ jk reas F,(0,¢)sin 
where the radiation vector F = ZF, has only a Z-component given by: 
F,(0,)= | Jaret dr’ (21.4.6) 
v 


But, in the thin-wire approximation, the total current density of the array is: 


K 
J20) = >. Ip(Z) 8X — xp) ðY’ — yp) 
p=1 


Inserting this into Eq. (21.4.6) and performing the x’, y’ integrations, we obtain: 


K A . hp A i 
F,(0,p)= X ebkxXp tikyyp Í Ip(z') e dz’ (21.4.7) 
-h 
p=1 P 


Using Eq. (21.3.15) for Ip (Z) and replacing kz = k cos 0, we obtain: 


K 
F,(0,p)= >, etiko 
p=1 


2Ip cos (khp cos @))— cos khp 
k sinkhp sin? 0 


(21.4.8) 


The radiation intensity is given, in general, by Eq. (14.1.4): 


nk? 
32712 


U(0,p)= [sin F,(0,) |° 


Replacing kx = k sin 0 cos ¢ and ky = k sin 0 sin ¢, we obtain: 


cos (khp cos 0) ) — cos khp ojksino( 
sin khņ sin 0 


Xp cos P+yp sin p) 


K 
n 
UPE n dtp 
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Thus, the normalized gain of the array will be, up to a proportionality constant: 


Xp CoS P+yp sin p) 


g(0,p)= (21.4.9) 


sinkhy sin 0 


> pol cos 8) )—coskhy pik sin 0( 
p=1 


Equations (21.4.4) and (21.4.9) provide a complete solution to the problem of cou- 
pled antenna arrays, based on the sinusoidal approximation for the currents. In the 
special case of identical antennas, Eq. (21.4.9) factors as usual into an array factor and 
an element factor: 


K 2 


2 
I edk sin 0 (Xp cos p +yp sin $) 
> p 
p=1 


cos(kh cos 8) )— coskhp 
sin kh sin 0 


g(0,p)= 


The MATLAB function impedmat calculates the KXK mutual impedance matrix Z of 
such an array, given the antenna lengths and radii, lp, ap, and the coordinates (Xp, Yp), 
for p = 1,2,...,K. It has usage: 


Z = impedmat(L,a,d); % mutual impedance matrix of array of parallel dipoles 


where all the lengths must be given in units of A. It calls imped to calculate the individual 
matrix elements Zpq. 

The input parameters L, a, d are the vectors of antenna lengths, antenna radii, and 
(Xp, Yp) pairs, or the xp positions, if the array is along the x-axis: 


Lı ay Xi, V1 X1 

Lz a2 X2, Y2 X2 
L= ‘i , a= $ , d = . or 

Lx aK XK, YK XK 


The MATLAB function gain2 calculates the E-plane and H-plane array gains us- 
ing Eq. (21.4.9) and assumes that the input currents Ip have been obtained by solving 
Eq. (21.4.4). It has usage: 


[ge,gh,th] = gain2(L,d,1I,N,ph0); % normalized gain of 2D array of linear dipoles 
[ge,gh, th] gain2(L,d,I,N); % equivalent to dg = 0 


where the input parameters L, a have the same meaning as in impedmat, and I is the 
vector of input currents I= [I),Io,..., Ix]. The output angle parameter th is either the 
polar or the azimuthal angle and takes N equally-spaced values in the interval [0, 27r]. 

The H-plane gain gy (@) is defined to be the azimuthal gain on the xy-plane corre- 
sponding to 0 = 7r/2, and the E-plane gain gz (0) is defined to be the polar gain on any 
fixed azimuthal plane ¢ = qo, that is, 


gu(p)=g(t/2,h), 0< <27 


(21.4.10) 
ge(@)=g(0, po), 0<@0<2T 
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Note that by allowing 0 to vary over [0,27r], the E-plane gain can give both the 
forward and backward gain. The polar angle range [0,7] covers the forward direction 
œ = do, whereas, the range [7T, 27T] covers the backward direction @ = do + Tr, that 
is, we have the equivalence: 


g(0, po)=g(0 -T,po+ T), TO <2 
This follows from the trigonometric identities: 


sin (0 — TT)cos (po + T) = sin 0 cos do 
sin (0 — T)sin (po + T) = sin 0 sin po 


Because both gains are defined over a 27t-angular range, they must be plotted with 
the MATLAB functions abp2 and abz2, or in dB, with dbp2 and dbz2. 


Example 21.4.1: Three-element parasitic array. Undriven parasitic antennas located near trans- 
mitting ones can act as reflectors or directors, directing the radiation towards certain 
preferred directions. Fig. 21.4.2 shows an array of three half-wavelength dipoles. The 
geometry is the same as that of Example 18.3.3. The xy-coordinates of the elements are 
dı = (0,0), d? = (0.5A,0), and d3 = (0,0.5A). 


Z 


V, 0.0)  V[0.0.5)_ Y 


V. 
x 29 (0.5,0) 


Fig. 21.4.2 Three-element array. 


Let V = [V1, V2, V3]" be the driving voltages of the three elements. If only element-1 is 
driven and the others parasitic, we may take V = [1,0,0]". 


If the mutual couplings between the antennas are ignored, that is, the impedance matrix Z 
of Eq. (21.4.4) is taken to be diagonal, then, the input currents, will be I= [J,,0,0] and the 
parasitic elements will be completely passive as though they were absent. The radiation 
pattern would be that of a single half-wave dipole. In particular, the azimuthal pattern 
would be omnidirectional. 


This is not the case if the mutual couplings are taken into account. The parasitic elements 
act as reflectors, reflecting the radiation back towards the active element-1. By the sym- 
metry of the arrangement, the maximum directivity will be in the direction with azimuthal 
angle @ = —135°. Fig. 21.4.3 shows the resulting H-plane and E-plane radiation patterns 
demonstrating this behavior. The dashed gains were computed by solving the coupled sys- 
tem of Hallén equations for the exact currents on each of the three antennas, as discussed 
in Example 21.6.1. 
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Azimuthal gain Polar gain towards $)=45° 
o © 6 


180° 


Fig. 21.4.3 H-plane and E-plane radiation patterns, V = [1,0,0]. 


Assuming equal radii, a = 0.001A, the 3x3 impedance matrix Z is found to be: 
73.08 + 42.217 —12.52 — 29.91j —12.52 — 29.917 
Z=] —12.52- 29.917 73.08 + 42.21j —24.62 + 0.78] 
—12.52 — 29.91j —24.62 + 0.78) 73.08 + 42.21j 
Then, the solution of Eq. (21.4.4) is: 
1 0.0133 2 —7.46° 
I=| h | =Z7'v=Z7!]| 0 | =| 0.0066218.23° 
0 0.0066 218.23° 


The typical MATLAB code used to generate these graphs was as follows: 


L = [0.5, 0.5, 0.5]; % lengths 

a = [0.001, 0.001, 0.001]; % radii 

d = [0,0; 0.5,0; 0,0.5]; % xy locations 

Z = impedmat(L,a,d); % impedance matrix 

V = [1; 0; 0]; % driving voltages 

I = Z\V; % input currents 

pho = 45; % 45° azimuthal plane for polar gain 
[gel,gh1,ph] = gain2(L,d,I,360,ph0); % gain2 assumes sinusoidal currents 
M = 40; % number of upper-half samples 
[I,z] = hallen3(L,a, d, V, M; % solves for currents on all antennas 
[ge2,gh2,ph] = gain2h(L,d,1,360,ph0); % gain2h uses Hallén currents 
figure; dbz2(ph,gh1,30,12); dbadd2(2,’--’,ph,gh2,30,12); 


figure; dbp2(ph,gel,30,12); dbadd2(1,’--’,ph,ge2,30,12); 


21.4. Arrays of Parallel Dipoles 717 


Anticipating the symmetry about the 45° azimuthal plane, the E-plane gain was computed 
with do = 45°. As expected, the polar plot shows that the maximum gain is in the backward 
po direction, that is, toward dp + 180° = 225° = —-135°. (m 


Example 21.4.2: Next, consider the case when element-one is parasitic, but elements two and 
three are driven by equal voltages, V = [0,1,1]". If the mutual coupling is ignored, then 
the two active elements act as an array which is broadside to the line joining them, that 
is, maximum directivity is in the 45° azimuthal direction, but with both the forward and 
the backward (i.e., —135°) directions being equal. This pattern is shown in the upper-right 
graph of Fig. 18.3.4. 


If the mutual couplings are taken into account, element-1 will act as a reflector, reflecting 
towards the ¢o = 45° direction and reducing the gain in the opposite direction. This is 
demonstrated in Fig. 21.4.4. As in the previous example, the dashed gains correspond to 
the exact coupled Hallén solution. 


Azimuthal gain Polar gain towards pọ =45° 
o © 6 


180° 


Fig. 21.4.4 H-plane and E-plane radiation patterns, V = [0,1,1]. 


Because of the identical geometry, the impedance matrix Z is the same as that of the 
previous example. But, the input currents are different: 


h (0) 0.0133 218.23° 
I=| b |}=Z!V=Z7!| 1 |=] 0.01732-19.04° 
Is 1 0.01732 —19.04° 
The only change in the previous MATLAB code was to use V= [0,1,1]". o 


Example 21.4.3: One of the earliest experimental studies of parasitic reflectors was by Nagy 
[704]. One of his arrangements is shown in Fig. 21.4.5 in which the driven element is at 
the origin and the other three elements are parasitic. The antenna lengths were | = 1.19 
m, and their radii a = 0.395 cm. The operating wavelength was A = 2.5 meters, (i.e., 
frequency of 120 MHz.) 


It follows that, 1 = 0.476A and a = 0.00158A. Elements two and four were placed symmet- 
rically along the y-axis at distances +0.535A, and element three was on the negative side 
of the x-axis at distance 0.248A from the origin. Fig. 21.4.6 shows the calculated patterns. 
We observe that the three parasitic antennas act as reflectors, enhancing the radiation in 
the ¢ = 0 direction. 
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V3 


V4 
0.248 


Fig. 21.4.5 Four-element parasitic array. 


Azimuthal gain Polar gain towards $9=0° 
o © 96 


60° 


180° 


Fig. 21.4.6 H-plane and E-plane radiation patterns, V = [1,0,0,0]. 


This array was later studied theoretically by Brown [703], using the same methods as those 
presented here. Brown treated monopole antennas (i.e, half dipoles above a ground plane,) 
and therefore, the values of his mutual impedances are half of ours. The inputs to the 
design equations were the parameters: 


0.476 0.00158 0.000, 0.000 
L= 0.476 = 0.00158 d= 0.000, 0.535 
0.476 |’ 0.00158 |’ —0.248, 0.000 
0.476 0.00158 0.000, —0.535 


The impedance matrix elements are: 
Zi. = Z22 = Z33 = 63.42 Z0.65°, Zı2 = Z14 = 26.762Z—-123.87° 


Zı3 = 43.562 —34.69°, Z23 = Z34 = 24.78 Z-141.96° 
Zo4 = 14.74253.15° 


With V = [1,0,0,0]”, the solution of ZI = Vis: 
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h 0.0135 2-26.26° 

1- | 2 | | 0-0043 474.61° 
I 0.0126 2116.70° 
L 0.0043 24.61° 


and we find for the ratios: 


Ie = = = 0.3180.100.87° , B = 0.9343 2142.96° 
h h I 


These numerical results are in close agreement with Brown’s [703]. The dashed Hallén gains 
are not shown, as in the previous examples, because they are virtually indistinguishable 
from the sinusoidal ones (for M = 40.) o 


Example 21.4.4: Coupled Dolph-Chebyshev array. In this example, we study the impact of 
mutual coupling on the array design methods of Chap. 19. For a typical array spacing of 
half-wavelength, the mutual impedance matrix is diagonally dominant and therefore, there 
will be some but minor impact on the design. 


Fig. 21.4.7 shows a 15-element array of z-directed half-wavelength dipoles with spacing 
d = A/2 arranged along the x-axis. The antenna radii are a = 0.001A. 


Fig. 21.4.7 Fifteen-element Dolph-Chebyshev array. 


We take the feed voltages V = [V1,V2,..-,Vi5]" to be Dolph-Chebyshev weights that 
would steer the azimuthal array gain towards bọ = 120° and would achieve a 20-dB side- 
lobe level. These weights can be designed with the function dol ph. 


If the mutual coupling is ignored, the impedance matrix Z will be proportional to the 
identity matrix because the antenna elements are identical. Then, the input currents I will 
be essentially equal to the driving voltages V and the array will behave according to the 
desired design. 


If the mutual coupling is taken into account, the currents must be calculated from the 
solution of ZI = Vand some distortions on the desired angular pattern may occur because 
Z is no longer diagonal. 


Fig. 21.4.8 shows the azimuthal and polar gain patterns with and without mutual coupling. 
The primary effect is to distort the sidelobe levels so that they are no longer equal. But 
they are still acceptable as a close approximation to the desired Dolph-Chebyshev pattern. 


The typical MATLAB code used in this example was as follows: 
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Azimuthal gain with coupling Azimuthal gain without coupling 


Polar gain with coupling Polar gain without coupling 
o © o o © o 


60° 


= 30 :-20 :-10 


90° 


180° 180° 


Fig. 21.4.8 H-plane and E-plane patterns with and without coupling. 


K = 15; 

pho = 120; % steering angle 

L = 0.5 * ones(1,K); % vector of antenna lengths 

a = 0.001 * ones(1,K); % antenna radii 

d = (0:K-1)*0.5; % equally-spaced with A/2 spacing 
V = dolph(0.5, phO, K, 20).’; % Dolph design with 20-dB sidelobes 
Z = impedmat(L,a,d); % 15X15 impedance matrix 

ey AR % input currents 

[ge,gh,ph] = gain2(L,d,I,400, phO); % gains with coupling 

figure; dbz2(ph,gh); % azimuthal gain 

figure; dbp2(ph,ge); % polar gain 

[ge,gh,ph] = gain2(L,d,V,400, phO) ; % gains without coupling 


figure; dbz2(ph, gh); 
figure; dbp2(ph,ge); 
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The E-plane polar gains were computed on the plane of the desired steering angle, that is, 
po = 120°. The figures show that maximum gain is at 9 = 90° in the po direction. In 
the case without coupling, we set I= Vinside gain2 because any proportionality constant 
gets canceled out. o 


21.5 Yagi-Uda Antennas 


A special type of parasitic array is the Yagi-Uda array shown in Fig. 21.5.1. The z- 
directed dipoles are arranged along the x-axis. The second dipole is driven; all others 
are parasitic. 


= 


3 4 5 
~ | | | > maximum gain 


reflector driven _ -— directors — 


element 


Fig. 21.5.1 Five-element Yagi-Uda array. 


The first dipole has length slightly longer than that of the driven dipole, and acts as a 
“reflector”. The elements to the right of the driven dipole have lengths slightly shorter, 
and act as “directors.” The reflector and directors direct the radiation preferentially 
towards endfire, that is, along the x-axis. 

The Yagi-Uda array is widely used as a TV reception antenna and achieves fairly good 
directivity with such a simple structure. Good directivity characteristics are realized 
with certain choices for the antenna lengths and separations. 

The analysis of the Yagi-Uda array follows the steps of the previous section. We 
assume that there are K dipoles, with the last K — 2 being the directors, and that the 
currents are sinusoidal as in Eq. (21.3.15) because the antenna lengths are of the order 
of half-wavelength. Then, we compute the mutual impedance matrix Z and the input 
currents I= Z~!V. Because only the second element is driven, the vector of voltages is: 


V= [0,1,0,0,...,0]7 (21.5.1) 
_—+_+{-_Y 
(K-—2) zeros 
Once we have the input currents I = [I),Io,...,Ix] T the gain of the array is com- 


puted by Eq. (21.4.9), which simplifies into the following form because the dipoles lie 
along the x-axis: 


2 
cos(khy cos @)) — coskhy olkxy sin 0 cos $ 


sinkhy sin 0 


K 
g(0,b)= | > Ip (21.5.2) 
p=1 
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We assume that the lengths and separations are such that the maximum gain is 
towards endfire, that is, towards 0 = 90°, @ = 0°. The forward and backward gains, 
and the forward-backward or front-to-back ratio are defined as: 


-If 

Jb 

It follows that the normalized gain will be gn (0, p)= g(0,p)/gf. Integrating it 

over all solid angles, we obtain the beam solid angle and hence the directivity of the 
Yagi-Uda array: 


gf = Imax = 9(90°,0°), gp = g(90°, 180°), Rp (21.5.3) 


T 2m ATT 
A2 = Í Í gn(0,b)sin@d0dd, D= 2T (21.5.4) 
o Jo AQ 


In dB, the directivity and forward-backward ratio are 10log;,D and 101og,,. Rp. 
The MATLAB function yagi implements the above design steps. It computes the input 
currents I as well as the directivity and forward-backward ratio. Its usage is: 


[I,D,Rfb] = yagi(L,a,d); % Yagi-Uda array design 


The function always assumes that the second element is the driven element and sets 
the value of V according to Eq. (21.5.1). The double integral in Eq. (21.5.4) is done with a 
16-point Gauss-Legendre quadrature integration formula for each integration variable. 


Example 21.5.1: Reflectors and directors. The simplest possible Yagi-Uda array has one driven 
element and either one reflector and no directors, or a single director and no reflector. 
Fig. 21.5.2 depicts the two cases. 


ZA 
Q 
i | 
x 
~)—> 
| director 
driven driven 


reflector 


Fig. 21.5.2 The simplest Yagi-Uda arrays. 


If the reflector is slightly longer than the driven element, and if the director is slightly 
shorter, then in both cases the radiation will be directed to the right, along the x-axis. 
Fig. 21.5.3 shows the resulting radiation patterns. 


The length of the driven element was 0.50A and that of the reflector and director, 0.54A 
and 0.46A, respectively. The antenna radii were a = 0.003A and their separation d = 0.1A. 
The mutual impedances were calculated with impedmat: 


z= 92.47 + 104.19j 75.68 + 11.63) ze 73.07 + 41.37j 59.77+ 4.35) 
~ | 75.68+11.63j 73.07 +41.37j |’ | 59.77+ 4.35j 57.65 -— 17.01j 


The typical MATLAB code that was used was: 
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Reflector case, H -plane gain Reflector case, E -plane gain 
o © 96 


60° 


180° 


H-plane gain Director case, E -plane gain 
0° 


-90° 180° 


Fig. 21.5.3 H-plane and E-plane gains of simple Yagi-Uda arrays. 


L = [0.54,0.50] % reflector case 
a = 0.003*[1,1]; % radii 
d = [0,0.1]; % x-coordinates of locations 
Z = impedmat(L,a,d); % impedance matrix 
I = Z\[0,1]’; % input currents 
[ge,gh,th] = gain2(L,d,I,400); % gain computation 
figure; dbz2(th,gh,30,16); % azimuthal gain 
figure; dbp2(th,ge,30,16); % polar gain 
The driving voltages were in the two cases: V= [0,1]! and V= [1,0]?. oO 


Example 21.5.2: Three-element Yagi. Here, we consider a three-element Yagi-Uda array with 
one reflector, one driven element, and one director. The corresponding antenna lengths, 
radii, and locations along the x-axis (with the driven element at the origin) were in units of 
A: 


0.50 0.003 Xı —0.125 
L= | 0.48 |, a=] 0.003 |, d=] xXx |= 0 
0.46 0.003 X3 0.125 


724 Electromagnetic Waves & Antennas - S. J. Orfanidis 


The azimuthal and polar gains are shown in Fig. 21.5.4. The dashed gains correspond to the 
exact coupled Hallén equations, as discussed in Example 21.6.3. The computed directivity 
and front/back ratio were D = 8.18 dB and Ry = 18.69 GB. Thus, the array achieves a gain 
of D — 2.15 = 6.03 dB over a single half-wavelength dipole. 


Azimuthal gain Polar gain 
o © 96 


180° 
Fig. 21.5.4 Azimuthal and polar gains of three-element Yagi-Uda array. 
The impedance matrix was: 
73.07 + 41.37j 60.47-— 0.97j 36.25 — 25.53) 
Z= | 60.47- 0.97j 64.934+11.75j 53.72- 2.71j 


36.25 — 25.53f 53.72- 2.71j 57.65 -— 17.01j 


The input currents and input impedance of the driving element were: 


lh —0.0290 + 0.0176j v 1 
I=| I |=| 0.1062- 0.0182j |, Z> A 7, 7915 +1.57 
Tz —0.0801 — 0.0256) 2 2 
The typical MATLAB code for this example was: 
L = [0.50, 0.48, 0.46]; % antenna lengths 
a = 0.003*[1,1,1]; % radii 
d = [-0.125, 0, 0.125]; % x-locations 
[I,D,Rfb] = yagi(L,a,d); % solve ZI = V 
[ge,gh,th] = gain2(L,d,I,360); % compute gains at 1° increments 
M = 40; % number of upper-half samples 
[I,z] = hallen4(L,a,d,[0,1,0],M); % compute Hallén currents 
[ge2,gh2,ph] = gain2h(L,d,I,360); % gain of Hallén currents 
figure; dbz2(ph,gh); dbadd2(2,’--’,ph,gh2); 


figure; dbp2(ph,ge); dbadd2(1,’--’,ph,ge2); 
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The driving voltages were defined within yagi to be V= [0,1,0]’. (m 


Example 21.5.3: Optimized six-element Yagi. Chen and Cheng [714] applied King’s three-term 
current approximation [4] and devised procedures for optimizing the choices of the an- 
tenna lengths and separations of Yagi-Uda arrays. Fig. 21.5.5 shows the gains before and 
after optimization of a six-element Yagi-Uda array calculated with the functions yagi and 
gain2. The antenna radii were a = 0.003369A. 


Unoptimized H -plane gain Unoptimized E -plane gain 
o © 96 


i =30 $20 :-10 


90° 


Optimized H -plane gain Optimized E -plane gain 
0° 


180° 


Fig. 21.5.5 Gains of six-element Yagi-Uda array. 


For the unoptimized case, the antenna lengths and x-locations were in units of A: 
L= [L;, L2, L3, L4, L5, L6]= [0.510, 0.490, 0.430, 0.430, 0.430, 0.430] 
d= [X1, X2, X3, X4, X5; xe] = [-0.25, 0, 0.310, 0.620, 0.930, 1.240] 


The directors were identical and equally spaced at spacing of 0.31A. The computed direc- 
tivity and front/back ratio were 11 dB and 9.84 dB, respectively. The optimized case has 
slightly different lengths and x-locations: 


L= [L;, L2, L3, L4, L5, L6]= [0.476, 0.452, 0.436, 0.430, 0.434, 0.430] 
d= [X1, X2, X3, X4, X5, X6] = [-0.25, 0, 0.289, 0.695, 1.018, 1.440] 


Typical MATLAB code was as follows: 
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L = [0.476, 0.452, 0.436, 0.430, 0.434, 0.430]; 
a = 0.003369 * [1,1,1,1,1,1]; 
d = [-0.25, 0, 0.289, 0.695, 1.018, 1.440]; 


[I,D,Rfb] = yagi(L,a,d); 
[ge,gh,th] = gain2(L,d,I, 360); 


figure; dbz2(th,gh, 30,40); 
figure; dbp2(th,ge, 30,40); 


The optimized directivity was 12.54 dB and the forward/backward ratio 17.6 dB. o 


21.6 Hallén Equations for Coupled Antennas 


In Sects. 21.3 and 21.4, we developed the Hallén-Pocklington equations for coupled an- 
tennas, that is, Eqs. (21.3.7)-(21.3.9) and (21.4.1). Here, we discuss their numerical solu- 
tion. On the pth antenna, we have: 


(03 + k?) VplZ) = 2kVpő (Zz), p= 1,2,...,K (21.6.1) 


where Vp (z) is defined to be the sum of the (scaled) vector potentials due to the currents 
on all antennas: 


K q 
Vp(z)= > Vp (z= > Zpq (Z - Z')Iq(z')dz’ (21.6.2) 
q=0 q=0 q 


where we recall the definition of the impedance kernel: 


jn e 
2m R ’ 


Zyq(Z 2')= Fl Gpg (z z’) R= (z - z')?+dĝ4 (21.6.3) 


and dpq are the mutual distances or radii, as defined in Eq. (21.4.2). Following the 
discussion of Sec. 20.3, the solution of (21.6.1) is of the form: 


Vp(Z)= Cpcoskz + Vy sink|zl, —hp <Z<hp (21.6.4) 


where we assumed that all the antennas are center-driven, and therefore, Vp (z) will 
be even in z. Combining (21.6.4) with (21.6.2), we obtain the coupled system of Hallén 
equations, for p = 1,2,...,K: 


K hg 
5 Í Zpa(Z — Z')Ig(z')dz’ = Cpcoskz + Vp sink|z| (21.6.5) 
-h 
q=0" "a 
The K constants C1, C2,...,Cx are determined by imposing the end conditions on 


the K currents: Ip(hp)= 0, p = 1,2,...,K. To solve this system, we apply a pulse- 
function expansion of the form of Eq. (20.8.2). For simplicity, we take N = 2M +1 
sampling points on each antenna. Because the antenna lengths may be different, the 
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sample spacings will also be different. For the type-1 sampling scheme, we have on the 
qth antenna, for g = 1,2,...,K: 


M+0.5 N 


Zm=MAZ,, AZgq ; M<m<M (21.6.6) 


Therefore, the pulse-function expansion for the qth current must use a square pulse 
of width Azg. We denote this pulse function by Aq (Zz) and define it as in Eq. (20.8.1) 
with Az = AZ,. Then, the current expansion will be: 


M 
Ia(z)= > Iq(Zm)44(Z'- Zm), qąq=1,2,...,K (21.6.7) 
m=-M 


If we use (21.6.7) and sample Eq. (21.6.5) along the p-th antenna, that is, at the points 
Z = Zn = NAZpņ, for -M < n < M, we obtain the discretized system: 


K hg M 
x Í » Iqg(Zm)Zpq(Zn — Z')Aq(Z’ — Zm) dz’ = Cy coskZn + Vp sink|Zn| 
q=0 -hq m=-M 


We define the NXN impedance matrix Zpqą whose nmth matrix element is: 


hq 
Zpqin,m)= Í Zpq(Zn — Z’) A4 (Z —Zm)dz’, -M <n,m <M 
-hq 


We can rewrite it in the form: 


1/2 ; 1/2 p-jkR 
JnAzZą ev 
Zpq(n,M) = Az Í Zpq (Zn — Zm — XAZq) dx = dx 21.6.8 
pq ( ) q4 -1/2 pa ( n m q) oT -1/2 R ( ) 
where 
R= Jda + (NAZp — MAZq — XAZq)? (21.6.9) 
Denoting Ig (M) = Iq (Zm), the discretized Hallén system becomes: 
K M 
> `X Zpq(n,m)Ig(m) = Cp cos kZn + Vp sink|Zn| (21.6.10) 
q=0m=—-M 
where p = 1,2,...,K. And, in a more compact form: 
K 
>» Zpqlq = CpCp F VpSp (21.6.11) 
q=0 


where we defined the N-dimensional vectors: 
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Iqg(M) coskzmM sinkzu 
Ig(1) cos kz, sin kzı 
Ig =| Iqg(0) |, cp =| coskzo |, sp= | sinkZo (21.6.12) 
Ig (1) cos kzı sin kzı 
Iqg(M) coskzmM sinkzu 


and used the even symmetry in Z. The vectors €p and sp depend on p through the sample 
spacing in Zn = NAZp, —M < n < M, where AZp = hp/ (M + 0.5). 

The system (21.6.11) provides K coupled matrix equations by which to determine 
the K sampled current vectors h, b,...,Ik on each antenna. The NXN matrices Zyq 
are not Toeplitz, unless the antennas are identical, in which case AZ, = AZ, and the 
quantity R in Eq. (21.6.9) depends only on the difference n — m. Of course, for p = q, 
Zpp is both symmetric and Toeplitz. 

However, while not Toeplitz, the matrix Zpqą is reversal-invariant because of the 
property Zpq(n,m)= Zpq(—n,—m), which follows from Eq. (21.6.8). Therefore, the 
matrix system (21.6.11) can be wrapped in half by the procedure discussed in Sec. 20.7, 
which replaced the matrix equation (20.7.9) by (20.7.10). 

Here, each NXN matrix Zpq is wrapped to size (M + 1)x(M + 1) by the same 
process. The resulting system looks identical to (21.6.11), except the currents and right- 
hand sides are essentially half those of (21.6.12): 


Iq (0) cos kZo sin kZo 
Ig(1) cos kz, sin kzı 

I, = , Cp= JESS (21.6.13) 
Ig(M) coskzy sinkzy 


In particular, if all antennas are identical, then the wrapping process can be made 
even more efficient using the Toeplitz-Hankel properties of the wrapped matrices, as 
discussed in Example 20.8.1. In any case, we will assume in the sequel that the system 
(21.6.11) has been wrapped in half. 

If the constants C, were known, the solution of the system (21.6.11) could be ob- 
tained by writing it as a single block-matrix linear system of the form: 


ZI=Cc+Vs (21.6.14) 


where Z is the KXK block matrix whose pqth matrix element is the (M + 1) x(M + 1) 
matrix Zpq, and C, V are appropriate block-diagonal matrices. The vectors I, c, s are the 
concatenations of Ip, Cp, Sp. For example, in the case K = 3, the system (21.6.11) reads: 


Zh + Ziz2b + 2138 = Cia + Visi 
Zah + Zoek + 22343 = C22 + V282 
2310, + Z32b + 23343 = C33 + V383 


It can be written in the 3x3 block-matrix form: 
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Zu Ze Z|] 0 CI 0 0 Cy VI 0 0 Sı 
Z21 222 £23 kj=| 0 Col c |+| 0 VAI 0 S2 
231 232 £33 B 0 0 Cs3l |] c3 0 0 VI S3 


where I is the (M + 1) x(M + 1) identity matrix. 

Next, we discuss the determination of the constants Cp. The condition I,(M)= 0 
can be written vectorially in the form ul, = 0, where u = [0,...,0,1]7, as was done in 
Sec. 20.7. Separating the pth term of the pth equation in (21.6.11), we have: 


q+p 
Solving for Ip and multiplying by uľ, we obtain the condition: 
ull = Cpu” ZppCp + Vpu” ZppSp = 5 u” Zzp Zpalą =0 
q+p 
Defining the quantity up = Z ppu, we solve this condition for Cp: 


1 T T 
Cp = -F > u} Zpqlg — Vpup sp 
UpCP \ad¢p 


Inserting Cp into Eq. (21.6.15) and rearranging terms, we obtain: 


cpu} cpu! 
Zpplp + >. (: - ra | Zpalą = Vp (: - re | Sp (21.6.16) 
q+p CpUp Cp Up 


To simplify it, we define the (M + 1) x(M + 1) projection matrices: 


CpU, 
Py=l , p=l,2,...,K (21.6.17) 
Then, Eq. (21.6.16) can be written in the form: 


Zpplp + >; PpZpaląa = Vp? psp (21.6.18) 
q+p 
Thus, eliminating the constants Cp by enforcing the end conditions, amounts to 
replacing the impedance matrices Zpg by the projected ones: 


žo = Zpps if q=p 
pa PpZpa, if q4+p 


and the term sp by the projected one, Sp = Ppsp. Then, Eq. (21.6.18) can be written in 
the form: 


(21.6.19) 


K 
S Žpalą = Vpšp|, pP=1,2,...,K (21.6.20) 
q=0 
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or, compactly in the block-matrix form: 


ŽI=V5 (21.6.21) 
with solution: 
L Vis) 
h E : V282 
I . Z= Vs =Z . (21.6.22) 
Ik VKSK 


The MATLAB function hallen4 implements the above solution procedure. First, it 
constructs the impedance matrices Zy,q by calculating the integrals in Eq. (21.6.8) using a 
16-point Gauss-Legendre quadrature integration formula. Second, it wraps the matrices 
Zpq in half and puts them together into the block-matrix Z. And third, it constructs the 
projected matrix Z and the solution (21.6.22). Its usage is: 


[I,z] = hallen4(L,a,d,V,M); % Hallen’s equations for 2D array of non-identical antennas 


where L,a,d are the vectors of antenna lengths, radii, and xy-locations, and V is the 
vector of the driving voltages V = [V1, V2,..., Vg]. The parameters L,a,d have the 
same usage as in the functions yagi and gainz2. 

The output Iis the (2M +1) xK matrix whose pth column is the double-sided vector 
of current samples Ip (Zm), Zm = MAZp, -M < m < M. Thus, the matrix elements 
of Tare I(m, p) = Ip(Zm). Similarly, the pth column of the output matrix z holds the 
sampled z-locations on the pth antenna, that is, z (m, p) = mAZp. 

The output matrix Iis obtained by using the MATLAB function reshape to reshape 
the (K (M + 1) )-dimensional column vector solution (21.6.22) into a matrix of size (M + 
1) xX, and then, symmetrizing it to size (2M + 1)xK. 

A faster version of hallen4 is the function hallen3, which assumes the antennas 
are identical. It is faster because it makes use of the Toeplitz-Hankel structure of the 
wrapped matrices Zpq to construct them more efficiently. Its usage is: 


[I,z] = hallen3(L,a,d,V,M); % Hallen’s equations for 2D array of identical antennas 


where Ihas the same meaning as in hal 1en4, but z is now a single column vector, that is, 
Zm = mMAz, —M < m < M. In both hal len3 and hal1en4, the final solution is obtained 
by solving the system (21.6.21), which is (K(M + 1))x(K(M + 1))-dimensional. 

In order to conveniently manipulate the block impedance matrices, we developed a 
MATLAB function, blockmat, which is used extensively inside hallen3 and hallen4. It 
allows one to create block matrices and to extract or insert sub-blocks. Its usage is as 
follows: 


Z = blockmat(K,K,M+1,M+1) ; % create a (K(M +1))x(K(M + 1)) matrix of zeros 
Zpq = blockmat(K,K,p,q,Z); % extract pqth submatrix of Z 

Z = blockmat(K,K,p,q,Z,Zpq); % insert Zpq into pqth submatrix of Z 

s = blockmat(K,1,M+1,1); % create a (K (M + 1))-dimensional column of zeros 
sp = blockmat(K,1,p,1,s); % extract the pth subvector of s 


s = blockmat(K,1,p,1,s,sp); % insert sp into pth subvector of s 
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Once the sampled currents Ip (m) are known, the gain of the array can be computed 
by finding the total current density, J(r) = zJz(r) : 


K K M 
Jz (t)= X Ip (Z)6(X— Xp) 5(Y—Yp)= YY. Ip(m)Ap(Z - Zm)5 (x — Xp) (Y = Yp) 
p=1 p=1 m=-M 


where we used Eq. (21.6.7). The corresponding radiation vector is: 


M K 
Fz(0,) = | deel ar = 5 > Ip (m) elki | Ap (z - Zm) etz dz 
m=—-M p=1 
M K ; i Zm+4Zp/2 
TO S Ip (m) ely | elkzz dz 
m=—M p=1 Zm—AZp/2 


Performing the z-integration over the mth pulse interval, we finally get: 


M K > 
F,(0,d)= YY Ip (m) emaz ejkixp tiky az, SIM KeAZp/2) 
kzAZp/2 


m=—M p=1 


(21.6.23) 


where ky = ksin cosọ, ky = ksin@sind, and kz = kcos@. The corresponding 
normalized gain of the array will be, up to a constant: 


g(0,h)= |sin0 Fz(0, $) |° (21.6.24) 


The MATLAB function gain2h computes the E-plane polar gain and the H-plane 
azimuthal gain from Eqs. (21.6.23) and (21.6.24). Its usage is: 


gain2h(L,d,I,N,ph0) % gain of 2D array of antennas with Hallen currents 
gain2h(L,d,I,N) % equivalent to po = 0 


[ge,gh, th] 
[ge,gh, th] 


where the current input J is exactly the same as the output matrix from hallen4 or 
hallen3. The meaning of the outputs are exactly the same as in the function gain2 
discussed in Sec. 21.4. 

The difference between gain2 and gain2h is that the former assumes the currents 
are sinusoidal and I represents only the input currents, I = [I),Io,...,Ix]. whereas in 
the latter, the full (2M + 1) xK current matrix is needed, I= [h, b,..., Ix]. 


Example 21.6.1: Hallén solution of parasitic array. Consider the three-element array of Example 
21.4.1 and shown in Fig. 21.4.2. The Hallén currents on each antenna can be computed 
by using hallen3 because the elements are identical. Fig. 21.6.1 shows the computed 
sampled currents with N = 2M + 1 = 81 or M = 40. 


Because of the symmetry, the currents on the two parasitic antennas are the same. For all 
three antennas, the currents are essentially sinusoidal, justifying the use of this assump- 
tion. The gains computed with gain2h, and under the sinusoidal assumption with gain2, 
were shown in Fig. 21.4.3. The MATLAB code used to generate the currents and the gains 
was given in Example 21.4.1. o 
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Fig. 21.6.1 Currents on driven and parasitic antennas. 


Example 21.6.2: Full-wavelength parasitic array. If one or more of the antennas has length 


equal to a multiple of A, the analysis methods based on the sinusoidal assumption break 
down because the impedance matrix computed with Eq. (21.3.14) becomes infinite. 


On the other hand, the numerical solution of the Hallén system can still be carried through 
giving a finite answer. Fig. 21.6.2 shows the gains and currents of the parasitic array of 
Example 21.4.1, but all the antennas being full-wavelength elements, l = A. The distance of 
the parasitic antennas to the driven element was also changed to d = 0.25A fromd = 0.5A. 


The sinusoidal assumption for the driven element is fairly accurate except near z = 0, 
where the current has an non-zero value. But on the parasitic element, the sinusoidal 
Oo 


assumption is completely wrong. 


Example 21.6.3: Three-element Yagi-Uda array. Here, we compute the currents on the three 


antennas of the Yagi-Uda array of Example 21.5.2. Because the antennas are not identical, 
the function hallen4 must be used. The gains were computed with gain2 and gain2h in 
Example 21.5.2. and shown in Fig. 21.5.4. The sampled currents on the three antennas are 
shown in Fig. 21.6.3. 


We observe that the sinusoidal assumption is fairly accurate. The MATLAB code used to 
generate the current graphs was as follows: 


L = [0.50, 0.48, 0.46]; h = L/2; 

a = 0.003 * [1, 1, 1]; 

d = [-0.125, 0, 0.125]; 

v = [0, 1, 0); % can be defined as column or row 
k = 2*pi; 

M = 40; 

[I,z] = hallen4(L,a,d,V,M); 

Il = abs(I(M+1:end,1)); ml = max(Il1); zl = z(M+1:end,1); 
I2 = abs(I(M+1:end,2)); m2 = max(I2); z2 = z(M+1:end,2); 
I3 = abs(I(M+1:end,3)); m3 = max(I3); z3 = z(M+1:end,3); 
sl = 0:h(1)/50:h(1); Isl = ml*abs(sin(k*(h(1)-s1))); 


21.7. Problems 


| 1 (2)| mA 


1.57 


Azimuthal gain 


-90° 


Current on driven element 


e Hallen 
sinusoidal 


0.1 0.2 0.3 0.4 0.5 
ZI 


Polar gain 
0° 
o Q 


60°/ 


120° 


180° 


Current on parasitic element 


* Hallen 
sinusoidal 


0 0.1 0.2 0.3 0.4 


Fig. 21.6.2 Gains and currents of full-wavelength parasitic array. 


s2 = 0:h(2)/50:h(2); 
s3 = 0:h(3)/50:h(3); 


Is2 


figure; plot(zl1, Il, ’.’, sl, 
figure; plot(z2, 12, ’.’, s2, 
figure; plot(z3, I3, ’.’, s3, 


m2*abs(sin(k*(h(2)-s2))); 
Is3 = m3*abs(sin(k*(h(3)-s3))); 


Esl; 7s? es 
T2422) 
TSS EJ; 
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Note that h, b, and B are obtained from the three columns of I, and Zz), Z2, and z3 from 
the three columns of z. Only the currents on the upper-half of each antenna are plotted. 
The sinusoidal currents are scaled to the maximum values of the corresponding Hallén 


currents. 


These examples demonstrate the remark made earlier that the sinusoidal assumption is 
justified only for antennas with lengths near half a wavelength. 


21.7 Problems 


o 
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Fig. 21.6.3 Currents on the Yagi antennas. 


22 
Appendices 


A. Physical Constants 


We use SI units throughout this text. Simple ways to convert between SI and other 
popular units, such as Gaussian, may be found in Refs. [100-103]. 

The Committee on Data for Science and Technology (CODATA) of NIST maintains 
the values of many physical constants [90]. The most current values can be obtained 
from the CODATA web site [716]. Some commonly used constants are listed below: 


quantity symbol value units 
speed of light in vacuum Co, C 299 792 458 ms“! 
permittivity of vacuum €0 8.854187817x10-!% Fm! 
permeability of vacuum Ho 4rr x 1077 H m`! 
characteristic impedance no, Zo 376.730 313 461 Q 
electron charge e 1.602 176462 x 10719? C 
electron mass Me 9.109 381 887 x 107°! kg 
Boltzmann constant k 1.380650 324x 10723) JK! 
Avogadro constant Na,L 6.022 141994 x 10? mol! 
Planck constant h 6.626 068 76 x 10734 J/Hz 
Gravitational constant G 6.67259 x 1071! m? kg !s~2 
Earth mass Ms 5.972 x 1074 kg 
Earth equatorial radius de 6378 km 


In the table, the constants c, Ug are taken to be exact, whereas €9, No are derived 


from the relationships: 
1 | Ho 
€0 = : = = Loc 
0 Hoc? no A Ho 


The energy unit of electron volt (eV) is defined to be the work done by an electron 
in moving across a voltage of one volt, that is, 1 eV = 1.602 176 462 x 10719 C- 1 V, or 


1 eV = 1.602 176 462 x 107!9 J 
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In units of eV/Hz, Planck’s constant h is: 
h = 4.135 667 27 x 1071 eV/Hz = 1 eV/241.8 THz 


that is, 1 eV corresponds to a frequency of 241.8 THz, or a wavelength of 1.24 um. 


B. Electromagnetic Frequency Bands 


The ITU?! divides the radio frequency (RF) spectrum into the following frequency and 
wavelength bands in the range from 30 Hz to 3000 GHz: 


RF Spectrum 
band designations frequency wavelength 
ELF Extremely Low Frequency 30-300 Hz 1-10 Mm 
VF Voice Frequency 300-3000 Hz 100-1000 km 
VLF Very Low Frequency 3-30 kHz 10-100 km 
LF Low Frequency 30-300 kHz 1-10 km 
MF Medium Frequency 300-3000 kHz 100-1000 m 
HF High Frequency 3-30 MHz 10-100 m 
VHF Very High Frequency 30-300 MHz 1-10 m 
UHF Ultra High Frequency 300-3000 MHz 10-100 cm 
SHF Super High Frequency 3-30 GHz 1-10 cm 
EHF Extremely High Frequency 30-300 GHz 1-10 mm 
Submillimeter 300-3000 GHz 100-1000 um 
An alternative subdivision of the low-frequency 7 
bands is to designate the bands 3-30 Hz, 30-300 Hz, Microwave Banas 
and 300-3000 Hz as extremely low frequency (ELF), band frequency 
super low frequency (SLF), and ultra low frequency L l-2 GHz 
(ULF), respectively. S 2-4 GHz 
Microwaves span the 300 MHz-300 GHz fre- C 4-8 GHz 
quency range. Typical microwave and satellite com- X 8-12 GHz 
munication systems and radar use the 1-30 GHz Ku 12-18 GHz 
band. The 30-300 GHz EHF band is also referred to K 18-27 GHz 
as the millimeter band. Ka 27-40 GHz 
The 1-100 GHz range is subdivided further into V 40-75 GHz 
the subbands shown on the right. W 80-100 GHz 


Some typical RF applications are as follows. AM radio is broadcast at 535-1700 
kHz falling within the MF band. The HF band is used in short-wave radio, navigation, 
amateur, and CB bands. FM radio at 88-108 MHz, ordinary TV, police, walkie-talkies, 
and remote control occupy the VHF band. 

Cell phones, personal communication systems (PCS), pagers, cordless phones, global 
positioning systems (GPS), RF identification systems (RFID), UHF-TV channels, microwave 
ovens, and long-range surveillance radar fall within the UHF band. 


tInternational Telecommunication Union. 
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The SHF microwave band is used in radar (traffic control, surveillance, tracking, mis- 
sile guidance, mapping, weather), satellite communications, direct-broadcast satellite 
(DBS), and microwave relay systems. Multipoint multichannel (MMDS) and local multi- 
point (LMDS) distribution services, fall within UHF and SHF at 2.5 GHz and 30 GHz. 

Industrial, scientific, and medical (ISM) bands are within the UHF and low SHF, at 900 
MHz, 2.4 GHz, and 5.8 GHz. Radio astronomy occupies several bands, from UHF to L-W 
microwave bands. 

Beyond RF, come the infrared (IR), visible, ultraviolet (UV), X-ray, and y-ray bands. 
The IR range extends over 3-300 THz, or 1-100 um. Many IR applications fall in the 
1-20 um band. For example, optical fiber communications typically use laser light at 
1.55 um or 193 THz because of the low fiber losses at that frequency. The UV range lies 
beyond the visible band, extending typically over 10-400 nm. 


band wavelength frequency energy 
infrared 100-1 um 3-300 THz 

ultraviolet 400-10 nm 750 THz-30 PHz 

X-Ray 10 nm-100 pm 30 PHz-3 EHz 0.124-124 keV 
y-ray < 100 pm > 3 EHz > 124 keV 


The CIE! defines the visible spectrum to be the wavelength range 380-780 nm, or 
385-789 THz. Colors fall within the following typical wavelength/frequency ranges: 


Visible Spectrum 

color wavelength frequency 

red 780-620 nm 385-484 THz 
orange 620-600 nm 484-500 THz 
yellow 600-580 nm 500-517 THz 
green 580-490 nm 517-612 THz 
blue 490-450 nm 612-667 THz 
violet 450-380 nm 667-789 THz 


X-ray frequencies fall in the PHz (petahertz) range and y-ray frequencies in the EHz 
(exahertz) range.* X-rays and y-rays are best described in terms of their energy, which is 
related to frequency through Planck’s relationship, E = hf. X-rays have typical energies 
of the order of keV, and y-rays, of the order of MeV and beyond. By comparison, photons 
in the visible spectrum have energies of a couple of eV. 

The earth’s atmosphere is mostly opaque to electromagnetic radiation, except for 
three significant “windows”, the visible, the infrared, and the radio windows. These 
three bands span the wavelength ranges of 380-780 nm, 1-12 um, and 5 mm-20 m, 
respectively. 

Within the 1-10 um infrared band there are some narrow transparent windows. For 
the rest of the IR range (1-1000 um), water and carbon dioxide molecules absorb infrared 
radiation—this is responsible for the Greenhouse effect. There are also some minor 
transparent windows for 17-40 and 330-370 um. 


t Commission Internationale de lEclairage (International Commission on Illumination.) 
t1 THz = 10! Hz, 1 PHz = 10!° Hz, 1 EHz = 10!8 Hz. 
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Beyond the visible band, ultraviolet and X-ray radiation are absorbed by ozone and 


molecular oxygen (except for the ozone holes.) 


C. Vector Identities and Integral Theorems 
Algebraic Identities 


|Al*|Bl? = |A- B|? + |A x B|? 
(Ax B)-C = (Bx C) -A= (CX A)-B 
AX (BX C) = B(A- C)-C(A- B) (BAC-CAB rule) 
(A x B)-(CX D) = (A- © (B- D)—(A- D)(B- ©) 
(Ax B)x(Cx D) = [(Ax B)-D]C- [(A x B)-C]D 


A =x (Axf)+(f- A)Â =A, +A] 


(C.1) 
(C.2) 
(C.3) 
(C.4) 
(C.5) 
(C.6) 


where ñ is any unit vector, and A,, Aj are the components of A perpendicular and 


parallel to n. Note also that ñ x (A x h)= (x A) xn. 


Differential Identities 


Vx (Vw) =0 
V-(VxA) =0 

V-(WA)=A-Vy+ywV-A 

Vx (WA) =WVxA+VWxA 

V(A- B) = (A-V)B+ (B-V)A+Ax (V X B)+Bx (V xA) 
V: (AxB) =B. (V xA)—A- (V xB) 
V x (Ax B) = A(V - B)-B(V - A)+(B- V)A-(A-V)B 
Vx(VxA)=V(V-A)-V°A 


AxVBx + AyWBy + A;VBz = (A: V)B+ AX (V x B) 


ByVAx + ByVAy + BzVAz = (B- V)A+ Bx (V XA) 


(ax V)xA=fxX (VX A)+(H- VIA-A(V - A) 


w(ah- V)E-E(a- Vw)= [(@- V) (wE)+nx (V x (WE)) —- AV: (WE)] 
+[AwV-E- (Ax E)xVw — wax (VX BE)—-(a- E Vy] 


(C.7) 
(C.8) 
(C.9) 
(C.10) 
(C.11) 
(C.12) 
(C.13) 
(C.14) 


(C.15) 
(C.16) 


(C.17) 


(C.18) 
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With r =x +y +z2,r = |r| = yx? + y? + 22, and the unit vector f = r/r, we have: 

a 2 
V-r=3, Vxr=0, Ver (C.19) 
Integral Theorems for Closed Surfaces 


The theorems involve a volume V surrounded by a closed surface S. The divergence or 
Gauss’ theorem is: 


Í V- AdV = f A:-nds (Gauss’ divergence theorem) (C.20) 
V S 


where ñ is the outward normal to the surface. Green’s first and second identities are: 


Í [Pvy +V@-Vylav = f go as (C21) 
V s On 
Í [pyw -yvèp]av = f (ot yas (C.22) 
4 S on on : 
where E = ñ - V is the directional derivative along ñ. Some related theorems are: 
2 P ow 
V-wdvV = ọ h-VwdS => — dS (C.23) 
Vv S s On 
Í vwav =f wnds (C.24) 
V S 
2 i ðA 
V‘AdV = ọ (8 V)AdS = — dS (C.25) 
v S s On 
f (a x V) xAdS =} [fx (V x A)+(h- V)A-A(V - A)] dS =0 (C.26) 
S S 
Í V xAdV = f nx AdS (C.27) 
V S 


Using Eqs. (C.18) and (C.26), we find: 


OE ow 
f (v on Ege ) as = 


(C.28) 
= f InwV-E- (ûxE)xVy-yûx (V xE- (Â: BE) Vw] dS 
S 
The vectorial forms of Green’s identities are [605,602]: 
[ xA: VxB-A:VxVxB)dV= f â- (AxV xB) ds (C.29) 
Vv S 


Í (B-YxVxA-A:VYxVxB)dV =f n-(AxVxB-BxVxA)dS_ (C.30) 
V S 
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Integral Theorems for Open Surfaces 


Stokes’ theorem involves an open surface S and its boundary contour C: 


Í ñ- V x AdS = f A-dl (Stokes’ theorem) (C.31) 
S c 


where dl is the tangential path length around C. Some related theorems are: 


[lwa-v xa (ax a)-Vy]ds=4 wa-a (C.32) 
[lowa-v x A- (ix A)-V) Vy] ds = f vwa- a (C.33) 
Í nx vas =f yw dl (C.34) 

S € 


Í (ax v)xads = | [nx (V x A)+ (â. V)A-A(V -Alas = f dix A (C.35) 
S S G 


Í ñdsS = xf rxdl (C.36) 
S 2 Jc 


Eq. (C.36) is a special case of (C.35). Using Eqs. (C.18) and (C.35) we find: 


OE ow o 
fo an ES \as H f vexa = 


(C.37) 
=| [awV-E- (ax E)xVy - wax (V x E)- (i: BE) Vy ds 
S 
D. Green’s Functions 


The Green’s functions for the Laplace, Helmholtz, and one-dimensional Helmholtz equa- 
tions are listed below: 


1 
V-g(r)=-6°(r) > g(n)= 7 (D.1) 
e—skr 
(V? +k?)G(r)=-69% (r) > G(r)= (D.2) 
4ttr 
(02 + B2)g(z) = -8 (z) Ges (D.3) 
+ = — = = . 
z G\Z Z G\Z 278 


where r = |r|. Eqs. (D.2) and (D.3) are appropriate for describing outgoing waves. We 
considered other versions of (D.3) in Sec. 20.3. A more general identity satisfied by the 
Green’s function g(r) of Eq. (D.1) is as follows (for a proof, see Refs. [109,110]): 
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1 3XiX; — 1°65; 
dijg) -zy (+ — gn), = 1,2,3 (D.4) 
where 0; = 0/0x; and x; stands for any of x, y, z. By summing the i,j indices, Eq. (D.4) 
reduces to (D.1). Using this identity, we find for the Green’s function G (r) = e Jk 4r: 


1 a, 1, 3xixy — 17 Oy 
0;0;G (x) = 3055 (r)4 [ox , > i 3 ij 


XiXj 
k EF | Gí) (D.5) 
r 
This reduces to Eq. (D.2) upon summing the indices. For any fixed vector p, Eq. (D.5) 
is equivalent to the vectorial identity: 


1) 3r (fF - p)—p 
r r2 


2 
VxVx [pG(r)] = gpa” (r) 4 [ox ! tk? EX TEDI G(r) (D.6) 
The second term on the right is simply the left-hand side evaluated at points away 
from the origin, thus, we may write: 


Y xY x [pG] = $p m) + |v xvx pew] z (D.7) 
T0 
Then, Eq. (D.7) implies the following integrated identity, where V is with respect to r: 
VxvVx Í P(r )G(r-r)dV' = £ P(r)+ Í [v xV x [Paneer] dV’ (D.8) 
V 3 v T'#r 


and r is assumed to lie within V. If r is outside V, then the term 2P(r) /3 is absent. 

Technically, the integrals in (D.8) are principal-value integrals, that is, the limits as 
6 — 0 of the integrals over V —Vs (r), where Vs (r) is an excluded small sphere of radius 
6 centered about r. The 2P(r) /3 term has a different form if the excluded volume Vs (r) 
has shape other than a sphere or a cube. See Refs. [27,120,132,182] and [104-108] for 
the definitions and properties of such principal value integrals. 

Another useful result is the so-called Weyl representation or plane-wave-spectrum 
representation [22,26-28,175] of the outgoing Helmholtz Green’s function G (r): 


-jkr 0° oe) —j(kxx+kyy) p—jkz|Z| dk dk 
une Í Í e YEE xaKy (D.9) 


—co 2jkz (27T)? 


where k2 = k? — k? , with k, = kg + kĝ. In order to correspond to either outgoing 
waves or decaying evanescent waves, k; must be defined more precisely as follows: 


ak2 = k? , if ki <k, (propagating modes) 
kz = (D.10) 
-jyk} -= k2, if ki >k, (evanescent modes) 


The propagating modes are important in radiation problems and conventional imag- 
ing systems, such as Fourier optics [50]. The evanescent modes are important in the new 
subject of near-field optics, in which objects can be probed and imaged at nanometer 
scales improving the resolution of optical microscopy by factors of ten. Some near-field 
optics references are [154-174]. 
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To prove (D.9), we consider the two-dimensional spatial Fourier transform of G (r) 
and its inverse. Indicating explicitly the dependence on the coordinates x, y, Z, we have: 


e—Jkz\zl 
g (kx, ky, Z) = me J G(x, y, z) el tk) dx dy = T 
ue (D.11) 
, dkxdky 


Writing 6 (r) = 5(x)6(y)6(z) and using the inverse Fourier transform: 


5 (x) )S(y)= f KN eS lkx x+kyy) “AX TY dkx dky 


(27)? ’ 


we find from Eq. (D.2) that g (kx, ky, Zz) must satisfy the one-dimensional Helmholtz 
Green’s function equation (D.3), with kå = k* — kå — kj = k* — kí, that is, 


(02 + k2) g (kx, ky, Z) = -8 (z) (D.12) 


whose outgoing/evanescent solution is g (kx, ky, Z) = eJkzlZl /2jk;. 

A more direct proof of (D.9) is to use cylindrical coordinates, ky = k, cosw, ky = 
k, sinw, x = pcos $, y = psin¢, where k4 = kå + kj and p° = x? + y’. It follows that 
kxx + kyy = ki pcos(¢@ — y). Setting dxdy = pdpd¢ = r dr dọ, the latter following 
from r°? = p°? + z?, we obtain from Eq. (D.11) after replacing p = Vr? — z?: 


_jk 
glkx,ky,Z) = IV er iar © gikt») dx dy = [f e ek.pcos(b-W) t dr dh 


2T œ 
= ” dre- AD Aik. pcosip-y) = 1 dr eI" Jy (k vr? - z?) 
2 Jizi 0 2T 2 Jizi 


where we used the integral representation (16.9.2) of the Bessel function Jo (x). Looking 
up the last integral in the table of integrals [99], we find: 


eIkz\Z\ 


g (kx, ky, Z) = ; dr eS" Jo(k, vr? — z?) = (D.13) 


izl 2jkz 


where kz must be defined exactly as in Eq. (D.10). A direct consequence of Eq. (D.11) 
and the even-ness of G(r) in r and of g (kx, ky, Z) in kx, ky, is the following result: 


eae Ba EDE : . -jkz|z-z'| 
Jf veto Grr axay = en S (D.14) 
2jkz 
One can also show the integral: 
e`}kzZ e-dkzz 
i for z=0 
Bo a =jkz|z-z'| 2 -k3 2kz(k;- kz)’ 
-jk,z' © Ps Z Z z\Kz Zz 

f e Sik, dz aiz (D.15) 

for z<0 


Die + kz)’ 
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The proof is obtained by splitting the integral over the sub-intervals [0,z] and 
[z, co). To handle the limits at infinity, k}, must be assumed to be slightly lossy, that is, 
k, = Bz —j&z, with &z > 0. Eqs. (D.14) and (D.15) can be combined into: 


ek r e ike 
for z=0 
ae k’2—k2 2k (kz, — kz)’ 
Í eK Y G(r-r)dVv' = i z(kz — kz) (D.16) 
Ve eJk-r 


~ 2kz(kz + kz)’ 


for z<0O 


where V, is the half-space z > 0, and k, k_, k’ are wave-vectors with the same kx, ky 
components, but different kzs: 


k=kxĝ+kyŷ+kz2 


k- =kxĝ+kyŷ-kz2 (D.17) 


K =kyX+ky V+ ky2 


where we note that k’? — k? = (ki + kp +k?) —(kg + ko + ko) =k? — ke. 
The Green’s function results (D.8)-(D.17) are used in the discussion of the Ewald- 
Oseen extinction theorem in Sec. 13.6: 


E. Coordinate Systems 


The definitions of cylindrical and spherical coordinates were given in Sec. 13.8. The 
expressions of the gradient, divergence, curl, Laplacian operators, and delta functions 
are given below in cartesian, cylindrical, and spherical coordinates. 


Cartesian Coordinates 


ow ow, ow 
Ox -Y By ary 


ypy py yp 


Vyw=x 


2 
oe os ox? ` əy? ` əz? 
Ay , Ay , BAz 
Yeas Ox dys Oz 
,(0Az OAy)\,. (A 2z) 3 (O0Ay Ax (E.1) 
vxann( 2A az} Yaz ax) “\ dx oy 
zy 2 
0 0 0 
=| 3 ð 3z 
Ax Ay Az 


6°) (r—4r') = 6(x-x')6(y-y')6(z- 2’) 
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Cylindrical Coordinates 


„OP 41 ow, ow 
Vw Pas ROB OF 


> 1 ð ow\ 1 æy yp 
vv 5 ap \ ap) * pe ag? * Oz? 
1 0(pAp) 10Ag Az 
-A= H H E.2 
V-A ria: 0 Od T (E.2) 
{1 dAz 0Ag i OAp Az nak 0(pAg) OAp 
vxa=p(s op at \+o(% dp} “p\ dp ap 
£ 1 $ 1 1 
OO m-r)= 58l- plp- piz- z) 
Spherical Coordinates 
„oy alow 3; 1 ow 
VEE ae Gp o pain Ob 
2 eae 1 ? (si oe 1 dyp 
ve=s aore or) ranak OO) a 
E. o(r°Ar) 1 (sinAe) 1 Ap 
or è ar rsin@ 00 ‘ rsind dd 
(E.3) 
~ 1 o (sinl Ag) 0Ag al 1 OA, O(rAg) 
Vxan tot ( 30 ap r\sind od or 
3 1 (aa 
r or 00 
1 
(3) oe 1 _g' _ aw 
69 Gar) sag aH )O0=0)5(b =’) 
Transformations Between Coordinate Systems 
A vector A can be expressed component-wise in the three coordinate systems as: 
A=XA,+YyAy+ZAz 
= ÎĤAp+ Agp +2Az (E.4) 


=fAr +Ô Ao + Ag 
The components in one coordinate system can be expressed in terms of the compo- 
nents of another by using the following relationships between the unit vectors, which 
were also given in Eqs. (13.8.1)-(13.8.3): 


x= pcosp p=Xcosh+ysing K=pcosd—dsind (E.5) 
y=psing p = -Xsind + cos p = ÎÊsin o + È cos p i 
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p=rsind f= zcos0 + psind 2 = fcos 0 —-Osind (E.6) 
z=rcos0 0 = -zsin0 + f cos 0 p = ĉsin 0 + Ê cos 0 ` 
x =r sin 0 cos ọ f = cos ġ sin 0 + Ẹsin ¢ sind + 2 cos 0 
y =rsin0 singo 0 = cos $ cos 0 + Ẹsin $ cos 0 — ĉ sin 0 (E.7) 
z=rcos0 p = -xsingd + cos p 


and the inverse relationships: 


X = îĉsin 0 cos $ + Ê cos 0 cosh — psing 
¥ = îsin O sing + Ô cos 0 sing + È cos p (E.8) 
2 = fcos 0 — Ê sin 0 


For example, to express the spherical components Ag, Ag in terms of the cartesian 
components, we proceed as follows: 


Ag =0-A=6- (RAx +H Ay +2Az)= (Ô - 2) Ax + (0-9) Ay + (Ô - 2) Az 
=- A= - (RAx+9A, +ZAz)= (È -2) Ax + ($ -9) Ay t (ẹ-2) 
The dot products can be read off Eq. (Œ.7), resulting in: 
Age = cos $ cos 0 Ax + sind cos 0 Ay — sin 0 Az 


(E.9) 
Ag = —sin pA, + cos PAy 


Similarly, using Eq. (E.6) the cylindrical components A p, Az can be expressed in terms 
of spherical components as: 


-A= p> (fA; +0 Ap + Ag) = sinOA; + cos OAg 
p A (E.10) 
A=Z- (fA; +0 Ao + PAg) = cos OA; — cos OAg 


F. Fresnel Integrals 


The Fresnel functions C (x) and S(x) are defined by [98]: 


cw= | cos (Ze) at, s= [sin (Ze) ae (F.1) 


0 0 
They may be combined into the complex function: 


F(x) = C(x) -jS (x) = I, eD dt (F.2) 


C(x), S(x), and F (x) are odd functions of x and have the asymptotic values: 


C(00)=S(00)= 5, F(œ)= (F.3) 
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Atx = 0, we have F (0) = 0 and F’ (0) = 1, so that the Taylor series approximation is 
F(x) = x, for small x. The asymptotic expansions of C (x), S(x), and F(x) are for large 
positive x: 


F(x) = -j + J_ -jrx?/2 
2 TTX 
C(x) = ; = sin (7 x°} (F.4) 
‘ee | TT 2) 
sa) =5 + cos( =x 


Associated with C(x) and S(x) are the type-2 Fresnel integrals: 


X X 


C= f = dt, S2(x)= ip -= (F.5) 
They are combined into the complex function: 
x git 
Fo (x) = Ca(x) =J8200)= | ate (F.6) 
The two types are related by, if x > 0: 
C(x)= Cy (Zæ) eS (Zæ) ; F@= 5 (Zx) Œ.7) 


and if x < 0, we set F (x)= —F(—x) = —Fo (TTX? /2). 

The Fresnel function F» (x) can be evaluated numerically using Boersma’s approx- 
imation [626], which achieves a maximum error of 107° over all x. The algorithm ap- 
proximates the function Fp (x) as follows: 


~~ Il 


n 
e= |X X (an +Jbn) (3) , if O<x<4 
Gage dea di (F.8) 
=i i -jx j ( ) i 
5 He V È jdn) x)? if x>4 


where the coefficients an, bn, Cn, dn are given in [626]. Consistency with the small- and 
large-x expansions of F (x) requires that do + jbo = V/8/T and Co + jdo = j//8TT. We 
have implemented Eq. (F.8) with the MATLAB function fcs2: 


F: (x)= 


F2 = fcs2(x); % Fresnel integrals F? (x) = C2(x)—jS2 (x) 


The ordinary Fresnel integral F(x) can be computed with the help of Eq. (F.7). The 
MATLAB function fcs calculates F(x) for any vector of values x by calling fcs2: 


F = fcs(x); % Fresnel integrals F(x) = C(x) —jS(x) 


In calculating the radiation patterns of pyramidal horns, it is desired to calculate a 
Fresnel diffraction integral of the type: 
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1 a 
Fo(v,o)= Í f eITIVE e-i mD E ge (F.9) 


Making the variable change t = o& — v/o, this integral can be computed in terms of 
the Fresnel function F (x) = C(x) —jS(x) as follows: 


Fo(v, 0) = 1 j2) 0210?) He c) F(X o) | (F.10) 
T o o 


where we also used the oddness of F (x). The value of Eq. (F.9) at v = 0 is: 


Fo (0, 0) = LIF) F(-0)] = (F.11) 


„ F(a) 
O 


Eq. (F.10) assumes that ø # 0. If o = 0, the integral (F.9) reduces to the sinc function: 


Fo(v,0)= 2 suiv), (F.12) 


From either (F.11) or (F.12), we find Fo(0,0)= 2. A related integral that is also 
required in the theory of horns is the following: 


1 TE 3 j 2 £2 
Fı (v, 0)= Í £08 (=) QitVé e-S(mi2)0° qg (F.13) 


Writing cos (1r&/2) = (e/7§/2 + e-JTS/2) /2, the integral F: (v, s) can be expressed in 
terms of Fo (v, o) as follows: 


Fi(v,a)= T [Fo (v + 0.5, 0) +Fo(v — 0.5,0) | (F.14) 


It can be verified easily that Fo (0.5, 0) = Fo (—0.5, o`), therefore, the value of Fı (v, 7) 
at v = 0 will be given by: 


20 


F, (0, 0) = Fo (0.5, 0) = T lF( 2j c) F (= c)| (F.15) 


Using the asymptotic expansion (F.4), we find the expansion valid for small o: 


1 1-j 2 - ; 
r(+ + c) er Js a eiT (80°) for small o (F.16) 


For o = 0, the integral F; (v, 0) reduces to the double-sinc function: 


1 
Fi (v,0)= [cos (=) eltVE qe = T [Fo (v + 0.5,0)+Fo(v — 0.5, 0) | 


(F.17) 


sin (Tr (v + 0.5)) l sin (Tt (v — 0.5) ) 4 cos(TTV) 
= m(v+0.5) m(v—0.5) m 1-4? 
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From either Eq. (F.16) or (F.17), we find Fı (0,0) = 4/rTr. 

The MATLAB function diffint can be used to evaluate both Eq. (F.9) and (F.13) for 
any vector of values v and any vector of positive numbers o, including g = 0. It calls 
fcs to evaluate the diffraction integral (F.9) according to Eq. (F.10). Its usage is: 


FO diffint(v,sigma,0); % diffraction integral Fo (v, 7), Eq. (F.9) 
Fl = diffint(v,sigma,1); % diffraction integral F1 (v, a), Eq. (F.13) 


The vectors v,sigma can be entered either as rows or columns, but the result will 
be a matrix of size length(v) x length(sigma). The integral Fo(v,a@) can also be 
calculated by the simplified call: 


FO = diffint(v,sigma) ; % diffraction integral Fg (v, 7), Eq. (F.9) 
Actually, the most general syntax of diffint is as follows: 
F = diffint(v,sigma,a,cl1,c2); % diffraction integral F (v, ø, a), Eq. (F.18) 


It evaluates the more general integral: 


C2 ` 7 is 
F(v,0,a)= Í cos (72) elTVE e-i E ge (F.18) 


Cy 


For a = 0, we have: 


F(v, 0,0) = L gira) 02/0) [e (> oci) F(= oe) | (F.19) 
o o T 


For a + 0, we can express F (v, o,a) in terms of F (v, o, 0): 


F(v,o,a)= =[F(v + 0.5a, 0,0) +F (v — 0.5a, 0, 0) | (F.20) 


N| = 


For a = 0 and o = 0, F(v,0,a) reduces to the complex sinc function: 


JTVC2 _ pjTtVvcy . = > 
F(v,0,0)= E (co — cy) Tle = c1)V/2) 


edt (co+e1)v/2 F.21 
jmv TT (C2 — C1) V/2 ( ) 


G. MATLAB Functions 


The MATLAB functions are grouped by category. They are available from the web page: 
www.ece.rutgers.edu/~orfanidi /ewa. 
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Multilayer Dielectric Structures 


brewster 
fresnel 


n2r 
r2n 


multidiel 


omni band 
omni band2 


snell 


calculates Brewster and critical angles 
Fresnel reflection coefficients for isotropic or birefringent media 


refractive indices to reflection coefficients of M-layer structure 
reflection coefficients to refractive indices of M-layer structure 


reflection response of a multilayer dielectric structure 


bandwidth of omnidirectional mirrors and Brewster polarizers 
bandwidth of birefringent multilayer mirrors 


calculates refraction angles from Snell’s law for birefringent media 


Quarter-Wavelength Transformers 


bkwrec 
frwrec 


chebtr 
chebtr2 
chebtr3 


order-decreasing backward layer recursion - from a,b to r 
order-increasing forward layer recursion - from r to A,B 


Chebyshev broadband reflectionless quarter-wave transformer 
Chebyshev broadband reflectionless quarter-wave transformer 
Chebyshev broadband reflectionless quarter-wave transformer 


Dielectric Waveguides 


dguide 
dslab 


TE modes in dielectric slab waveguide 
solves for the TE-mode cutoff wavenumbers in a dielectric slab 


Transmission Lines 


g2z 
z2g 
Imin 


mstripa 
mstripr 
mstrips 


multiline 


swr 
tsection 


gprop 
vprop 
zprop 


reflection coefficient to impedance transformation 
impedance to reflection coefficient transformation 
find locations of voltage minima and maxima 


microstrip analysis (calculates Z,eff from w/h) 
microstrip synthesis with refinement (calculates w/h from Z) 
microstrip synthesis (calculates w/h from Z) 


reflection response of multi-segment transmission line 


standing wave ratio 
T-section equivalent of a length-1 transmission line segment 


reflection coefficient propagation 
wave impedance propagation 
wave impedance propagation 


Impedance Matching 


qwt1 
qwt2 
qwt3 


stub1 
stub2 


quarter wavelength transformer with series segment 
quarter wavelength transformer with 1/8-wavelength shunt stub 
quarter wavelength transformer with shunt stub of adjustable length 


single-stub matching 
double-stub matching 
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stub3 


onesect 
twosect 


pi2t 
t2pi 
Imatch 
pmatch 


S-Parameters 


gin 
gout 
nfcirc 
nfig 
sgain 
sgcirc 
smat 
smatch 
smith 
smithcir 
sparam 
circint 
circtan 


triple-stub matching 


one-section impedance transformer 
two-section impedance transformer 


Pi to T transformation 
Pi to T transformation 
L-section reactive conjugate matching network 
Pi-section reactive conjugate matching network 


input reflection coefficient in terms of S-parameters 
output reflection coefficient in terms of S-parameters 
constant noise figure circle 

noise figure of two-port 

transducer, available, and operating power gains of two-port 
stability and gain circles 

S-parameters to S-matrix 

simultaneous conjugate match of a two-port 

draw basic Smith chart 

add stability and constant gain circles on Smith chart 
stability parameters of two-port 

circle intersection on Gamma-plane 

point of tangency between the two circles 


Linear Antenna Functions 


dipole 
travel 
vee 
rhombic 
dmax 


hallen 
hallen2 
hallen3 
hallen4 
pockling 


king 
kingeval 


kingfit 


gain2 
gain2h 


imped 
impedmat 


yagi 


gain of center-fed linear dipole of length L 

gain of traveling-wave antenna of length L 

gain of traveling-wave vee antenna 

gain of traveling-wave rhombic antenna 

computes directivity and beam solid angle of g(th) gain 


solve Hallen’s integral equation with delta-gap input 

solve Hallen’s integral equation with arbitrary incident E-field 
solve Hallen’s equation for 2D array of identical linear antennas 
solve Hallen’s equation for 2D array of non-identical linear antennas 
solve Pocklington’s integral equation for linear antenna 


King’s 3-term sinusoidal approximation 
evaluate King’s 3-term sinusoidal current approximation 


fits a sampled current to King’s 2-term sinusoidal approximation 


normalized gain of arbitrary 2D array of linear sinusoidal antennas 
gain of 2D array of linear antennas with Hallen currents 


mutual impedance between two parallel standing-wave dipoles 
mutual impedance matrix of array of parallel dipole antennas 


simplified Yagi-Uda array design 


Aperture Antenna Functions 


di ffint 
diffr 


generalized Fresnel diffraction integral 
knife-edge diffraction coefficient 
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dsinc - the double-sinc function cos(pi*x)/(1-4*xA2) 
fcs - Fresnel integrals C(x) and S(x) 

fcs2 - type-2 Fresnel integrals C2(x) and S2(x) 
hband - horn antenna 3-dB width 

heff - aperture efficiency of horn antenna 

hgain - horn antenna H-plane and E-plane gains 

hopt - optimum horn antenna design 

hsigma - optimum sigma parametes for horn antenna 


Antenna Array Functions 


array - gain computation for 1D equally-spaced isotropic array 
bwidth - beamwidth mapping from psi-space to phi-space 
binomial - binomial array weights 

dolph - Dolph-Chebyshev array weights 

dolph2 - Riblet-Pritchard version of Dolph-Chebyshev 
dolph3 - DuHamel version of endfire Dolph-Chebyshev 
multibeam - multibeam array design 

scan - scan array with given scanning phase 

sector - sector beam array design 

steer - steer array towards given angle 

taylor - Taylor-Kaiser window array weights 

uniform - uniform array weights 

woodward - Woodward-Lawson-Butler beams 


Gain Plotting Functions 


abp - polar gain plot in absolute units 

abz - azimuthal gain plot in absolute units 

ab2p - polar gain plot in absolute units - 2*pi angle range 
abz2 - azimuthal gain plot in absolute units - 2pi angle range 
dbp - polar gain plot in dB 

dbz - azimuthal gain plot in dB 

dbp2 - polar gain plot in dB - 2*pi angle range 

dbz2 - azimuthal gain plot in dB - 2pi angle range 

abadd - add gain in absolute units 

abadd2 - add gain in absolute units - 2pi angle range 

dbadd - add gain in dB 

dbadd2 - add gain in dB - 2pi angle range 

addbwp - add 3-dB angle beamwidth in polar plots 

addbwz - add 3-dB angle beamwidth in azimuthal plots 

addcirc - add grid circle in polar or azimuthal plots 

addline - add grid ray line in azimuthal or polar plots 

addray - add ray in azimuthal or polar plots 


Miscellaneous Utility Functions 


ab - dB to absolute power units 
db - absolute power to dB units 
c2p - complex number to phasor form 


p2c - phasor form to complex number 
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d2r 
r2d 


dtft 


ellipse 
etac 
wavenum 


quadr 
quadrs 
blockmat 


upulse 
ustep 


degrees to radians 
radians to degrees 


DTFT of a signal x at a frequency vector w 


polarization ellipse parameters 
eta and c 
calculate wavenumber and characteristic impedance 


Gauss-Legendre quadrature weights and evaluation points 
quadrature weights and evaluation points on subintervals 
manipulate block matrices 


trapezoidal, rectangular, triangular pulses, or a unit-step 
generate a unit-step or a rising unit-step function 
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